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Abstract We revisit old conjectures of Fermat and Euler regarding the representation
of integers by binary quadratic form x? + 5y?. Making use of Ramanujan’s || sum-

mation formula, we establish a new Lambert series identity for Y ,° _ q”2+5m2.
Conjectures of Fermat and Euler are shown to follow easily from this new formula.
But we do not stop there. Employing various formulas found in Ramanujan’s note-
books and using a bit of ingenuity, we obtain a collection of new Lambert series for
certain infinite products associated with quadratic forms such as x> + 6y?2, 2x2 4 3y?,
x2 4+ 15y2,3x2 + 592, x2 + 27y, x>+ 502 + 22 +w?), 5x2 + y2 + 22 + w?. Inthe
process, we find many new multiplicative eta-quotients and determine their coeffi-
cients.

Keywords Quadratic forms - g-series identities - efa-quotients - Multiplicative
functions
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1 Introduction
A binary quadratic form (BQF) is a function

O(x,y) = ax* + bxy +cy?
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with a, b, c € Z. It will be denoted by (a, b, c). We say that n is represented by
(a, b, c) if there exist x and y € Z such that Q(x, y) =n.

The representation theory of BQF has a long history that goes back to antiquity.
Diophantus’ Arithmeticae contains the following important example of composition
of two forms:

(X12 + )’12)(%22 + y%) = (x1x2 — y172) 4 (x1y2 + x231)>.

Influenced by Diophantus, Fermat studied representations by (1,0, a). For a =
1,2, 3, he proved a number of important results such as the following:

A prime p can be written as a sum of two squares iff p =1 (mod 4).

We remark that representation by (1,0, 3) played an important role in Euler’s
proof of Fermat’s Last Theorem in the case of n = 3.

Fermat realized that (1, 0, 5) was very different from the previous cases (1,0, 1),
(1,0,2), and (1, 0, 3) considered by him. He made the following conjecture:

If p and q are two primes that are congruent to 3 or 7 (mod 20), then pq is
representable by (1,0, 5).

Euler made two conjectures that were very similar to those of Fermat:

a. Prime p is representable by (1,0,5) iff p=1 or 9 (mod 20).
b. If p is prime, then 2p is representable by (1,0, 5) iff p =3 or 7 (mod 20).

However, his next conjecture for (1,0, 27) contained an unexpected cubic residue
condition:

Prime p is representable by (1,0,27) iff p =1 (mod 3) and 2 is a cubic residue
modulo p.

Lagrange and Legendre initiated systematic study of quadratic forms. But it was
Gauss who brought the theory of BQF to essentially its modern state. He intro-
duced class form groups and genus theory for BQF. He proved Euler’s conjecture
for (1,0,27) and in the process discovered a so-called cubic reciprocity law. Gauss’
work makes it clear why (1,0, 27) is much harder to deal with than (1,0,5). In-
deed, a class form group with discriminant —20 consists of two inequivalent classes
(1,0,5) and (2,2, 3). These forms cannot represent the same integer. On the other
hand, a class form group with discriminant —108 consists of three classes (1, 0, 27),
(4,2,7), (4,—2,7). These forms belong to the same genus. That is, they may repre-
sent the same integer. An interested reader may want to consult [9] and [14] for the
wealth of historical information and [19] for the latest development.

In his recent book, Number Theory in the Spirit of Ramanujan, Bruce Berndt
discusses representation problem for (1,0, 1), (1,0, 2), (1, 1, 1), (1,0, 3). Central to
this approach is Ramanujan’s 1y summation formula which implies in particular
that [7, p. 58, Eq. (3.2.90)]

Z qx2+}:2:1+4ZL_ (1.1)
1+q2

Xx,VEL n>1
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Using geometric series, it is straightforward to write the right-hand side of (1.1)
as

14+4 Z (_l)mqannm =144 Z (_l)mqn(2m+1)

n>1,m>0 n>1,m>0

144 Y (;)cznm

n>1,m>1

:1+4ZZ<_74>51”,

n>1d|n

where we used the Kronecker symbol to be defined in the next section and the well-

known formula
—_4 _]o if n is even,
n ) | (=D@D2 ifpis odd.
Let r (n) be the number of representations of a positive integer n by quadratic form
k* + I%. Suppose the prime factorization of n is given by

r N
X w;
=2 [T T
I J
i=1 j=1

where p; = 1 (mod 4) and ¢; = —1 (mod 4). Using the fact that ) d|n(_74) is multi-
plicative, we find that

ron =4] [+ [T 222

> (1.2)

i=1 j=1

The reader may wish to consult [2] for background on multiplicative functions,
convolution of multiplicative functions, and Legendre’s symbol. Clearly, Fermat’s
Theorem is an immediate corollary of (1.2).

The main object of this manuscript is to reveal new and exciting connections be-
tween the work of Ramanujan and the theory of quadratic forms. This paper is orga-
nized as follows.

We collect necessary definitions and formulas in Sect. 2.

In Sect. 3 we use the 1y; summation formula to prove new generalized Lambert
series identities for

oo oo

2 2 2 2
Z qn +5m and Z q2n +2nm+3m )

n,m=—00 n,m=—00

These results enable us to derive simple formulas for the number of representations of
aninteger n by (1, 0, 5) and (2, 2, 3). Conjectures of Fermat and Euler for (1, 0, 5) are
easy corollaries of these formulas. Our treatment of (1,0, 6) and (2,0, 3) in Sect. 4
is very similar. However, in addition to the {y; summation formula, we need to use
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two cubic identities of Ramanujan. In Sect. 5 we treat (1,0, 15) and (3,0, 5). The
surprise here is that we need to employ one of the forty identities of Ramanujan for
the Rogers—Ramanujan functions. Section 6 deals with (1, 0, 27) and (4,2, 7). We do
not confine our discussion solely to BQF. In Sect. 7 we boldly treat quaternary forms
x2 +5(y% 4+ 2% + w?) and 5x? + y? 4 7> + w?. We conclude with a brief description
of the prospects for future work.

2 Definitions and useful formulas

Throughout the manuscript we assume that ¢ is a complex number with |g| < 1. We
adopt the standard notation

@ @) :=1—-a)1—aq)---(1—ag"™"),

(@: @)oo = [ [(1 —aq").
n=0
E(q) :==(q; q)oo-

Next, we recall Ramanujan’s definition for a general theta function. Let

o0
fla,by:= Y a"tORpr =D gp) < 1. 2.1)

n=—oo

The function f(a, b) satisfies the well-known Jacobi triple product identity [6, p. 35,
Entry 19]

fa,b) = (=a; ab)oo(—=b; ab)cc(ab; ab)cc. 2.2

Two important special cases of (2.1) are

9(@)=fq,9) = i 0" = (~a:4%)2 (¢% ), __Pa) (2.3)
' e ’ E%(¢Y)E*(q) '
and
Wm2—n 4 3. 4 4, 4 E*(g%)
V(@)= f(q.9°) Z q =(-4:94") (—a>:4%) (¢*q") = @)
T 2.4)

The product representations in (2.3)—(2.4) are special cases of (2.2). We shall use the
famous quintuple product identity, which, in Ramanujan’s notation, takes the form
[6, p. 80, Entry 28(iv)]

f(=a*,—a"?q)
f(_a7 _G_ICI)

where a is any complex number.

E(q) = f(=a’q,—a7¢*) +af (-a73q, —a’¢?), (25
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Function f(a, b) also satisfies a useful addition formula. For each nonnegative
integer n, let

Un — an(n+l)/2bn(n7])/2 and Vn — an(nfl)/zbn(n+1)/2.

Then [6, p. 48, Entry 31]

= Unir V,
ULV =Y U f 22 220, 2.6
f<11)er(Ur U (2.6)
r=0
From (2.6) with n = 2 we obtain
3 3 b a 4
fla,b)= f(a’b,ab’) +af " E(ab) . 2.7
A special case of (2.7) which we frequently use is
0(@) =9(q*) +2qv(¢°). (2.8)
With a = b = ¢ and n = 3, we also find that
(@) =9(q°) +2qf (4. 4"). (2.9)

Our proofs employ a well-known special case of Ramanujan’s {y; summation
formula: If |g| < |a| < 1, then [6, p. 32, Entry 17]

f(=a,—q/a)f(=b,—q/b)

n

f(—ab, —q/ab) = a”
E? = —, 2.10
@) > o (2.10)
=—00
We frequently use the elementary result [6, p. 45, Entry 29]. If ab = cd, then
b c b d
f(a,b)f(c,d)= f(ac,bd) f(ad,bc)+af| —, Zabcd f 7 Eabcd . (211D
c

Next, we recall that for an odd prime p, Legendre’s Symbol (%) or (n|p)is
defined by

ny_ 1 if n is a quadratic residue modulo p,
p) | —1 ifnisaquadratic nonresidue modulo p.

Kronecker’s Symbol (%) is defined as follows:

" 1 ifk=1,
(E) =10 if k is a prime dividing n,
Legendre’s symbol if k is an odd prime;

" 0 if n is even,
(—) =11 if n isodd, n==+1 (mod 8),
—1 ifn isodd, n =43 (mod 8).

@ Springer



380 A. Berkovich, H. Yesilyurt

In general,
n s n N
E)-11(:) oo
M7 \P i=1

is a prime factorization of m.
It is easy to show that () = (3)(%) and (%) = (%)(%). Hence, (;-) is a com-
pletely multiplicative function of n and also of m.

3 Lambert series identities for Z;?m=—oo q n245m2
Theorem 3.1
5 . q" ad q5n+2
(P(Cl)‘ﬂ(q )=2 _Z 1+¢10n o _Z W (3.1
n=—oo n——00
0 q3n 00 q5n+1
=2 n;w 1+ gl0n +n;oo1+q—10n+2 (3.2)
ad o
-20 qn n qn
- o 3 : 33
+Z< n )1—6]"+Z<5)1+q2n (3.3)
n=1 —
Furthermore,
1+i<__20> " _E@)EGHE@Q)EGY) (3.4)
S 1—q" E(q)E(g2%)
and
i n\_4"__ E@E@)EGEQGY) (35)
)1+ 1T T EGEG) -

n=1

Proof Employing (2.10) with ¢, a, and b replaced by ¢'°, ¢, and —1, respectively,
we find that

- q" 3,10 f(q.4°)
————=E . 3.6
D T T YT 0

n=—0oo

From (2.10) we similarly find that

0 5n+2 9
el fa.q°)
> 1+ gl0n+4 :quS(qlo)f(—qS, -4 f(g* 4% GD

n=—0oo
From (2.11), witha =c = —q2 and b=d = q3, we obtain

f(=a*.a’)f(=a*.¢°) = f(=a°. —a°) f (¢*. 4°) — ¢* F (1.¢"°) f (—q. —4°).
(3.8)
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By (3.6), (3.7), and (3.8), we conclude that

o qn o q5n+2
Z 1+q'0n Z 1+ ¢q'0n+4
n=—00 n=—oo
=E3( 1()) f(Qaqg) 2E3( 1()) f(q’qg)

F—q. - f1.q9 1 f(=43, -3 f(q*. 4%

_ E*q')f(q.9)
f(=q,—¢*) (1,40 f(=q°, —4°) f (g%, ¢%)
< f(-a°.—a°) f(a*.q®) —a* £ (1.4"°) f(—q. —4°)}
_ E*(q'%)f(4.9%)
f(=q,—¢*) (1,4 f(=q°, —4°) f (g%, ¢%)

f(=a*.a) f(=4a*.°)

_ ! 5
= 2so(q)so(q ),

after several applications of (2.2). Similarly, we find that

3n 00 Sn+1

oy e
10 10n+2
L+ == 1+g™

n=—oo

3 7 3 7
_ E3(g10 fq’.q" E3(410 f@q’.q")
(4 )f(—q3,—q7)f(l,q1°) TaE( )f(—qS,—q5)f(q2,q8)
_ E*q")f (4. q7)
f(—=q3 -4 f1,q"0 f(=¢>, —¢°) (> q®)
x{f(-4°,—4¢°) f(@*. q*) +af (1.4"°) f(=4*, —4")}
_ E3q'f@3 4"
f(=¢3 =g f1,q'% f(=q°, —4°) f (g%, q®)

fla.-qa") f(a.—q%

1
=59@9(a°)-
Before we move on, we would like to make the following:

Remark 3.2 The following generalized Lambert series identity for ¢(q)¢@(g°) is
given in [8, Cor. 6.5]

0 k(5k+3)/2 0 k(5k+7)/2
5 q q
¢(—p(-q") =2 Z T X 11 gok+2"
P l+g4 P I+g¢
It would be interesting to find a direct proof that
i (_1)k< g~ ~ g3k+2 ) B 20 gk(Gk+3)/2 . 2 gkGk+T)/2
10k 10k+4 | — Sk Sk+2°
k=—o00 1+q 1+q k=—o00 1“1‘61 k:—ool+q
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Next, we prove (3.3).

i q5n+1 q5n+2
1 + qun-‘rZ 1 + q10n+4

Sn+1 Sn+2

- l+q10n+2 14 ql0n4 — 11 gl0nt6 T 1 410048

q5n+3 q5n+4 }

© . q"
= Z<§> et (3.9)
Also,

q
1+q10n
00
=14+ Z ZZ l)m ]n 10nm

oo

10m+j

1— q10m+j

_1+Z< : ) q - (3.10)

Now using (3.9) and (3.10) together with (3.1) and (3.2), we see that (3.3) is proved.

Equations (3.4) and (3.5) are essentially given in [17, Egs. 3.2 and 3.29]. More-
over, the eta-quotients that appear in these equations are included in a list of certain
multiplicative functions determined by Martin [13]. We should emphasize that (3.1),
(3.2), and (3.3) are new. We observe directly that the coefficients of the two Lambert
series in (3.3) are multiplicative and that they differ at most by a sign. This enables
us to compute the coefficients of (p(q)(p(qS). [l

Corollary 3.3 Let a(n) be the number of representations of a positive integer n by
quadratic form k*> + 512 If the prime factorization of n is given by

r S
__nagh Vi wj
n=25"[]n/" [1a;",
=1 j=1
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where p; =1,3,7, 0r 9 (mod 20) and ¢; =11, 13, 17, or 19 (mod 20), then
r s 1+(_1)wj
— a+t .
a(m) = (14 (1) )]‘!(1 +m]‘[l — (3.11)
1= J=

where t is the number of prime factors of n, counting multiplicity, that are congruent
to 3 or 7 (mod 20).

Proof Observe that

$ ()55

r(§)r - R () (5

HM8

n=1 n=1 n=1m=1
=Z<Z( () -
n=1 “dn
Similarly,
(5= (25
= — = — ) )q". (3.13)
Define
n-5(2) m S o
din din

We have by (3.3) that a(n) = b(n) + c(n). Clearly both b(n) and c(n) are multiplica-
tive functions. Therefore one only needs to find their values at prime powers. It is
easy to check that for a prime p,

1 if p=2or5,
b(p)=431+a ifp=1,379 (mod20), (3.15)
LCDZif p=11,13, 17, 19 (mod 20),
and
(—1)® if p=2,
1 if p=5
c(p)=1+a if p=1,9 (mod 20), (3.16)
(—D*(1 +a) if p=3,7 (mod 20),
i if p=11,13,17, 19 (mod 20).

Equivalent reformulations of (3.11) can also be found in [10, p. 84, Ex. 1] and
[12, Thr. 7]. We should remark that (3.11) implies conjectures of Fermat and Euler
for (1,0, 5) stated in the introduction. The last two equations immediately imply
(3.11). 0

We now determine the representations of integers by the quadratic form (2, 2, 3)
and make some further observations.
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Corollary 3.4 Let d(n) be a number of representations of a positive integer n by the
quadratic form 2k* + 2kl + 312 If the prime factorization of n is given by

r S
b i wj
n=2s T [ ]a)"
i=1 j=1

where p; =1,3,7, 0r9 (mod 20) and ¢; =11, 13, 17, or 19 (mod 20), then

—1)wi

r ) 1
dimy=(1—- D) [Ja+w ] 1+ D%

7 , (3.17)

i=1 j=1

where t is the number of prime factors of n, counting multiplicity, that are congruent
to 3 or 7 (mod 20).

Proof Recall that

o0 oo
Za(n)q" — Z qk2+512'
n=0

k,|=—00

By comparing (3.11) and (3.17), it suffices to show that d(n) = a(2n) for all n € N.
To that end we observe

'S} 'S} 5 5
Zd(n)qn — Z q2n +2nm—+3m
n=0 n,m=—oQ

[e.¢]

o0
Z q2n2+2n(2m)+3(2m)2+ Z q2n2+2n(2m+1)+3(2m+1)2

n,m=—oo n,m=—oo
G 2((n+m)2+5m?) > @n+2m+1)24+502m+1)2
- Y by g
n,m=—0o0 n,m=—oo
o0 o0
@n)2+502m)? @n+1)2+52m+1)2
Sy gy e
n,m=—oo n,m=—oo
o
= Za(Zn)q".
n=0 |
By (3.3), (3.11), and (3.17) we find that
9] 9] n 9] n
2n24+2nm+3m? __ —20 q n q
> 4 —14 ()i - (5) e o
n,m=—oo n=1 n=1
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Also by adding identities in (3.3) and (3.18), we conclude that

> 2,52 > 2 2 > 20 q"
n“+5m 2n“+2nm—+3m= __ B
> e Y 202357

n,m=—00 n,m=—00

This last equation is a special case of Dirichlet’s formula [18, p. 123, Thr. 4]. Com-
paring (3.11) and (3.17), we see that a(n)d (n) = 0. This means that a positive integer
cannot be represented by (1, 0, 5) and (2, 2, 3) at the same time.

We end this section by proving a Lambert series representation for v/ (¢)y (g°).

Theorem 3.5

00 [’}
Z q3n +q7n+1 qn + q9n+6
= 20n+5 = 1= q20n+15 :

W(Q)K/f (3.19)

Proof By two applications of (2.10) with ¢ replaced by ¢2°, a = ¢, ¢”, and b = ¢°,
we find that

q3n +q7n+l _ E3( 20) f(_qs’ _q12)
S 1= g2t F(=¢* =" f(=q>, —¢")
f(—=¢% —q"
+qE3(q20)

f(—=q7,—¢" f(—q>, —q")
_ E3(g*) f(—q8 —q'?)
f(=4°, =) f(=q3 —q¢') f(—q", —q"3)
x{f(-4".—q") +af(-¢°. —¢'")}
_ E3 @) f(—4% —q'?)
f(=4° =) f(=q3. —q¢' f(—q", —q"3)
x f(q.—q%), (3.20)

where in the last step we use (2.7) with a = g and b = —g*. It is now easy to verify
by several applications of (2.2) that (3.20) is equal to w(q)l//(qs). The proof of the
second representation given in (3.19) is very similar to that of the first one, and so we
forego its proof. U

4 Lambert series identities for _° _ g"+6m* and Y om0 g2 +3m’?
Theorem 4.1 Let
plg) = EDE@EGEGD) o E@QEGHEG)EG™
E(@)E(¢*) E(g*)E(q®) @D
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Then
P(g) =
0(q) =
Moreover,
o(@p(q°) =
and
o(a%)e(q?)

Proof By employing (2.11) with a = ¢, b = ¢!

that
flg.a")f(-4°

@ Springer

q" +6]
Trq2 1+Z( ) 42)
n=—00
y g =i<_>L—qz> s
o 1+ q12"+4 —~ 3 1+ q4n
P(g)+ Q(q) (4.4)
X g g5n 3n+1 _ 9n+3
= Z ql_:_qun %_71234_4 4.5)
n=—oo q =—00 q
ad q" 0 o3
=2 Z 1+ql2n - Z 1+q12n+4 (46)
n=-—00 n=-—00
° an o q3n+l
=2 Z 1+q12n+ Z 14 q12n+ .7)
n=—00 n=—00
o 0 2n
—6\ 4 n\q"(1—q*")
=1 — ) 48
Y () (BN @
n=1 n=1
=P(q) — 0(q) 4.9)
3n+1 _ 9n+3
n=-—00 C] ——00 q
i q" o0 PR
=2 Z 1 fqi2n Z T4 gt (4.11)
n=-00 n=-—00
© g 00 gor 3
=2 Z l+q12"+ Z 1+ g1t (4.12)
n=-00 n=-—00
ad o0 2n
—6)\ 4 n\q"(1—q*")
=1 — - )2 “13
+,§<”)1— " ;(3) 1+ g% (4.13)

—q5, and d = —q7, we find

—q") = f(—4% —4"®) f(=4®. —4"°)
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+af(—4* —4%) f(=4° —¢"®)
=¥ (—¢°)E(¢®) + qv¥ (—4°) f(—q* —¢*). (4.14)

By two applications of (2.10) with ¢ replaced by ¢'2, a = ¢, ¢>, b= —1, and by
(4.14), we find that

q"+q” B3¢ fa.q"
et o f(.q") f(~q,—q'")
5 7
E3(a12 f@.q")
) T fe—ah
E3(q12)

T 04D f (=g, -4 f (=45, —47)
x{f(g.¢") f(=4°.—q") + f(~q.—a"") f(¢°.q")}
E3(q12) 6 g
— E
FTaD g —ah g, —gn ¥ E@)
_ E@E@)EGDHE@G")

=2

4.15
E(@)E(¢*") @15
after several applications of (2.2).
By (2.7), we observe that
E@)=f(-4.-4")=f(a’.q") —af(a.4"). (4.16)
Arguing as above and using (4.16), we conclude that
©  3n+l 9n+3 5 47
q —q 3012 1, q")
———— =gqFE
R (@ )f(—q3,—q9)f(q4,q8)
-1 13
_BE (o2 fq.q")
T )f(—q3,—q9)f(q4,q8)
5 .7
— g E3 (o2 1.9
) e~
11
_2E3 (12 flq.q)
T )f(—q3,—q9)f(q4,qg)
_ E*@¢") 5 7 11
_ql/f(—q3)f(q4,q8){f(q ,61) Qf(q’q )}
_, EEME@ _ E@EGHEG)EGY
¥ (=43 f(g* ¢%) E(q*)E(¢®) C

after several applications of (2.2).
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The proofs of the second part of (4.2) and that of (4.3) are similar to those of (3.9)
and (3.10), and so we omit their proofs.
We prove (4.4) and (4.9) simultaneously by proving

2P = 0(9)9(q°) + ¢(a%)e(4”) (4.18)
and
20 = 0(@)¢(q°) — ¢(¢*)e(q?). (4.19)

First we prove (4.19). We will need two identities of Ramanujan [6, p. 232],
namely

W@ _ @ 9=

= 4.20
v 0@ o= 420

and
499 (*)¥ (4°) =9 @9(q’) — o (=)o (=a°). (4.21)
From (4.21) with (2.8) we find that
499 (a*) ¥ (4°) = e@e(a°) — o (—)e(—4")
= (e(q*) +20v(a°)) (e(a") +24°v (¢*))
—(¢(4*) — 249 (a*))(¢(¢"*) — 24°¥ (™))
=49{v (a)e(a"?) +a*¢(a*) ¥ (a*)}- (4.22)

Upon replacing ¢2 by ¢ in (4.22), we conclude that

V(v (a®) = v (a")e(q®) + ae(d) v (a'?). (4.23)

Similarly,

0@¢(—4°) — p(—)9(q’)
=(p(a") +29v(4%))(0(a"?) = 247 v (¢**))
—(e(g") 299 (a*))(0(a"?) +24°v (4**))
=4q{v(¢*)e(¢") — *0(¢*) v (¢*")}
=49y (—4*)¥ (=4°), (4.24)

where in the last step we used (4.23) with g replaced by —g>. We are now ready to
prove (4.19). Recall that Q(gq) is defined by (4.1). By several applications of (2.2),
we see that (4.19) is equivalent to

qw DV (—gH Y (—g>) ¥ (—q)

P v =0@¢(4°) —o(¢?)e(d?). (4.25)
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or
249 ¥ (=¢*) ¥ (—4°) ¥ (—4°)
=0@)9(4°)v (a")e(—a”) — (@) e () ¥ (a*)o(—4)
=0@)e(—4°) ¥ (a*)e(4®) — v*(a%)#* (—4°). (4.26)
where we used the trivial identities

p(@e(—q) =¢*(—¢*) and ¥ (q) =V (¢%)d(q). (4.27)

When we employ (4.24) on the far left-hand side of (4.26) and (4.23) on the right-
hand side of (4.26), we find that

v () v (—a°) (e@e(—4°) — o(—)e(q”))
=W (@¥(¢®) + v (v (—=a*))e@e(—4°) — 2 (¢%)9*(—¢°).  (4.28)

Upon cancellation, we see that

V(=¥ (- )e(—e(@®) = ¥ @v () e@e(=4°) — 29 (a%)¢* (—4°).
(4.29)
. . . (pz(q) .
N ext. We. multiply both sides of (4.29) with TV A= and obtain, after several
applications of (2.2), that

P @ @
o(=4% 9@ Y@
which is (4.20). Hence the proof of (4.19) is complete.

The proof of (4.18) is very similar to that of (4.19). Recall that Q(g) is defined
by (4.1). By several applications of (2.2), we see that (4.18) is equivalent to

(4.30)

SV DV ()Y (=g (=¢°)

T aDe =) = 0(@)¢(q%) +9(¢?)e(d?) 4.31)

V(=¥ (=) ¥ (-q°) ¥ (—4°)
= 0@¢(¢®) ¥ () (—a) + 9(a*)e(a®) ¥ (¢")e(—q)
= 0*(=4H) V(%) + o0 (%) (¢*) v (¢"2). (4.32)

If we employ (4.24) on the far left-hand side of (4.32), and (4.23) on the right-hand
side of (4.32) and multiply both sides by 2g, we find that

V(v (=) (e@e(—4°) — o (=9 (q”))
=2q¥2(¢%)¢*(—4%) + o (=)o (a’) (v @V (¢°) — v (—) ¥ (—¢")). (4.33)
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Upon cancellation, we find that

Y (—)V (=)o @e(—a) =¥ @V (@) e (—)e(q”) + 2q¢2(q6)<ﬂ2(—q;)é4)
It is easy to see that (4.34) and (4.29) are “reciprocals” of each other. For related
definitions and modular equations corresponding to (4.18) and (4.19), see [6, p. 230,
Entry 5 (i)]. Hence, the proof of (4.18) is complete.

As an immediate corollary of (4.18) and (4.19), we note the following two inter-
esting theta function identities:

0(@e(q°) — @D _ ‘ (=) (q'?)
e(@e@® +o@Pe@®) T e(—=¢>v(gh

(4.35)

and
O (@9*(¢°) — 0 (a1 e* (@) =49 E(¢*) E(¢*)E(¢°) E(¢"?)
=4q¥ @V (¥ (—a°) ¥ (—4°).

Identities (4.2) and (4.3), together with (4.4) and (4.9), clearly imply (4.5), (4.8),
(4.10), and (4.13). To prove the remaining identities (4.6), (4.7), (4.11), and (4.12),
one only needs to prove that

° © 3ntl 9m+3
q" — q q +q
Z 1+ q12n Z 1+ q12n+4 : (4.36)

n=—oo

Arguing as in (4.15) and (4.17), one can easily show that

(4.37)

i qn _ q5n _ 0 q3n+l 4 q9n+3 _, E(qz)E(q3)E(q4)E(q24)
1+ q12n 1+ q12n+4 E(q)E(qS)

n=—oo n=—oo

Hence, the proof of the Theorem 4.1 is complete. g
Corollary 4.2 Let a(n) and b(n) be the number of representations of a positive inte-

ger n by quadratic form k* + 6% and 2k* + 312, respectively. If the prime factorization
of n is given by

r N
__n~anb v; wj
n=23"TTp/" [Ta;".
i=1  j=1

where p; =1,5,7,0r 11 (mod 24) and q; =13, 17, 19, or 23 (mod 24), then

a(n)=(1+ (—1)““’*’)]‘[(1 +v;) ]_[ # (4.38)

i=1 j=1

and

r K 1 1 wj
b()=(1—- (=D [Ja+w ] # (4.39)
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where t is a number of prime factors of n, counting multiplicity, that are congruent
to 5 or 11 (mod 24).

Proof Observe that

i(n>qn(1 —q*) i i( 1y <”)( nme) _ gntme3)
n=1 3 1 +q4n _n=1m=0 3 ! !

= Z Z(-])m <g) (qn(4m—1) _ qn(4m—3))

Similarly,

Define
—24 d d
c(n)=2<7> and d(n)=2(5><%>.
d|n dln

Equations (4.8) and (4.13) imply that a(n) = c(n) + d(n) and b(n) = c(n) — d(n).
Clearly both c¢(n) and d(n) are multiplicative functions. Therefore, one only needs to
find their values at prime powers. It is easy to check that for a prime p,

1 if p=2or3,
c(p¥)={1+e ifp=1,57 11 (mod24), (4.40)
LD f = 13,17, 19,23 (mod 24)
and
(=D* if p=2or3,
I+o if p=1,7 (mod 24),
oy
4(r%) = (=D*(+a) if p=5,11 (mod 24), (4.41)
LECDE if p=13,17, 19,23 (mod 24).

From these two equations (4.38) and (4.39) are immediate. Equivalent reformula-
tions of (4.38) and (4.39) can also be found in [10, p. 84, Ex. 2] and [12, Thr. 7]. O
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. . age 2 2 2 2
5 Lambert series identities for 3 o>, __ g™t and )57, __ ¢*" 5"

Theorem 5.1 Let

)= EQEGEGDEGD) o E@EG@IEQ)EGY)
' E(@*)E(q") ' E(g%)E(q'%)
3.1
Then
2. /—15\ q"
=1-  — 2
P(q) ;( , )an, (5.2)
5\ 4" +4q"
Q(Q)_’Z;(n)iwq-*n . (5.3)
Moreover,
o(—)¢(—q"%) = P(q) — Q(q) (5.4)
R o YA CANAE SV AV EX0)
and
o(—a)o(—4’) = P(q) + Q(9) (5.6)
T < YA EAMANNE SV AV AR YD)
=1 n;( . >1+q"+n§<n> eI

Proof ldentities (5.2), (5.4), and (5.6) were observed by Ramanujan [6, p. 379, Entry
10 (vi)], [22, Eq. 50] and [6, p. 377, Entry 9 (v), (vi)]. We prove (5.3).
It is easy to observe that

30 (AT UMD SR MU e L

n 14+ q3n 14+ q15n+3 1+ q15n+6

n=1 n=—oo n=—oo

Next by four applications of (2.10) on the right-hand side of (5.8), we have
i(g)qmw")
= n 1+q3n
7 .8 2 13
_ 53 15{ U] 2 f@?.q™) }
NG D T EF @
4 11 14
_ g3 15{2 f@q".q) 3 flg.q™) }
N B Fan e T O
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—y E3(q15)
E(q°) @3 92 f(q° ¢°)
—q(f(g*.q")+af(q.4") f(a.¢")}. (5.9)

{(f(a".q%) +arf(@*.qa"))f(a° q°)

Now we employ (2.11) for each term of (5.9) inside the parenthesis; the identity in
(5.9) now becomes

E3(q15)
TE@ @ aDF5 %)
<A@ 0" — £ ) (0" —af (a7 4P))
+4q(f (g% a*) —a*F(d* a**)(f (@', ¢") -4’ f(g.4*))}. (5.10)

Recall that the Rogers—Ramanujan functions are defined by

0 n? X nn+1)
G@)=) — and H(q)=) . (5.11)
=0 @ Dn =0 @ Dn

These functions satisfy the famous Rogers—Ramanujan identities [16, pp. 214—
215]

1 1
= and H(g) = .
(7:9%)00(@%; ¢°)oo D % 0@ 4%

G(q) (5.12)

Our proof makes use of one of Ramanujan’s forty identities for the Rogers—
Ramanujan functions, namely [21]

_ 9@
E(g?)’

G(q)G(q*) —qH(q)H(q%) (5.13)

Next, we employ the quintuple product identity (2.5), with ¢ replaced by ¢'° and
a = —q, to find that

13 17 7 23\ _ 10 f(_qzy_qs) _ 2
(=47, =¢") +af(=q".—47) = E(¢")————%5- =E(@")G(q). (5.19)
f(=q.—q9°)
Similarly, from (2.5) we find
E(¢*)H(g) = f(—q"".—4") + ¢’ f(—q. —4), (5.15)
E(@)G(¢*) = f(q".4%) —af(q*.4"). (5.16)
E@H(¢*) = f(q*.q") —af(q.9"). (5.17)

Next, making use of (5.8), (5.9), (5.10), (5.14), (5.15), (5.16), (5.17), (5.13), and
(5.1), we conclude that
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i(§)q"<1+q")
—~ n 1+q3n

=g £ ™) E2(¢*){G(¢%)G(~q) + qH(q*) H(—q))
E@@)f (g3 9" f (g% q°)
_, E3 (@) 2 2)<ﬂ(—q5)
E@@)f(q? 9" f (4% q%) E(q?)
E@HE@)E@G)E @)
E(¢%)E(q'0)
= 0(q). 0

Adding together (5.4) and (5.6) and replacing g by —q, we find that

15\ (—=9)"
o@e(q") + e )e(d’)=2-2) <_) —L
n=1 n l+ (_Q)

It is instructive to compare this formula with an equivalent formula (50) in [22],
which states that

v@e(q") +o(a’)o(a’) =2+ atm- - ol
n=1

where
- —60 —60 —15
an) = 2(7) —28(2|n) (W) +28(4|n) <m>

1 ifalb,
0 otherwise.

with

8(a|b)={

Corollary 5.2 Let a(n) and b(n) be the number of representations of a positive inte-
ger n by quadratic form k* + 1512 and 3k* + 512, respectively. If the prime factoriza-
tion of n is given by

r N
__Aanbzc v; wj
n=23s 1o [0}
i=1 =1

where p; =1,2,4, or 8 (mod 15), p; #2 and q; =7, 11, 13, or 14 (mod 15), then

d G
a(n)=la —1)(1+ D) [T+ I % (5.18)
i=1 j=1
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and

b(n)=la—1|(1 = (=D Ja+w ] @ (5.19)

i=1 j=1

where t is a number of odd prime factors of n, counting multiplicity, that are congru-
ent to 2 or 8 (mod 15).

Proof Observe that

N A+ Sl 5\, niom .
Q(@=§<;)W:}§m§)(_1) <;>(q GmetD) g gnGm+2)
:—ZZ(_l)m<2>(qn(3m 1)+qn(3m 2))
o — ~3\ /5
Z_ZZ(—I)m<—><—>q”m
m n

2(2C 0(7) (7a))e

Q(—q>=—Z<Z< 1)"”( )(njd»q (5.20)

d|n

||M8

Therefore,

Similarly,

P(~ q)—1+Z(Z( 1)”*"’( )> ", (5.21)

n=1 “dn

Now we define

R VP —_15> n+d( 3)( 5)
cn)y=Y (-1 (n/d and d(n) = ;( D w7

d|n

By (5.4) and (5.6) we have a(n) = c(n) + d(n) and b(n) = c(n) — d(n), for n > 0.
Using the fact that (- lisa multiplicative function of n, we conclude that c(n)
and d(n) are multiplicative functions. From (5.1), (5.20), and (5.21) we also observe
that the following eta-quotients are multiplicative:

E(—q)E(q®)E(q'*)E(—¢")
E(q?®)E(¢*)

_ E*(@HE@G"E@q")E* (¢

~ EW@E@YE(@Y)E(@G®)

P(—q) =

, (5.22)
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E(@*)E(—¢*)E(—¢°)E(q*)

—-0(=q) =
E(g%)E(q'%)
E(gHE*(¢")E*(q")E(q™) (5.23)
E(@)E(@)E@E@G*®) ’ '
E(G*)E(@)E(q)Eq™)
0(q) = (5.24)
E(q%)E(q'")
It is easy to check that for a prime p,
o — 1] if p=2,
1 if p=3or5,
oy
c(P)=V1ta ifp=12.48mod15). p+2. (5:25)
DT if p=7,11, 13, 14 (mod 15),
and
(-=D%a—1] ifp=2,
(=D~ if p=3or5,
d(p*)=1{1+a if p=1,4 (mod 15), (5.26)
(-1D)%(14+a) if p=2,8(mod15), p#2,
L if p=7,11, 13, 14 (mod 15).

From these two equations (5.18) and (5.19) are immediate. Equivalent reformula-
tions of (5.18) and (5.19) can also be found in [12]. Il

6 Representations by the the quadratic form k2 + 2712

In this section, we give a formula for the number of representations of a positive
integer by the quadratic form k2 4 27/

Theorem 6.1

4

+o(¢°)e(q”)+ ng(qé)E(q'g). (6.1)

_9@9@) —¢@’)e@”)
3

o(@e(q”)

Let a(n) and b(n) be the number of representations of a positive integer n by
quadratic forms (1,0, 27) and (4,2,7), respectively.
Ifn# 1 (mod 6), then

a(n) =b)
(32600 (1+, (=D [T—, (1 +v) [Tiey HG2L =2,
I+ (D) T A+ o) [Ty HG2Y ifB=0anda >0,
0 otherwise,

(6.2)
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where n has the prime factorization

r S
i wj
n=22[]o0 [[a}"
i=1  j=1
with p; =1 (mod 3) and 2 # g; =2 (mod 3), and

5501= {1 77 =0, 6.3)

0 otherwise.

Ifn=1 (mod 6), then

2 r N N t 1 1 w;
a(n) = 5]‘[(1+v,-><]"[(1+ul-)+21"[((1+u,»>|3 )]‘[ " 6
i=1 i=1 i=1

i=1
d 1+( 1ywi
b(n) = H(1+v, 1_[(1+u)—1_[(1+u)|3 [[——— ©5
i=l1 i=l1

where n has the prime factorization

le ﬂq ]"[Q“" (6.6)

with pi = 1 (mod 3), 2”5 =1 (mod pi), gi = 1 (mod 3), 25~ % 1 (mod g/), and
2 # Q; =2 (mod 3).

Proof Observe that

e¢]

3 00
Tul4+2uv+40? _ 7(4s+k)2+2(4s+k)v+4v?
I D D

u,v=—00 k=0 s, v=—00

3 00
:Z Z q7(4s+k)2+2(4s+k)(rfs)+4(r7s)2

k=0s,r=—00

[e.¢]

i i q2(2r2+kr) Z q54(2s2+ks>
k=0 r=-—00

§=—00

= f(g* a") f(a"®, ¢"®) + 247 £ (4% 4°) F (47, ¢'%?)
)

= (e@¢(¢”) + (=)o (—=q*")) /2 + 247 ¥ (¢*) ¥ (¢,
(6.7)

where in the last step we used (2.8).
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Similarly, we find that

o0

Z q7u2+2uv+4v2
u,v=—00
o0 o0
_ T(u—v)24+2u—v)v+4v2 _ Tu?—12uv+9v?
=D 4 =D 4
u,v=—00 u,v=—00

oo
:Z Z q7(3s+k)2712(3s+k)v+9v2

k=0s,v=—00

T(3s+k)2—12(3s+k) (r+25)+9(r+25)%

I
™
M2

2 5 oo 5 oo 5
Tk 3(3r-—4k 9(3s=+2k
=§:q § q(r T) E:q(s+ s)

(q9’q9)f(q27’q27) +2!]4f(613,6115)f(619,6145)
=0(¢”)e(a”") + (0@ — ¢(q°)) (0(4”) — (7)) /2
= (3¢(¢°)e(¢”) + 9@ e(d®) — 0@ e(a”) — ¢(a)e(d?)) /2.  (6.8)

where we used (2.9).
Lastly, we need the following identity of Ramanujan [6, p. 359, Entry. 4, (iv)]

(e@e(a”) — o(=)o(—a*")) /2 = 2"y () ¥ (¢°*) =24 E(¢°) E(¢'®). (6.9)

From (6.7), (6.8), and (6.9) we find that

0@¢(a”7) = Be(a”)e(@”) + e@e(a®) — e@e(a”) — v(a”)e(q”)) /2
+2qE(q°)E(q"®). (6.10)
which is (6.1). Formulas (6.7), (6.8), and (6.9) are special cases of a more general

formula [23, Thr. (3.1), Cor. (3.3)]. In fact, Ramanujan’s identity, (6.9), can be stated
as follows:

o0
Z (_1)u+vq(7(2u+l)2712(2u+1)(2v+1)+9(2v+1)2)/4

= (e (¢”) — o(=)p(—q%")) /2 = 24" ¥ (¢*) ¥ (¢™*)
=2qE(q°)E(q").
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Recall that
o0 00 o i i
1+ Za(n)qn = (p(q)(p(q27) and 1+ Zb(n)qn — Z q4n +2nm+Tm*
n=1 n=1 n,m=—00

(6.11)
We also define c(n) and d(n) by

1+ cmq" =¢(@e(g’) and Y dn)g"=qE(q°)E(¢").  (6.12)

n=1 n=1

Using the following Lambert series expansion for (p(g)(p(q3) (see, for example,
[7, p. 75, Eq. (3.7.8)])

4n

w(q)¢(q3)=1+22(§)1fqn +4Z<’§>13q4n, (6.13)
n=1

n=1

it is easy to show that

r K 1 1w
cm)=B=26,0(1+ D) JJa+w) ] % (6.14)

i=1 j=1

where n has the prime factorization

r N
n =2938 1_[ plyi q;t)_i’
i=1 j=1

where p; =1 (mod 3) and 2 # ¢; =2 (mod 3).
From (6.1) we have

e(n) = c(n/3)

a(n) 3

+c(n/9) + gd(n), (6.15)
where we assume c(n/l) =0 if [ fn. If n £ 1 (mod 6), then d(n) =0 and a(n) =
c(n/9) if 3|n, while a(n) = c(n)/3 if 3 fn. This proves the claim in (6.2) for a(n).

Now assume n = 1 (mod 6). If p is a prime and p = 1 (mod 3), then by (6.14)
we see that ¢(p) = 4. If p is represented by the form (1, 0, 27), then a(p) = 4. This
is because 4 < a(p) < c¢(p) = 4. Using (6.15), we see that d(p) = 2. If p is not
represented by (1,0, 27) then, by (6.15), d(p) = —1. Gauss proved that if p is a
prime and p = 1 (mod 3), then p is represented by (1, 0, 27) iff 2 is a cubic residue
modulo p or, equivalently, iff 2(7~1/3 = 1 (mod p). Therefore,

2 if p=1(mod3)and 2?~D/3 =1 (mod p),

d(p)=1 -1 if p=1 (mod3)and 2??~D/3 £ 1 (mod p), (6.16)
0 if p#£1 (mod 3).
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In [13], Y. Martin proved that ¢ E(¢%)E(¢'®) is a multiplicative cusp form in
S1(Tp(108), (%)). That is, d(n) is multiplicative, and for any prime p and s > 0,

—108

d(pS+2) zd(p)d(pY-‘rl) _ ( p

)d(pS), (6.17)

where d (1) = 1. Using this recursion formula together with (6.16), we find that

a+1 if p =1 (mod 3) and 2(r=D/3 =1 (mod D),
ifp= (p—1)/3
d(p”) = ((a+1)|33 if p=1(mod 3) and 2 £ 1 (mod p), 6.18)
(14 (=1)%)/2 if2+# p=2 (mod3),
0 if p=2or3.
Therefore,
r s t 1+( l)w’
d(n)=8u08p0 [ [A+) [ J(A+un 13) [ —5—— (6.19)
i=1 i=1 i=1

where n has the prime factorization

23p ]_[ i Hqu’ ]_[ oY, (6.20)
i=1

where p; = 1 (mod 3), 2,;,3 - =1 (mod p;), ¢i =1 (mod 3), 2 ¢ 1 (mod g;),
and 2 # Q; =2 (mod 3). By (6.15), if n = 1 (mod 6), then a(n) = M Using
(6.14) and (6.19), we arrive at the statement for a(n) given in (6.4).

From (6.7) and (6.9) we have that

(P(CI)QD(Q27) _ i q4n2+2nm+7m2

= (0@ (q”) — e(—)e(—q"")) /2 = 24" v (a*) ¥ (¢™*)
= 2qE(q6)E(q18).

Therefore, b(n) = a(n) — 2d(n). The formulas for b(n) in (6.2) and (6.5) now
follow from those for a(n) and d(n). Observe also from b(n) = a(n) — 2d(n) that if
p is a prime and p = 1 (mod 3), then b(p) = 0 if p is represented by (1,0, 27) and
b(p) = 2, otherwise. Hence, these primes cannot be represented by (1,0,27) and
(4,2, 7) at the same time. O

While they are not explicitly stated there, the formulas for a(n) and b(n) given
by (6.2), (6.3), (6.4), and (6.5) can be deduced from Theorems 4.1, 10.1, and 10.2 of
[19] and Gauss’ cubic reciprocity law.
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7 Representations by the forms n? + 5m? + 5k? + 51* and 51> + m?* 4+ k2 + 12

In this section, we give formulas for the number of representations of positive integers
by the quaternary forms n? + 5m? + 5k* + 5% and 5n% + m? + k* + [? and also by
the restricted forms n + Sm + 5k + 51 and 5n + m + k + [ with n, m, k, and ! being
triangular numbers.

Theorem 7.1

ol () () o
Ao () A )
R e e
o= (53R (5 5. o

Furthermore, if a(n), b(n), c(n), and d(n) are defined by

()¢’ (q°) = 1+Za(n)q ; o> @e(q°) =:1+Zb(n)q",
n=1
4@ (@) =) cmd". 4@ de)q ,
n=1

then

(5+ (=2)5*1h

a(n) = (=" (145/(=1)5") 3

" — vi+l s 1 — (—g Wit
% 1—[ p; 1—[ (—q;) , (1.5)
picE =1 I+q;

_ +1
b(}’l) — (_l)nfl (1 + 5d+l(_1)g+l) (5 + ( 2)g )

3
r vi+l s 41
1—p; 1= (=g)"™
<[] s I P (7.6)
i=1 j=1 J
r vi+l s 1
1—p; 1—(=gp"™*
em) = (=2 (=1 + 5 ) [T 20— T . a7
im bi =1 qj
r 1_ vl+1 s —(—Q')wj+l
dn) = (=2 (=1 +5/D*) [ ] L—. (13
Pl l—p, i1 1+g;
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where n has the prime factorization

r S
d i wj
n=2¢5TTp" [Ta;"
=1 j=1

with p; = +1 (mod 5) and q; = £2 (mod 5), g; is odd, and t is the number of odd
prime divisors of n, counting multiplicities, that are congruent to £2 (mod 5).

Proof Our proof employs the following well-known Lambert series identities of Ra-
manujan:

E5(q) ¢ (n) nq"
=1-5 - , 7.9
TR 3L € 7.9
E3(g%) °°<n> q"
—_— = - —. 7.10
"E@ ; 5)a—q"? (710

For the history of these and many related identities, see [1], [6, pp. 249-263]. We also
use the theta function identities [6, p. 262, Entry 10]

0’ (@) —¢*(0°) =4af(q.4°) f(a°.q) (7.11)
and
Vi) —qv () =f(a%4)) f(a.4%). (7.12)
By multiplying both sides of (7.11) with ¢3(¢°)/¢(q), we find that

9@ _, B

g = . 7.13
0(@)¢*(q°) o “MECH (7.13)
From (7.13) we deduce that
E>(¢q'% 9(q) E'%(—¢%)
16¢> = 164> N
T E@ T P EX—q)
N v(q) { 375 _‘PS(QS)}Z
IR @’ (@) o(q)
5/,.5
= F@e(d") - 200 (%) + L (7.14)

olq)

Using the imaginary transformation on (7.13) and (7.14), we obtain, respectively, that

Y@ _ B9
0(@®)  E(=9)

50°@e(q°) (7.15)

and
@ _  E@)
@(q°) E(q'%)"

250(9)¢*(q°) — 100> ()9 (q°) + (7.16)
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Quadratic forms 403

By multiplying both sides of (7.12) with >(¢>)/¥ (¢), we find that

V(@)  E(q")

3(.5\
V@)V () —4q @ = E@D (7.17)
From (7.17) we also find that
E(¢”) _ ¥(@) E"@")
E(qg)  v¥3(q®) E2(q?)
_ w@>{ e w%ﬁ>r
=i VOV @) e
5.,5
:w%mw@ﬂ—ammww%f)+ffiil (7.18)

vig)

Using the imaginary transformation on (7.17) and (7.18), we obtain, respectively,
that

V@) _ B¢
V(g E(q'%)

—5q¥> (@) (q°) + (7.19)

and

2 3/.5 3 5 1/f5 (q) E® (q)
25¢° Y (@ (q°) = 10g¥° (@) ¥ (¢°) + @ = B
Using (7.13), (7.14), (7.15), (7.16), (7.17), (7.18), (7.19), and (7.20), we easily derive
(7.1), (7.2), (7.3), and (7.4).

Next, we sketch a proof of (7.5). We omit the proofs of (7.6), (7.7), and (7.8) since
their proofs are similar to that of (7.5). For convenience, [¢"]V (¢) will denote the
coefficient of ¢” in the Taylor series expansion of V (g).

From (7.9) we have

ES(Q) _ > n nqn _ 0 d .,
E(g°) _1_52<§>1—q” _1_52<Z(g)d>q : (7.21)

n=1 n=1 “din

(7.20)

Using the fact that the coefficients are given by the multiplicative function ) din (%)d ,
we conclude that forn > 1,

E5 r 1— })i+1 B 1= (—g: wj+1
[C]n] (Q) — _51_[ pl l—[ ( CIJ) i (722)
E(q) i 1 I+4q;

where n has the prime factorization

r S
n=7549 1_[ pl.vi 1_[ q;vj (7.23)
i=1 =1
with p; = +£1 (mod 5) and ¢; = 2 (mod 5).
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It is easy to show [11, Thr. 4]

n qES(qS) sd pit e w; 1= (=g)"it!
| | | | D" 7.24
L] E(q) 1_171 b 1+gq, 729

where n > 0 has the prime factorization

r s
=TT 1o
i=1 j=1

with p; = £1 (mod 5) and ¢; = £2 (mod 5). Using (7.22) and (7.24) together
with (7.1), we arrive at (7.5). O

Theorem 7.1 has the following consequence:

Corollary 7.2

@ [¢"](@*@e(a”) >0,  [¢"](¥*@¥(q)) >0 foranyn >0,

®  [¢"]e@¢’ (@) =0.  [¢"](¥@V¥*(¢7)) >0 iffn=20r3 (mod5).
Note that our corollary is in agreement with Ramanujan’s observation in [15],

where the quadratic form x? 4 y? 4+ z2 + Sw? is listed as universal. It means that this

form represents all positive integers. Interested reader may want to check [3] for new

results about universal quadratic forms.
Next, we use (7.13), (7.14), and (7.15) to derive

E3(—q)  E%(¢%
(E(—cﬁ) +4E<q10>>/5

= (50@)¢*(@°) — > (@e(4°)) /4 (7.25)
1¢2(q5){ 3 5 ¢5(q)}
== 5 - 7.26
T R @e(q°) 005 (7.26)
20,5 5
(@) E’(—q)
SR Bl 4 7.27
P> () E(—¢°) (7.27)
5.2 7¢.,10
E>(q9)E' (™) (7.28)

- E@EWGHEN@)E3 G
Moreover, using (7.9) and (7.10), we obtain

ES(—q)  E%(¢%
(E(—qﬁ) +4E<ql°>>/5

. Z(%) o (7.29)
n=1

I—(=q)"

=1+ ;(Z(—l)ﬂmd(%))q". (7.30)

din
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Arguing as above, one finds

EX(=¢°) L,E@"")  ¢*@E(=¢")

4 = 7.31
TE(—q) +4q E@  T@R@NHE—q (731)
E"(¢»)E>(q')
- 7.32
B QB @M EG)EGD) (7:32)
(="
= . 733
Z( >(1+( qQ")? (7:35)
d|n
and
E>(q) E5<q2)> v2(g°)E3 (%)
- =2} [5=g L T2 7.35
<E<q5> ra™ )/ = e re (7:3)
E*(q)E(@HE*(q'%)
Ez(qS) (7.36)
as n
22<§> (7.37)
n=1
:Z(Zd( )y(n/d))q”, (7.38)
n=1 “dn
where
)1 ifnisodd,
y(n):= 0 ifniseven.
Lastly,
E3(q%)  LE@")  yA@Eq'")
_ 7.39
Eq) 1 E@ T TYAHEGD (7:39)
3..2 2/.5 10
E>(g7)E“(q°)E(q™") (7.40)
E?(q)
_oNv ()4
- Zl <5><1—q">2 74D
nrils_odd
:Z(Zy(d)( )n/d) (7.42)
n=1 “dn
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The eta-quotients given by (7.36) and (7.40) are clearly multiplicative. Using the
fact that (—1)"*! is a multiplicative function of n, we also see that the first two eta-
quotients given in (7.28) and (7.32) are multiplicative. These four multiplicative eta-
quotients are not included in Martin’s list. Lambert series representations of (7.29)
and (7.37) are given by Ramanujan [6, p. 249, Entry 8 (i), (ii)]. Identity (7.39)—(7.40)
is identity (6.12) of [4]. Using (7.1), (7.2), (7.3), (7.4), (7.29), (7.33), (7.37), and
(7.41), we have

Corollary 7.3

s
)
g
o
+
WK

n nq" (N (—=q)"
- - R — 7.43
5>1—(—q)" Z( )(1+( g T
E) ng" _5i<fg> (—q)" (7.44)
s)i—qor =5 ar =T

n q"
s)m (749

n 0 n
ngq n q
7.46
—g ()(1 a7 (7:40)

8 Outlook

Clearly, this manuscript does not exhaust all potential connections between the Ra-
manujan identities and quadratic forms. We believe that Ramanujan identities can be
employed to find coefficients of many sextenary forms. For example, in [5] we will
show how to use our new identity

703 3 N 7(‘1) 3
o (=99’ (—q") = —49| ¢ Eq T qE*@)E*(q")

E'(q"
s6(7 4 2E3 2 E3 14)
+ <q zqy (¢*)E*(¢™)

E@ | JE¢D
E@@) E@%’

together with two identities of Ramanujan, to determine the coefficients of
©3(9)¢3(¢"). There we shall also prove the following intriguing inequalities:

E7(q14)
n 3 307\
(Vv - e ) o

E’(q")
a1 3 307 72
[q ]<<p @e¢(q")+q"—q @ )z
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We will also determine the coefficients of ¢°(¢)¢(¢>) and ¢(¢)¢’(g>) by proving
that

0’ @e(q —1+Z<Z< 1)"+dd2( ))q +9Z<%j<—1)"+dd2(%))q”

d|n

and

2(@)¢’ ( —1+Z<Z< 1)"+dd2( ))q”+i(2(—1)"+dd2<#)>q".

d|n n=1 “d|n

In the course of this investigation we have determined the coefficients of many mul-
tiplicative eta-quotients. Those efa-quotients given by (3.4), (3.5), (4.1), and (6.9)
are on Martin’s list [13], while those that are given by (5.22), (5.23), (5.24), (7.28),
(7.32), (7.36), and (7.40) are not in his list. This is because Martin only considered
multiplicative efa-quotients which are eigenforms for all Hecke operators. As an ex-
ample, it seems that the multiplicative eta-quotient — Q(—q), defined by (5.23), is an
eigenform for all Hecke operators T}, with odd prime p, but it is not hard to show that

E2(®E*(q'")
D(-0(—q) = TOEG

The eta-quotients in (7.9) and (7.10) also appear in Martin’s list [13]. In our future
publications we plan to discuss the coefficients of all multiplicative efa-products that
appear on this list. To this end we proved the following:

Theorem 8.1 Suppose the prime factorization of n is

Z“Hp l_[q l_[Pw’l_[Q

where
Q; =3 (mod 4),
pi =5 (mod 8),
gi=1(@mod8) and 2@~D/*=1 (modg,),
Pi=1(mod8) and 2%~VD/*=_1 (mod P)).
Then

E4(q16)
[q"](qm) aol"[< D (14 (=1)" /2]"[<1+v,

i=1

l t
x[T=Da+wp [T+ D%) 2.

i=1 i=1
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408 A. Berkovich, H. Yesilyurt

We would like to conclude with the following remarkable identity:

02,0.7)+03.2.5  E*qYHE*(q"
100.0.14-06.25  EX¢HEXGD)

where

00
é(a, b,c) = Z qan2+bnm+cm2.

n,m=—00

It is important to observe that neither @(2,0,7) + 6(3,2,5) nor Q(l,O, 14) —
0(3,2,5) is an eta-quotient. This result along with other similar type identities will
be discussed elsewhere.

Acknowledgement We would like to thank a thoughtful reviewer for bringing to our attention a very
interesting recent manuscript [20] by Pee Choon Toh.

References

1. Andrews, G.E.: Applications of basic hypergeometric functions. SIAM Rev. 16, 441-484 (1974)

2. Apostol, T.M.: Introduction to Analytic Number Theory. Springer, New York (1976)

3. Bhargava, M.: On the Conway—Schneeberger fifteen theorem. In: Quadratic Forms and Their Appli-

cations (Dublin, 1999). Contemp. Math., vol. 272, pp. 27-37. Am. Math. Soc., Providence (2000)

Berkovich, A., Garvan, F.G.: The BG-rank of a partition and its applications. Adv. Appl. Math. 40(3),

377-400 (2008)

5. Berkovich, A., Yesilyurt, H.: On the representation of integers by the sextenary quadratic form 2+

y2 + 22 4+ 752 + 712 + 7u? and 7-cores. J. Number Theory 129(6), 13661378 (2009)

Berndt, B.C.: Ramanujan’s Notebooks, Part III. Springer, New York (1991)

7. Berndt, B.C.: Number Theory in the Spirit of Ramanujan. Student Mathematical Library, vol. 34. Am.

Math. Soc., Providence (2006)

Chan, S.H.: Generalized Lambert series identities. Proc. Lond. Math. Soc. 91(3), 598-622 (2005)

9. Cox, D.C.: Primes of the Form x2 + ny2: Fermat Class Field Theory and Complex Multiplication.

Wiley, New York (1989)

10. Dickson, L.G.: Introduction to the Theory of Numbers. Dover, New York (1957)

11. Garvan, F,, Kim, D., Stanton, D.: Cranks and ¢-cores. Invent. Math. 101, 1-17 (1990)

12. Hall, N.A.: The number of representations function for binary quadratic forms. Am. J. Math. 62,
589-598 (1940)

13. Martin, Y.: Multiplicative n-quotients. Trans. Am. Math. Soc. 348(12), 4825-4856 (1996)

14. Moreno, C.J., Wagstaff, Jr., S.S.: Sums of Squares of Integers. Discrete Mathematics and its Applica-
tions. Chapman & Hall/CRC Press, London/Boca Raton (2006)

15. Ramanujan, S.: On the expression of number in the form ax? + by2 + ¢z% + dw?. Proc. Cambridge
Philos. Soc. XIX, 11-21 (1917)

16. Ramanujan, S.: Collected Papers. Cambridge University Press, Cambridge (1927); reprinted by
Chelsea, New York, 1962; reprinted by the Am. Math. Soc., Providence, 2000

17. Shen, L.-C.: On the additive formula of the theta functions and a collection of lambert series pertaining
to the modular equations of degree 5. Trans. Am. Math. Soc. 345(1), 323-345 (1994)

18. Shen, L.-C.: On a class of g-series related to quadratic forms. Bull. Inst. Math. Acad. Sinica 26(2),
111-126 (1998)

19. Sun, Z.H., Williams, K.S.: On the number of representations of n by ax? + bxy + cyz. Acta Arith.
122(2), 101-171 (2006)

20. Toh, P.C.: Representations of certain binary quadratic forms as Lambert series. Submitted for publi-
cation

21. Watson, G.N.: Proof of certain identities in combinatory analysis. J. Indian Math. Soc. 20, 57-69
(1933)

22. Williams, K.S.: Some Lambert series expansions of products of theta functions. Ramanujan J. 3, 367—
384 (1999)

23. Yesilyurt, H.: A generalization of a modular identity of Rogers. J. No. Theory 129(6), 1256-1271
(2009)

»

57\

*®

@ Springer



	Ramanujan's identities and representation of integers by certain binary and quaternary quadratic forms
	Abstract
	Introduction
	Definitions and useful formulas
	Lambert series identities for n,m=-inftyinftyqn2+5m2
	Lambert series identities for n,m=-inftyinftyqn2+6m2 and n,m=-inftyinftyq2n2+3m2
	Lambert series identities for n,m=-inftyinftyqn2+15m2 and n,m=-inftyinftyq3n2+5m2
	Representations by the the quadratic form k2+27l2
	Representations by the forms n2+5m2+5k2+5l2 and 5n2+m2+k2+l2
	Outlook
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


