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Abstract. In this work, we propose an outer approximation algorithm for solving bounded
convex vector optimization problems (CVOPs). The scalarization model solved iteratively within the
algorithm is a modification of the norm-minimizing scalarization proposed in [ \c C. Ararat, F. Ulus, and
M. Umer, J. Optim. Theory Appl., 194 (2022), pp. 681--712]. For a predetermined tolerance \epsilon > 0,
we prove that the algorithm terminates after finitely many iterations, and it returns a polyhedral
outer approximation to the upper image of the CVOP such that the Hausdorff distance between
the two is less than \epsilon . We show that for an arbitrary norm used in the scalarization models, the
approximation error after k iterations decreases by the order of \scrO (k1/(1 - q)), where q is the dimension
of the objective space. An improved convergence rate of \scrO (k2/(1 - q)) is proved for the special case
of using the Euclidean norm.
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1. Introduction. Vector optimization refers to minimizing a vector-valued ob-
jective function with respect to a given order relation over a feasible region. The
special case where this order relation is induced by the positive orthant yields mul-
tiobjective optimization. We refer the reader to [6, 16, 20, 50, 51] for multiobjective
optimization algorithms working in the decision space and to [8, 12, 14, 43, 45] for
algorithms working in the objective space. Multiobjective optimization problems ap-
pear naturally in the calculation of set-valued risk measures in financial mathematics
[2, 18]; they are also found to be linked to other challenging mathematical problems,
such as convex projections [37], dynamic control and optimization problems [36, 53],
and regularization [21, 22].

In this paper, we consider vector optimization problems in which the order relation
is induced by a polyhedral ordering cone. Beyond the aforementioned multiobjective
case, such problems have recently appeared naturally in various applications. In
financial mathematics, the so-called solvency cones for markets with proportional
transaction costs show up as ordering cones of certain vector optimization problems
[39]. In particular, some unbounded multiobjective optimization problems related to
utility indifference pricing become bounded convex vector optimization problems when
formulated using solvency cones [49]. In game theory, the set of all Nash equilibria
of a noncooperative game can be characterized in terms of a vector optimization
problem [19]. In general, different ordering cones can be used to incorporate more/less

\ast Received by the editors May 23, 2023; accepted for publication (in revised form) April 30, 2024;
published electronically July 25, 2024.

https://doi.org/10.1137/23M1574580
Funding: This work was supported by the 3501 program of T\"UB\.ITAK (Scientific \& Techno-

logical Research Council of T\"urkiye), Project No: 118M479.
\dagger Bilkent University, Department of Industrial Engineering, Ankara, T\"urkiye (cararat@bilkent.

edu.tr, firdevs@bilkent.edu.tr).
\ddagger National University of Sciences and Technology (NUST), College of Aeronautical Engineering

(CAE), Department of Industrial Engineering, Pakistan (mhmdumer@cae.nust.edu.pk).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

2700

D
ow

nl
oa

de
d 

02
/2

4/
25

 to
 1

39
.1

79
.7

2.
22

6 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y

https://doi.org/10.1137/23M1574580
mailto:cararat@bilkent.edu.tr
mailto:cararat@bilkent.edu.tr
mailto:firdevs@bilkent.edu.tr
mailto:mhmdumer@cae.nust.edu.pk


CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2701

conservative preferences of the decision maker, as recently done in [4] in a stochastic
bandit framework.

Specifically, we focus on convex vector optimization problems (CVOPs) in which
the objective function is cone-convex and the feasible region is a convex set. There are
different solution concepts and algorithms for CVOPs in the literature. Many solution
approaches are objective space-based, and they generate polyhedral approximations
to the set of all (weakly) minimal elements in the objective space. To that end, they
consider the upper image, which is the image of the feasible region plus the order-
ing cone, and iteratively generate polyhedral outer approximations to it by solving
scalarization problems. A CVOP whose upper image can be covered by a shift of the
ordering cone is called bounded (see the formal definition after Problem 2.3). We refer
the reader to [27, 38] for algorithms to solve linear vector optimization problems and
to [3, 5, 13, 15, 32, 34, 40] for algorithms to solve bounded CVOPs. Recently, in [54],
algorithms and solution concepts are proposed for unbounded CVOPs.

In this paper, we focus on bounded CVOPs, propose an objective space-based
outer approximation algorithm, and study its convergence rate. Note that the litera-
ture on the convergence analysis of such algorithms is very limited. For some special
cases, the finiteness has been studied without determining the convergence rate. This
is the case for some linear vector optimization algorithms; see [38, Chapter 5, p. 161].
Moreover, an outer approximation algorithm for nonlinear multiobjective optimiza-
tion problems (MOPs), in which the ordering cone is the positive orthant, is proposed
and proved to be finite in [46]. Recently, Ararat, Ulus, and Umer [5] proposed an outer
approximation algorithm for general CVOPs and showed its finiteness. Their result
is mainly based on constructing polyhedral outer approximations of the upper image
such that the vertices are guaranteed to be within a compact set in each iteration.

On the other hand, in 2003, Klamroth, Tind, and Wiecek [35] proposed inner and
outer approximation algorithms for convex and nonconvex MOPs, and the convergence
rates of the algorithms are provided for the biobjective case. In particular, they
proved that, for biobjective problems, the approximation error after k iterations of
the algorithms in [35] decreases by the order of \scrO (k - 2). Later, in 2007, Klamroth and
Tind [34] provided the convergence rate of similar algorithms for the multiobjective
setting under the assumption that the image of the feasible region is bounded and its
Minkowski sum with the positive orthant is closed. Accordingly, if there are q \geq 3
objective functions, then the approximation error after k iterations decreases by the
order of \scrO (k2/(1 - q)). It is also noted that this convergence rate is in general the best
possible rate; see also [26]. Note that the algorithms in [34, 35] cannot be directly
applied to CVOPs, as they require the ordering cone to be the positive orthant, which
is not the case for general CVOPs. When the problem has a polyhedral ordering cone,
it is possible to reformulate it as a multiobjective optimization problem. However,
the dimension of the objective space of the equivalent multiobjective problem may
increase depending on the structure of the ordering cone, which may result in a
worsened convergence rate overall. This is also discussed in Remark 4.2.

The convergence rate provided in [34] is based on existing results on the con-
vergence rate of algorithms for finding polyhedral approximations of convex compact
sets. Indeed, there is rich literature on this subject; see [29, 30, 31, 42], for instance.
In general, the results for convex compact sets cannot be directly used to establish the
convergence rate of objective space-based outer approximation algorithms for CVOPs
since the upper image is an unbounded set by its structure. However, the design of
the MOP algorithms in [34], which depends heavily on the symmetry of the orthants,
allowed them to use the results in [29, 42] directly to establish the convergence rate.
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2702 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

More specifically, in [34, 35], using the symmetry of the orthants, a convex compact
set is constructed such that its boundary contains all (weakly) minimal elements of the
image of the feasible region. The algorithms solve scalarization problems where poly-
hedral gauge functions are used to construct a special and iteration-dependent norm
to measure the distance between this convex compact set and its current polyhedral
outer approximation.

In this paper, we propose an outer approximation algorithm for bounded CVOPs
and study its convergence rate. To the best of our knowledge, this is the first paper
providing a convergence analysis of a general CVOP algorithm in the literature. The
proposed algorithm is based on a norm-minimizing scalarization, which is similar to
the one proposed in [5]. We modify this scalarization by adding a single constraint
which enables us to work with a compact subset of the upper image, which contains
all weakly minimal elements of the image of the feasible set on its boundary.

Any norm on the objective space can be used to form the scalarization models
solved within the proposed algorithm. Even though the norm used in the scalarization
problems is arbitrary, it is fixed throughout the iterations. In that sense, the proposed
algorithm and each of the algorithms in [34, 35] are not special cases of each other,
as the latter uses a special and iteration-dependent norm.

We prove that, for any norm, the proposed algorithm is finite, and the approxi-
mation error after k iterations decreases by the order of \scrO (k1/(1 - q)), where q is the
dimension of the objective space. In particular, we prove that the sequence of outer
approximations formed by the algorithm is an H-sequence of cutting (see Definition
6.2) and then apply the results in [29, 42] directly.

Moreover, we consider the special case of using the Euclidean norm within the
scalarizations separately and prove that the approximation error decreases by the
order of \scrO (k2/(1 - q)). Different from the previous case, the results regarding the
improved convergence rate in [29, 42] are not directly applicable to establish that of
the proposed algorithm. Hence, the convergence analysis for the outer approximating
polytopes produced by the proposed algorithm for the special case is proved from
scratch.

The paper is organized as follows: section 2 provides basic definitions, notations,
and the problem description, and it recalls some well-known results used throughout
the paper. In section 3, the norm-minimizing scalarization is introduced and cor-
responding results are presented. The algorithm is explained in section 4, and its
finiteness is proved in section 5. The convergence analysis of the algorithm is pre-
sented for any norm and for the special case of Euclidean norm in sections 6 and 7,
respectively. Finally, we provide computational results in section 8 and conclude the
paper in section 9.

2. Preliminaries. In this section, we provide our notation and the formulation
of the problem of interest.

2.1. Notation and conventions. Throughout the paper, let \BbbR q denote the q-
dimensional Euclidean space, where q \in \BbbN := \{ 1,2, . . .\} , and let \| \cdot \| be an arbitrary
fixed norm on \BbbR q with dual norm \| \cdot \| \ast . For y \in \BbbR q and \epsilon > 0, we denote by \BbbB \epsilon (y) :=
\{ z \in \BbbR q | \| y - z\| \leq \epsilon \} the closed ball centered at y with radius \epsilon .

Let A \subseteq \BbbR q be a set. We write intA, clA, bdA, convA, coneA for the interior,
closure, boundary, convex hull, conic hull of A, respectively. In particular, we denote
by \BbbS q - 1 := bd\BbbB 1(0) the unit sphere in \BbbR q. The indicator function IA of A is defined
by IA(z) = 0 for z \in A and by IA(z) = +\infty for z \in \BbbR q \setminus A. When A,B \subseteq \BbbR q are
nonempty sets and \lambda \in \BbbR , we define A+B := \{ y+z | y \in A,z \in B\} , \lambda A := \{ \lambda y | y \in A\} ,
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2703

and A - B := A+ ( - 1)B. When A is a nonempty convex set, the set of all k \in \BbbR q

such that A+ cone\{ k\} \subseteq A is the recession cone of A, denoted by reccA; a nonzero
element of reccA is a recession direction of A. When A is a nonempty convex cone,
the dual cone of A, given by A+ := \{ w \in \BbbR q | \forall y \in A : w\sansT y \geq 0\} , is a closed convex
cone.

A cone C \subseteq \BbbR q is said to be solid if intC \not = \emptyset and pointed if C \cap  - C = \{ 0\} . Let
C be a pointed convex cone. The relation \leq C on \BbbR q defined by y \leq C z if and only if
z  - y \in C, y, z \in \BbbR q, is a partial order.

Let A\subseteq \BbbR q be a set, and let y \in A. We say that y is a C-minimal element of A
if there is no z \in A \setminus \{ y\} with z \leq C y. When C is solid, we say that y is a weakly
C-minimal element of A if (\{ y\}  - intC) \cap A = \emptyset . Let MinC A denote the set of all
C-minimal elements of A, and let wMinC A denote the set of all weakly C-minimal
elements of A whenever C is solid.

Let A,B \subseteq \BbbR q be nonempty sets. The Hausdorff distance between A and B is
defined as

\delta H(A,B) :=max

\biggl\{ 
sup
y\in A

d(y,B), sup
z\in B

d(z,A)

\biggr\} 
,

where d(z,A) := infy\in A \| z  - y\| . By [11, Proposition 3.2], we also have

\delta H(A,B) = inf \{ \epsilon > 0 | A\subseteq B +\BbbB \epsilon (0), B \subseteq A+\BbbB \epsilon (0)\} .

Let A\subseteq \BbbR q be a convex set, and let w \in \BbbR q \setminus \{ 0\} . We introduce the halfspace

(2.1) \scrH (w,A) :=
\biggl\{ 
z \in \BbbR q | w\sansT z \geq inf

z\prime \in A
w\sansT z\prime 

\biggr\} 
.

We also write \scrH (w,y) := \scrH (w,\{ y\} ) for every y \in \BbbR q. If y \in A is such that w\sansT y =
infz\prime \in Aw\sansT z\prime , then we have \scrH (w,A) = \scrH (w,y). In this case, bd\scrH (w,A) = \{ z \in 
\BbbR q | w\sansT z =w\sansT y\} is called a supporting hyperplane of A at y and \scrH (w,A)\supseteq A is called
a supporting halfspace of A at y. We say that a point v \in A is an extreme point of A
if there do not exist y, z \in A and 0 < \lambda < 1 such that y \not = z and v = \lambda y + (1 - \lambda )z.
We denote the set of all extreme points of A by extA. If A is polyhedral, then
extA coincides with the set of all vertices of A. In this case, A can be represented
as an intersection of its finitely many supporting halfspaces, which is called an H-
representation of A [41, p. 808].

The following lemmata are simple observations that will be used throughout.

Lemma 2.1. Let w \in \BbbR q with \| w\| \ast \leq 1 and y \in \BbbR q. Then \scrH (w,y) + \BbbB \epsilon 
2
(0) \subseteq 

\scrH (w,y, \epsilon ), where

(2.2) \scrH (w,y, \epsilon ) :=
\Bigl\{ 
z \in \BbbR q | w\sansT z \geq w\sansT y - \epsilon 

2

\Bigr\} 
.

Proof. Let y\prime \in \scrH (w,y) and y\prime \prime \in \BbbB \epsilon 
2
(0). Then, using y\prime \in \scrH (w,y), H\"older's

inequality, and the fact that \| w\| \ast \leq 1 and \| y\prime \prime \| \leq \epsilon 
2 , we have

w\sansT (y\prime + y\prime \prime )\geq w\sansT y+w\sansT y\prime \prime \geq w\sansT y - \| w\| \ast \| y\prime \prime \| \geq w\sansT y - \epsilon 

2
,

which completes the proof.

Lemma 2.2. Let A \subseteq \BbbR q be a nonempty convex compact set and C \subseteq \BbbR q be a
nonempty convex cone. Then ext(A+C)\subseteq extA.
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2704 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

Proof. The inclusion is trivial if ext(A + C) = \emptyset . Otherwise, let v \in ext(A +
C) \setminus ext(A) for a contradiction. Since v \in A+ C, we have v = a+ c for some a \in A
and c \in C. Note that if c = 0, then v = a /\in extA implies that v can be written
as a nontrivial convex combination of points from A \subseteq A + C. As this contradicts
v \in ext(A+C), we conclude that c \not = 0. Next, for every \lambda \geq 0, we have a+\lambda c\in A+C.
For \lambda > 1, we can write v as a strict convex combination of a,a + \lambda c \in A + C as
v= a+ c= \lambda  - 1

\lambda a+ 1
\lambda (a+ \lambda c). This is a contradiction to v \in ext(A+C).

2.2. Problem definition and solution concept. The mathematical problem
that is the subject of this study is provided next.

Problem 2.3. We consider a convex vector optimization problem (CVOP) given
by

minimize \Gamma (x) with respect to \leq C subject to x\in \scrX ,(P)

where C \subseteq \BbbR q is a closed convex solid and pointed cone, X \subseteq \BbbR n is a convex set,
\Gamma : X \rightarrow \BbbR q is a C-convex and continuous vector-valued function, and \scrX \subseteq X is a
compact convex set with int\scrX \not = \emptyset .

Recall that \Gamma is called C-convex if \Gamma (\lambda x1+(1 - \lambda )x2)\leq C \lambda \Gamma (x1)+(1 - \lambda )\Gamma (x2) for
every x1, x2 \in X,\lambda \in [0,1]; equivalently, for every w \in C+, the function x \mapsto \rightarrow w\sansT \Gamma (x)
on X is convex.

The set \scrP := cl(\Gamma (\scrX )+C) is called the upper image of (P). Under the assumptions
of Problem 2.3, \Gamma (\scrX ) is a compact set since it is the image of a compact set under a
continuous function. Then \Gamma (\scrX )+C is a closed set by [1, Lemma 5.2, p. 166] and we
have \scrP =\Gamma (\scrX ) +C =\scrP +C.

Moreover, (P) is a bounded CVOP in the sense that there exists a point y \in \BbbR q

such that \scrP \subseteq \{ y\} +C; see [40, Definition 3.1].
The next definition recalls the relevant solution concepts for the CVOP given in

Problem 2.3.

Definition 2.4. Consider Problem 2.3.
1. A point \=x \in \scrX is called a (weak) minimizer for (P) if \Gamma (\=x) \in MinC \Gamma (\scrX )

(\Gamma (\=x)\in wMinC \Gamma (\scrX )).
2. [13, Definition 3.3] Let \=\scrX \subseteq \scrX be a nonempty finite set of (weak) minimizers,

and let \=\scrP := conv\Gamma ( \=\scrX ) + C. Then \=\scrX is called a finite (weak) \epsilon -solution of
(P) if \=\scrP +\BbbB \epsilon (0)\supseteq \scrP .

Remark 2.5. \=\scrP +\BbbB \epsilon (0)\supseteq \scrP is equivalent to \delta H(\scrP , \=\scrP )\leq \epsilon ; see [5, Remark 3.6].

Below, we list some relevant results from the literature regarding Problem 2.3.

Proposition 2.6 (see [5, Proposition 3.8]). For every \epsilon > 0, there exists a finite
\epsilon -solution of (P).

For each w \in C+\setminus \{ 0\} , let us consider the corresponding weighted sum scalarization
of (P):

(WS(w)) minimize w\sansT \Gamma (x) subject to x\in \scrX .
Proposition 2.7 (see [28, Corollary 2.3]). Let w \in C+\setminus \{ 0\} . Then every optimal

solution of (WS(w)) is a weak minimizer of (P).

3. A norm-minimizing scalarization. In this section, we discuss a modifica-
tion of the following norm-minimizing scalarization model, which is introduced in [5]
for CVOPs:

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/2

4/
25

 to
 1

39
.1

79
.7

2.
22

6 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2705

(NM(v)) minimize \| z\| subject to \Gamma (x) - z  - v\leq C 0, x\in \scrX , z \in \BbbR q,

where v \in \BbbR q. The Lagrange dual of (NM(v)) can be formulated as (see [5, section 4]
for details)

(dNM(v)) maximize inf
x\in \scrX 

w\sansT \Gamma (x) - w\sansT v subject to \| w\| \ast \leq 1,w \in C+.

It is not difficult to observe that the norm-minimizing scalarization (NM(v)) com-
putes the distance d(v,\scrP ) from the point v to the upper image \scrP ; see also [5, Remark
4.1]. Compared to similar existing scalarization models, e.g., the Pascoletti--Serafini
scalarization [47], it depends only on a single parameter v \in \BbbR q but not on an ad-
ditional direction parameter. Choosing different direction parameters in Pascoletti--
Serafini scalarization within an algorithmic framework affects the efficiency of the
corresponding algorithm heavily [32]. However, an algorithm based on solving norm-
minimizing scalarizations is free of direction-biasedness [5].

For our purposes, we modify (NM(v)) by adding a halfspace constraint as follows:

(P(v)) minimize \| z\| subject to \Gamma (x) - z  - v\leq C 0, \=w\sansT (v+ z)\leq \gamma , x\in \scrX , z \in \BbbR q,

where \=w \in intC+ is assumed to be fixed and \gamma \in \BbbR is a parameter. Note that this is
a convex program, as both the objective function and the feasible region are convex.
The next remark discusses the key difference between the two scalarizations, which
will later allow us to study the convergence rate of the proposed algorithm instead of
the algorithms in [5]; see also Remark 6.11.

Remark 3.1. As mentioned earlier, (NM(v)) computes the distance d(v,\scrP ) from
the point v to the upper image \scrP . On the other hand, the optimal value of (P(v))
may not be equal to d(v,\scrP ). Indeed, it finds the distance d(v,\scrP \cap S(\gamma )), where

S(\gamma ) := \{ y \in \BbbR q | \=w\sansT y\leq \gamma \} .(3.1)

Clearly, if \gamma is not sufficiently large, then \scrP \cap S(\gamma ) may be the empty set, and
hence (P(v)) may become infeasible. The construction of a suitable choice of \gamma is
discussed in [5, section 6], and it will be recalled later in section 4. Figure 1 illus-
trates the sets \Gamma (\scrX ),\scrP ,\scrP \cap S(\gamma ) for a suitable choice of \gamma as well as the scalarization
problems (NM(v)), (P(v)) for two different choices of v over a simple example.

The next lemma is a simple observation about \scrP \cap S(\gamma ). In particular, it implies
that the optimal value of (P(v)) is finite whenever \scrP \cap S(\gamma ) \not = \emptyset .

Lemma 3.2. \scrP \cap S(\gamma ) is a compact set.

Proof. If \scrP \cap S(\gamma ) = \emptyset , then the result holds trivially. Suppose that \scrP \cap S(\gamma ) \not = \emptyset .
Note that \scrP \cap S(\gamma ) is closed and convex as the intersection of closed convex sets.
Let c \in recc(\scrP \cap S(\gamma )), and fix z \in \scrP \cap S(\gamma ). Then, for every \lambda \geq 0, we have
z + \lambda c \in \scrP \cap S(\gamma ). Since (P) is a bounded CVOP, we have \scrP \subseteq \{ y\} + C for some
y \in \BbbR q. In particular, for every \lambda \geq 0, we have z + \lambda c\in (\{ y\} +C)\cap S(\gamma ) so that

\forall w \in C+ : w\sansT y= inf
\=c\in C

w\sansT (y+ \=c)\leq w\sansT (z + \lambda c) and \=w\sansT (z + \lambda c)\leq \gamma .

Then letting \lambda \rightarrow \infty implies that

\forall w \in C+ : w\sansT c\geq 0 and \=w\sansT c\leq 0.
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2706 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

Fig. 1. The sets \Gamma (\scrX ),\scrP ,\scrP \cap S(\gamma ) for the problem with \Gamma : \BbbR 2 \rightarrow \BbbR 2,\Gamma (x) = x, \scrX = \BbbB 1(2),
and C = conv cone\{ (1,2)\sansT , (2,1)\sansT \} . The dashed blue line (color available online only) indicates
(bdS(\gamma )) \cap \scrP . For \~v = (1.3,0.7)\sansT , (NM(v)) and (P(v)) yield the same optimal solution (x\~v , z\~v)
with \~v + z\~v \in bd\scrP . However, for v = (4.9,0.8)\sansT , (P(v)) yields an optimal solution (xv , zv) with
v+zv \in bd(\scrP \cap S(\gamma )), whereas (NM(v)) yields an optimal solution (\~xv , \~zv) with v+\~zv \in (bd\scrP )\setminus S(\gamma ).

In other words, c\in C and \=w\sansT c\leq 0. Since \=w \in intC+, we must have c= 0. Therefore,
recc(\scrP \cap S(\gamma )) = \{ 0\} . Then, by [48, Theorem 8.4, p. 64], \scrP \cap S(\gamma ) is bounded and
hence compact.

The Lagrange dual of (P(v)) can be formulated as

(D(v)) maximize \phi (w,\lambda ) subject to w \in C+, \lambda \geq 0,

where the dual objective function \phi : \BbbR q+1\rightarrow \BbbR is given by

\phi (w,\lambda ) := inf
x\in \scrX ,z\in \BbbR q

\bigl( 
\| z\| +w\sansT (\Gamma (x) - z  - v) + \lambda ( \=w\sansT (v+ z) - \gamma )

\bigr) 
.

We establish the strong duality between (P(v)) and (D(v)) next. The derivation
of (D(v)) and the proofs of the results in this section are provided in Appendix A.

Proposition 3.3. Let \gamma \in \BbbR be such that \Gamma (\scrX ) \subseteq intS(\gamma ), where S(\gamma ) is given
by (3.1). Then, for every v \in \BbbR q, there exist optimal solutions (xv, zv) and (wv, \lambda v)
of problems (P(v)) and (D(v)), respectively, and the optimal values coincide.

Notation 3.4. From now on, by (xv, zv) and (wv, \lambda v), we denote arbitrary
optimal solutions of problems (P(v)) and (D(v)), respectively. Moreover, we define
\~wv :=wv  - \lambda v \=w.

The next lemma relates an optimal solution (wv, \lambda v) of (D(v)) with the possible
regions for the parameter v. Although the result is analogous to [5, Lemma 4.5], it
works under the additional assumption that v \in S(\gamma ).

Lemma 3.5. Let \gamma \in \BbbR be such that \Gamma (\scrX ) \subseteq intS(\gamma ). Let v \in S(\gamma ). Then the
following statements hold:

(a) If v /\in \scrP , then zv \not = 0, wv \not = 0, and \~wv \not = 0.
(b) If v \in bd\scrP , then zv = 0.
(c) If v \in int\scrP , then zv = 0 and wv = 0.

In particular, v \in \scrP if and only if zv = 0.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2707

The following two propositions interpret the primal (xv, zv) and the dual optimal
solutions (wv, \lambda v); that is, a primal solution yields a weak minimizer for problem (P),
and a dual solution provides a supporting hyperplane of \scrP \cap S(\gamma ) at yv = v+ zv.

Proposition 3.6. If v /\in int\scrP and v \in S(\gamma ), then xv is a weak minimizer of (P),
and yv := v+ zv \in wMinC \scrP .

Proposition 3.7. Suppose that \~wv \not = 0. Let v \in S(\gamma ) and \Gamma (\scrX )\subseteq intS(\gamma ). Then

\scrH ( \~wv, yv) = \{ y \in \BbbR q | ( \~wv)\sansT y\geq ( \~wv)\sansT yv\} 
is a supporting halfspace of \scrP \cap S(\gamma ) at yv = v+ zv.

4. The algorithm. In this section, we propose an algorithm for solving Prob-
lem 2.3 whose finiteness will be proved in section 5, followed by its convergence rate
in section 6. Algorithm 1 is an outer approximation algorithm which has a structure
similar to Algorithm 2 in [5]. It consists of two phases. The first one is an initializa-
tion phase which computes a compact initial outer approximation \=\scrP out

0 of \scrP \cap S(\gamma )
using the original norm-minimizing scalarization (NM(v)) and its dual (dNM(v)). In
the second phase, the current outer approximation is refined in each iteration via
a supporting halfspace that is calculated by solving the modified norm-minimizing
scalarization (P(v)) and its dual (D(v)). The algorithm works under the following
assumption.

Assumption 4.1. The ordering cone C is polyhedral.

Assumption 4.1 ensures that the dual cone C+ is also polyhedral. Letting w1, . . . ,
wJ be the generating vectors of C+ with J \in \BbbN , we have C+ = conv cone\{ w1, . . . ,wJ\} .
Note that C+ is solid, as C is assumed to be pointed; see [17, Proposition 2.4.3,
p. 174]. In particular, J \geq q. Without loss of generality, we assume that \| wj\| \ast = 1
for each j \in \{ 1, . . . , J\} .

Remark 4.2. Under Assumption 4.1, we have C = \{ y \in \BbbR q | Wy \geq 0\} , where
W := [w1, . . . ,wJ ]\sansT \in \BbbR J\times q. Then problem (P) is equivalent to the multiobjective
optimization problem

minimize W\Gamma (x) with respect to \leq \BbbR J
+
subject to x\in \scrX 

in the sense that both problems have the same set of minimizers if the null space of W
equals \{ 0\} [52, Lemma 2.3.4, p. 31]. If one applies the algorithms in [34, 35] to solve
the equivalent problem, then the approximation error after k iterations decreases by
the order of\scrO (k2/(1 - J)), which would yield a better convergence rate than\scrO (k2/(1 - q))
only if J < q. However, due to the assumption that C is pointed, J \geq q holds. Indeed,
for q\geq 3, J may be much larger than q in general.

The initialization phase starts by solving the scalarizations (WS(wj)), j \in \{ 1, . . . ,
J\} : an optimal solution xj of (WS(wj)) exists by the compactness of \scrX and the
continuity of \Gamma , and xj is a weak minimizer of (P) by Proposition 2.7. This gives the
set \scrX 0 := \{ x1, . . . , xJ\} of weak minimizers. We define

(4.1) \scrP out
0 :=

J\bigcap 
j=1

\{ y \in \BbbR q | (wj)\sansT y\geq (wj)\sansT \Gamma (xj)\} .

Note that \scrP out
0 \supseteq \scrP ; see [5, section 5]. Then \scrP out

0 is further intersected with the
halfspace S(\gamma ) = \{ y \in \BbbR q | \=w\sansT y \leq \gamma \} (see (3.1)), where \=w \in intC+, \gamma \in \BbbR are fixed
such that
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2708 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

Algorithm 1 Outer Approximation Algorithm for (P).

1. Compute an optimal solution xj of (WS(wj)) for each j \in \{ 1, . . . , J\} ;
2. k= 0, \=\scrX 0 = \{ x1, . . . , xJ\} ,\scrV known = \emptyset ,\scrV known2 = \emptyset ;
3. Store an H-representation of \scrP out

0 according to (4.1);
4. Compute ext\scrP out

0 from the H-representation of \scrP out
0 ;

5. Compute \gamma by (4.2) using [5, Remark 6.1];
6. \=\scrP out

0 =\scrP out
0 \cap S(\gamma );

7. repeat
8. Stop \leftarrow true;
9. Compute ext \=\scrP out

k from the H-representation of \=\scrP out
k ;

10. for v \in ext \=\scrP out
k \setminus \scrV known do

11. if v /\in \scrV known2 then
12. Solve (P(v)) and (D(v)) to compute (xv, zv) and (wv, \lambda v);
13. end if
14. if \| zv\| \leq \epsilon then
15. \=\scrX k\leftarrow \=\scrX k \cup \{ xv\} , \scrV known\leftarrow \scrV known \cup \{ v\} ;
16. else
17. \scrV known2\leftarrow \scrV known2 \cup \{ v\} ;
18. end if
19. end for
20. Compute vk \in argmax\{ \| zv\| | v \in ext \=\scrP out

k \} ;
21. if \| zvk\| > \epsilon then
22. \=\scrP out

k+1 =
\=\scrP out
k \cap \scrH k, \=\scrX k+1 = \=\scrX k;

23. k\leftarrow k+ 1;
24. Stop \leftarrow false;
25. end if
26. until Stop

27. return

\Biggl\{ 
\=\scrX k : A finite weak \epsilon -solution to (P);
\=\scrP out
k : An outer approximation of \scrP \cap S(\gamma ).

(4.2) \=w :=

\sum J
j=1w

j\bigm\| \bigm\| \bigm\| \sum J
j=1w

j
\bigm\| \bigm\| \bigm\| 
\ast 

, \gamma > sup
x\in \scrX 

\=w\sansT \Gamma (x) + max
v\in ext\scrP \mathrm{o}\mathrm{u}\mathrm{t}

0

( \=w\sansT v - \beta )+ + \delta H(\scrP out
0 ,\scrP ).

Here \beta \geq supx\in \scrX \=w\sansT \Gamma (x) is a constant and a+ :=max\{ a,0\} for a\in \BbbR . The calculation
of \gamma is discussed in [5, section 6] in detail.1 The choice of \gamma in (4.2) ensures that
\Gamma (\scrX ) \subseteq \scrP \cap S(\gamma ). Finally, we obtain the initial outer approximation of \scrP \cap S(\gamma ) as
\=\scrP out
0 :=\scrP out

0 \cap S(\gamma ), which is compact by [5, Lemma 6.3].

Given k\geq 0, let \=\scrP out
k be the current outer approximation of \scrP \cap S(\gamma ), to be defined

recursively. In the second phase of the algorithm, the set ext \=\scrP out
k of all vertices of \=\scrP out

k

is computed, k\geq 0. Then, for each v \in ext \=\scrP out
k , optimal solutions (xv, zv) and (wv, \lambda v)

are obtained by solving the modified norm-minimizing scalarization (P(v)) and its
dual (D(v)), respectively. If \| zv\| \leq \epsilon , where \epsilon > 0 is a predetermined approximation

1Note that computing supx\in \scrX \=w\sansT \Gamma (x) would require solving a concave minimization problem.
However, since \gamma is an upper bound, it is sufficient to run a few iterations of an algorithm dealing
with concave minimization such as the ones in [7, 9].
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2709

error, then the set \=\scrX k of weak minimizers is updated with xv; see Proposition 3.6. To
find one of the farthest vertices to the set \scrP \cap S(\gamma ), we compute

(4.3) vk \in argmax\{ \| zv\| | v \in ext \=\scrP out
k \} .

If \| zvk\| > \epsilon , then the supporting halfspace of \scrP at yv
k

, namely

(4.4) \scrH k :=\scrH ( \~wvk

, yv
k

) = \{ y \in \BbbR q | ( \~wvk

)\sansT y\geq ( \~wvk

)\sansT yv
k\} ,

is used to update the current outer approximation as \=\scrP out
k+1 :=

\=\scrP out
k \cap \scrH k; see Propo-

sition 3.7. Otherwise, the algorithm terminates.

Remark 4.3. By the definition of S(\gamma ), we have \Gamma (\scrX ) \subseteq S(\gamma ). Since \=\scrP out
0 \supseteq 

\scrP \cap S(\gamma ) and \=\scrP out
k+1 = \=\scrP out

k \cap \scrH k, we have \=\scrP out
k \supseteq \scrP \cap S(\gamma ) \supseteq \Gamma (\scrX ) for every k \geq 0.

Then, using [5, Remark 3.2], we obtain \scrP = \Gamma (\scrX ) +C \subseteq \=\scrP out
k +C. Hence, \=\scrP out

k +C
gives an outer approximation of \scrP .

Remark 4.4. The upper image \scrP is Motzkin decomposable (see, for instance, [23]),
as it can be written as the sum of a compact convex set and a closed convex cone.
Indeed, we have \scrP = (\scrP \cap S(\gamma )) + C. Note that \scrP = \Gamma (\scrX ) + C \subseteq (\scrP \cap S(\gamma )) + C as
\Gamma (\scrX )\subseteq S(\gamma ). The other inclusion is by (\scrP \cap S(\gamma )) +C \subseteq \scrP +C =\scrP .

Lemma 4.5. For every k\geq 0 and v \in ext \=\scrP out
k , we have v /\in int\scrP .

Proof. Clearly, bd\scrP out
0 \subseteq \BbbR q\setminus int\scrP since \scrP out

0 \supseteq \scrP . Then, for every v \in ext \=\scrP out
0 \subseteq 

bd\scrP out
0 , we have v /\in int\scrP .
Assume that k\geq 1 is the first iteration number for which there exists v \in ext \=\scrP out

k

such that v \in int\scrP . Note that ext \=\scrP out
k \subseteq S(\gamma ) by the construction of the algorithm.

Since v is a vertex of \=\scrP out
k , it must be true that v \in bd\scrH \=k for some \=k\leq k. Moreover,

bd\scrH \=k is a supporting hyperplane of the closed set \scrP \cap S(\gamma ). Hence,

v /\in int(\scrP \cap S(\gamma )) = int\scrP \cap intS(\gamma ).

Then we must have v \in bdS(\gamma ) since ext \=\scrP out
k \subseteq S(\gamma ). As v \in int\scrP , there exists \delta > 0

such that \BbbB \delta (v)\subseteq int\scrP . Clearly, \BbbB \delta (v) \cap bdS(\gamma ) \not = \emptyset . Let us fix v\prime \in bdS(\gamma ), where
v\prime \not = v, and define

s := \delta 
v - v\prime 

\| v - v\prime \| .

Then v \pm s is an affine combination of v, v\prime \in bdS(\gamma ). Since bdS(\gamma ) is an affine set,
we get v\pm s\in bdS(\gamma ). This implies that

v\pm s\in int\scrP \cap bdS(\gamma )\subseteq \scrP \cap S(\gamma )\subseteq \=\scrP out
k .

This implies that v can be written as a convex combination of v \pm s \in \=\scrP out
k since

v= 1
2 (v+ s) + 1

2 (v - s). This is a contradiction to v \in ext \=\scrP out
k . Hence, v /\in int\scrP .

Theorem 4.6. Under Assumption 4.1, Algorithm 1 works correctly: if the algo-
rithm terminates, then it returns a finite weak \epsilon -solution to (P).

Proof. Note that \=\scrX 0 consists of weak minimizers and ext \=\scrP out
0 is a nonempty set

of vertices; see the proof of [5, Theorem 6.6] for details. Let k \geq 0 and v \in ext \=\scrP out
k .

Then optimal solutions (xv,zv) and (wv, \lambda v) to (P(v)) and (D(v)), respectively, exist
by Proposition 3.3. By Lemma 4.5, v /\in int\scrP . Hence, by Proposition 3.6, xv is a
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2710 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

weak minimizer of (P). If vk \in bd\scrP (see line 20), then we have zv
k

= 0 by Lemma
3.5. In this case, line 21 ensures that the outer approximation is not updated and
the algorithm terminates. If vk /\in \scrP , which implies \~wvk \not = 0 by Lemma 3.5, then \scrH k

given by (4.4) is a supporting halfspace of \scrP \cap S(\gamma ) by Proposition 3.7. We have
\=\scrP out
k \supseteq \scrP \cap S(\gamma ) as \=\scrP out

0 \supseteq \scrP \cap S(\gamma ); \scrH 1, . . . ,\scrH k are supporting halfspaces of \scrP \cap S(\gamma );
and \=\scrP out

k = \=\scrP out
0 \cap \scrH 1 \cap \cdot \cdot \cdot \cap \scrH k. The latter also implies that ext \=\scrP out

k \not = \emptyset .
Assume that the algorithm stops after \^k iterations. Consequently, \=\scrX \^k is a finite

set of weak minimizers. Then, using arguments similar to those in the proof of [5,
Theorem 6.6], one can show that Definition 2.4 holds, that is,

conv\Gamma ( \=\scrX \^k) +C +\BbbB \epsilon (0)\supseteq \scrP ,
which finishes the proof of correctness.

5. Finiteness of the algorithm. In this section, we prove the finiteness of
Algorithm 1 by showing that a subset of fixed volume is cut off of the current outer
approximation in each iteration. We show that the subsets are nonoverlapping and
also contained in a compact set, which implies a finite upper bound on the number
of iterations of the algorithm. The result is based on the following lemma.

Lemma 5.1. Suppose that Assumption 4.1 holds. Let v /\in \scrP . Then the following
statements hold:

(a) \| zv\| = ( \~wv)
\sansT 
zv.

(b) \| \~wv\| \ast = 1.
(c) If \| zv\| \geq \epsilon , then \BbbB \epsilon 

4
(v)\cap \scrH ( \~wv, yv, \epsilon ) = \emptyset , where \scrH ( \~wv, yv, \epsilon )=\{ y \in \BbbR q| ( \~wv)\sansT 

y\geq ( \~wv)\sansT yv  - \epsilon 
2\} .

(d) \scrH ( \~wv, yv) + \BbbB \epsilon 
2
(0) \subseteq \scrH ( \~wv, yv, \epsilon ), where \scrH ( \~wv, yv) = \{ y \in \BbbR q | ( \~wv)\sansT y \geq 

( \~wv)\sansT yv\} .
Proof. Using arguments similar to those in the proof of [5, Lemma 7.1], (a) and

(c) follow. Moreover, (d) follows from Lemma 2.1. To see (b), note that

\| zv\| = ( \~wv)
\sansT 
zv \leq \| \~wv\| \ast \| zv\| \leq \| zv\| ,

which follows by (a), H\"older's inequality, and the feasibility of \~wv for the formula-
tion in (A.2). Hence, all terms are equal. Since zv \not = 0 by Lemma 3.5(a), we get
\| \~wv\| \ast = 1.

Theorem 5.2. Suppose that Assumption 4.1 holds. Then Algorithm 1 terminates
after a finite number of iterations.

Proof. First, note that ext \=\scrP out
k consists of finitely many vertices for each k \geq 0.

Next, we show the existence of some K \geq 0 such that \| zv\| \leq \epsilon holds for every

v \in ext \=\scrP out
K . Assume otherwise; that is, for every k\geq 0, we have \| zvk\| > \epsilon , where vk

is as in (4.3).
By [5, Lemma 6.3], the set \=\scrP out

0 is compact. The ball \BbbB \epsilon 
2
(0) is also compact.

Hence, \=\scrP out
0 + \BbbB \epsilon 

2
(0) is compact by [1, Lemma 5.2, p. 166]. For each k \geq 0, since

vk \in \=\scrP out
k , we have

(5.1) \BbbB \epsilon 
4
(vk)\subseteq \{ vk\} +\BbbB \epsilon 

2
(0)\subseteq \=\scrP out

k +\BbbB \epsilon 
2
(0)\subseteq \=\scrP out

0 +\BbbB \epsilon 
2
(0).

Next, we show that \BbbB \epsilon 
4
(vi)\cap \BbbB \epsilon 

4
(vj) = \emptyset for every j > i\geq 0. Clearly, \=\scrP out

j \subseteq \=\scrP out
i+1. By

Lemma 5.1(c), we have \BbbB \epsilon 
4
(vi)\cap \scrH ( \~wvi

, yv
i

, \epsilon ) = \emptyset . Moreover, we have

\=\scrP out
j +\BbbB \epsilon 

2
(0)\subseteq \=\scrP out

i+1 +\BbbB \epsilon 
2
(0) = ( \=\scrP out

i \cap \scrH i) +\BbbB \epsilon 
2
(0)\subseteq \scrH i +\BbbB \epsilon 

2
(0),

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2711

where \scrH i is the supporting halfspace of \scrP \cap S(\gamma ) at yi as obtained by Proposition 3.7.
Using Lemma 5.1(d) with the above inclusion, we get

\=\scrP out
j +\BbbB \epsilon 

2
(0)\subseteq \scrH i +\BbbB \epsilon 

2
(0)\subseteq \scrH ( \~wvi

, yv
i

, \epsilon ).

This implies \BbbB \epsilon 
4
(vi)\cap ( \=\scrP out

j +\BbbB \epsilon 
2
(0)) = \emptyset . From (5.1), \BbbB \epsilon 

4
(vj)\subseteq \=\scrP out

j +\BbbB \epsilon 
2
(0). Hence,

\BbbB \epsilon 
4
(vi) \cap \BbbB \epsilon 

4
(vj) = \emptyset . Note that the sets \BbbB \epsilon 

4
(vk), k \geq 0, have the same volume,

which is strictly positive. With (5.1), these imply that the compact set \=\scrP out
0 +\BbbB \epsilon 

2
(0)

contains an infinite number of disjoint subsets of identical and nonzero volume, a
contradiction.

6. Convergence rate of the algorithm. In order to study the convergence
rate of Algorithm 1, we aim to use the results of Kamenev [29] and Lotov, Bushenkov,
and Kamenev [42, Chapter 8, p. 237], which originally hold for convex compact bodies.
Even though the upper image \scrP is not compact, it is Motzkin decomposable by
Remark 4.4. Indeed, Algorithm 1 is basically a cutting method as defined in [29] (see
Definition 6.2 below) applied to the compact component \scrP \cap S(\gamma ) of the upper image.
Hence, the results in [29, 42] can still be partially used for the convergence analysis
of Algorithm 1.

Note that the algorithmic schemes described in [42, Chapter 8, p. 237] are different
from Algorithm 1 in terms of computing the points on the boundary of the convex
compact set to be approximated and the corresponding supporting halfspaces of it.
The convergence analysis in [42] is specifically designed for these schemes. We will see
that we can still use some of their results by proving that Algorithm 1 satisfies their
assumptions; see Theorem 6.9. However, Algorithm 1 does not necessarily satisfy the
assumptions of their main result [42, Theorem 8.14, p. 251] regarding an improved
convergence rate. Hence, in section 7, we will prove the improved convergence rate
from scratch, while we can still use some lemmata directly from [42].

For the theoretical analysis in this section and section 7, we ignore the stopping
criterion in Algorithm 1 and assume that it runs indefinitely while updating the
current outer approximation in each iteration. This can be done by ignoring lines 21
and 25 of the algorithm.

Remark 6.1. Under Assumption 4.1, for the nonterminating version of Algorithm
1, it holds that

lim
k\rightarrow \infty 

\delta H( \=\scrP in
k ,\scrP ) = lim

k\rightarrow \infty 
\delta H( \=\scrP out

k +C,\scrP ) = 0,

where, for each k \geq 0, \=\scrP in
k := conv\Gamma ( \=\scrX k) + C and the sets \=\scrX k, \=\scrP out

k are as described
in Algorithm 1. The proof follows along the same lines as [5, Corollary 7.4] combined
with Theorem 5.2.

In the following, we recall a definition from [42, Chapter 8, p. 237]. Note that
the notations used in the original definition are replaced with the ones in this paper
to remain consistent. To use the convergence result, [42, Theorem 8.6, p. 249], our
algorithm has to produce the type of sequence of outer approximating polytopes
provided in Definition 6.2 below.

Definition 6.2 (see [42, Definition 8.3, p. 246]). Consider a nonempty convex
compact set A \subseteq \BbbR q and a sequence (Ak)k\geq 0 of polytopes in \BbbR q. Assume that A0 =\bigcap I

i=1\scrH (\omega i,A), where I \in \BbbN and \omega i \in \BbbR q \setminus \{ 0\} for i\in \{ 1, . . . , I\} . We say that (Ak)k\geq 0

is generated by a cutting method if, for every k \geq 0, it holds that Ak \supseteq A and there
exists a supporting halfspace Hk \subseteq \BbbR q of A such that Ak+1 = Ak \cap Hk. In this case,
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2712 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

(Ak)k\geq 0 is called an H(r,A)-sequence of cutting for a given constant r > 0 if, for
every k\geq 0, it holds that

\delta H(Ak,Ak+1)\geq r\delta H(Ak,A).

Note that, in each iteration k \geq 0 of the algorithm, we choose a farthest vertex,
denoted as vk, from the upper image of the current outer approximation and generate
a halfspace \scrH k, given by (4.4), to update the current outer approximation. Using
this update structure, we show in Theorem 6.4 that the Hausdorff distance between
any two consecutive outer approximations, \=\scrP out

k and \=\scrP out
k+1, is equal to the Hausdorff

distance between the former outer approximation \=\scrP out
k and \scrP \cap S(\gamma ).

The next lemma is a simple observation that will be used in Theorem 6.4.

Lemma 6.3. Suppose that Assumption 4.1 holds. Let v \in S(\gamma ) \setminus \scrP . Then
int\BbbB \| zv\| (v) \cap \scrH ( \~wv, yv) = \emptyset , where the halfspace \scrH ( \~wv, yv) is defined by Proposi-
tion 3.7.

Proof. First, note that v \in S(\gamma )\setminus \scrP implies \| zv\| > 0 and \~wv \not = 0 by Lemma 3.5(a).
Hence, int\BbbB \| zv\| (v) \not = \emptyset and \scrH ( \~wv, yv) is well-defined. Using arguments similar to
those in the proof of [5, Lemma 7.1], the assertion of the lemma follows.

Theorem 6.4. Suppose that Assumption 4.1 holds, and consider the sequence of
outer approximating polytopes ( \=\scrP out

k )k\geq 0 produced by Algorithm 1. Then, for every
k\geq 0, we have

\delta H( \=\scrP out
k , \=\scrP out

k+1) = \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )).

Proof. Let k \geq 0. By construction, we have \=\scrP out
k+1 \subseteq \=\scrP out

k . By [5, Lemma 5.3], we
get

\delta H( \=\scrP out
k , \=\scrP out

k+1) = max
v\in ext \=\scrP \mathrm{o}\mathrm{u}\mathrm{t}

k

d(v, \=\scrP out
k+1).

First, we consider the case ext \=\scrP out
k \subseteq \scrP . Since \=\scrP out

k is a polytope, we have \=\scrP out
k \subseteq \scrP 

by the convexity of \scrP . Then, from \=\scrP out
k \subseteq \=\scrP out

0 = \scrP out
0 \cap S(\gamma )\subseteq S(\gamma ), we get \=\scrP out

k \subseteq 
\scrP \cap S(\gamma ). The reverse inclusion is trivial by construction so that \=\scrP out

k = \scrP \cap S(\gamma ).
Then \=\scrP out

k+1 =
\=\scrP out
k and \delta H( \=\scrP out

k , \=\scrP out
k+1) = 0. Hence, the equality is trivial.

Next, let us assume that there exists some v \in ext \=\scrP out
k such that v /\in \scrP . Without

loss of generality, we may assume that v = vk; recall that vk is a farthest vertex
to \scrP \cap S(\gamma ) (see (4.3)). Then int\BbbB \| zvk\| (v

k) \cap \scrH k = \emptyset by Lemma 6.3. Hence, vk /\in 
\=\scrP out
k \cap \scrH k = \=\scrP out

k+1. This implies \delta H( \=\scrP out
k , \=\scrP out

k+1) \geq \| zv
k\| > 0, where the second

inequality is due to vk /\in \scrP ; see Lemma 3.5. By [5, Lemma 5.3], \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )) is

attained at a vertex of \=\scrP out
k so that

\delta H( \=\scrP out
k ,\scrP \cap S(\gamma )) = max

v\in ext \=\scrP \mathrm{o}\mathrm{u}\mathrm{t}
k

d(v,\scrP \cap S(\gamma )) = max
v\in ext \=\scrP \mathrm{o}\mathrm{u}\mathrm{t}

k

\| zv\| = \| zvk\| .

Let \=y \in \scrH k be arbitrary. By the definition of \scrH k in (4.4) and Lemma 5.1(a), we have

( \~wvk

)\sansT \=y\geq ( \~wvk

)\sansT (vk + zv
k

) = ( \~wvk

)\sansT vk + \| zvk\| , that is,

( \~wvk

)\sansT (\=y - vk)\geq \| zvk\| .(6.1)

On the other hand, by H\"older's inequality and (A.2), we have

| ( \~wvk

)\sansT (\=y - vk)| \leq \| ( \~wvk

)\| \ast \| \=y - vk\| \leq \| \=y - vk\| .(6.2)
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2713

Then, using (6.1) and (6.2), we obtain \| \=y - vk\| \geq | ( \~wvk

)\sansT (\=y - vk)| \geq \| zvk\| . We get

\delta H( \=\scrP out
k ,\scrP \cap S(\gamma )) = \| zvk\| \leq min

y\in \scrH k

\| y - vk\| 

\leq min
y\in \=\scrP \mathrm{o}\mathrm{u}\mathrm{t}

k \cap \scrH k

\| y - vk\| = d(vk, \=\scrP out
k \cap \scrH k)

\leq max
v\in ext \=\scrP \mathrm{o}\mathrm{u}\mathrm{t}

k

d(v, \=\scrP out
k \cap \scrH k)

= max
v\in ext \=\scrP \mathrm{o}\mathrm{u}\mathrm{t}

k

d(v, \=\scrP out
k+1) = \delta H( \=\scrP out

k , \=\scrP out
k+1),

where the last equality follows from the fact that \delta H( \=\scrP out
k , \=\scrP out

k+1) is attained at a
vertex of \=\scrP out

k ; see [5, Lemma 5.3]. Hence, \delta H( \=\scrP out
k , \=\scrP out

k+1) \geq \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )).

Next, since \=\scrP out
k \supseteq \=\scrP out

k+1 \supseteq \scrP \cap S(\gamma ), we have \delta H( \=\scrP out
k , \=\scrP out

k+1) \leq \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )).

Hence, the equality in the theorem follows.

From now on, we use the following notation:

\scrA :=\scrP \cap S(\gamma ); \scrA k := \=\scrP out
k , k\geq 0.(6.3)

The next corollary verifies that these sets form an instance of Definition 6.2.

Corollary 6.5. Suppose that Assumption 4.1 holds. Then the sequence of
outer approximating polytopes (\scrA k)k\geq 0 is an H(1,\scrA )-sequence of cutting, that is,
\delta H(\scrA k,\scrA k+1)\geq \delta H(\scrA k,\scrA ) holds for every k\geq 0.

Proof. Let k \geq 0. Clearly, \scrA and \scrA k satisfy the required conditions for the
sets in Definition 6.2 since \scrA \subseteq \scrA k is compact by [5, Lemma 6.3]; \scrA 0 is defined as
the intersection of supporting halfspaces of \scrA (see lines 3 and 6 of Algorithm 1);
and \scrA k has the required property (see line 22 of Algorithm 1 and Proposition 3.7).
Moreover, by the definitions of \scrA and \scrA k and Theorem 6.4, we have \delta H(\scrA k,\scrA k+1) =
\delta H(\scrA k,\scrA ).

We restate an important theorem from [42] that will be useful in proving the
convergence of (\scrA k)k\geq 0.

Theorem 6.6 (see [42, Theorem 8.5, p. 247]). Let A\subseteq \BbbR q be a nonempty convex
compact set, and let r > 0. For an H(r,A)-sequence (Ak)k\geq 0, we have

lim
k\rightarrow \infty 

\delta H(Ak,A) = 0.

Next, we relate the Hausdorff distance between each approximation produced by
Algorithm 1 and the upper image to the one between their compact versions in (6.3).

Lemma 6.7. Suppose that Assumption 4.1 holds. Then, for every k\geq 0, we have

\delta H( \=\scrP out
k +C,\scrP )\leq \delta H(\scrA k,\scrA ).

Proof. Let k \geq 0. By [5, Lemma 5.3], \delta H(\scrA k,\scrA ) is attained at a vertex of \scrA k.
Hence,

\delta H(\scrA k,\scrA ) = max
v\in ext\scrA k

d(v,\scrA ).

By Lemma 2.2, we have ext(\scrA k +C)\subseteq ext\scrA k. Hence,

\delta H(\scrA k,\scrA ) = max
v\in ext\scrA k

d(v,\scrA )\geq max
v\in ext\scrA k

d(v,\scrA +C)

\geq max
v\in ext(\scrA k+C)

d(v,\scrA +C) = \delta H(\scrA k +C,\scrA +C)

= \delta H( \=\scrP out
k +C, (\scrP \cap S(\gamma )) +C),
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2714 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

where the penultimate equality is a consequence of Remark 4.3, Remark 4.4, and
[5, Lemma 5.3]. Moreover, by Remark 4.4, we have \scrP = (\scrP \cap S(\gamma )) + C. Hence,
\delta H(\scrA k,\scrA )\geq \delta H( \=\scrP out

k +C,\scrP ).
Remark 6.8. By Corollary 6.5, (\scrA k)k\geq 0 is anH(1,\scrA )-sequence of polytopes. Then

Theorem 6.6 and Lemma 6.7 together imply the following result, which is already
discussed in Remark 6.1:

lim
k\rightarrow \infty 

\delta H( \=\scrP out
k +C,\scrP ) = lim

k\rightarrow \infty 
\delta H(\scrA k,\scrA ) = 0.

We restate an important theorem from [42] on convergence rates. Its proof can
be found in [29].

Theorem 6.9 (see [42, Theorem 8.6, p. 249]). Let A\subseteq \BbbR q be a nonempty convex
compact set, and let r > 0. Let (Ak)k\geq 0 be an H(r,A)-sequence of cutting. Then, for
every \epsilon \in (0,1), there exists N \geq 0 such that

\delta H(Ak,A)\leq (1 + \epsilon )\lambda (r,A)k
1

1 - q

holds for every k \geq N . Here \lambda (r,A) is a constant depending on r and the topological
properties of A and can be found in [29, Theorem 2].

We conclude this section with an application of the previous theorem in our
setting.

Corollary 6.10. Suppose that Assumption 4.1 holds. Then the approxima-
tion error obtained through the iterations of Algorithm 1 decreases by the order of
\scrO (k1/(1 - q)).

Proof. By Corollary 6.5, the sequence of outer approximating polytopes (\scrA k)k\geq 0

is an H(1,\scrA )-sequence of cutting. Then, by Lemma 6.7 and Theorem 6.9, we get

\delta H( \=\scrP out
k +C,\scrP )\leq \delta H(\scrA k,\scrA )\leq (1 + \epsilon )\lambda (r,\scrA )k 1

1 - q

for all sufficiently large k. Hence, the result follows.

Remark 6.11. [5, Algorithm 2] also computes outer approximations to \scrP \cap S(\gamma )
in an iterative manner. Different from the proposed algorithm in the present paper,
it solves the norm-minimizing scalarization (NM(v)). By [5, Proposition 4.7], using
a dual optimal solution of (NM(v)), one can generate a halfspace which supports \scrP 
at \Gamma (xv). Indeed, for \gamma satisfying (4.2), we have \Gamma (xv) \in S(\gamma ), which shows that this
halfspace supports \scrP \cap S(\gamma ). Hence, the sequence of outer approximations of \scrP \cap S(\gamma )
produced by [5, Algorithm 2] is also generated by a cutting method as defined in
Definition 6.2. However, Theorem 6.4 does not apply to [5, Algorithm 2], as the proof
requires computing the distance from each vertex to the set \scrP \cap S(\gamma ) but not to the
upper image itself; see Remark 3.1 and Figure 1. In particular, it is crucial that the
algorithm selects a vertex that is farthest away from \scrP \cap S(\gamma ) in line 20 of Algorithm
1, which is not the case in [5, Algorithm 2].

7. Improved convergence rate under Euclidean norm. In this section, we
find an improved estimate of convergence rate for Algorithm 1 when the \ell 2-norm is
used in the scalarizations. The statement of Theorem 7.2 below is similar to those of
[42, Theorem 8.14, p. 251] and [30, Corollary 1]. However, our statement is valid for
the outer approximating polytopes produced by Algorithm 1 instead of the polytopes
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2715

described in these references. We need the following assumption for the improved
convergence rate.

Assumption 7.1. \| \cdot \| is the \ell 2-norm, that is, \| z\| =
\surd 
z\sansT z for every z \in \BbbR q.

The next theorem is the main result of this section.

Theorem 7.2. Suppose that Assumptions 4.1and 7.1 hold, and consider the se-
quence of outer approximating polytopes ( \=\scrP out

k )k\geq 0 produced by Algorithm 1. Then,
for every \epsilon \in (0,1), there exists N \geq 0 such that

\delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))\leq (1 + \epsilon )\=\lambda (\scrP \cap S(\gamma ))k 2

1 - q

holds for every k\geq N . Here \=\lambda (\scrP \cap S(\gamma )) is a constant that depends on the topological
properties of \scrP \cap S(\gamma ) and can be seen in Notation 7.3.

Notation 7.3. Let A\subseteq \BbbR q be a nonempty convex compact set.
(a) R(A) is the radius of the smallest ball circumscribed around A.
(b) The hypervolume of the unit ball \BbbB 1(0) \subseteq \BbbR q is denoted by \pi q, and \=\lambda (A) :=

16R(A)(
q\pi q

\pi q - 1
)

2
q - 1 .

We present five lemmata to prepare for the proof of Theorem 7.2. While two of
these lemmata are directly paraphrased from [42], we provide proofs for the remaining
three.

Lemma 7.4 (see [42, Lemma 8.15, p. 252]). Suppose that Assumption 7.1 holds.
Let y, y\prime \in \BbbR q and w,w\prime \in \BbbS q - 1 be such that w\sansT w\prime > 0, y\prime \in \scrH (w,y), and y \in \scrH (w\prime , y\prime ).
Then, for every \eta > 0, we have

d(y,bd\scrH (w\prime , y\prime ))\leq \| (y - \eta w) - (y\prime  - \eta w\prime )\| 2
\eta 

.

The next lemma is an analogue of [42, Lemma 8.17, p. 252] in our setting.2

Lemma 7.5. Suppose that Assumptions 4.1 and 7.1 hold. Let v \in S(\gamma ) \setminus \scrP , and
set y := yv, w := \~wv. Let w\prime \in \BbbS q - 1 \cap C+, y\prime \in \scrP \cap S(\gamma ) be such that (w\prime )\sansT y\prime =
infz\in \scrP \cap S(\gamma )(w

\prime )\sansT z. Assume that v \in \scrH (w\prime ,\scrP \cap S(\gamma )). Then, for every \eta > 0, we have

\| (y - \eta w) - (y\prime  - \eta w\prime )\| \geq min\{ \eta 
\surd 
2,
\sqrt{} 
\eta h - h\} ,

where h :=w\sansT (y - v).

Proof. Note that \| w\| = 1 by Lemma 5.1(b). First, let us suppose that w\sansT w\prime \leq 
0. By Proposition 3.7, we have w\sansT (y\prime  - y) \geq 0; by the definition of y\prime , we have
(w\prime )\sansT (y - y\prime )\geq 0. Hence,

\| (y - \eta w) - (y\prime  - \eta w\prime )\| 2

= \| y - y\prime \| 2 + \eta 2 \| w\prime  - w\| 2 + 2\eta w\sansT (y\prime  - y) + 2\eta (w\prime )\sansT (y - y\prime )

\geq \eta 2 \| w\prime  - w\| 2 = \eta 2 \| w\prime \| 2 + \eta 2 \| w\| 2  - 2\eta 2w\sansT w\prime \geq \eta 2 \| w\prime \| 2 + \eta 2 \| w\| 2 = 2\eta 2

so that \| (y - \eta w) - (y\prime  - \eta w\prime )\| \geq \eta 
\surd 
2.

2[42, Lemma 8.17, p. 252] assumes that the origin is included in the set to be approximated,
which is not necessarily the case for \scrP \cap S(\gamma ).
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2716 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

Next, suppose that w\sansT w\prime > 0. By the triangle inequality, we have

(7.1) \| (y - \eta w) - (y\prime  - \eta w\prime )\| \geq \| (v - \eta w) - (y\prime  - \eta w\prime )\|  - \| (v - \eta w) - (y - \eta w)\| ,
and we control each term on the right separately. For the first term in (7.1), note
that y\prime \in \scrP \cap S(\gamma ) \subseteq \scrH (w,\scrP \cap S(\gamma )) = \scrH (w,y). Moreover, by Lemma 5.1(a), we
have \scrH (w,y)\subseteq \scrH (w,v). Hence, y\prime \in \scrH (w,v). On the other hand, since v \in S(\gamma ) \setminus \scrP ,
Lemma 6.3 ensures that v /\in \scrH (w,y). By our assumption, we have

v \in \scrH (w\prime ,\scrP \cap S(\gamma )) =\scrH (w\prime , y\prime ).

Then, by Lemma 7.4, we get

\| (v - \eta w) - (y\prime  - \eta w\prime )\| 2 \geq \eta d(y\prime ,bd\scrH (w,v)).
Since bd\scrH (w,v) = \{ z \in \BbbR q| w\sansT z = w\sansT v\} and w \in \BbbS q - 1, by elementary geometry, we
have

d(y\prime ,bd\scrH (w,v)) = | w\sansT (y\prime  - v)| \geq w\sansT (y\prime  - y) +w\sansT y - w\sansT v\geq w\sansT y - w\sansT v= h

so that \| (v - \eta w) - (y\prime  - \eta w\prime )\| \geq \surd \eta h. For the second term in (7.1), by Lemma
5.1(a), we have

\| (v - \eta w) - (y - \eta w)\| = \| v - y\| =w\sansT (y - v) = h.

Hence, \| (y - \eta w) - (y\prime  - \eta w\prime )\| \geq \surd \eta h - h by (7.1).

Let us fix some \eta > 0. Similar to the construction in [42, Chapter 8, p. 253], we
define a new sequence (\scrZ k)k\geq 0 as follows:

(i) We set \scrU 0 := \{ (wj ,\Gamma (xj))| j \in \{ 1, . . . , J\} \} \cup \{ ( - \=w, \=y)\} , where \{ (xj ,wj)| j \in 
\{ 1, . . . , J\} \} is as in (4.1), \=w is defined in (4.2), and \=y \in \scrP \cap S(\gamma ) is such that
\=w\sansT \=y = \gamma . The existence of \=y is guaranteed since the supremum is attained
(hence finite) by the compactness of \scrX and the continuity of x \mapsto \rightarrow \=w\sansT \Gamma (x).
Let us define

\scrZ 0 := \{ y - \eta w| (w,y)\in \scrU 0\} = \{ \Gamma (x1) - \eta w1, . . . ,\Gamma (xJ) - \eta wJ , \=y+ \eta \=w\} .
(ii) For each k\geq 0, if vk /\in \scrP , then we define

\scrU k+1 := \{ ( \~wvk

, yv
k

)\} \cup \scrU k,(7.2)

\scrZ k+1 := \{ y - \eta w| (w,y)\in \scrU k+1\} = \{ yv
k  - \eta \~wvk\} \cup \scrZ k.

(iii) If v
\=k \in \scrP for some \=k \geq 0, then by the vertex selection rule in Algorithm 1

(line 20), the current outer approximation is the same as \scrP \cap S(\gamma ). In this
case, we set \scrZ k = \scrZ \=k for all k \geq \=k. (Note that this case is realized only if
\scrP \cap S(\gamma ) is a polyhedral set.)

Remark 7.6. For each k \geq 0, we have \scrZ k \subseteq bd(\scrP \cap S(\gamma ) + \BbbB \eta (0)). Let k \geq 0 and
(w,y)\in \scrU k. Note that we have

\scrP \cap S(\gamma ) +\BbbB \eta (0)\subseteq \scrH (w,y) +\BbbB \eta (0).

Moreover, as \| w\| = 1, \scrH (w,y) + \BbbB \eta (0)\subseteq \scrH (w,y,2\eta ) holds by Lemma 2.1. Thus, we
obtain \scrP \cap S(\gamma )+\BbbB \eta (0)\subseteq \scrH (w,y,2\eta ). Clearly, y - \eta w \in \scrP \cap S(\gamma )+\BbbB \eta (0). Moreover,
we have y  - \eta w \in bd\scrH (w,y,2\eta ) since w\sansT (y  - \eta w) = w\sansT y  - \eta . These imply that
y - \eta w \in bd(\scrP \cap S(\gamma ) +\BbbB \eta (0)).

The next lemma shows that the cardinality of the sequence (\scrZ k)k\geq 0 grows linearly.
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2717

Lemma 7.7. Suppose that Assumptions 4.1 and 7.1 hold. Suppose also that \scrP \cap 
S(\gamma ) is a nonpolyhedral set. Then | \scrZ k| = J + 1+ k for each k\geq 0.

Proof. Note that since \scrP \cap S(\gamma ) is a nonpolyhedral set, \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )) > 0

holds for all k \geq 0. This implies that for all k \geq 0, (1) vk /\in \scrP by the vertex selection
rule of Algorithm 1 and (2) \=\scrP out

k+1 \not = \=\scrP out
k since, by Corollary 6.5, we have

\delta H( \=\scrP out
k+1, \=\scrP out

k )\geq \delta H( \=\scrP out
k ,\scrP \cap S(\gamma ))> 0.

Now, by construction, | \scrZ 0| = J + 1 and | \scrZ k| \leq J + 1 + k for each k \geq 0. To get a
contradiction, let \=k\geq 0 be the smallest index at which we have | \scrZ \=k+1| <J+1+\=k+1.
Then there exists (w,y)\in \scrU \=k such that

a := yv
\=k  - \eta \~wv

\=k

= y - \eta w.(7.3)

We claim that yv
\=k

= y. To prove this, let us note that, for an arbitrary b\in bd\scrH \=k, we
can calculate the distance from a to the hyperplane bd\scrH \=k as

d(a,\scrH \=k) =
| ( \~wv

\=k

)\sansT (a - b)| 
\| \~wv\=k\| 

= | ( \~wv
\=k

)\sansT (a - b)| ,

where we use Lemma 5.1(b). In particular, taking b= yv
\=k \in bd\scrH \=k gives

d(a,\scrH \=k) = | ( \~wv
\=k

)\sansT (a - yv
\=k

)| = \eta | ( \~wv
\=k

)\sansT \~wv
\=k | = \eta \| \~wv

\=k\| 2 = \eta .

The above distance is attained at yv
\=k

since \| a - yv
\=k\| = \eta \| \~wv

\=k\| = \eta . Moreover, due

to the strict convexity of the \ell 2-norm, we have \| a  - y\prime \| > \| a  - yv
\=k\| = \eta for every

y\prime \in \scrH \=k with y\prime \not = yv
\=k

. In particular, having yv
\=k \not = y would yield y \in \scrP \cap S(\gamma )\subseteq \scrH \=k so

that \| a - y\| > \eta . However, we also have \| a - y\| = \eta \| w\| = \eta . Hence, we must have

yv
\=k

= y. Moreover, by (7.3), we also have \~wv
\=k

= w and \scrH \=k =\scrH (w,y). Note that by
the structure of Algorithm 1 we have

\=\scrP out
\=k =

\bigcap 
(w,y)\in \scrU \=k

\scrH (w,y).

Then \=\scrP out
\=k+1

= \=\scrP out
\=k
\cap \scrH \=k = \=\scrP out

\=k
, which is a contradiction. Hence, | \scrZ k| = J + 1+ k for

each k\geq 0.

Before proceeding further, we recall the following definition, which is critical in
proving the convergence rate of the algorithm in Theorem 7.2.

Definition 7.8 (see [42, Chapter 8, p. 253]). A set Z \subseteq \BbbR q is called the base of
an \epsilon -packing if \| y - z\| \geq 2\epsilon for every y, z \in Z.

The following lemma was originally proved for an H1-sequence of outer approx-
imating polytopes; see [42, Definition 8.4, p. 247 and Lemma 8.19, p. 254]. Here we
show that the lemma still holds for the sequence of outer approximating polytopes
generated by Algorithm 1, which, in general, may not be an H1-sequence.

Lemma 7.9. Suppose that Assumptions 4.1 and 7.1 hold. Suppose that 0< \epsilon < 1.
Then there exists N \geq 0 such that, for each k \geq N , the set \scrZ k is the base of an
\varepsilon Nk (\epsilon )-packing, where

\varepsilon Nk (\epsilon ) :=
1

2
min

\biggl\{ 
\eta 
\surd 
2,2\epsilon N , (1 - \epsilon )

\sqrt{} 
\eta \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma ))
\biggr\} 

(7.4)

and \epsilon N := 1
2 min\{ \| y - z\| | y, z \in \scrZ N , y \not = z\} .
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2718 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

Proof. Let us fix N \geq 0 to be determined later. We argue by induction on
k\geq N . By the definitions of \epsilon N and \varepsilon NN (\epsilon ), we have \| y - z\| \geq 2\epsilon N \geq 2\varepsilon NN (\epsilon ) for every
y, z \in \scrZ N . Hence, the assertion is trivial for k=N .

Assume that \scrZ k - 1 is the base of an \varepsilon Nk - 1(\epsilon )-packing for some k\geq N + 1, that is,

\| y - z\| \geq 2\varepsilon Nk - 1(\epsilon )

for every y, z \in \scrZ k - 1. Moreover, since \delta H( \=\scrP out
k - 2,\scrP \cap S(\gamma ))\geq \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma )), we
have \varepsilon Nk - 1(\epsilon )\geq \varepsilon Nk (\epsilon ) by (7.4). Hence, \scrZ k - 1 is also the base of an \varepsilon Nk (\epsilon )-packing.

For convenience, let us define bk - 1 := yv
k - 1  - \eta \~wvk - 1

= vk - 1 + zv
k - 1  - \eta \~wvk - 1

.
Since \scrZ k = \{ bk - 1\} \cup \scrZ k - 1, to show that \scrZ k is the base of an \varepsilon Nk (\epsilon )-packing, it is
enough to verify that \bigm\| \bigm\| bk - 1  - b

\bigm\| \bigm\| \geq 2\varepsilon Nk (\epsilon )

for every b \in \scrZ k - 1. Let us fix b \in \scrZ k - 1. We may write b= y\prime  - \eta w\prime , where (w\prime , y\prime ) \in 
\scrU k - 1.

We know that vk - 1 \in S(\gamma ) \setminus \scrP and vk - 1 \in \scrH (w\prime , y\prime ) = \scrH (w\prime ,\scrP \cap S(\gamma )). Also,
y\prime \in bd\scrH (w\prime , y\prime ) and y\prime \in \scrP \cap S(\gamma ) by definition. Then, by Lemma 7.5, we have

(7.5) \| bk - 1  - b\| = \| (yvk - 1  - \eta \~wvk - 1

) - (y\prime  - \eta w\prime )\| \geq min
\Bigl\{ 
\eta 
\surd 
2,
\sqrt{} 

\eta hk - 1  - hk - 1
\Bigr\} 
,

where hk - 1 := ( \~wvk - 1

)\sansT (yv
k - 1  - vk - 1). Note that

hk - 1 = ( \~wvk - 1

)\sansT (yv
k - 1  - vk - 1) = ( \~wvk - 1

)\sansT zv
k - 1

= \| zvk - 1\| = \delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma )).

We choose N such that \delta H( \=\scrP out
N ,\scrP \cap S(\gamma ))\leq \eta \epsilon 2. In particular, for each k\geq N+1,

we have \delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))\leq \eta \epsilon 2, which implies\sqrt{} 

\eta \epsilon 2

\delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))

\geq 1.

Then\sqrt{} 
\eta hk - 1  - hk - 1 =

\sqrt{} 
\eta \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma )) - \delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))

\geq 
\sqrt{} 
\eta \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma )) - 
\sqrt{} 

\eta \epsilon 2

\delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))

\delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))

= (1 - \epsilon )
\sqrt{} 

\eta \delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma )).

Hence, from (7.5), we have\bigm\| \bigm\| bk - 1  - b
\bigm\| \bigm\| \geq min

\Bigl\{ 
\eta 
\surd 
2,
\sqrt{} 
\eta hk - 1  - hk - 1

\Bigr\} 
\geq min

\biggl\{ 
\eta 
\surd 
2, (1 - \epsilon )

\sqrt{} 
\eta \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma ))
\biggr\} 

\geq min

\biggl\{ 
\eta 
\surd 
2,2\epsilon N , (1 - \epsilon )

\sqrt{} 
\eta \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma ))
\biggr\} 
= 2\varepsilon Nk (\epsilon ).
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Lemma 7.10 (see [42, Lemma 8.20, p. 255]). Let A \subseteq \BbbR q be a nonempty convex
compact set. Suppose that 0< \epsilon <R(A), and let Z \subseteq bdA be the base of an \epsilon -packing.
Then

| Z| \leq N1(\epsilon ,R(A)) :=
q\pi q

\pi q - 1

\biggl( 
1 +

R(A)2

\epsilon 2

\biggr) q - 1
2

.

Using the above lemmata, we are ready to prove Theorem 7.2.

Proof of Theorem 7.2. If \scrP \cap S(\gamma ) is a polytope, then there exists K \prime \in \BbbN such
that \delta H( \=\scrP out

k ,\scrP \cap S(\gamma )) = 0 for every k \geq K \prime and the assertion of the theorem holds
trivially. For the rest of the proof, we assume that \scrP \cap S(\gamma ) is nonpolyhedral.

Let \epsilon \prime := 1
2 (1 - 1\surd 

1+\epsilon 
) \in (0,1) and \eta := R(\scrP \cap S(\gamma )) > 0. By Lemma 7.9, there

exists N \prime \in \BbbN such that, for every k\geq N \prime , the set \scrZ k is the base of an \varepsilon N
\prime 

k (\epsilon \prime )-packing,
where

\varepsilon N
\prime 

k (\epsilon \prime ) =min

\Biggl\{ 
\eta 
\surd 
2

2
, \epsilon N \prime , \tau k

\Biggr\} 
,

\epsilon N \prime =
1

2
min\{ \| y - z\| | y, z \in \scrZ N \prime , y \not = z\} ,

\tau k :=
(1 - \epsilon \prime )

\sqrt{} 
\eta \delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma ))
2

.

Moreover, by Corollary 6.5, ( \=\scrP out
k )k\geq 0 is anH(1,\scrP \cap S(\gamma ))-sequence of cutting. Hence,

by Theorem 6.6, there exists N \prime \prime \geq N \prime such that

(7.6) \delta H( \=\scrP out
N \prime \prime  - 1,\scrP \cap S(\gamma ))\leq 

4

\eta 

\Biggl( 
\varepsilon N

\prime 

N \prime (\epsilon \prime )

1 - \epsilon \prime 

\Biggr) 2

,

where \varepsilon N
\prime 

N \prime (\epsilon \prime )> 0 holds, as \scrP \cap S(\gamma ) is not a polyhedral set. Hence, we get

\tau N \prime \prime =
(1 - \epsilon \prime )

\sqrt{} 
\eta \delta H( \=\scrP out

N \prime \prime  - 1,\scrP \cap S(\gamma ))
2

\leq \varepsilon N
\prime 

N \prime (\epsilon \prime )\leq min

\Biggl\{ 
\eta 
\surd 
2

2
, \epsilon N \prime 

\Biggr\} 
.

Observe that for every k\geq N \prime \prime , we have \tau k \leq \tau N \prime \prime ; hence,

\varepsilon N
\prime 

k (\epsilon \prime ) =min

\Biggl\{ 
\eta 
\surd 
2

2
, \epsilon N \prime , \tau k

\Biggr\} 
= \tau k;

in particular, \scrZ k is the base of a \tau k-packing. Similar to (7.6), using Theorem 6.6, we
may find N \prime \prime \prime \in \BbbN such that, for every k\geq N \prime \prime \prime ,

\delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))\leq 

4(R(\scrP \cap S(\gamma ) +\BbbB \eta (0)))
2

(1 - \epsilon \prime )2\eta 
,

which is equivalent to

\tau k \leq R(\scrP \cap S(\gamma ) +\BbbB \eta (0)).

By Remark 7.6, \scrZ k \subseteq bd(\scrP \cap S(\gamma ) + \BbbB \eta (0)). Then, from Lemma 7.10, for every
k\geq max\{ N \prime \prime ,N \prime \prime \prime \} , we get

| \scrZ k| \leq N1(\tau k,R(\scrP \cap S(\gamma ) +\BbbB \eta (0))).
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2720 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

Moreover, by the definition of R(\cdot ) and by the choice of \eta , we have

N1(\tau k,R(\scrP \cap S(\gamma ) +\BbbB \eta (0))) =N1(\tau k,R(\scrP \cap S(\gamma )) + \eta )

=
q\pi q

\pi q - 1

\Biggl( 
1 +

\biggl( 
2R(\scrP \cap S(\gamma ))

\tau k

\biggr) 2
\Biggr) q - 1

2

.

Since \scrP \cap S(\gamma ) is a nonpolyhedral set, by Lemma 7.7, for every k\geq 0, we have

| \scrZ k| = J + 1+ k.

Hence, for every k\geq max\{ N \prime \prime ,N \prime \prime \prime \} , we have

k\leq | \scrZ k| \leq N1(\tau k,2R(\scrP \cap S(\gamma ))) = q\pi q

\pi q - 1

\Biggl( 
1 +

16R(\scrP \cap S(\gamma ))
(1 - \epsilon \prime )2\delta H( \=\scrP out

k - 1,\scrP \cap S(\gamma ))

\Biggr) q - 1
2

,

which implies that

(7.7) \delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))\leq 

16R(\scrP \cap S(\gamma ))

(1 - \epsilon \prime )2
\biggl( \Bigl( 

q\pi q

k\pi q - 1

\Bigr) 2
1 - q  - 1

\biggr) .

Next, we will show that

(7.8)
16R(\scrP \cap S(\gamma ))

(1 - \epsilon \prime )2
\biggl( \Bigl( 

q\pi q

k\pi q - 1

\Bigr) 2
1 - q  - 1

\biggr) \leq (1 + \epsilon )16R(\scrP \cap S(\gamma ))
\biggl( 

q\pi q

k\pi q - 1

\biggr) 2
q - 1

holds for sufficiently large k. Note that (7.8) holds if

(7.9) g(k) :=
1

1 - 
\Bigl( 

q\pi q

k\pi q - 1

\Bigr) 2
q - 1

 - 1\leq (1 + \epsilon )(1 - \epsilon \prime )2  - 1

holds. Here g is a decreasing function on \BbbN with limk\rightarrow \infty g(k) = 0. Moreover, by the
choice of \epsilon \prime , we have (1 + \epsilon )(1 - \epsilon \prime )2  - 1 > 0. Then there exists N \prime \prime \prime \prime \in \BbbN such that
(7.9), and hence (7.8), hold for all k\geq N \prime \prime \prime \prime .

From (7.7) and (7.8), we obtain that

\delta H( \=\scrP out
k - 1,\scrP \cap S(\gamma ))\leq (1 + \epsilon )16R(\scrP \cap S(\gamma ))

\biggl( 
q\pi q

k\pi q - 1

\biggr) 2
q - 1

holds for k\geq max\{ N \prime \prime ,N \prime \prime \prime ,N \prime \prime \prime \prime \} , as desired.
By Theorem 7.2, we prove that the approximation error obtained through the

iterations of Algorithm 1, when the Euclidean norm is used in the scalarization,
decreases by the order of \scrO (k2/1 - q).

8. Examples and computational results. In this section, we consider some
numerical examples to observe the performance of Algorithm 1, which is implemented
using MATLAB R2018a along with CVX, a package for solving convex programs
[25, 24], and Bensolve tools [41] for solving the scalarization and vertex enumeration
problems in each iteration, respectively. The tests are performed using a 3.6 GHz
Intel Core i7 computer with 64 GB RAM.
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CONVERGENCE ANALYSIS OF A CVOP ALGORITHM 2721

We consider three examples:
1. Let q \in \{ 2,3,4\} , e= (1, . . . ,1)\sansT \in \BbbR q.

minimize x with respect to \leq C subject to \| x - e\| 2 \leq 1, x\in \BbbR q.

2. Let a1 = (1,1)\sansT , a2 = (2,3)\sansT , a3 = (4,2)\sansT .

minimize (
\bigm\| \bigm\| x - a1

\bigm\| \bigm\| 2
2
,
\bigm\| \bigm\| x - a2

\bigm\| \bigm\| 2
2
,
\bigm\| \bigm\| x - a3

\bigm\| \bigm\| 2
2
)\sansT with respect to\leq C

subject to x1 + 2x2 \leq 10, 0\leq x1 \leq 10, 0\leq x2 \leq 4, x\in \BbbR 2.

3. Let b1 = (0,10, - 120), b2 = (80, - 448,80), b3 = ( - 448,80,80).

minimize (\| x\| 22 + b1x,\| x\| 22 + b2x,\| x\| 22 + b3x)\sansT with respect to\leq C

subject to \| x\| 22 \leq 100, xi \geq 0 for i\in \{ 1,2,3\} , x\in \BbbR 3.

Example 1 is a standard illustrative example with a linear objective function; see
[15, 40]. In Example 2, the objective function is nonlinear, while the constraints are
linear; in Example 3, nonlinear terms appear both in the objective function and the
constraints [15, Examples 5.8 and 5.10], [44]. These examples have also been used
recently in [5] to test the performances of similar CVOP algorithms. In addition to the
positive orthant, the examples are considered with several other cones (see Figures 2
and 3), given as Ci = conv coneDi, i\in \{ 1, . . . ,6\} , where

D1 = \{ (2,1)\sansT , (1,2)\sansT \} , D2 = \{ (2, - 1)\sansT , ( - 1,2)\sansT \} ,
D3 = \{ (4,2,2)\sansT , (2,4,2)\sansT , (4,0,2)\sansT , (1,0,2)\sansT , (0,1,2)\sansT , (0,4,2)\sansT \} ,
D4 = \{ ( - 1, - 1,3)\sansT , (2,2, - 1)\sansT , (1,0,0)\sansT , (0, - 1,2)\sansT , ( - 1,0,2)\sansT , (0,1,0)\sansT \} .
D5 = \{ (4,2,2,3)\sansT , (2,4,2,3)\sansT , (4,0,2,3)\sansT , (1,0,2,3)\sansT , (0,1,2,3)\sansT , (0,4,2,3)\sansT \} ,
D6 = \{ ( - 1, - 1,3, - 3)\sansT , (2,2, - 1,3)\sansT , (1,0,0, - 3)\sansT , (0, - 1,2,3)\sansT ,

( - 1,0,2, - 3)\sansT , (0,1,0,3)\sansT \} .

To fix \gamma satisfying (4.2), we first compute supx\in \scrX \=w\sansT \Gamma (x), which is possible by
simple geometric observations for each of the examples that we consider. Then we
fix \beta = supx\in \scrX \=w\sansT \Gamma (x), find an initial outer approximation \scrP out

0 to \scrP via (4.1), and
compute the Hausdorff distance \delta H(\scrP out

0 ,\scrP ) =max\{ \| zv\| | v \in ext\scrP out
0 \} , where \| zv\| 

is the optimal value of (NM(v)). Finally, we set \gamma = \beta +maxv\in ext\scrP \mathrm{o}\mathrm{u}\mathrm{t}
0

( \=w\sansT v  - \beta )+ +

\delta H(\scrP out
0 ,\scrP ) + \epsilon , where \epsilon > 0 is the same as in Algorithm 1.

We run Algorithm 1 for these examples where we use the Euclidean norm within
the scalarizations. To observe the convergence behavior, we measure the actual Haus-
dorff distance between the outer approximation \=\scrP out

k and the compact set \scrP \cap S(\gamma )
at each iteration. In Figures 2 and 3, we plot log \delta H( \=\scrP out

k ,\scrP \cap S(\gamma )), which is an up-
per bound on log \delta H( \=\scrP out

k +C,\scrP ) by Lemma 6.7, versus logk; we compare the linear

regression of this graph with the graph of log(ck
2

1 - q ), where c \in \BbbR + is selected such
that the slopes of the lines can be observed easily.3 Except for Example 1 with q= 2,
the estimated rate of the decrease in the actual Hausdorff distance is better than the
theoretical bound. Note that in Example 1 the image of the feasible region is the unit
ball centered at e \in \BbbR q. This implies that the vertices of the outer approximations

3The slopes of the regression lines are indicated in the figures.
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(a) q = 2 with cone Rq
+, = 10−5 (left), narrower cone C1, = 10−5 (center) and wider cone C2, = 10−5 (right).

0 1 2 3 4 5
−6

−5

−4

−3

−2

−1

0

1

2

−1.13

log k

lo
g
δH

log δH

log (5k−1)
linear regression

0 1 2 3 4 5
−6

−5

−4

−3

−2

−1

0

1

2

−0.98

log k

lo
g
δH

log δH

log (5k−1)
linear regression

0 1 2 3 4 5
−7

−6

−5

−4

−3

−2

−1

0

1

−0.95

log k

lo
g
δH

log δH

log (2k−1)
linear regression

(b) q = 3 with cone Rq
+, = 0.01 (left), narrower cone C3, = 0.01 (center) and wider cone C4, = 0.003 (right).
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(c) q = 4 with cone Rq
+, = 0.0496 (left), narrower cone C5, = 0.03 (center) and wider cone C6, = 0.039 (right).

Fig. 2. Computational results for Example 1. We plot log \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )) versus logk and

its linear regression; we compare it with the graph of log(ck
2

1 - q ) for some suitable c. Except for
q= 2, the estimated rate of the decrease in the actual Hausdorff distance is better than the theoretical
bound.

obtained through the iterations of the algorithm are distributed symmetrically with
respect to the upper image, and many vertices have the same Euclidean distance to
the upper image. Moreover, the number of vertices increase exponentially through
the iterations. Hence, the actual Hausdorff distance remains constant for many itera-
tions, which explains the step-function-like behavior observed in Figure 2, especially
for q= 2.

9. Conclusion. To the best of our knowledge, we study the convergence rate
of a CVOP algorithm for the first time. The approximation error of the proposed
algorithm decreases by the order of \scrO (k1/(1 - q)), where q is the dimension of the
objective space. Moreover, we consider the special case of using the Euclidean norm
within the scalarizations separately and prove that the approximation error decreases
by the order of \scrO (k2/(1 - q)). Since it is known that in multiobjective optimization
(C =\BbbR q

+) this is the best possible convergence rate [34, 26], it cannot be improved in
general. It is an open problem to prove the improved convergence rate for the proposed
algorithm in the general setting when the underlying norm in the scalarizations is not
necessarily the Euclidean norm.
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(a) Example 2 with cone R3
+, = 0.02 (left) and wider cone C4, = 0.01 (right).
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(b) Example 3 with cone R3
+, = 25 (left) and wider cone C4, = 10 (right).

Fig. 3. Computational results for Examples 2 and 3. We plot log \delta H( \=\scrP out
k ,\scrP \cap S(\gamma )) versus

logk and its linear regression; we compare it with the graph of log(ck - 1) for some suitable c. The
estimated rate of the decrease in the actual Hausdorff distance is better than the theoretical bound.

Appendix A. Derivations and proofs for section 3. Let v \in \BbbR q. Note
that (P(v)) stated in section 3 can be rewritten as

(P\prime (v)) minimize f(x, z) subject to G(x, z)\cap  - (C \times \BbbR +) \not = \emptyset , (x, z)\in X \times \BbbR q,

where f : X \times \BbbR q \rightarrow \BbbR is a scalar function and G : X \times \BbbR q \rightrightarrows \BbbR q+1 is a set-valued
function defined by

f(x, z) := \| z\| + I\scrX (x), G(x, z) := \{ (\Gamma (x) - z  - v, \=w\sansT (v+ z) - \gamma )\} (A.1)

for each x \in X, z \in \BbbR q. Using the equivalent problem (P\prime (v)) and following steps
similar to those for constructing the Lagrange dual (dNM(v)) of (NM(v)) (see [5,
section 4]), the Lagrange dual of (P(v)) can be formulated as (D(v)) (see section 3).
Then the optimal value of (D(v)) is given by

sup
(w,\lambda )\in C+\times \BbbR +

\phi (w,\lambda ) = sup
(w,\lambda )\in C+\times \BbbR +:
\| w - \lambda \=w\| \ast \leq 1

\biggl( 
inf
x\in \scrX 

w\sansT (\Gamma (x) - v) + \lambda ( \=w\sansT v - \gamma )

\biggr) 
,

where we use the fact that the conjugate function of \| \cdot \| is the indicator function of
the unit ball of the dual norm \| \cdot \| \ast ; see [10, Example 3.26, p. 93]. Next, we define
\~w :=w - \lambda \=w and rewrite the value of (D(v)) as
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sup

\biggl\{ 
inf
x\in \scrX 

\~w\sansT (\Gamma (x) - v) + \lambda ( \=w\sansT \Gamma (x) - \gamma )| \| \~w\| \ast \leq 1, \~w+ \lambda \=w \in C+, \lambda \geq 0

\biggr\} 
.(A.2)

We continue with the proofs of the results in section 3.

Proof of Proposition 3.3. First, we show that there exists a feasible solution
(\~x, \~z) of (P(v)). Fix \~x \in \scrX , which exists since int\scrX \not = \emptyset is assumed. Let us define
\~z := \Gamma (\~x) - v. Then v + \~z = \Gamma (\~x) \in intS(\gamma ) \subseteq S(\gamma ) and v + \~z = \Gamma (\~x) \in \{ \Gamma (\~x)\} + C,
that is, \Gamma (\~x)\leq C v+ \~z. Hence, (\~x, \~z) is feasible.

Next, note that the feasible region of (P(v)) is a subset of \scrX \times ((\scrP \cap S(\gamma )) - \{ v\} )\subseteq 
\BbbR n+q. Moreover, \scrX is compact by the problem definition and, using [5, Lemma 6.3],
it is easy to see that \scrP \cap S(\gamma ) is compact as well. Hence, \scrX \times (\scrP \cap S(\gamma )  - \{ v\} )
is a compact set, which implies that the feasible region of (P(v)) is bounded. To
show that it is also closed, consider a sequence of feasible points (xn, zn)n\in \BbbN such
that limn\rightarrow \infty (xn, zn) = (x, z). We have x \in \scrX as \scrX is compact and z \in S(\gamma ) - v as
S(\gamma ) is a closed halfspace. Since \Gamma : X \rightarrow \BbbR q is continuous, C is a closed cone, and
v+zn - \Gamma (xn)\in C for every n\in \BbbN , we obtain limn\rightarrow \infty (v+zn - \Gamma (xn)) = v+z - \Gamma (x)\in C.
Hence, an optimal solution (x\ast , z\ast ) of (P(v)) exists by the Weierstrass theorem.

For strong duality, we show that the following constraint qualification in [33,
Theorem 8.3.10, p. 330] and [38, Theorem 3.19, p. 93] holds for (P(v)):

(A.3) G(dom f)\cap  - int(C \times \BbbR +) \not = \emptyset ,

where f and G are as in (A.1), and dom f := \{ (x, z)\in X\times \BbbR q| f(x, z)<+\infty \} =\scrX \times \BbbR q.
Since \scrX has nonempty interior, there exists x0 \in int \scrX . Moreover, since \Gamma (\scrX ) \subseteq 
intS(\gamma ), there exists \epsilon > 0 such that \BbbB \epsilon (\Gamma (x

0)) \subseteq intS(\gamma ). Let c \in intC be fixed,
and define y0 := \Gamma (x0) + \epsilon 

2
c

\| c\| . Clearly, y0 \in \BbbB \epsilon (\Gamma (x
0)) \cap (\{ \Gamma (x0)\} + intC). Defining

z0 := y0 - v, we obtain v+z0 - \Gamma (x0)\in intC. Moreover, since y0 \in \BbbB \epsilon (\Gamma (x
0))\subseteq intS(\gamma ),

we have \=w\sansT (v+ z0)<\gamma . Then

G(x0, z0) = \{ (\Gamma (x0) - z0  - v, \=w\sansT (v+ z0) - \gamma )\} \subseteq  - int(C \times \BbbR +).

On the other hand, since dom f = \scrX \times \BbbR q, we have G(x0, z0) \subseteq G(dom f). Hence,
(A.3) is satisfied.

Recall that \scrX \subseteq \BbbR n is convex and \Gamma : X \rightarrow \BbbR q is a C-convex function. Then, by
standard arguments, it can be shown that f :X\times \BbbR q\rightarrow \BbbR is convex and G : X\times \BbbR q \rightrightarrows 
\BbbR q+1 is (C \times \BbbR +)-convex as a set-valued function. Together with (A.3), these imply
strong duality and dual attainment by [38, Theorem 3.19, p. 93].

Proof of Lemma 3.5. By the feasibility of (P(v)) and strong duality, zv \not = 0 and
wv \not = 0 in (a); see the proof of [5, Lemma 4.5] for details. For the other claim of (a),
assume to the contrary that wv  - \lambda v \=w = 0. From the optimal value of (D(v)) and
strong duality, we get

\lambda v

\biggl( 
inf
x\in \scrX 

\=w\sansT \Gamma (x) - \gamma 

\biggr) 
= \| zv\| ,

where \lambda v \geq 0 and \=w\sansT \Gamma (x) - \gamma \leq 0 for any x \in \scrX , as \Gamma (\scrX ) \subseteq S(\gamma ). Hence, \| zv\| \leq 0.
This implies \| zv\| = 0, a contradiction.

To prove (b) and (c), note that we have \=w\sansT v \leq \gamma . Then the assertion follows
using arguments similar to those in the proof of [5, Lemma 4.5].

Proof of Proposition 3.6. By using arguments similar to those in the proof of
[5, Proposition 4.6], xv is a weak minimizer of (P). For the second claim, first note
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that yv \in \scrP since (xv, zv) is feasible for (P(v)). To get a contradiction, assume that
yv /\in wMinC \scrP ; hence, yv = v + zv \in int\scrP with \| zv\| \not = 0 since v /\in int\scrP by our
assumption. Then there exists 0< \epsilon \leq \| zv\| such that

v+ zv  - \epsilon 
zv

\| zv\| \in \scrP ,

which implies the existence of \=x\in \scrX with

v+ (\| zv\|  - \epsilon )
zv

\| zv\| \in \{ \Gamma (\=x)\} +C.

Let \=z := (\| zv\|  - \epsilon ) zv

\| zv\| . We show that \=w\sansT (v+ \=z)\leq \gamma . Assume otherwise that

\=w\sansT (v+ \=z) = \=w\sansT 

\biggl( 
v+ zv  - \epsilon 

zv

\| zv\| 

\biggr) 
>\gamma .(A.4)

Since \=w\sansT (v+ zv)\leq \gamma by the feasibility of (P(v)),

 - \epsilon \=w
\sansT zv

\| zv\| >\gamma  - \=w\sansT (v+ zv)\geq \gamma  - \gamma = 0.

This implies \=w\sansT zv < 0. We also know that \=w\sansT v \leq \gamma , as v \in S(\gamma ). Then, from (A.4),
we get

\=w\sansT zv
\biggl( 
1 - \epsilon 

\| zv\| 

\biggr) 
>\gamma  - \=w\sansT v\geq \gamma  - \gamma = 0.

This implies 1 - \epsilon 
\| zv\| < 0, that is, \| zv\| < \epsilon . This contradicts the upper bound of \epsilon .

Now (\=x, \=z) is feasible for (P(v)). But this gives \| \=z\| < \| zv\| , which is a contradiction
to the optimality of (xv, zv).

Proof of Proposition 3.7. Let us fix y \in \scrP \cap S(\gamma ) consider the problems (P(v))
and (D(v)). Then

0\geq inf
x\in \scrX 

(wv)\sansT (\Gamma (x) - y) + \lambda v( \=w\sansT y - \gamma );

see the proof of [5, Proposition 4.7]. This gives

(wv)\sansT y - \lambda v \=w\sansT y\geq inf
x\in \scrX 

(wv)\sansT \Gamma (x) - \lambda v\gamma .(A.5)

Using the strong duality between (P(v)) and (D(v)), we get

\| zv\| = inf
x\in \scrX 

(wv)\sansT (\Gamma (x) - v) + \lambda v( \=w\sansT v - \gamma )(A.6)

= inf
x\in \scrX 

(wv)\sansT \Gamma (x) - \lambda v\gamma  - (wv)\sansT v+ \lambda v \=w\sansT v.

From (A.5) and (A.6), we obtain

(wv)\sansT y - \lambda v \=w\sansT y\geq \| zv\| + (wv)\sansT v - \lambda v \=w\sansT v,

that is,

( \~wv)\sansT y\geq \| zv\| + ( \~wv)\sansT v\geq ( \~wv)\sansT zv + ( \~wv)\sansT v= ( \~wv)\sansT yv,
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2726 \c CA\u GIN ARARAT, FIRDEVS ULUS, AND MUHAMMAD UMER

where the second inequality is a consequence of the definition of dual norm and the
dual constraint \| \~wv\| \ast \leq 1. Hence, y \in \scrH ( \~wv, yv). Since y is arbitrary, this implies
\scrP \cap S(\gamma )\subseteq \scrH ( \~wv, yv).

Next, by Proposition 3.6, we have yv \in \scrP ; in particular, yv \in \scrP \cap S(\gamma ) by the
feasibility of (P(v)). We have yv \in bd\scrH ( \~wv, yv) by the definition of \scrH ( \~wv, yv). Hence,
yv \in \scrP \cap S(\gamma )\cap bd\scrH ( \~wv, yv), which completes the proof.
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