Math.Comput.Sci. (2022) 16:9 ")
hitps://doi.org/10.1007/s11786-022-00528-5 Mathematics in Computer Science  cneck for

updates

A Decomposition of Column-Convex Polyominoes and Two
Vertex Statistics

Nenad Cakié¢ - Toufik Mansour - Gokhan Yildirim

Received: 25 October 2021 / Revised: 20 March 2022 / Accepted: 25 March 2022 / Published online: 27 April 2022
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2022

Abstract We introduce a decomposition method for column-convex polyominoes and enumerate them in terms
of two statistics: the number of internal vertices and the number of corners in the boundary. We first find the
generating function for the column-convex polyominoes according to the horizontal and vertical half-perimeter,
and the number of interior vertices. In particular, we show that the average number of interior vertices over all
column-convex polyominoes of perimeter 2n is asymptotic to a,n3/> where o, ~ 0.57895563 . ... We also find
the generating function for the column-convex polyominoes according to the horizontal and vertical half-perimeter,
and the number of corners in the boundary. In particular, we show that the average number of corners over all
column-convex polyominoes of perimeter 2n is asymptotic to «jn where oy &~ 1.17157287. ...

Keywords Polyominoes - Interior vertices - Bondary vertices - Kernel method

Mathematics Subject Classification 05B50 - 05A16

1 Introduction

Unit squares with integer vertices in the square lattice are called cells. Two cells are connected if they share a
common edge. A polyomino is a finite union of connected cells. Polyominoes have important applications in physics,
chemistry, and biology, and enumeration of them is an active area of research in combinatorics. For the earliest
works in these directions, see [11,26,27] and references therein. Other aspects of polyomino research include:
bijective results [3,9], asymptotic enumeration [12,16—18,28], algorithmic enumeration [7,15], and probabilistic
results [19,20].
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The area of a polyomino is the number of cells it contains. We define the boundary of a polyomino as the set of
all edges that are incident to a cell of the polyomino and a cell outside the polyomino. The perimeter of a polyomino
is the number of edges in its boundary. Determining the number of polyominoes of area n is a long-standing open
question in combinatorics but there are promising results for enumerations of some special type of polyominoes.
A column (row) of a polyomino is the intersection between the polyomino and any infinite vertical (horizontal)
strip of unit squares. A polyomino is called column-convex (row-convex) if each of its columns (rows) is a single
contiguous block of cells. A convex polyomino is both column-convex and row-convex. We use CCP to denote
the set of all column-convex polyominoes on the square lattice. For any polyomino, we identify the bottom cell
in its first column with the cell with vertices (0, 0), (1, 0), (1, 1), (0, 1). An important subclass of column-convex
polyominoes is bargraphs. A bargraph is a column-convex polyomino such that the lower edge of its first row lies
on the horizontal axis.

Delest and Viennot [8] used a bijection between convex polyominoes and words of an algebraic language to
show that the number of convex polyominoes with perimeter 2n + 8 is given by

2n
2n + 104" —4Q2n + 1)< )
n

The perimeter generating function for column-convex polyominoes is defined as

Clry)y= Y xMmyrm
7eCCP

where A () and v(;r) denotes the half of the number of horizontal and of the vertical edges in the boundary of the
polyomino 7, respectively.
Fereti¢ and Svrtan [13,14] showed that the perimeter generating function is given by

4(1 —
Clx.y)=(1—y) — ( Y) (1.1)

61— ym2 =8 - Ja+ o+ 58

These results have been extended to the Carlitz polyominoes in [22]. In particular, it showed that, as n grows
to infinity, asymptotically the number of column-convex and convex Carlitz polyominoes with perimeter 2n is

9v2(14+3+/3) qn n+l 3+f .

Sy 224 and , respectively.

2704+/7n3 .p y o ) )
In this paper, we reﬁne and extend this result in two directions. In Sect. 2, we study the generating function

F(x, v, 1, q) — Z xh(n)yv(ﬂ)tarea(n)qimv(ﬂ)
7eCCP

where area(mr) and intv(;r) denote the number of the cells, and the number of interior vertices in the polyomino
7, respectively. A vertex in a polyomino r is called an interior vertex if it is adjacent to exactly four different cells
of i, otherwise it is called a boundary vertex. We find an exact expression for the generating function, and show
that the average number of interior vertices over all column-convex polyominoes of perimeter 2n is asymptotic
to apn’/? where o, ~ 0.57895563.... In [23] bargraphs were enumerated according to the number of interior
vertices and then the results were extended to the set partitions in [21].

In Sect. 3, we study the generating function that counts all column-convex polyominoes by their corners. For
a polyomino 7, we call a vertex in its boundary a corner if it is of degree either 2 or 4. Note that a degree 2
(degree 4) vertex in the boundary is adjacent to exactly one (three) cell(s) in the polyomino 7. For instance, for the
polyomino in Fig. 1, deg>(r) = 11 and dega(r) = 7. In [4] (see also [1,5,6]) integer partitions were enumerated
by corners, and then the results were extended to compositions, bargraphs, and set partitions in [24,25]. We define
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Fig.1 An example of a
polyomino with 19 cells, a _
horizontal perimeter of 10, a
vertical perimeter of 20, —
interior vertices of 5,
degree-2 boundary vertex of
11, and degree-4 boundary
vertex of 7

the generating function

H(x,y,p,q) = Z xh(n)yv(n)pdegz(n)qdeg4(n)
7eCCP

where deg (r) and deg4 (;r) denotes the number of degree 2 and degree 4 corners in the polyomino 7. We obtain
an exact expression for this generating function, and show that the average number of corners over all column-
convex polyominoes of perimeter 2n is asymptotic to ojn where oy ~ 1.17157287 . ... We also use the generating
functions F and H, and obtain the asymptotic order of the number of column-convex polyominoes which is given

by 5,9= (3 + 24/2)" where ¢; ~ 0.15099723 . . ., see also [14].

2 Results on the Internal Vertex Statistic

Let 7 be a nonempty column-convex polyomino with m columns such that the bottom cell of the first column lays
on the x-axis. We say that a bottom (upper) cell of the ith column of 7 is at position k if it lays on (lays below and
touches) the line y = k.

Let F, = F,(x, y, t, q) be the generating function for the column-convex polyominoes with the first column of
size a, according to the statistics h (), v(ir), area(mw) and intv (), counted by variables x, y, t and g, respectively.
We introduce a decomposition method for column-convex polyominoes and calculate the related generating func-
tions by using it. We call this decomposition CCP-column decomposition. The details are as follows: we decompose
a column-convex polyomino with the first column of size a by considering the size and the bottom-cell’s position
of its second column, see Fig. 2.

e Case I'in Fig. 2: The column-convex polyomino has only one column;

Case I Case II Case III Case IV Ca_se Vv
b
a ab a a a
1<b<a ) b>2 b> a4
b>2

Fig. 2 CCP-column decomposition of a column-convex polyomino
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e Case Il in Fig. 2: The size of the second column is b, 1 < b < a, and its bottom cell is not below the line y = 0
and its upper cell is not above the line y = a;

e Case Il in Fig. 2: The size of the second column is b, b > 2, and its bottom cell is below the line y = 0 and its
upper cell is not above the line y = a;

e Case IV in Fig. 2: The size of the second column is b, b > 2, and its bottom cell is not below the line y = 0
and its upper cell is above the line y = a;

e Case V in Fig. 2: The size of the second column is b, b > a + 2, and its bottom cell is below the line y = 0 and
its upper cell is above the line y = a.

Thus,
a a gh1yati=b _ ya
Fy = xy%t + Z(a +1-— b)qb_lxya_btan +2 tha F
b=1 b=2 =7
+2 th F+ Z(b—l—a)xt”q” 'E,.
b>a+1 b>a+2

We define F(u) = F(u; x, y,t,q) = Zazl F,u®"". Then by multiplying the last recurrence by ! and summing
over all @ > 1, we obtain

xyt L+ xt Fgtu) + 2xyt
u —_—
=y (T—y? (g — )1 — ytu)
2gxt(F (1) — F(qtu)) xt

F — F(0
(g — y)(1 —qtu) (1— qtu)z( (qtu) )
xt

— m(F(l) - F(0)) +

F(u) =

(F(gqtu) — F(1))

d
—F -1 . 2.1
T g T b= @.1)

Note that by substituting # = 0 into (2.1), we obtain
d 1

—FW) lu=1= —F(0) —y — F(1).

du xt

Thus, (2.1) can be written as

Fuy=—2" 4 pgruy+ — (Figru) - F(1)
1 —ytu (1 —ytu)? (g —y)(1 — ytu)
2 (R = Flg) + —Y— (F(qtu) — F(0)
(@ —y)(1— qtu) 1 (1 —qu2
xt 1

Let G(u; x,y) = F(u; x,y,1,1). Then (2.2) witht = g = 1 gives

(11— y)zuzx2
(1 T w1 - yu>2> Gy
(1 =2y + yu)ux? 1 x2yu(l —y)

_ L2 L2 _
= T — g SV OO s T T

2.3)
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This type of functional equation can be solved using the kernel method, see [2]. If we assume that u takes the values
U4, u_ where

l+x+y—xy =/ +x+y—xp? -4y
2y ’
l—x+y+xy—/(—x+y+xy)?—dy
2y '

up =uq(x,y) =

u-=u_(x,y) =

with u 4 satisfying

x(I=yus
(I'—ugp)( —yuy)
then we have

’

1-2 2 2 1 —
U Z Dy AU 22y G0 2, y) = 22 T
(—=up)(d —yus) I —yus

Solving for G(1; x2, y), we obtain the main result of this section, see also [14].

Theorem 2.1 The perimeter generating function for the column-convex polyominoes is given by
(1= —ugp (Y, A —u_(Vx, )y
(1 = yu (Vx, Y = yu—(/x, ¥)) = 2y(1 = ug (Vx, Y1 = u_(J/x, y))

Moreover, the perimeter generating function for the column-convex polyominoes with the first column of size one
is given by

G(l;x,y)=—

xy(1 = ) 2up (Vx, u—_(Jx, y)
(1= yup (Vx, )0 = yu_(Vx, y) = 2y(1 — up (Vx, )1 —u_(J/x, )

Note that Theorem 2.1 also proves that G(1; x, y) = C(x, y) for all x, y and hence provides another proof of
(1.1).

We can also find the asymptotic of the coefficient of x" in the generating function G(1; x, x) which gives the
number of colum-convex polyominoes of perimeter 2n. By singularity analysis, see [10], we have

G(l;x,x)=co—c1/1 —x/r+00 —x/r),

where

201 =2v10 - 7V2)(7 — V2)
- 47

GO;x,y) =

= 0.086983606.. .,

€0

_ 2v/5V2 = 7((138v/2 + 444)y/10 — 7+/2 + 589+/2 — 410)
N 2209

c =0.15099723....

Hence, the coefficient of x” in G(1;, x, x) is asymptotic to

C1

2n./mn

Next, we will find the average number of interior vertices over all column-convex polyominoes with perimeter
2n. We need to consider some special cases of G (u; x, y).
By using (2.3), we obtain a formula for G (u; x2,y).

X"1F(x,x, 1, 1) ~ (3 +2V2)". (2.4)
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Corollary 2.2 The generating function G(u; x>, y) is given by

x2y(1— )2 —uy)w —u_)(1 —uy)
(1 = yup)(1 = yu_) —2y(1 —up)(1 — u_))((yu? — (1 + y)u + D2 — x2(1 — y)2u?)’

We define G’ (u; x2, y) = %G(u; x2, y). Note that, in particular, Corollary 2.2 gives the expressions for
G(us; x%, y) and G'(ux; x2, y) as follows:

Corollary 2.3 We have

Exy(1 =) —uxy) - —uy)
200(y = Duyu_+y(uy +u_—2)+ D2 - A tx+yFxyus)’

G(ui;xz,y) =

and

G'(ug; x%,y) =
y2Ly
Hy—-DAF)?F40)( - A xx+y Fx)u) Yy —uqu_ + yuy +u_—2)+1)°

where

Ly = (y— Dz — Dyusr — 1) £ Qy(l = 2p)uyu_ + 3y us +2yuz — us —2y)x
+ (= D@yuslus — D) +ug + Dx> £us(y — D27

We are ready to find the generating function for the column-convex polyominoes according to the semi-perimeters
and number of interior vertices.

Define Q(u; x,y) = %F(u; x,¥,1,q9) lg=1,and O'(u; x,y) = 3%Q(u; x, y). By differentiating (2.2) atq = 1,
we have

x2(1 — y)%u? o XA =2utyuw) o,
(1 T a—w- uy)2> QU X% ) = T (1 =y 20
x2(1 = y)%u? 2 x%u S 2 x?
(l—u)z(l—uy)2G(u’x’y)+mG(l’x’y)+
2x2(1 — y)u? -, 2x2(1 — y)u?
A3 0—yn ) T T 0~y

Y)

0'(1;x%, y) 2.5)

1—u

G(1;x,y).

Note that by substituting u = 0 into (2.5) gives
Q1 x%, y) +27Q' (1 x%, y) = QO:x%,y) = 0
and by (2.1), we obtain
1
G'(I:x%, y) = G0 x*, y) —y — G(1; x%, y).
X

Hence, (2.5) gives

x*(1 = y)*u? 2
<1 e uy)2> Q)
. _x2(1 —2y 4+ yu)u
=21 —yuw

1
O(1; x2, y) + T 00; x%,y)
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x2(] _ y)2u3 L
T = w2 —uy)2 0 @2
2x2(1—y)u2 o x2(1+u—3yu+yu2)u o
T3y ) T T APy CY)
2
w0 XTyu
+(1_u)2G(0,x ,Y) —(l—u)z'

As before, by substituting u = u, we obtain the following two equations:
2
CUZ 2y st 102 ) - 0042, y)
(I —up)(I — yus)
A=yl
(= up)(d — yuz)?
2x2(1 — y)yul

G (us: x2,y)

x2(1 +us — 3yus + yuzi)ui

Gus; x2,y) — G(l: x
(1 —us)2(1 — yuz) Y (1 —us)2(1 — yuz)
2
b —E G022 y) —
l—ui 1-— u+

Hence, by subtracting these two equations, we obtain the following result.

Theorem 2.4 We have

R(x,uy) — R(x,u_)

.2 —

Q(L:x%, y) = x2(A0=2y+yupuy  x2(A=2y+yu Ju_ "

A—up)(—yup)  (A—a)(I—yu_)
where

2 2.3 2 2

1 - 2x<(1 —

R(x,u) = &(y(u; x2, y) + MG(H; x2, y)
(I —u)(1 —yu)? (I —uw)?(1 — yu)
x2(1+u —3yu + yu?)u x2yu

u
Gl %, ) + TG (0527, y) -

(1 = w)2(1 = yu) 1—u

(2.6)

)

Note that the expressions for G(u+; x2, y) and G'(u+; x*, y) are given in Corollary 2.3 and the expressions for

G(1; x?, y) and G (0; x2, y) are given in Theorem 2.1.

After several algebraic operations, the generating function Q(1; x2, x?) for the total number of interior vertices

over all polyominoes of perimeter 2n can be written as

0(1: x2, x2) = a(x?)
T 4(1 + x2)(2x0 — 23x% +38x2 — 18)2((1 — x2)2 — 4x2)

n V1= xz(b(x) + b(—x))
dx~/1 4+ x2(2x6 — 23x4% 4+ 38x2 — 18)2
(1 —xHe@x?)

+ )
4(2x0 — 23x% +38x2 — 18)2/(1 — x2)2 — 4x2
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where

a(x) = —11x° — 11x® + 1084x7 — 4684x° + 6617x> + 217x* — 9836x> + 98922
— 3702x + 402,

Ax1T — 7510 — 17515 4 7551 4 4x 13 — 456512 + 65x11 + 1213x10 — 1272x°

be) —1663x3 + 3322x7 + 1410x° — 3398x° — 742x* + 1490x3 + 230x2 — 198x — 36
X) = s

(142x —x2)4/1 —2x — x2
c(x) = —21x% + 172x° — 553x* + 1072x> — 1026x> + 480x — 78.

Note that generating function Q(1; x, x) is analytic in the disk |x| < r = (/2 — 1)?, while it has a singular point
at x = r. Moreover,

O(l: 5. %) = 79442 — 999 4 6(51 — 144/2)/ 10 — 74/2 L ouTTTT.

8836(1 — x/r)

Hence, by Theorem IV.5 in [10] and (2.4), we can state the following result.

Theorem 2.5 The average number of interior vertices over all column-convex polyominoes of perimeter 2n is
asymptotic to

(794ﬂ — 999 + 6(51 — 14+/2)y/10 — 7ﬁ) JT
n
24/2(12(209 — 144+/2) + (589+4/2 — 410)v/10 — 74/2)

where the coefficient is approximately equal to 0.57895563 . ...

3/2

3 Results on the Corner Statistic

Recall that the generating function for the number of column-convex polyominoes according to the statistics (i),
v(), degy () and deg, (), counted by x, y, p and ¢, respectively, is defined by

H(x,y, p,q) = Z 11 yo() pdea(m) g dega(m)
7eCCP

where degs () and deg4 () denote the number of degree 2 and degree 4 corners in the polyomino 7. The main
result of this section is the following:

Theorem 3.1 The generating function H is given by

B y(d = yp*1 —v)(d —vo)
g (1 = vy (1 = v_y) = 2y(1 —vp)(1 —v-))’

H(x,y,p,q) =

where

L UF YDA+ +2pg iy - VA F VD) +y) £2pg/xy)? —4y(LF VX £ pg/x)?
2y(1 F /x £ pg/x) '

For instance, H(x, y, p,q) = p*xy + p*xy* + p*x%y + p*xy3 + p*dpq + Dx%y? + p*x3y + p*xy* +
pr4p2g? + 8pg + Dx%y3 + p*(4p?g® 4+ 8pq + )x3y? + p*x*y + - - -, where the bold coefficient counts the 5
column-convex polyominoes in Fig. 3.
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p°q p’¢  pq p°q¢ p*

Fig. 3 Polyominoes with horizontal and vertical perimeter of 4

Note that Theorem 3.1 with p = ¢ = 1 gives (1.1). Indeed, the Proof of Theorem 3.1 provides a different proof
of (1.1). As an application of Theorem 3.1, in Corollary 3.3, we show that the average number of corners over all
column-convex polyominoes of perimeter 2x is asymptotic to

4(6(51 — 14/2)V 10 — 7/2 + 7942 — 999)
6(23+/2 + 74)v/10 — 74/2 + 589+/2 — 410

where the coefficient is approximately equal to 1.17157287 . ... For the asymptotic results for corners of degrees
2 and 4, see Corollary 3.4.

Let m be any nonempty polyomino with m columns such that the bottom cell of the first column lays on the
x-axis. We say that a bottom (upper) cell of the ith column of 7 is at position £ if it lays on (lays below and touches)
the line y = k.

Let H, = H,(x, y, p, q) be the generating function for the column-convex polyominoes with the first column of
size a, according to the statistics 4 (), v(ir), dega () and deg4 (7T ), counted by variables x, y, p and g, respectively.
We will first write an equation for the generating function H, by making use of CCP-column decomposition as
used in Sect. 2. See also Fig. 2:

e CaseIin Fig. 2: The column-convex polyomino has only one column. Thus the contribution of this case is given
by xy“p*

e Case II in Fig. 2: The size of the second column is b, 1 < b < a, and its bottom cell is not below the
line y = 0 and its upper cell is not above the line y = a. Thus, the contribution of this case is given by
xy* " Q2pqg + p*q*(a — 1 —b))H, whenb = 1,2, ...,a — 1 and x H, when b = a.

e Case III in Fig. 2: The size of the second column is b, b > 2, and its bottom cell is below the line y = 0 and
its upper cell is not above the line y = a. Thus, the contribution of this case is given by xpzqszb

when2 <b <a,xp q2) yy Hjp when b > a + 1 and the upper cell of the second column is not above the line

y =a — 1, and xpg H, when b > a + 1 and the upper cell of the second column is below and touches the line
y=a.

e Case IV in Fig. 2: The size of the second column is b, b > 2, and its bottom cell is not below the line y = 0 and

a+1-b a

its upper cell is above the line y = a. As In case /11, the contribution of this case is given by xp?g? y*_y

-y
when 2 < b < a, )cpzqzy—H;J when b > a + 1 and the lower cell of the second column is not below the

line y = 1, and xpq Hp, When b > a + 1 and the lower cell of the second column is above and touches the line
y=0.

e Case V in Fig. 2: The size of the second column is b, b > a + 2, and its bottom cell is below the line y = 0
and its upper cell is above the line y = k. The contribution of this case is given by xp2¢?(b — 1 — a) Hj when
b>a-+2.

Hy

Thus, a1 P
ya—H—b _ ya
H, = xy“p* +x Z Y 2pg + p*q*(a — 1 — b)Hy + x Hy, + 2xp*q? Z ———H,
-y
b=1 b=2
2 2 Y- 2 2
+2xp°q Z T Hb+2qu Z Hpy +xp“q Z(b—l—a)Hb,
b>a+1 b>a+1 b>a+2

We define H(u) = H(u; x, y, p,q) = Zazl Hyu 1,
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Then by multiplying the last recurrence by #%~! and summing over all @ > 1, we obtain
4 2,222
X X u 2xypqu
Huw) = 22 2P py + 222 ) 4 xH @)
1—yu (1 — yu) 1 —yu
2xyp*?H@w) | 2xyp*q*uH (1)  2xyp’q*H(w) | 2xpq(H(1) — H())
d=yd—-yw) A—-—w)d—yu) A—-u)d—y) 1 —u
2.2 2.2 2,2
xp~q xpTq xpcqc d
Hw)—-HQO) — ——(HA)— HQO — —H =1,
1 @ = HO) = 7= 5 () = HO) + 7= H ) =)
which is equivalent to
| g = Du? + (1 +y = 2ypg)u + pg — 1)°x? He 22 . p.9)
(1 —w)?(1 — yu)? R
2 2
X7pq2 — pq + Bpgy — 2y —2)u + 2y(1 — pq)u~)
= H(1:x%, y.p.q) (3.1)

(1 —u)>(1 — yu)
2 4 2.2 2
xX“yp x°pq- d
—Hu; x%,y, prq) lu=1 -
1 —yu 1—u du

We will solve this functional equation by using the kernel method. If we assume that u takes the values of u, u_

where

u+(x,y, pvq)
l—x+y—xy+2pgxy —/ (A —x+y—xy+2pgxy)? —4y(l — x + pgx)?
2y(1 —x + pgx) ’

Uy

u_=u_(x,y,p,q)

L+x+y+xy—2pgxy — /(1 +x+y+xy —2pgxy)? — 4y(l + x — pgx)?
2y(1 4+ x — pgx)

)

with u = u satisfying

| Og =D + (I +y = 2ypgu+ pg — D*2* _

(1 —w)*(1 — yu)?

then, we obtain

q(2— pq + Bpgy — 2y — Duy +2y(1 — pg)u?)
(I —up)(1 = yuy)
+ M L Hw 2y, . @) luer= O,
— yu4 du
q(2 = pq + Bpgy —2y — Du_ +2y(1 — pg)u?)
(I —u_)(1 —yu-)
A —u) 5 d

+ 1 —yu_ +ra du

H(;x%y, p,q)

H(1;x% y, p,q)

H(uv -x27 yr p’ CI) |u=l= 0
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By solving this system for H(1; x2, y, p, ¢), we obtain

B y(A = y)p*( —u)(1 —u)
(1 —up) (I —u_y) =2y —up)(1 —u_))’
which, by substituting expressions of u, completes the Proof of Theorem 3.1. O

Note that cor () = dega () + degs (i) is the number of all corners in 7. Thus, by Theorem 3.1, we have the
following corollary.

H(; %%y, p,q) =

Corollary 3.2 We set vi(x,y, p,q) = u+(s/x,y, p, q). Then

(1) The generating function for the column-convex polyominoes according to the statistics h(rw), v(w), and the
number of corners, counted by x, y and q, respectively, is given by
—yd =y -vi(xy,9.9)d —v-(x,y.9,9)
(I =yvi(x, 3,9, 9)(A = yv_(x,y,4,9) —2y(1 vy (x, y,q, )1 —v-(x,y,4q,9))

(i) The generating function for the column-convex polyominoes according to the statistics h(w), v(w) and deg, (),
counted by x, y and p, respectively, is given by

—y(1 = y)p?(1 —vi(x, y, p, DYA —v_(x,y, p, 1))
(1 = yvy (e, y, p, YA — yv_(x,y, p, 1)) = 2y(1 —vi(x, y, p, DA —v_(x,y, p, 1))’

(iii) The generating function for the column-convex polyominoes according to the statistics h(w), v(r) and deg4 (),
counted by x, y and q, respectively, is given by

—yI=y)d —vi(x,y,1,9)1 —v_(x,y,1,9))
g>((1 = yvy(x, y, Lg) (I —yv_(x, 3, 1,9)) = 2y(1 — v (x, y, L, g1 —v_(x,y,1,9))’

We can find the asymptotic of the coefficient of x” in the generating function H (x, x, 1, 1). Let r = 3 — 24/2,
by singularity analysis, see [10], we have

Hx,x,1,1)=co—c1/1 —x/r+ 00 —x/r),

where

201 =210 - 7V2) (7 — V2)
- 47

o = 0.086983606.. .,

_2v/5V2 = 7((138v/2 + 444)/10 — 7+/2 + 589+/2 — 410)

]
2209

=0.15099723....

Hence, the coefficient of x" in H(x, x, 1, 1) is asymptotic to

C1

2na/mn

"1H (x, x, 1, 1) ~ (3 +2vV2)". (3.2)

In the following, we study the average number of of corners, the sum of the corners of degrees 2 and 4, in
column-convex polyominoes of perimeter 2n.
By differentiating H (x, x, ¢, q) at ¢ = 1, Corollary 3.2 gives

a
—H s A Y =
57 (x, %, 4, 4) lg=1

_ = 2oV yvivl = (L yvios = (L+ ol + o) +ul)
(Y2vyv_ —2yviv_ + y(vp +vo) — 2y + 1)2

’
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where v+ = u+(y/x,x, 1, 1) and vy = %ui(\/)_c, X,q,q) |g=1. After substituting the expressions of v+ and vy

into %H(x, X,q,q) lg=1, we obtain

9 do
—H s Ay Y, =l= —F/F— d o 1 - )
o7 (x, %, 4, 9) lg=1 er 1+ 0T —x/r)
where
o AG1- 147/2)V 10 — T/2V/5¢2 — 7 + 4(794+/2 — 999)v/5/2 — 7
0= 2209
=0.08845213. ..,
g 24(97025 — 68562+/2) N 2(190697+/2 — 269765)3/10 — 7/2
1= 103823 103823
=0.0142419. ...

Hence, the coefficient of x”" in %H(x, X,q,q) lg=11s asymptotic to j—%@ + 2\/5)”. Thus, by (3.2), we have the
following result.

Corollary 3.3 The average number of corners over all column-convex polyominoes of perimeter 2n is asymptotic
to

2don 4(6(51 — 144/2)v/10 — 74/2 + 7944/2 — 999)
= n
c1 6(23v/2 + 74)v/ 10 — 7+/2 + 589+/2 — 410

where the coefficient is approximately equal to 1.17157287 . ...

3.1 Corners of Degree Either 2 or 4
Similar arguments as in the above subsection (counting all corners), where we consider the generating functions
%H(x, x,p, 1) |p=1 and %H(x, x,1,q) |4=1, Corollary 3.2 leads to the following result.

Corollary 3.4 The average number of corners of degree 2 (degree 4) over all column-convex polyominoes of
perimeter 2n is asymptotic to

2(6(51 — 144/2)v/10 — 73/2 + 7944/2 — 999) .
6(23v/2 + 74V 10 — 742 4+ 5892 — 410

where the coefficient is approximately equal to 0.5857864358 . . ..
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