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Self-consistent electrostatic formalism of bulk
electrolytes based on the asymmetric treatment
of the short- and long-range ion interactions†

Sahin Buyukdagli

We predict the thermodynamic behavior of bulk electrolytes from an ionic hard-core (HC) size-augmented

self-consistent formalism incorporating asymmetrically the short- and long-range ion interactions via their

virial and cumulant treatment, respectively. The characteristic splitting length separating these two ranges is

obtained from a variational equation solved together with the Schwinger–Dyson (SD) equations. Via compari-

son with simulation results from the literature, we show that the asymmetric treatment of the distinct inter-

action ranges significantly extends the validity regime of our previously developed purely cumulant-level

Debye–Hückel (DH) theory. Namely, for monovalent solutions with typical ion sizes, the present formalism

can accurately predict up to molar concentrations the liquid pressure dominated by HC interactions, the

internal energies driven by charge correlations, and the local ion distributions governed by the competition

between HC and electrostatic interactions. We evaluate as well the screening length of the liquid and investi-

gate the deviations of the macromolecular interaction range from the DH length. In fair agreement with

simulations and experiments, our theory is shown to reproduce the overscreening and underscreening effects

occurring respectively in submolar mono- and multivalent electrolytes.

I. Introduction

The local violations of the electroneutrality condition always
maintained above the characteristic scale of a few nanometers
play a direct role in the continuity of life on Earth. From ion
transport through plasma membranes1,2 to viral infection3 and
DNA–histone interactions essential to chromatin stability,3

attractive electrostatic forces balanced by HC repulsion regulate
numerous nanoscale processes vital to living organisms. In
addition, the collective action of the electrostatic and HC
interactions coupled with fluid dynamics lies at the heart of
various artificially induced processes such as electrokinetic
energy conversion,4,5 water purification and desalination,6,7

and nanopore-based DNA sequencing.8 Thus, the comprehen-
sion and control of these phenomena require the accurate
formulation of the many-body charge interactions at the
nanoscale.

The DH formalism introduced a century ago has been the
leading theory enabling the consistent characterization of the
thermodynamics of bulk electrolytes.9 Despite its success as a
pioneering formulation of ion interactions, the original DH
formalism suffers from two major limitations. First, the theory

incorporating the hydrated ion size as a screening-free cavity
neglects the repulsive pairwise HC interactions. Then, the
possibility to recover the formalism from the one-loop-level
expansion of the liquid partition function indicates its electro-
static weak-coupling (WC) nature.10 As a result, the validity of
the theory is limited to the characterization of weakly coupled
monovalent salts at dilute concentrations.

The access to the opposite regime of multivalent ions and
condensed solutions has been provided by Monte-Carlo (MC)
simulations enabling the exact characterization of the liquid
thermodynamics.11–15 Dense liquids of high ion valency
have been also investigated by approximate thermodynamic
formalisms such as density functional and integral equation
theories.16–21

In order to gain analytical insight into the thermodynamics
of charged liquids, the aforementioned approaches should be
complemented by mathematically transparent theories of
reduced numerical complexity. Along these lines, Attard22–24

and Kjellander25–29 developed effective electrostatic theories
based on the forcing of the zeroth and second moment condi-
tions on DH-like charge distribution functions. On the side of
the conventional statistical mechanics, the functional integral
formulation of the liquid partition function30–32 has been
successfully used for the characterization of the liquid thermo-
dynamics via systematic perturbation techniques33 and varia-
tional methods34–36 in confined media.
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The predictions of these WC-level functional integral the-
ories accurate for monovalent ions have been also extended to
the strong-coupling regime of multivalent charges by virial
expansion techniques37 and hybrid formalisms treating the
electrolyte components asymmetrically according to their indi-
vidual valency.38,39 Moreover, Chen et al.40,41 and Santangelo42

developed efficient splitting techniques based on the asym-
metric treatment of the ionic short- and long-wavelength inter-
actions whose ranges are separated by a characteristic splitting
length adjusted arbitrarily. Then, Santangelo’s splitting theory
has been ingeniously upgraded by Hatlo and Lue’s variational
formalism enabling the explicit calculation of the splitting
parameter via the numerical minimization of the electrostatic
grand potential.43–45 The corresponding theory treating the
long-range interactions at the mean-field-level and the short-
range interactions within a cumulant expansion scheme has
been shown to reproduce self-consistently the local density and
pressure of confined electrolytes from weak to strong electro-
static coupling regime.

As the competition between the electrostatic and HC inter-
actions emerges at submolar ion concentrations,46 the accuracy
of the functional integral models neglecting the interionic HC
coupling is limited to dilute salt solutions. With the aim to
overcome this limitation, we have recently developed a calcula-
tion scheme enabling the calculation of the liquid thermo-
dynamic functions by explicitly incorporating the ionic HC
size.10 It should be noted that the underlying cumulant expan-
sion around a Gaussian reference Hamiltonian corresponds to
an electrostatic WC approximation. Consequently, while the
resulting cumulant-corrected DH (CCDH) theory can predict
the HC-dominated liquid pressure up to molar concentrations,
its predictions for the electrostatically driven internal energy
are limited to submolar concentrations.

In order to extend the electrostatic coupling regime covered
by the CCDH formalism, in this article, we develop a self-
consistent DH (SCDH) theory of bulk electrolytes based on
the asymmetric treatment of the short- and long-range electro-
static fluctuations. In Section II, we derive the field-theoretic
partition function of the liquid embodying the corresponding
splitting together with the pairwise HC interactions, and obtain
a new variational equation solved by the splitting parameter
separating these distinct interaction ranges. Then, we derive
the SD equations relating this variational identity to the physi-
cal parameters of the system. Finally, we calculate the total
correlation function required for the computation of the ther-
modynamic functions and the screening length of the electro-
lyte. The thermodynamic averages involved in these formally
exact identities are evaluated via an hybrid calculation scheme
that consists in incorporating asymmetrically the electrostatic
fluctuations of short- and long-wavelengths within the virial
and cumulant approximations, respectively. This scheme
corresponding to a variational upgrade of our electrostatic
WC-level CCDH formalism10 allows to avoid the cumulant-
level WC treatment of the short-range ion interactions.

In Section III, we compare our predictions with hypernetted-
chain (HNC) and MC data for various ion sizes, valencies, and

concentrations. We find that the asymmetric variational treat-
ment of the distinct interaction modes significantly improves
the accuracy of the CCDH formalism in predicting the HC-
dominated osmotic pressures, the electrostatic correlation-
driven internal energies, and the ion pair distributions gov-
erned by the competing HC and electrostatic interactions. This
upgrade is the main progress of our work. Via additional
comparison with simulations and experiments, we equally
show that our approach can also reproduce with reasonable
accuracy the underscreening and overscreening effects occur-
ring in mono- and multivalent solutions.

II. Model and theory
A. Liquid partition function

We introduce here the electrolyte model and derive the parti-
tion function of the solution. The solvent-implicit bulk electro-
lyte is composed of p ion species. The ion charge of the species i
with valency qi and concentration ni is placed at the center of an
impenetrable HC sphere of radius d corresponding to its
hydrated volume. The electrolyte of temperature T has dielec-
tric permittivity ewe0, where e0 and ew are the vacuum and
relative water permittivities, respectively.

The grand canonical partition function of the liquid invol-
ving the fugacity li of the ion species i reads

ZG ¼
Yp
i¼1

X1
Ni¼1

lNi
i

Ni!

ðYp
j¼1

YNj

k¼1
d3rjke

�b EmþEnð Þ; (1)

where the pairwise interaction energy

bEm ¼
1

2

ð
d3rd3r0 n̂cðrÞvc r� r0ð Þn̂c r0ð Þ½

þ n̂hðrÞvh r� r0ð Þn̂h r0ð Þ�
(2)

has been expressed in terms of the ionic charge and number
density operators defined as

n̂cðrÞ ¼
Xp
i¼1

XNi

j¼1
qid3 r� rij

� �
þ
XNm

k¼1
Ckd3 r� Rkð Þ; (3)

n̂hðrÞ ¼
Xp
i¼1

XNi

j¼1
d3 r� rij
� �

: (4)

In eqn (2), the electrostatic charge interactions are mediated by
the inverse of the bulk Coulomb operator

vc
�1 r; r0ð Þ ¼ �kBTewe0

e2
r2d3 r� r0ð Þ (5)

corresponding to the standard Coulomb potential

vcðr; r0Þ ¼
‘B

r� r0k k; (6)

where cB = e2/(4pewe0kBT) is the Bjerrum length defined in
terms of the electron charge e and the Boltzmann constant kB.
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Eqn (2) also includes the pairwise HC interaction potential vh(r)
defined as

e�vh(r) = y(r � d), (7)

where y(x) is the Heaviside step function.47 Finally, in eqn (3),
we introduced Nm fixed charges of valencies Ck that will allow to
derive the net correlation function.

Eqn (1) contains as well the single-body energy

bEn ¼
Xp
i¼1

ð
d3r wiðrÞ

XNi

j¼1
d3 r� rij
� �

�
Xp
i¼1

NiEi (8)

including the potential wi(rij) introduced for the derivation of
the average ion densities, and the ionic self-energy

Ei ¼
1

2
qi
2vcð0Þ þ vhð0Þ

� �
(9)

that has been subtracted from the Hamiltonian.
Following the approach of ref. 42–44, we split now the

Coulomb potential into a short-range and a long-range
component,

vc(r, r0) = vs(r, r0) + vl(r, r0), (10)

whose functional forms will be specified below. In the first term
on the r.h.s. of eqn (2), this splitting gives rise to two types of
electrostatic energy components. Thus, introducing in eqn (1)
an Hubbard–Stratonovich transformation for each type of pair-
wise interaction,

e
�1
2

Ð
d3rd3r0 n̂gðrÞvgðr�r0Þn̂gðr0Þ ¼

ð
Dcg e

�1
2

Ð
d3rd3r0cgðrÞvg�1ðr�r0Þcgðr0Þ

� ei
Ð
d3rn̂gðrÞcgðrÞ;

(11)

where cg(r) stand for the auxiliary potentials associated with
the short-range (g = s) and long-range (g = l) Coulomb inter-
actions, and the pairwise HC interactions (g = h), one can recast
the grand-canonical partition function as a functional integral
over these potentials,

ZG ¼
ð DWffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

det vsvlvh½ �
p e�bH½W�: (12)

In eqn (12), we introduced the shorthand vector notations for
the fluctuating potentials W = (cs, cl, ch) and the functio-
nal integration measure DW ¼ DcsDclDch; and defined the
Hamiltonian functional

bH½W� ¼
X
g¼s;l;h

ð
d3rd3r0

2
cgðrÞvg�1 r; r0ð Þcg r0ð Þ

�
Xp
i¼1

li

ð
d3r k̂iðrÞ � i

XNm

k¼1
Ck cl þ cs½ �Rk

(13)

including the fluctuating ion density function

k̂iðrÞ ¼ eEi�wiðrÞþichðrÞþiqi csðrÞþclðrÞ½ �: (14)

Unless stated otherwise, in the remainder, we will omit the
macromolecular charges and set Ck = 0.

B. Splitting scheme

1. Short- and long-range interaction potentials. In this
article, the internal energy and pressure of the electrolyte will
be calculated with the long-range component of the potential
(10) chosen as the inverse of the following operator originally
introduced in ref. 43,

vl
�1(r, r0) = (1 � s2r2 + s4r4)vc

�1(r, r0), (15)

where s stands for the auxiliary splitting length separating the
short- and long-range electrostatic interactions. In our article,
the Fourier transform (FT) and the inverse FT of the general
function f (r) are respectively defined as ~f ðqÞ ¼

Ð
d3rf ðrÞe�iq�r

and f ðrÞ ¼ ð2pÞ�3
Ð
d3r~f ðqÞeiq�r. Inverting now eqn (15) in Fourier

space, and using the FT of the Coulomb potential ṽc(q) = 4pcB/q2

together with the constraint (10), the FT of the short- and long-
wavelength potentials follow as

~vsðqÞ ¼
4p‘B
q2

s2q2 þ s4q4

1þ s2q2 þ s4q4
; (16)

~vlðqÞ ¼
4p‘B
q2

1þ s2q2 þ s4q4
� ��1

: (17)

Finally, the inverse FT of eqn (16) and (17) yield

vsðrÞ ¼
‘B
r

cos
r

2s

� �
þ 1ffiffiffi

3
p sin

r

2s

� �	 

e�
ffiffi
3
p

r
2s ; (18)

vlðrÞ ¼
‘B
r
� vsðrÞ: (19)

2. Variational equation for the splitting parameter. The
value of the splitting length s required for the explicit calcula-
tion of the thermodynamic functions can be determined by
exploiting the invariance of the partition function (1) and the
grand-potential OG = �kBT ln ZG under the alteration of this
parameter, i.e. qsOG = 0. Expressing the latter equality via the
functional integral representation (12) of the partition function,
the variational equation satisfied by the parameter s follows asX

g¼fs;lg

ð
d3rd3r0 @sv

�1
g r; r0ð Þ

h i
Gg r; r0ð Þ � vg r; r0ð Þ
� �

¼ 0: (20)

In eqn (20), the two-point correlation functions

Gg(r, r0) = hcg(r)cg(r0)i (21)

involve the functional averages over the fluctuating potentials
cg(r) defined for a general functional F[W] as

F ½W�h i ¼ 1

ZG

ð
DW e�bH½W�F ½W�: (22)

The formally exact variational eqn (20) that will enable the
asymmetric treatment of the distinct interaction modes is one
of the key results of the present work. This identity equally
valid for confined liquids can be also extended directly to
more general splitting potentials involving multiple splitting
parameters si. In the present case of bulk liquids where the trans-
lational symmetry implies vg(r, r0) = vg(r� r0) and Gg(r, r0) = Gg(r� r0),
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eqn (20) can be expressed in Fourier space as

X
g¼fs;lg

ð1
0

dqq2 ~GgðqÞ � ~vgðqÞ
� �

@s~vgðqÞ ¼ 0: (23)

C. Electrostatic SD identities

The correlation functions (21) can be related to the physical
parameters of the charged liquid via the electrostatic SD
identities.10 In order to extend the derivation of these identities
to multiple electrostatic potential components, we define first
the functional integral

J ¼
ð
DW e�bH½W�F ½W�: (24)

Then, we introduce an infinitesimal shift of the electrostatic
potential component cg(r) for g = {s, l} as cg(r) - cg(r) + dcg(r),
and expand eqn (24) at the linear order in the function dcg(r).
The resulting variation of the integral (24) follows as

dJ ¼
ð
drdcgðrÞ

ð
DWe�bH½W�

� dF ½W�
dcgðrÞ

� F ½W�dH½W�
dcgðrÞ

( )
:

(25)

At this point, we take into account the invariance of the
functional integral (24) under this potential shift, and set
eqn (25) to zero.48 Dividing the resulting expression by the
partition function (12), one obtains the identity

dF ½W�
dcgðrÞ

* +
¼ F ½W�dH½W�

dcgðrÞ

* +
: (26)

Setting in eqn (26) F[W] = 1 and F[W] = cg(r0), the SD identities
respectively follow in the form

d bH½W�ð Þ
dcgðrÞ

* +
¼ 0;

d bH½W�ð Þ
dcgðrÞ

cgðr0Þ
* +

¼ d3 r� r0ð Þ: (27)

The substitution of the Hamiltonian (13) into the second SD
identity in eqn (27) now yieldsð

d3r1vg
�1 r; r1ð ÞGg r1; r

0ð Þ � i
Xp
i¼1

liqi k̂iðrÞcgðr0Þ
D E

¼ d3ðr� r0Þ:

(28)

Finally, using the equalityð
d3r1v

�1
g r; r1ð Þvg r1; r

0ð Þ ¼ d3 r� r0ð Þ; (29)

Eqn (28) can be inverted to obtain the electrostatic two-point
correlation functions in eqn (20) in the form

Gg r; r0ð Þ � vg r; r0ð Þ

¼ i
Xp
i¼1

liqi

ð
d3r1vg r; r1ð Þ k̂i r1ð Þcg r0ð Þ

D E
:

(30)

D. Electroneutrality conditions

1. Global electroneutrality condition. We derive here the
global electroneutrality condition. First, we note that according
to eqn (1) and (8), the average ion density is given by ni =
�d ln ZG/dwi(r) or

ni = lihk̂i(r)i. (31)

Thus, inserting the Hamiltonian (13) into the first SD identity
in eqn (27), one obtains for g = l

ð
d3r0v1

�1 r; r0ð Þ�cl r
0ð Þ �

Xp
i¼1

qini ¼ 0; (32)

with the average potential defined as �cl(r) = �ihcl(r)i. Taking
now into account the uniformity of this potential in the bulk
liquid, i.e. �cl(r) = �cl, eqn (32) reduces to

�cl~v1
�1ð0Þ ¼

Xp
i¼1

qini: (33)

As the infrared (IR) limit of the inverse long-range potential (17)
vanishes, i.e. ṽl

�1(q - 0) = 0, eqn (33) finally yields the global
electroneutrality condition

Xp
i¼1

niqi ¼ 0: (34)

2. Local electroneutrality condition. The derivation of the
local electroneutrality condition around a central charge qi

located at r = rc requires the calculation of the pair distribution
function between the ions of the species i and j,

gij r; r
0ð Þ ¼

XNi

k¼1

XNj

l¼1
d r� rikð Þd r0 � rjl

� �1� dijdkl
ninj

* +
G

; (35)

where the bracket h�iG denotes the grand-canonical average,
and the Kronecker deltas dij subtract the self-interactions.
Using eqn (1) and (8), the identity (35) can be recast in terms
of the partition function as

gij r; r
0ð Þ ¼ 1

ninj

1

bZG

d
dwjðr0Þ

þ dijd r� r0ð Þ
	 


dZG

dwiðrÞ
: (36)

Substituting the functional integral form of the partition func-
tion (12) into eqn (36), the latter can be finally expressed in
terms of the functional average (22) as

gij r; r
0ð Þ ¼ lilj

ninj
k̂iðrÞk̂j r0ð Þ
D E

: (37)

In the general SD identity (26) for g = l, we set now F[C] =
lik̂i(rc) to obtain

iqinid3 rc � rð Þ ¼ li

ð
d3r1vl

�1 r; r1ð Þ cl r1ð Þk̂i rcð Þ
D E

� ini
Xp
j¼1

qjnjHij rc; rð Þ;
(38)
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where we made use of eqn (31), (34) and (37), and the definition
of the total correlation function,

Hij(r, r0) = gij(r, r0) � 1. (39)

Next, integrating eqn (38) over r, and accounting for the
vanishing IR limit of the inverse of the potential (17), one gets
the zeroth moment condition24,49

qi þ
Xp
j¼1

njqj

ð
d3rHij rc; rð Þ ¼ 0: (40)

Finally, defining the net charge density

Qi rc; rð Þ ¼ qid3 rc � rð Þ þ
Xp
j¼1

njqjHij rc; rð Þ (41)

associated with the central charge qi surrounded by its sphe-
rical ion cloud of radius R = 8r � rc8, eqn (40) can be expressed
as the local electroneutrality constraintð

d3r Qi rc; rð Þ ¼ 0: (42)

E. 2nd moment condition and screening parameter

1. Two-point correlation function. The derivation of the
thermodynamic constraints and functions calculated in the
remainder will be based on the net correlation function corres-
ponding to the electrostatic interaction potential between the
test charges Cn and Cm immersed into the electrolyte,

G Rn;Rmð Þ ¼ @2 bOGð Þ
@Cn@Cm

� @ bOGð Þ
@Cn

@ bOGð Þ
@Cm

	 

Ck¼0

: (43)

Inserting into eqn (43) the dimensionless grand potential bOG =
�ln ZG together with the functional integral representation (12)
of the partition function, one obtains

G r; r0ð Þ ¼
X

g¼fs;lg
Gg r; r0ð Þ þ csðrÞcl r

0ð Þh i þ clðrÞcs r
0ð Þh i: (44)

The component Gg(r, r0) of the correlation function (44) is given
by eqn (30). In order to calculate the remaining cross terms, in the
general SD identity (26), we set separately F = cl(r0) for g = s, and F =
cs(r0) for g = l, and use the identity (29). This yields

cgðrÞcg0 ðr0Þ
D E

¼ i
Xp
i¼1

liqi

ð
d3r1 cgðrÞk̂i r1ð Þ

D E
vg0 r1; r

0ð Þ (45)

for g = s and g0 = 1, or g = l and g0 = s. Plugging eqn (45) into
eqn (44), and using eqn (10), one obtains

Gðr; r0Þ ¼ vcðr; r0Þ

þ i
X

g¼fs;lg

Xp
i¼1

liqi

ð
d3r1vc r; r1ð Þ k̂i r1ð Þcg r0ð Þ

D E
: (46)

Next, in eqn (26), we set F = lik̂i(r1), and use eqn (29) together
with the net charge density (41) to get

li k̂iðr1Þcgðr0Þ
D E

¼ ini

ð
d3r2Qi r1; r2ð Þvg r2; r

0ð Þ: (47)

Substituting eqn (47) into eqn (46), one finally obtains an
Ornstein–Zernike-like identity relating the two-point correla-
tion function to the total correlation function,

G r; r0ð Þ ¼ vc r; r0ð Þ �
Xp
i¼1

niqi

ð
d3r1d

3r2vc r; r1ð ÞQi r1; r2ð Þvc r2; r
0ð Þ:

(48)

2. Second moment condition. In order to derive the second
moment condition, we will exploit the electrical conductivity of
the electrolyte originally used by Stillinger and Lovett.49 To this
aim, we evaluate first the FT of eqn (48),

~GðqÞ ¼ ~vcðqÞ 1�
Xp
i¼1

niqi ~QiðqÞ~vcðqÞ
( )

; (49)

where the FT of the charge density (41) reads

~QiðqÞ ¼ qi þ
Xp
j¼1

njqj

ð
d3rHijðrÞ

sinðqrÞ
qr

: (50)

Defining now the electric susceptibility of the electrolyte via the

identity ~G�1ðqÞ¼ : ~vc
�1ðqÞ � ~wðqÞ; eqn (49) yields the FT of the

susceptibility in the form

~wðqÞ ¼

Pp
i¼1

niqi ~QiðqÞ

~vcðqÞ
Pp
i¼1

niqi ~QiðqÞ � 1

: (51)

Hence, the dielectric spectrum defined by the equality
~GðqÞ¼ : vcðqÞ=~eðqÞ follows in terms of the susceptibility (51) as
~e(q) = 1 � ṽc(q)~w(q), or

~eðqÞ ¼ 1� ~vcðqÞ
Xp
i¼1

niqi ~QiðqÞ
( )�1

: (52)

The electrical conductivity of the electrolyte implies the
divergence of the dielectric spectrum (52) in the IR limit
q - 0. In order to identify the resulting constraint, we carry
out the Taylor expansion of eqn (52) to find

~eðqÞ ¼ 1þ 2p‘B
3

Xp
i¼1

niqi I
ð2Þ
i �

I
ð4Þ
i

20
q2

" #
þO q4

� �( )�1
; (53)

with the auxiliary integrals defined as

I
ðnÞ
i ¼

Xp
j¼1

njqj

ð
d3rrnHijðrÞ: (54)

According to eqn (53), the IR divergence of the dielectric
spectrum requires the constant term to vanish, i.e.

2p‘B
3

X
i;j

ninjqiqj

ð
d3r r2HijðrÞ ¼ �1; (55)

which corresponds precisely to the second moment condition
originally derived by Stillinger and Lovett.24,49

3. Dressed ion charge. Within the present formalism, we
recover here Kjellander’s dressed ion charge.27 To this aim, we
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express first the potential fi(r) induced by a source charge qi,

fiðrÞ ¼
ð
d3r0vc r; r0ð ÞQi r

0ð Þ¼ :

ð
d3r0G r; r0ð Þr�i r0ð Þ: (56)

In eqn (56), the second equality defining the dressed charge
density r�i ðrÞ associated with the central charge qi and its close
counterion cloud implies that the interaction of the dressed
charges is mediated by the net two-point correlation function
dressed by the far-cloud screening.

Next, we evaluate the FT of eqn (56) to obtain the dressed
charge density in reciprocal space as

~r�i ðqÞ ¼ ~QiðqÞ~eðqÞ; (57)

where we used the dielectric spectrum (52). The net
dressed charge follows from the integral of the dressed charge
density over the entire space, i.e. q�i ¼

Ð
d3rr�i ðrÞ ¼ ~r�i ð0Þ. Thus,

evaluating the IR limit of eqn (57), and taking into account
the moment conditions (40) and (55), one finally obtains the
dressed charge in terms of the integrals in eqn (54) as follows,

q�i ¼
5I
ð2Þ
i

p‘B
Pp
j¼1

njqjI
ð4Þ
j

: (58)

4. Screening parameter. In order to derive the screening
parameter, we combine first eqn (49) and (51) to express the
correlation function in real space as

GðrÞ ¼
ð
d3r

2pð Þ3
4p‘B

q2 � 4p‘B~wðqÞe
iq�r: (59)

According to the asymptotic analysis of the OZ equation, at
large separation distances, the correlation function (59) exhi-
bits an exponential decay,24 i.e.

G r� k�1
� �

� ‘B
r
e�kr ¼

ð
d3r

2pð Þ3
4p‘B

q2 þ k2
eiq�r: (60)

The comparison of the integrals in eqn (59) and (60) indicates
the existence of poles fulfilling the condition [q2� 4pcB~w(q)]q=ik = 0.
This yields the following non-linear equation satisfied by the
screening parameter

k2 = �4pcB~w(ik) (61)

originally derived by Kjellander.29

In the present work, we limit ourselves to the leading order
perturbative solution of the identity (61). Thus, Taylor-expanding
eqn (51) and (61) in terms of the parameter k, and accounting for
the moment conditions (40) and (55), the screening parameter
follows as a modified DH identity involving the dressed charge (58),

k2 � 4p‘B
Xp
i¼1

niqiq
�
i : (62)

F. Generalized cumulant approach

The equations preceding eqn (62) are exact identities. However,
the non-linearity of the Hamiltonian functional (13) does not

allow the exact calculation of the functional averages in
eqn (30) and (37). Thus, in the present work, these averages
will be evaluated via a generalized version of our cumulant
expansion scheme introduced in ref. 10.

Our approach is based on the exact splitting of the Hamil-
tonian (22) into a Gaussian reference component H0[W] whose
form will be specified below, and a second component dH[W]
including the non-linearities beyond Gaussian-level that will be
treated perturbatively, i.e.

H[W] = H0[W] + tdH[W]. (63)

In eqn (63), the expansion parameter t of unit magnitude will
enable us to keep track of the perturbative order.

In order to simplify the notation, in the remainder, the
arguments of the functionals will be omitted. Plugging now
the decomposition (63) into eqn (22), and Taylor-expanding the
result at the first perturbative order O(t), the average of the
general functional F follows as

hFi = hFi0 � t[hbdHFi0 � hbdHi0hFi0] + O(t2). (64)

In eqn (64), the Gaussian-level averages and the corresponding
partition function have been defined in the form

Fh i0¼
1

Z0

ð
DW e�bH0F ; Z0 ¼

ð
DW e�bH0 : (65)

Within the present formalism, the functional averages over
the fluctuating potentials cg(r) associated with the short-range
(g = {h, s}) and the long-range (g = l) interactions will be
evaluated via the virial and the cumulant treatment, respec-
tively. To this aim, the Gaussian reference Hamiltonian in
eqn (63) is chosen in the form

bH0 ¼
ð
d3rd3r0

2

X
g¼fh;sg

cgðrÞvg�1 r� r0ð Þcg r0ð Þ

8<
:
þ clðrÞG�1l r� r0ð Þclðr0Þ

�
;

(66)

where the variances of the short-range fluctuations (g = {h, s})
are incorporated via the bare interaction potentials vg(r, r0), and
the long-range fluctuations are taken into account with the two-
point correlation function Gl(r � r0) that will be obtained from
the solution of the SD identity (28) for g = l. Finally, due to the
specific form of the reference Hamiltonian in eqn (66), the non-
linear Hamiltonian component in eqn (63) to be treated per-
turbatively follows from eqn (13) as

bdH ¼
ð
d3rd3r0

2
clðrÞ vl�1 r; r0ð Þ � Gl

�1 r; r0ð Þ
� �

cl r
0ð Þ

�
Xp
i¼1

li

ð
d3r k̂iðrÞ:

(67)

1. Cumulant-level calculation of the ion fugacities. We
relate here the ion fugacities to the bulk salt concentrations.
To this aim, we carry out the cumulant expansion of the
functional average in eqn (31) according to eqn (64), calculate
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the Gaussian averages defined in eqn (65), and plug into the
resulting expression the expansion of the long-wavelength
kernel into its Gaussian-level and first order cumulant components,

Gl(r � r0) = Gl,0(r � r0) + t Gl,1(r � r0) + O(t2). (68)

After lengthy algebra, one obtains at the order O(t)

ni ¼ Li � tLi
qi
2

2
Gl;1ð0Þ �

Xp
j¼1

Lj

ð
d3r hijðrÞ

( )

� tLiqi
2

ð
d3r1d

3r2

2
Gl;0

�1 � vl
�1� �

r1;r2

� Gl;0 r� r1ð ÞGl;0 r� r2ð Þ;

(69)

with the rescaled fugacity Li = li e�qi
2dGl,0(0)/2 and the Mayer

function defined as

hij(r) = e�vh(r)�qiqj[vs(r)+G1,0(r)] � 1, (70)

and the self-energy dGl,0(0) = [Gl,0(r, r0) � vc(r, r0)]r0-r. Finally, in
order to invert eqn (69), we insert into the latter the expansion
Li = L(0)

i + tL(1)
i + O(t2) and identify the terms of different

perturbative orders. This yields the ion fugacity as a function of
concentration as

Li ¼ ni þ t
qi
2

2
niGl;1ð0Þ � tni

Xp
j¼1

nj

ð
d3r hijðrÞ

þ tqi
2ni

ð
d3r1d

3r2

2
Gl;0

�1 � vl
�1� �

r1;r2

� Gl;0 r� r1ð ÞGl;0 r� r2ð Þ:

(71)

2. Cumulant expansion of the variational eqn (23). For the
cumulant-level calculation of the variational identity (23), we
evaluate first the Green’s function associated with the long-
range ion interactions. To this aim, we carry out the cumulant
expansion (64) of the SD identity (28) for g = l, and calculate the
functional averages defined by eqn (65). Inserting into the
resulting expression the kernel expansion (68) together with
the fugacity identity (71), the equations satisfied by the kernel
components of different orders follow in the formð

d3r1vl
�1 r� r1ð ÞGl;0 r1 � r0ð Þ þ

Xp
i¼1

niqi
2Gl;0 r� r0ð Þ

¼ d3 r� r0ð Þ;

(72)

ð
d3r1vl

�1 r� r1ð ÞGl;1 r1 � r0ð Þ þ
Xp
i¼1

niqi
2Gl;1 r� r0ð Þ

¼ �
X
i;j

ninjqiqj

ð
d3r1 hij r� r1ð Þ þ qiqjGl;0 r� r1ð Þ

� �

� Gl;0 r1 � r0ð Þ:

(73)

Solving now the kernel identities (72) and (73) in Fourier space,
the Fourier-transformed components of the long-range Green’s

function follow as

~Gl;0ðqÞ ¼ ~vl
�1ðqÞ þ

X
i

niqi
2

" #�1
; (74)

~Gl;1ðqÞ ¼ � ~Gl;0
2ðqÞ

X
i;j

ninjqiqj ~hijðqÞ þ qiqj ~Gl;0ðqÞ
h i

: (75)

In eqn (75), the FT of the Mayer function reads

~hijðqÞ ¼ �
4p
q3

sinðqdÞ � qd cosðqdÞ½ �

þ 4p
ð1
d

drr2
sinðqrÞ
qr

e�qiqj vsðrÞþGl;0ðrÞ½ � � 1
n o

:

(76)

Adding now eqn (74) and (75), at the order O(t), the FT of the
long-wavelength kernel (68) becomes

~GlðqÞ ¼ ~vlðqÞ �
X
i

niqi
2 ~Gl;0ðqÞ~vlðqÞ

� t ~Gl;0
2ðqÞ

X
i;j

ninjqiqj ~hijðqÞ þ qiqj ~Gl;0ðqÞ
h i

:
(77)

Then, in order to calculate the short-wavelength propagator, we
carry out the cumulant expansion (64) of the functional average
on the r.h.s. of eqn (30) for g = s, evaluate the Gaussian averages
according to eqn (65), and plug into the result the kernel
expansion (68) and the fugacity identity (71). Passing to the
reciprocal Fourier space, one gets at the order O(t)

~GsðqÞ ¼ ~vsðqÞ �
X
i

niqi
2~vs

2ðqÞ � t
X
i;j

ninjqiqj ~hijðqÞ~v2s ðqÞ: (78)

Finally, plugging the kernels (77) and (78) into the variational
eqn (23), at the order O(t), after some algebra, one obtains

X
i;j

ninjqiqj

ð1
0

dqq2 ~hijðqÞ þ qiqj ~Gl;0ðqÞ
h i

� 1� ~Gl;0
2ðqÞ~vl�2ðqÞ

� �
@s~vlðqÞ ¼ 0:

(79)

In the present work, the splitting parameter s was obtained
from the numerical solution of the variational identity (79)
via a dichotomy algorithm. We also note that as the Fourier-
transformed kernel (74) associated with the long-range
potential (15) cannot be inverted analytically, the real-space
kernel Gl,0(r) in the exponential term of eqn (76) should be
computed numerically.

3. Cumulant-level evaluation of the correlation functions.
The evaluation of the thermodynamic functions investigated in
this work requires the explicit calculation of the pair distribu-
tion function (37). To this aim, we carry out the cumulant
expansion (64) of eqn (37), evaluate the functional averages
according to eqn (65), and incorporate the kernel expansion
(68) together with the fugacity identity (71). After lengthy
algebra, the total correlation function defined by eqn (39) takes
the form

Hij(r � r0) = hij(r � r0) + t [hij(r � r0) + 1]Tij(r � r0).
(80)
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In eqn (80), we defined the auxiliary function

Tij r� r0ð Þ ¼
Xp
k¼1

nk

ð
d3r1 hikðr� r1Þhkj r1 � r0ð Þ

�

�qiqjqk2Gl;0 r� r1ð ÞGl;0 r1 � r0ð Þ
�

� qiqjGl;1 r� r0ð Þ:
(81)

Passing to the reciprocal space, eqn (81) can be expressed in
terms of the Fourier-transformed functions (74)–(76) as

TijðrÞ ¼
ð1
0

dqq2

2p2
sinðqrÞ
qr

�
Xp
k¼1

nk ~hikðqÞ~hkjðqÞ � qiqjqk2 ~Gl;0
2ðqÞ

h i(

� qiqj ~Gl;1ðqÞ
�
:

(82)

III. Results and discussion

In this section, we compare the predictions of the present
formalism with numerical and experimental data from the
literature. For the interpretation of the results reported herein,
it is essential to note that the CCDH theory of ref. 10 follows
from the present formalism in the limit of vanishing splitting
parameter s - 0 where the short-range potential (18) in
eqn (75) vanishes (vs(r) - 0), and the Gaussian component
of the long-range correlator reduces to the electrostatic WC-

level DH potential, i.e. Gl,0(r) - vDH(r) = cBe�k0r/r, where k0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p‘Bni
p

is the DH screening parameter. Thus, the CCDH theory
corresponds to the electrostatic WC limit of the SCDH
approach. This implies that the pure HC interactions are
embodied by the SCDH formalism at the same level of accuracy
as the CCDH theory.

A. Radial distribution and charge density functions

Fig. 1 compares the theoretical predictions for the pair dis-
tribution functions around a central monovalent cation with
MC simulation results (red symbols) at the ion size d E 2.38 Å

and concentration ni E 1.17 M. One sees that the cation–cation
distribution function underestimated by the DH approximation
gij(r) E 1 � qiqjvDH(r) (dotted curve) is accurately reproduced
by both the CCDH (dashed curve) and the SCDH formalism
(solid curve). In the case of the cation–anion distribution
function, while the CCDH approach agrees with MC data only
qualitatively, the simulation result is reproduced by the SCDH
formalism with quantitative accuracy.

In Fig. 2(a)–(c), the theoretical charge densities associated
with a central cation are compared with HNC predictions at the
larger ion size d = 4.6 Å characterized by substantial HC
correlations. One sees that the DH prediction ignoring the
HC ion size is qualitatively inaccurate in all three plots. Then,
the CCDH approach agrees qualitatively with the HNC data at
the dilute concentration ni = 0.1 M, but significantly deviates
from the HNC result at larger concentrations. Finally, the SCDH
formalism agrees quantitatively with the HNC data in the entire
concentration regime covered by the figure.

Fig. 2(d)–(f) display the charge distributions around a cen-
tral anion at the significantly smaller HC size d = 1.59 Å and
large molar concentrations. This regime is characterized by the
competition between pronounced HC interactions and sub-
stantial electrostatic correlations induced by the close inter-
ionic approach. One sees that the SCDH formalism improves

Fig. 1 (a) Cation–cation and (b) cation–anion pair distribution functions
associated with a central monovalent cation at the packing fraction
Z = pnid

3/3 = 0.01 and the reduced ion size d/cB = 1/3. At the temperature
T = 298 K and the dielectric constant ew = 78.5, these parameters
correspond to the ion size d E 2.38 Å and density ni E 1.17 M. The MC
data are from Fig. 1 of ref. 13.

Fig. 2 Charge density rc(r) = q+n+Hi+(r) + q�n�Hi�(r) around a central
(a)–(c) cation (i = +) and (d)–(f) anion (i = �) in 1 : 1 liquids. In (a)–(c), the

HNC data are from Fig. 6 of ref. 26. The temperature and the dielectric
permittivity are T = 298 K and e = 78.4. The remaining parameters are
provided in the legends. In (d)–(f), the MC data are from Fig. 8B of ref. 13.
From top to bottom, the packing fractions are Z = 0.01, 0.03, and 0.15. The
reduced ion size is d/cB = 2/9. The corresponding physical parameters are
provided for T = 298 K and e = 78.5 in the legends.
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the accuracy of the DH and CCDH predictions in a sizable
fashion, and agrees quantitatively with the MC data over the
entire concentration range considered in the figure. In parti-
cular, at the atypically large ion concentration of Fig. 2(f)
characterized by a weak charge inversion (CI) effect, the SCDH
formalism corrects the CCDH prediction by an order of magni-
tude, and reproduces the CI with reasonable accuracy.

B. Excess energy and pressure

The energy density and pressure of an electrolyte mixture can
be expressed in terms of the total correlation function (80)
considered in the previous part as ref. 10

bEex ¼ 2p‘B
Xp
i¼1

Xp
j¼1

ninjqiqj

ð1
d

drrHijðrÞ; (83)

bP ¼
Xp
i¼1

ni þ
2p
3
d3

Xp
i¼1

ni

 !2

þ 2p
3
d3
Xp
i¼1

Xp
k¼1

ninkHikðdþÞ þ
1

3
bEex:

(84)

On the r.h.s. of eqn (84), the second term following the ideal
gas pressure is an excluded volume contribution corresponding
to the first order virial expansion of the Carnahan–Starling (CS)
equation of state.10 Then, the third term incorporating the
contact pair densities include the second order virial expansion
term of the CS pressure.10 Finally, these repulsive contributions
originating from HC interactions are counterbalanced by the
attractive internal energy (fourth term) mainly governed by the
electrostatic coupling of opposite charges.

Fig. 3(a)–(d) compare the excess energy (83) and pressure
(84) of the SCDH approach with HNC data for 1 : 1 liquids at two

different ion sizes. The plots also display the CCDH predic-
tions, and the DH limiting laws (DHLLs),

bEex;DH ¼ �
k03

8p
; bPDH ¼

Xp
i¼1

ni �
k03

24p
: (85)

In consistency with the ion distribution plots in Fig. 1 and 2,
these energy and pressure plots show that the variational
scheme at the basis of the SCDH formalism significantly
improves the agreement of the CCDH theory with HNC data.
Namely, while the CCDH formalism extends the validity of the
DHLLs from ni B 10�2 M to ni B 0.2 M, the SCDH results agree
quantitatively with HNC data up to ni B 1.0 M. Hence, for
monovalent ions with typical hydration radii d B 4 Å, the
asymmetric treatment of the short- and long-range ion inter-
actions enables the SCDH approach to accurately predict both the
charge correlation-driven internal energy and the HC-dominated
liquid pressure up to the molar concentration regime.

Fig. 4(a) confronts the theoretical internal energy predic-
tions for 1 : 1 solutions with MC simulations over a larger
concentration regime. The quantitative accuracy of the SCDH
approach up to ni B 1.0 M is equally confirmed by this plot. At
larger concentrations ni \ 2.0 M where the SCDH prediction
overestimates the MC data, the qualitative agreement of the
present formalism with simulations is significantly better than
that of the CCDH approach exhibiting a trend reversal, and an
unphysical rise of the energy previously reported in ref. 10.

Fig. 4(b)–(d) show that for multivalent electrolytes character-
ized by stronger electrostatic coupling, the quantitative agree-
ment of the SCDH formalism with MC data is limited to
submolar concentrations. However, in the vicinity of the molar
concentration regime, the SCDH approach can qualitatively
reproduce the trend and magnitude of the simulation data
with a considerably better accuracy than the CCDH formalism.

Fig. 3 (a)–(c) Internal energy (83) and (b)–(d) pressure (84) of 1 : 1 solu-
tions against salt concentration at two different HC sizes indicated in the
legends. The temperature and the dielectric constant of the liquid are
T = 300 K and ew = 78.5. Solid curves: SCDH theory. Dashed curves: CCDH
formalism of ref. 10. Dotted curves: DHLLs. Red squares: HNC data from
Fig. 3 and 4 of ref. 22.

Fig. 4 Internal energy (83) against salt concentration. The ion valencies
and sizes are indicated in the legends. The temperature and the dielectric
constant are T = 298 K and ew = 78.5. The curves have the same
signification as in Fig. 3. The MC data (red squares) are from (a) Tables 1,
(b) 2, (c) 3, and (d) 4 of ref. 11.
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We investigate now the effect of HC size on the accuracy of
the SCDH formalism. In Fig. 5(a), the comparison of the energy
curves with MC data shows that at the particularly large solute
size d = 14.29 Å 4 cB E 7.1 Å where the strong attenuation of
opposite charge attraction by HC repulsion gives rise to weak
electrostatic coupling conditions, the SCDH formalism brings
a moderate correction to the CCDH approach. Then, in the
typical case of smaller ion sizes d o cB of Fig. 5(b)–(e) where
the shorter interionic approach distances enhance the strength
of the electrostatic correlations, the SCDH formalism substan-
tially improves the quantitative accuracy of the CCDH approach,
extending its validity limit by several factors into the molar
concentration regime.

In Fig. 5(f)–(j), we illustrate the effect of solute size on the
liquid pressure (84). At the ion size d = 14.29 Å where the HC
component of the pressure dominates its electrostatic compo-
nent, the SCDH and CCDH predictions roughly equivalent to
the second order virial expansion of the CS pressure10 both
agree with MC data up to the packing fraction Z E 0.1.
However, at the solute sizes d o cB of Fig. 5(g)–(j) where the
attractive energy component of the pressure embodying charge
correlations becomes comparable with its repulsive HC compo-
nent, the SCDH approach provides a more accurate prediction
than the CCDH theory. In particular, at the substantially small
solute size of Fig. 5(i) characterized by strong electrostatic coupling
conditions, the SCDH formalism can reproduce with reasonable
accuracy the plateau of the osmotic coefficient driven by the
pronounced competition between opposite charge attraction and
core repulsion over a broad concentration range.

C. Comparison of different splitting schemes

The systematic comparison of the present formalism with
simulations involving different salt valencies, concentrations,
and HC sizes showed that the splitting of the short- and long-
range interactions enables the SCDH formalism to handle
electrostatic correlations in a significantly more accurate fash-
ion than the CCDH approach. Here, we compare the underlying

splitting scheme associated with the filter operator of
fourth differential order (15) with the approach involving the
inverse kernel vl

�1(r, r0) = (1 � s2r2)vc
�1(r, r0) including the

filter operator of second differential order employed by
Santangelo,42 and the splitting approach of ref. 40 using error
functions. Together with the constraint (10), these two different
choices yield respectively the following short-range potentials,

~vlðqÞ ¼
4p‘B
q2

1þ s2q2
� ��1 ) vsðrÞ ¼

‘B
r
e�r=s; (86)

~vlðqÞ ¼
4p‘B
q2

e�s
2q2 ) vsðrÞ ¼

‘B
r
erfc

r

2s

h i
; (87)

where erfc(x) is the complementary error function.47

In Fig. 6(a)–(c), we show that the splitting lengths s obtained
from the solution of eqn (79) with these three distinct splitting
potentials are significantly close, and they exhibit qualitatively
similar behavior with the variation of the packing fraction or
equivalently the salt concentration. Namely, in the HC-(electro-
statically) dominated regimes of large (small) solute sizes, salt
increment reduces (raises) the splitting length s towards the
limit value of s B d/2. Fig. 6(c) also shows that below a
characteristic packing fraction, the splitting length s vanishes,
implying that the SCDH formalism converges to the CCDH
approach. Most importantly, in Fig. 6(d), one notes that the
excess energy curves computed with the three different splitting
potentials are considerably close. This indicates that the spe-
cific choice of the splitting scheme does not play a substantial
role in the calculation of the bulk thermodynamic functions.

D. Overscreening and underscreening

We evaluate here the accuracy of our formalism in predicting
the deviation of the macromolecular interaction range from the
DH length.51–53 Due to the high order of the moment integral
I(4)
i in eqn (58), in the calculation of the dressed charge, the

uncertainties originating from the numerical inversion of the
Fourier-transformed Green’s function (74) induce substantially
large errors. In order to avoid this complication, we evaluated

Fig. 5 (a)–(e) Internal energy (83) and (f)–(j) pressure (84) of monovalent ions against their packing fraction (lower axis) and concentration (upper axis) at
the temperature T = 298 K, the dielectric permittivity ew = 78.5, and the HC sizes indicated in the legends.50 MC data are from (a)–(e) Table 1 and
(f)–(j) Table 2 of ref. 13.
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the screening parameter (62) within the quadratic splitting scheme
of eqn (86) enabling the analytical inversion of eqn (74) as

Gl;0ðrÞ ¼
‘B
gr

e�k�r � e�kþr½ �; (88)

where g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4k02s2

p
and k	 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1	 g
p 
 ffiffiffi

2
p

s
� �

.
In Fig. 7(a) and (b), we display the screening parameter

of monovalent liquids at two different ion sizes. One sees that
the CCDH formalism can reproduce the overscreening effect
(k 4 k0) only perturbatively. However, despite being based on
the leading-order perturbative solution of eqn (61), the SCDH
prediction (62) can accurately account for the substantial
increment of the dimensionless screening parameter by salt
addition up to ni B 0.5 M for d = 4.6 Å, and up to ni B 0.8 M for
d = 4.0 Å. Beyond these concentrations, the agreement of the
SCDH prediction with the HNC and MC data is only qualitative.

The overscreening effect observed in Fig. 7(a) and (b) is
induced by the HC size of each ion keeping the surrounding
counterion cloud away from the central charge.26–29 The result-
ing void attenuates the shielding of the electric field created by
the ion charge, enhancing in turn the overall screening ability
of the electrolyte.

Fig. 7(c) displays the reverse case of divalent solutions
characterized by strong counterion attraction favoring the
formation of ion pairs. The pair formation partially neutralizing
the liquid lowers its charge strength and reduces its screening
ability.26–29 In agreement with HNC data, this underscreening
effect (k o k0) is reproduced by the CCDH and SCDH formal-
isms up to ni B 10 mM. However, the prediction of these three
approaches deviate from the MC data at lower concentrations.
As a result, the reversal of the underscreening trend displayed
by the MC data is significantly exaggerated by our formalisms
as well as by the HNC approach.

Finally, in Fig. 7(d), we confront the screening parameter
(62) of the SCDH formalism with the experimental data of
ref. 51 for the divalent MgSO4 and CuSO4 solutions, and the

trivalent LaFeCN6 electrolyte. The figure shows that by using
the hydrated ion size as the only fitting parameter (see the
caption), our approach can reproduce with reasonable accuracy
the underscreening effect displayed by the experimental data
for dilute salt. At larger concentrations, the departure from the
experimental data accompanied with the exaggerated reversal
of the curve trend is similar to that observed in Fig. 7(c). The
access to the corresponding strong salt regime requires the use
of calculation schemes beyond the first-order cumulant closure
presented in Section II F.

At this point, we note that the effect of salt-induced dielec-
tric decrement54 may also contribute to the discrepancy
between the theoretical curves and the experimental data in
the large concentration regime of Fig. 7(d). In future works, the
corresponding feature may be taken into account by using salt-
dependent dielectric permittivities15,39 or via the incorporation
of explicit solvent into the present formalism.54

IV. Conclusions

In this article, we presented an ion size-augmented self-
consistent formalism of bulk electrolytes exploiting the asym-
metric treatment of the distinct ionic interaction modes.
Within this hybrid approach, the long-range interactions are
taken into account via a first order cumulant expansion assum-
ing moderate fluctuations of the long-wavelength modes.
Then, the short-range interactions are incorporated via a
virial treatment that allows to avoid the WC-level Gaussian
approximation.

Fig. 6 (a)–(c) Splitting parameter solving eqn (79) rescaled by the HC size
against packing fraction at the model parameters of Fig. 5. (d) Minus the
excess energy (83) at the ion sizes corresponding to the colors in (a)–(c).
In all plots, the solid curves, the disks, and the triangles correspond to the
solution of the variational eqn (79) with the short-range potentials (18),
(86), and (87), respectively.

Fig. 7 (a)–(c) Dimensionless screening parameter against concentration
at the HC sizes and liquid compositions indicated in the legends. Solid
curves: SCDH prediction in eqn (62). Dashed curves: CCDH result. Disks:
HNC data from (a) Fig. 1 of ref. 24 (T = 300 K and ew = 78.5) and (b) and (c)
Fig. 10 and 11 of ref. 26 (T = 298 K and ew = 78.4). Blue squares: MC data of
ref. 26. (d) Experimental data of ref. 51 (symbols) and SCDH prediction
(curves) for the divalent MgSO4 and CuSO4 solutions (d = 3.2 Å), and the
trivalent LaFeCN6 electrolyte (d = 6.3 Å) at the temperature T = 298 K and
dielectric permittivity ew = 78.4.

Soft Matter Paper

Pu
bl

is
he

d 
on

 0
6 

N
ov

em
be

r 
20

24
. D

ow
nl

oa
de

d 
by

 B
ilk

en
t U

ni
ve

rs
ity

 o
n 

2/
27

/2
02

5 
11

:4
0:

48
 A

M
. 

View Article Online

https://doi.org/10.1039/d4sm01174k


This journal is © The Royal Society of Chemistry 2024 Soft Matter, 2024, 20, 9104–9116 |  9115

These distinct ranges are separated by the splitting para-
meter s satisfying the newly derived variational identity (20).
This identity also valid for inhomogeneous ion solutions can
be readily used in future works to generalize the present
formalism to the case of confined electrolytes. Moreover, the
corresponding variational scheme can be directly extended to
more general splitting potentials including multiple splitting
parameters si.

For monovalent electrolytes with typical hydrated ion sizes
d B 4 Å, the asymmetric treatment of the short- and long-range
ion interactions allows the accurate prediction of the HC-
dominated osmotic pressures, the electrostatic correlation-
driven internal energies, and the ionic pair distributions
governed by the competition between electrostatic and HC
interactions up to the molar concentration regime. This is a
substantial upgrade of our earlier CCDH formalism. In the case
of multivalent ions, the quantitative accuracy of the SCDH
formalism is limited to submolar concentrations. However,
even in the vicinity of the molar concentration range, the SCDH
approach improves significantly the qualitative agreement of
the CCDH formalism with MC simulations.

Within the framework of our functional integral theory, we
reproduced as well the characteristic eqn (62) of the screening
parameter previously derived by the dressed-ion formalism.29

The leading-order perturbative solution of this equation has
been compared with HNC and MC results as well as with
experimental data. We found that for monovalent ions with
typical sizes, the SCDH approach can accurately reproduce the
overscreening effect close to the molar concentration regime. In
the case of multivalent electrolytes, the accuracy of our form-
alism in predicting the underlying underscreening effect is
limited to strictly dilute salt concentrations. With the aim to
extend our results to strong salt conditions, we are currently
developing upgraded versions of our formalism based on high
order closures of the SD eqn (28) and incorporating explicit
solvent.54 These improvements will be reported in future works.
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