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Bi-Hamiltonian Structure of a Pair of Coupled KdV Equations.
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Summary. — We point out a pair of coupled KdV equations which admits a
bi-Hamiltonian structure.

PACS 02.30.Ks - Finite differences and functional equations.

The KdV equation is the example of a bi-Hamiltonian system[1]. There exists a
number of generalizations of this equation which are interesting from the point of
view of the Hamiltonian structure. In this connection the Hirota-Satsuma system 2]
and its hierarchy[3] have been discussed by Oevel[4] and Aiyer[5]. Extensive
discussions of the multi-Hamiltonian structure of various coupled KdV equations
have been presented by Antonowicz and Fordy [6].

We shall point out a new system

@ Uy = 200U, + V0, + (UV)y F+ Ugye, Uy = 200V, + Uk, + (UV)y + Vi
where a, b are constants subject to
2 a+b=1,

which admits a bi-Hamiltonian structure. For a = +b these equations decouple. We
shall now discuss the Hamiltonian structure[7] of egs. (1). o

It is readily verified that the primary Hamiltonian structure of egs. (1) is given
by
3 U,=JyEH,),
where U is a 2-component field and E denotes the corresponding Euler, or variational
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derivative
2
_(u _ ou
@ v=(y), E=|7|
v

with the first Hamiltonian operator and function

(D 0 _2.
(5) JO_ (0 D)’ D aw’
(6) H, = %(au3+ bw?) + %(u2v+uv2)— %(u£+v3),

respectively. However, we note that in addition to H, eqs. (1) also admit
™ Hy= 3@ +v%)

as a conserved quantity. This suggests the existence of a second Hamiltonian
operator J, satisfying the recursion relation
® JWEH,_) =JoE(H,), k=1,23..

which will give rise to infinitely many conserved quantities {H,}. The required
second Hamiltonian operator is given by

D?®+mD+ Dm pD + Dp

) Ji= 3
pD + Dp D*+nD+Dn
with
=1 =1 =1
(10) m= §(Zau+v), n= —g(u+2bv), p= 3(u+v),

and it can be easily verified that eq. (9) satisfies the Jacobi identities and is
compatible with J,. Thus the conditions of Magri’s theorem are satisfied and we
obtain an infinite set of conserved Hamiltonians which are in involution with respect
to Poisson brackets defined by either one of these Hamiltonian operators. From the
recursion relation (8) it follows that

-5 2y,44 9 2),49,2,2
() H, 72(1+4a Yut+ 72(1+4b Yv 6u v
+ 3 1+ 20U+ 2+ 20w — 2 @uPv+ wd) —
18 18 6
5 _5 2 2y, 1.2 2
— = U, v, (U +v) 3(auux+bvax)+ 2(um+vm)

3

is the next conserved quantity in this sequence.
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