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ABSTRACT

NUMERICAL METHODS FOR THE TRANSIENT
ANALYSIS OF MULTI-REGIME MARKOV FLUID
QUEUES

Omer Giirsoy
M.S. in Electrical and Electronics Engineering
Advisor: Nail Akar
January 2019

Markov fluid queue models have served as one of the main tools for the perfor-
mance analysis of computer and communication systems and networks. These
models have also been used in other disciplines such as insurance risk, finance,
inventory control, etc. This thesis focuses on the time dependent (transient) anal-
ysis of Markov fluid queue models. In particular, a numerical method is proposed
to obtain both the transient and first passage time distributions of a Multi-Regime
Markov Fluid Queue (MRMFQ). The proposed method is based on obtaining the
steady-state solution of an auxiliary MRMFQ that is to be constructed from the
original MRMF(Q which then leads to the related transient measures of interest.
First, in order to model the deterministic time horizon, the Erlangization method
is used. Then, as an alternative to Erlangization, ME-fication technique which
efficiently replaces the Erlang distribution with a Concentrated Matrix Exponen-
tial (CME), is used. As an application of the proposed method, an M/M/S+G
queue with generally distributed impatience times is modeled by using MRMFQs
and our transient analysis method is subsequently applied to obtain the time
dependent distributions. Numerical examples are given to show the effectiveness

of the proposed transient analysis method while employing ME-fication.

Keywords: queuing analysis, Markov fluid queues, transient analysis, first passage
time distribution, Matrix exponential distribution, M/M/S+G queue.
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OZET

COK REJIMLI MARKOV AKISKAN
KUYRUKLARININ ZAMANA BAGLI ANALIZI ICIN
NUMERIK YONTEMLER

Omer Giirsoy
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Nail Akar
January 2019

Markov akigkan kuyruklari iletigim aglarimin performans analizinde kullanilan
kayda deger modelleme tekniklerinden biridir. Bu modelleme teknigi sigorta
risk dagilimi, finans modellemeleri ve envanter kontrolii gibi bir ¢ok alanda
da kullamilabilir. Bu tezde Markov akigkan kuyruklarinin zamana bagli anal-
izleri ele alimmigtir. Cok rejimli Markov akigkan kuyruklarinin zamana bagh
ve ilk gecig dagilimlarimi bulmak i¢in sayisal bir yontem teklif edilmigtir. Bu
yontem orjinal Markov akigkan kuyrugundan zaman kusagi eklenerek elde edilen
yardimcr bir Markov akigkan kuyrugunun kararli hal ¢oziimiinin elde edilme-
sine dayanir. Bu coziim gerekli zamana bagh dagilimlarin elde edilmesine
onciilitk etmektedir. Probleme zaman kusaginin eklenmesinde ilk 6nce Erlan-
gizasyon teknigi kullanilmistir. Daha sonra, Erlang dagilimini Konsantre Matris
iistel dagilimi ile degistiren matris tistel teknigi kullanilmigtir. Buna ek olarak
Markov akigkan kuyruklar1 kullanilarak genel dagilimh sabirsiz miigterileri olan
M/M/S+G kuyruklart modellenmig ve yukarida bahsedilen teknik bu modelin za-
mana baglh dagilimlarini bulmak i¢in uygulanmigtir. Matris tistel teknigi ve teklif
edilen zamana bagh sayisal yontemin gecerliligi sayisal orneklerle gosterilmigtir.

Anahtar sozcikler: kuyruk analizi, Markov akigkan kuyruklari, zamana bagh
analiz, ilk gecig dagilimi, matris iistel dagihmi, M/M/S+G kuyrugu.
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Chapter 1

Introduction

1.1 Overview

Queueing systems have successfully been used for performance modeling in com-
munication networks such as satellite communications, optical networks, Inter-
net. These systems also have numerous applications in other disciplines such as
finance, insurance, storage, inventory control. The focus of this thesis is a specific
class of queueing systems called Markov Fluid Queues (MFQ) in which the rate
of change (called drift), of the fluid at any moment depends on the state of a
finite state Continuous Time Markov Chain (CTMC). MFQs are joint Markovian

processes that consist of the following two main components [1]:

e A finite state CTMC process that is considered as the background process.
Each state of this process dictates the rate of change (drift) of the fluid.

e Continuous-valued buffer level that changes with respect to a drift which is
dictated by the state of the background process and drift rates. The buffer

capacity can either be finite or infinite.

This thesis covers the following two categories of MFQs:
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e Single-Regime Markov Fluid Queues (SRMFQ): The infinitesimal generator
of the background process and drift rate matrix stay the same through all

buffer levels.

e Multi-Regime Markov Fluid Queues (MRMFQ): The buffer is divided into
multiple regimes each of which has a different infinitesimal generator and
drift rate matrix. the buffer level at any moment determines which regime

the system is in.

The current thesis proposes a numerical method that can be used to obtain
the transient (time dependent) and first passage time distributions of not only
SRMFQs but also MRMFQs. There exist some previous research to obtain the
transient solution of MFQs. Obtaining transient distributions by numerical inte-
gration of the related partial differential equations (pde) for the transient proba-
bilities is both difficult and error-prone due to error that may raise during build
up. Spectral methods have turned out to be not very successful either [2]. The
most important drawback of these methods is that most of them only cover the
SRMFQ case and not the MRMFQ case [3]. The proposed method is expected to
be a powerful alternative to the method proposed in [3] for SRMFQs but it also
provides a solution for a more general class of problems. The approach we pursue
in this paper is based on constructing a new auxiliary larger MRMFQ that is to
be constructed from the original MRMFQ using sample path arguments. Subse-
quently, obtaining the steady-state solution of this newly constructed MRMFQ
will lead us to find the transient measures of interest. To achieve this, we use the
PH-type distribution which is a CTMC with one absorbing state, to approximate
the deterministic time horizon . Basically, the new auxiliary MRMFQ that we
construct starts like the original MRMFQ from given initial conditions and after
a PH-distributed random time 7" with mean ¢, the timer expires and the MRMFQ
is forced back to start from the same initial conditions and this process repeats
forever. When we have the steady-state solution of the auxiliary MRMFQ), it
also has an approximate transient solution at time ¢ of the original MRMFQ.
When the PH-type distribution approximates the deterministic horizon ¢ better,
then the proposed method should be expected to present a better approximation

for the transient distribution at time ¢. In order to implement this model, we

2



need to have the infinitesimal generator and drift matrices which characterize the
original MFQ, and the PH-type distribution which is characterized by the pair
T ~ PH(«,S). Actually, a PH-type distribution of order k is a CTMC which
is defined on the state space {1,...,k,k + 1} for which the absorbing state is

represented by state k + 1 and the following infinitesimal generator:

S 8o
0 0 |’

where S° = —Se, « is the initial row ptobability vector, and e is a column
vector of ones of appropriate size. When the CTMC starts from a state 7 where
j € {1,2,....,k—1,k} it eventually ends up at state k + 1. We indicate this
epoch as timer expired or the random time horizon 7' is reached. We combine
the state space of the PH-type distribution with the original MFQ to construct

the new auxiliary MFQ to introduce time horizon.

As the order of PH-type distribution k increases, the approximation gets better
but since the size of the infinitesimal generator matrix of the PH-type distribu-
tion increases, the computation time spent for the proposed solution also in-
creases. Erlangization is an alternative for this purpose where 7" is approximated
by Erlang-k distribution [4]. As the order k increases, the Coefficient of Variation
(CoV) decreases with 1/k. We propose to use another alternative called Concen-
trated Matrix Exponential (CME) distribution introduced in [5] with parameter
[ denoted by CME-[ with order £k = 2/ + 1,1 > 1 whose CoV behaves approx-
imately as 2/k?* and decays to zero much faster than the Erlang-k distribution
with increased order of k. Our proposed model can be implemented with both
Erlang and CME distributions, called as Erlangization and ME-fication methods,
respectively, and thus we can study the accuracy and numerical stability of the
results in both cases. There are some other applications of PH-type distributions
especially in ruin and transient problems [6], [7]. Erlangization is also applied in
the solution of MFQs [8].

Constructing the new auxiliary MFQ enables the option of using steady-state

solution methods of MFQs since the steady-state solution of the auxiliary MFQ
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involves the results for transient solution of the original one. For this purpose,
we use the additive decomposition method which was originally introduced in
[1]. This method divides the system to three parts: constant, forward (stable)
and backward (anti-stable) parts, and reduces the time complexity dramatically.
Moreover, this method has a treatment for states which has zero drifts in a regime
and it is able to solve problems with non-zero boundary probability masses and
absorbing states as well. The computational complexity of this method can be
brought down to O(N3K) for an MRMFQ with N states and K regimes stemming
from the block-tridiagonal structure of the arising linear equations [9]. The details

of the entire proposed model will be introduced in Chapters 3 and 4.



1.2 Thesis Contribution

There are several approaches for approximating transient and first passage time
distributions for MFQs and Erlangization methods are previously used in the
literature. Some of the time-dependent MF(Q solutions use the spectral solution
method which is not very stable, some of them only found solutions for SRMFQs,
and the CME distribution has not been introduced in any of these approaches

available in the literature.

e The main contribution of this thesis is the introduction of a new method for
approximating transient and first passage time distributions in a MRMFQ
using an arbitrary PH-type distributed time horizon. The proposed method
for approximation is applicable not only for SRMFQs but also the MRMFQ
cases and since it uses the additive decomposition method, it can also
solve cases with non-zero boundary probability masses, absorbing states
and states with zero drifts. Therefore, it expands the area of application

dramatically compared to most other methods.

e Concentrated Matrix Exponential (CME) distributions are proposed to ap-
proximate the deterministic time horizon. CoV of this particular distribu-
tion decreases with approximately 2/k? which decreases much faster com-
pared to the Erlang-£ distribution with increased order k. Therefore, ME-
fication will provide a better alternative than Erlangization when the same

order is to be used.

e Another important contribution is that we propose a numerical method for
the steady-state and transient solution of the M/M/S queue with generally
distributed impatience times, namely the M/M/S+G queue. This model
is motivated by increasing application of conventional call center models
in customer contact centers, health-care systems, and telecommunication
networks. We also provide a 66-state MRMFQ used in previous studies for

comparative performance evaluation.



1.3 Thesis Outline

The rest of this thesis is organized as follows. Related work is given in Section 2.
A preliminary study for Markov fluid queues including SRMFQs, MRMFQs and
solution of them is provided in Section 3. The method used for transient and
first passage time solutions of multi-regime Markov fluid queues is presented in
Section 4. A model for M/M/S+G queues and a model for its transient solution is
introduced Section 5. In order to analyze the performance of the proposed models
numerical examples are given in Section 6. Finally, conclusions and future work

are provided in Section 7.



Chapter 2

Related Work

2.1 Transient Analysis of Markov Fluid Queues

There are a number of studies on how to acquire the transient (time dependent)
solution, see [10]. Their approach is based on an approximation of the fluid model
by the amounts of work in a sequence of Markov modulated queues of the quasi
birth and death (QBD) type that enables the use of matrix-geometric methods
for queues. They obtain the Laplace transforms (with respect to time) of the time
dependent joint distribution of the fluid level and the phase in a form that lends
itself to relatively stable computations. The characterization uses certain kernels
that appear in the matrix-geometric method and enable one to “jump” directly
to a “last epoch before time t” and thereby avoids building the story over many
small intervals up to time t as in a numerical solution of the pdes. They also
apply these to a Markov modulated insurance risk model with phase type claims
in which a bound b is imposed. They used a numerical SRMFQ example which
was previously constructed in [1] for transient analysis results which is also used
by us to measure the performance of our transient method and also extended to

the MRMFQ case.



2.2 Application of Multi-Regime Markov Fluid

Queues in Energy Management

The energy management issue in energy harvesting wireles sensor nodes is ap-
proached in [11] by using an MRMFQ model. The work in [11] proposes a risk-
theoretic Markov fluid queue model to compute the battery outage probability
of a wireless sensor node for a given finite life-horizon. The proposed method
enables the performance evaluation of a wide spectrum of energy management
policies including those with adaptive sensing rate (or duty cycling). In this
model, the node gathers data from the environment according to a Poisson pro-
cess whose rate is to depend on the instantaneous battery level and/or the state
of the energy harvesting process (EHP) which is characterized by a Continuous
time Markov Chain (CTMC). They used the solution steps of MRMFQ also used
by this thesis such as additive decomposition method which is a useful tool for
avoiding individual eigenvector computations and takes care of zero drifts and
absorbing states. Also they implemented the block tri-diagonal LU factorization

which is a method that reduces the time required to solve boundary problems.

2.3 Multi-Server Queueing System with Gener-
ally Distributed Impatient Customers

Generalization of Markovian model is already considered in the literature. In [12]
the performance of M/M/S/k+G system is analyzed, where the +G notation
indicates that patience is generally distributed, i.i.d. over customers and in-
dependently of everything else. In [13] a generalized solution for offered wait-
ing time, probability of missing deadline, and the probability of blocking for
M(n)/M/S/k+G queue has been developed. [14] [15] present the derivations for
the occupancy distribution for the state dependent M(n)/M(n)/S/k+G queue.
Moreover, some empirical results are derived for M/M/S/k+G system in [16].
In [17] an engineering approach to model the M/G/S/k+G queue and derivation



of several performance metrics for the customers in the system as well as delay
are developed. Many server asymptotics for M/M/S+G model for large values of

arrival rate and number of servers are derived in [18].

2.4 The FErlangization Method for Markovian
Fluid Flows

The method of Erlangization is used in fluid flow models in [8] as a relatively fast
method to approximate t for time dependent observations. This procedure in-
volves approximating the joint distribution of the fluid level and the environment
(otherwise referred to as “phase”) at time t by the corresponding distribution
at an independent, Erlang-distributed horizon with mean ¢. In addition to the
computation of the distribution at time ¢, it also applies to the evaluation of a
variety of first passage time distributions. The method appears to have been
first used in [19] to approximate finite-time ruin probabilities in certain insurance
risk models and also in [20] it is proved Erlang is the least variable phase type

distribution.



Chapter 3

Markov Fluid Queues

Markov fluid queues are stochastic fluid systems in which the net rate of change
(called drift) of the fluid at any moment depends on the state of a finite state,
continuous time Markov chain (CTMC) which will be called as the background
process. These systems are joint processes that consist of two processes: X (t) and
Z(t) where X (t) represents the fluid level and Z(t) is the background CTMC that
determines the rate of change, i.e., the drift at time ¢. For every state of CTMC
Z(t) € {1,2,...,N} there exist a drift value r; and the process X(t) changes
by this drift value r;, if Z(t) = ¢. The buffer capacity B can either be finite or
infinite and buffer level X (¢) cannot exceed this capacity i.e., X (¢) € [0, B].

MFQs can be categorized by dependence of their parameters to the buffer level.

Based on this classification, two categories of MFQs will be covered:

e Single-Regime Markov Fluid Queues (SRMFQ): The infinitesimal generator
of background process and drift rate matrix stay the same through all buffer

levels i.e., the parameters of the MFQ are independent of the fluid level.

e Multi-Regime Markov Fluid Queues (MRMFQ): In such queues, the pa-
rameter of MFQ is piece-wise dependent with respect to the buffer level.

The buffer is partitioned into multiple regimes. Each regime has possibly

10



different infinitesimal generators and drift rate matrices. The buffer level

at any moment determines which regime the system is in.

For better understanding, numerical examples for both categories will be given

below with their numerical parameters.
Single-Regime Markov Fluid Queue (SRMFQ) Example

Consider a SRMFQ that has a finite buffer capacity B = 3 meaning that
X(t) € [0,3]. Background process Z(t) is a three-state Markov chain that has

the following infinitesimal generator matrix:

-1 025 0.75
Q=103 —0.65 0.35],
02 06 —08

for which; the drift rates for states 1, 2 and 3 are -0.5, -1 and 1 respectively.

These rates of states are represented with a drift matrix in the following manner:

In Fig. 3.1, a sample time evolution of the above SRMFQ example is given.
Graphs of the buffer level X () and state transition Z(t) is provided and it can
be seen how X () is correlated with Z(t). When Z(t) is in states 1, 2 or 3, it can
be observed that X (¢)’s rate of change is -0.5, -1, 1 respectively. When X (t) =0
it can be seen that it can not decrease further even though Z(t) = 2 which means
the drift is equal to —1. Same applies to the case when X(t) = B = 3 and
the drift is positive. Another observation is that the drift rates and the state
transition rates stay the same through every buffer level which shows that MFQ

parameters are independent of the buffer level.

11



Buffer Level

Time

State
N
1

1 — —

Time

Figure 3.1: A sample path for the buffer level X (¢) and state transition Z(t) of
the SRMFQ example.

Multi-Regime Markov Fluid Queue (MRMFQ) Example

Let the buffer capacity B = 3 again. The capacity is partitioned into two

regimes: (0,2) and (2,3). For regimes 1 and 2 the infinitesimal generators of

background processes are

-1 1 —0.5 0.5
QW = and Q¥ = 7
1 -1 0.5 —=0.5

respectively. Also, for regimes 1 and 2 the drift matrices are:

RO = |! and R = |"P
~1 ~0.5

12



Furthermore, we also need to define the boundary behavior of this fluid at
levels 0, 2 and 3. For this example, let us assume that boundary levels 0 and 2
have the same drift rates and background processes with regime 1 and boundary

at level 3 has the same parameters with regime 2.

Buffer Level

Time

State

Time

Figure 3.2: A sample path for the buffer level X () and state transition Z(t) of
the MRMFQ example.

The evolution of the MRMF(Q example across time is given in Fig. 3.2. In
this sample path, the first thing to notice is that, unlike the SRMFQ case, the
drift and transition rates dependent on the buffer level. The drift rate and the
transition rates decrease as fluid enters the second regime. This behavior happens

because the values in Q® and R® are smaller than of those in @) and R,

In the folowing section, we will proceed with formal definitions of SRMFQs
and MRMFQs. Also, the solution steps will also be described. The following

sections are based on [21], [1].

13



3.1 Single-Regime Markov Fluid Queues (SRMFQ)

A SRMFQ is a Markovian joint process which consists of a background CTMC
process Z(t) and process that indicates buffer level X (¢). The buffer level X (¢) is
bounded by the buffer capacity value which can either be infinity X (¢) € [0, 00)
or bounded by a finite value B meaning X (t) € [0, B] For every state i of the
process Z(t) there is a drift value r;. These drift values can be represented in a

diagonal drift matrix R in the following manner:

1

T2

N-1

N

At a given time ¢, if Z(t) = i, then the change rate of X (¢) is r;. Of course, that
is the case when 0 < X (t) < oo for infinite buffer capacity and 0 < X (t) < B for
the finite buffer capacity. When X (¢) is equal to the buffer capacity levels 0 or B
(for finite case), it can not decrease (increase) further than that level. Therefore,

negative (positive) drifts act as zero drift. Given that Z(t) = i:

max{0,7;}, X(t) =0,
— = =1 0< X(t) < B, (3.1)
min{0,r;}, X(t)=B.

for the infinite buffer capacity case. For the infinity buffer capacity case:

dX(t) max{0,r;}, X(t)=

(3.2)

0,
dt T 0< X(1).

14



From this point, we will continue with the finite buffer capacity case. In order
to obtain the solution of SRMFQs, the joint pdf vector f(z) and the probability

mass accumulation vector at boundary points & must be specified:

f(@)=|filx) folz) ... fn(z)| and ¥ = cgk) cgk) cgl\;) . (3.3)

Each element f;(z) and cgk) are defined as:

filw) = lim % Pr{X(t) <z Z(t) =14}, and P = lim Pr{X(t) = k, Z(t) = i},

(3.4)
where k € {0, B}. For the joint pdf vector f(z), the following differential equation
holds [21]:

4 )R = f(2)Q. (3.5)

dx
In addition to Eqn. (3.5), the following set of boundary equations must also
hold [21]. First, consider S_, Sy and S, as the set of states with negative, zero

and positive drifts, respectively. Then,

V=0, vies, (3.6)
P =0, Vies. (3.7)
fOHR=c9Q (3.8)
f(B=)R =PQ (3.9)

B
/f(x)d:c +cd0 4B 1=1 (3.10)

15



must hold. After providing the boundary conditions (3.5)-(3.10), we continue

with the additive decomposition method.

3.1.1 Additive Decomposition Method

This method which is proposed in [1], is a useful tool for avoiding individual

eigenvector computations and takes care of zero drifts and absorbing states.

First of all after a treatment for the states with zero drifts, we may assume
that there are no states with zero drifts, i.e., Sy = () that will be used as an input

to the additive decomposition method [21].

If we define A = QR™', Eqn. (3.5) can be rewritten as

2 fa) = f(@)A (3.11)

Then, there exists a Y such that defining f(z) = f(2)Y Eqn. (3.11) becomes

—f(z) = f(x) A . (3.12)

where Ay, A_ and A, are upper triangular matrices and have the eigenvalues
that are 0, and that have negative and positive real parts respectively on their
diagonals. By doing this the LTI system is divided into constant, forward (stable)
and backward (antistable) parts. Such Y can be found by Schur decomposition.

Assuming that the background process is irreducible and the mean drift is
nonzero, the matrix Q R~! has exactly one eigenvalue at 0, meaning that Ay = 0.
Therefore, Eqn. (3.12) becomes
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Sf@ =i | A | (3.13)

At this point, it is easy to see that f(z) = ag + a_e?® + ape+®. Assume
that the buffer capacity is B, we can rewrite growing exponential term a e+ =

A+BefA+ (B*(E A+B

aie ) and e can be absorbed into ay. Therefore, the solution

becomes

f(x) = ag+ a_e* + a e A+B2), (3.14)

It is known that f(z) = f(z)Y 1. If Y1 is partitioned as

f(z) = [CLO a_ a+] eA-v L_|. (3.15)

From this point, the boundary equations (3.6)-(3.10) must be applied to find

the coefficients ag, a— and a, and probability masses at 0 and B, i.e., ¢” and
(B)
c\P).
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3.2 Multi-Regime Markov Fluid Queues (MRMFQ)

MRMFQs are specific type of MFQs such that the system parameters depend
on the fluid level at any given time ¢ [22-25]. Consider buffer of a Markov fluid
queue partitioned into K regimes by using the thresholds 0 = T < 7 <

. < TE=D < oo for the infinite buffer capacity case, i.e., if the capacity is
finite then 7U5) = B. At any given time ¢ if the fluid level is in the interval
T*=1) < X(t) < T™, then system is said to be in regime k. While the system is
in k' regime the drift matrix is R*) and infinitesimal generator of the background
process Z(t) is Q). Each regime possibly has different R*) and Q™).

In addition to the regime parameters R* and Q®), for each boundary level
T®) there exist specific drift and infinitesimal generator matrices R*®) and Q®,

respectively.

Similar to SRMFQs system the joint pdf vectors f*)(z) and the probabil-
ity mass accumulations at boundary points ¢®) must be specified to obtain the

steady-state solution

fO@ = P@ @ P 1sk<K (316)
and
B = [c(()k) cgk) cgl\;)] 0<k<K, (3.17)

Each element f;(x)® and cgk) are defined as

P () = lim % Pr{X(t) <z, Z(t) =i}, (3.18)
) = lim Pr{X(t) = T®, Z(t) = i}. (3.19)
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Similar to SRMFQ for the joint pdf vectors f(x)® the following differential
equation holds [21].

)R = FO)QW. (320)

Also there exist some set of boundary equations to be used to find the solution
of MRMFQs. First, consider S(_k), S(()k) and Sff) as the set of states in k' regime
with negative, zero and positive drifts, respectively. Similarly, S'Sk), S(S’“) and Ssrk)
are the set of states in k' boundary level with negative, zero and positive drifts,

respectively. Then, the boundary conditions are

=0, vies®, (3.21)

=0, vie(sPnst)u (s nst), (3:22)

=0, vie(s®nst)n (5P us), (3.23)

=0, vies™, (3.24)

FOO+)RY = (OGO (3.25)

FUAD (W) Ly R _ () (k) ) R el (3.26)

fPr®_y=0 vies®u (S(’“ N S(’“) (3.27)

FE(B=)RF) = — oK) Q) (3.28)

FEDTW LY —0 e (Sék) N S‘_’”) U S, (3.29)
K T®- K-1

> / SO (@)de+ Y B 1=1. (3.30)
=1 k=0

For the remainder of this section, steady-state solution technique is described
by utilizing the equations (3.20)-(3.28).
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3.2.1 Solution of MRMFQs

The solution starts by using the additive decomposition method described in
section 3.1.1. The method is applied to Eqn. (3.20).

By defining A® = Q(k)(R®™)~!, Eqn. (3.20) becomes
4wy () A®)
L j0(a) = 1) A®. (331)

Notice that Eqn. (3.31) is ready for additive decomposition method. As an

output of this method, we are able to acquire the pdf of each regime

1 L
f®(z) = [aék) a® af)] AL (@=T+0) L® (3.32)

o~ AP (@® —z) Lgfr)

where 1 < k < K. At this point, to find the pdf coefficients a®) and probability
masses at boundary points c¢*), we need to apply boundary equations (3.20)-

(%)

(3.28). From equations (3.21)-(3.24) we already know some ¢;”’ = 0. By excluding

the cgk) that are equal to zero, we construct new vectors ¢ from ¢®. Then by

using a® and unknown vectors é*) a new z vector is constructed:

2= 80 L ) 4@ 2 o G E-D) AK-1) (K) 5(K)] . (3.33)
Then, by using the boundary conditions a H matrix is constructed such that

zH =0 (3.34)

which represents the system of linear equations that is constructed from equations

(3.25)-(3.30).
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The constructed H matrix will have the following form as described in [9].

(H' HY
H{ Hy' HY

U
HKfl

Hi . Hy |

where HM for 0 < k < K — 1 are ny, by ny, square matrices and

length(c(®) if k=1,
ne —
length(¢~1) 4 length(a*~V) if 2 <k < K.

With this information it is easy to find the sizes of H g and H ,f for 1 <k<
K —1.

With this structure of H, the matrix is suitable for block tri-diagonal LU factor-
ization which is a method that reduces the time required to solve Eqn. (3.34) dra-

matically, i.e., the computational complexity can be brought down to O(N3K) [9].
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Chapter 4

Transient and First Passage Time
Solutions of Multi-Regime
Markov Fluid Queues

In this section, the system model is explained which will be used for the transient
and first passage time solutions of multi-regime Markov fluid queues. An auxiliary
fluid queue will be presented for each. Lastly, the results in question will be

obtained from the steady-state solution of the auxiliary MRMFQ.

These models can be applied to both multi and single-regime Markov fluid
queues; but, for the rest of this thesis the method will be described on multi-
regime Markov fluid queues due to the fact that the solution for MRMFQs covers
the SRSMFQ case.
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4.1 Transient Solution of Multi-Regime Markov
Fluid Queues

Consider a MRMFQ process X(t) = (Xf(t), X;n(t)) with the given fluid level
process 0 < X;(t) < B and the modulating background Markov process
Xn(t) € {1,2,...,n}. The MRMFQ process is characterized by the pair of piece-
wise constant drift and infinitesimal generator matrices {Q.(z), R.(x)} , ie.,
Q.(z) and R,(z) stay constant inside a regime (Q*) and R™ in k' regime) and
may possibly have different values for each regime. The steady-state solution
of such MFQs can be obtained as described in section 3.2.; but, for the tran-
sient (time dependent) case, we must construct an auxiliary background Markov
process from the original one to give problem a time horizon 7. Then steady-
state solution of the auxiliary MFQ with time horizon will include the results for

transient solution of the original one.

In order to produce the MFQ mentioned above, let us define a PH-type distri-
bution that is characterized by («,S) with S° = —Se where e is a column vector
of ones of appropriate length. The fluid level process starts from a specified level

X¢(0) = a and background process from state j with probability ;. So;
T=|m m - w|, m=Pr{X,(0)=j},j=12,...,n (4.1)
In order to refer to Eqn. (4.1) in other equations, the notation X,,(0) ~ 7 is

used. After a random time horizon T expires we are trying to obtain the following

joint cumulative distribution function
Fi7(j,x) = Pr{X¢(T) <z, Xp(T) = j|X4(0) = a, X;,,(0) ~ 7} (4.2)

and the corresponding joint pdf is denoted by f7"(j,x). The joint cdf vector

which covers all states is defined as

Ff(@) = | Fpr(La) Fem(2.2) - Fpm(na) |, (4.3)
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Fluid level

|
|
|
|

State 0 |

7 time
T T T

Fluid evolves according to the original MFQ <«— — —»=  Fluid is forced back to level a at state 0

Figure 4.1: A sample path of the auxiliary MFQ for the transient distribution of
the original MFQ.

and the corresponding joint pdf vector is denoted by f7™(z) . If the random time
horizon T replaced with a deterministic time value ¢, then Eqn. (4.2) provides an

expression for the joint cdf of the transient behavior of the MF(Q at time .

After these definitions, the auxiliary MRMFQ can be constructed in order to
obtain Eqn. (4.2) with deterministic time value ¢. Consider a MRMFQ Y (t) =
(Yy(t), Y, (t)) which is to be constructed from the original one, X (¢) and time
horizon T ~ PH («, S). This MRMFQ has 14+mn states. mn of these corresponds
to the pairs (4,7),1 <i <m,1 < j < n where j is keeping track of state of original
modulating process X,,(t) and i denotes the state of PH-type distributed time
horizon T', and the final state is an absorbing state which will be called as state
0. This fluid process starts from level a and evolves according to level dependent
parameters of the original MRMFQ {Q.(z), R.(x)} until it reaches to the time
horizon T' ~ PH (v, S). After timer expires, the fluid level process is forced back
to level a while the modulating process is at state 0. This is achieved by a negative
drift (positive drift) while X¢(t) > a (X;(t) < a) at state 0. When the fluid level
reaches a drift of state 0 becomes zero and fluid level is forced to stay at level a in
state 0 for an exponentially distributed duration. Then the modulating process
escapes from state 0 with probability a;m; to state (7,7),1 <i <m,1 <j <n
and starts to evolve according to original MRMFQ again. The described process
repeats itself forever while t — oo. A sample path evolution with respect to time
of Y;(t) is given in Fig. 4.1. In this model, the state 0 is introduced to push the

system to start from level a over and over again at the beginning of every epoch.
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Based on the above description and sample path at Fig. 4.1 we can pro-
ceed to give mathematical expressions for Y (¢) using X(¢) and time horizon
T ~ PH(a,S). The infinitesimal generator and drift of Qy (z) and Ry (z) must
be found to find the steady-state solution of Y'(¢). First of all, the states are
enumerated as (0,(1,1),(1,2),...,(1,n),(2,1),...,(m,n)). Then the following
pair of Qy(z) and Ry (z) can characterize Y (t):

0 \ 0
- f 4.4
QY(‘T) SO®€‘[m®QX(x)+S®In OTI%CL ( )
—1 ‘ aQm
_ A
A Ty L ®Qx(a)+S® 1, | )

and for0<a < B

diag{1,I ® Rx(z)} ifxz <a,
Ry(z) = { diag{—1,I ® Rx(z)} ifz > a, (4.6)
diag{0,/ ® Rx(a)} if z =a.

For the specific case a = 0, Qy(z) is the same as in Eqn. (4.4), but Eqn. (4.6)

needs a slight modification:

diag{—1,/ ® Rx(x it z >0,
Ry (2) = g{ x(z)} (4.7)
diag{0,/ ® Rx(0)} ifz=0.

On the other hand, when a = B,

diag{l,/ ® Rx(x if x < B,
Ry (2) = g{ x ()} (4.8)
diag{0,/ ® Rx(0)} ifz = B.

We need the following definitions for the steady-state distributions of the auxiliary
MFQ Y (t). Let Fy(s,z) denote the steady-state joint cdf of the MFQ Y (¢):

Fy(s,x) = tlirgo Pr{Y;(t) < 2.Y,(t) =s},s=0o0rs = (3,5),1 <i<m,1 <j<n.
(4.9)
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Also let fy (s, x) denote the corresponding joint pdf allowing impulses correspond-
ing to the probability masses at the boundaries of the original MFQ. From sample
path arguments, it is not difficult to show that

>y, g), x)SY
— S (), 2)SY (4.10)

T (J,)

where SY denotes the ith entry of S°.

4.2 First Passage Time Solution of Multi-
Regime Markov Fluid Queues

The same MRMFQ process X(t) = (X(t), X,,(t)) described in the previous
section characterized with the matrix pair (Qx(z), Rx(x)) will be used as the
original MRMFQ which the first passage time solution will be applied. Similar
to the previous section, for the first passage time solution the MRMFQ process
starts at level X;(0) = a with initial probability vector , i.e., X,,(0) ~ 7. Let

745" denote the first passage time from level a to level b:
TUbT = inf{X;(t) = b|X((0) = a, X;(0) ~ 7}. (4.11)
We are interested in the following probability
Fob™(T) = Pr{r®*™ < T} (4.12)

for PH-distributed T" characterized with the pair («, S). When T is deterministic
with T' = ¢, then Eqn. (4.12) provides an expression for the cdf of the first passage

time from level a to level b at time t.

We propose to construct an auxiliary MRMFQ denoted by Z(t) whose steady-
state solution provides a solution for the probability given in Eqn. (4.12) for

the original MRMFQ X(#) similar to the transient solution case. This process
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Fluid level

«——————  Fluid evolves according to the original MFQ «— — p Fluid is forced back to level a at state 0

Fluid stays at level b for an Exp(1) duration

Figure 4.2: A sample path of the auxiliary MRMFQ Z(t) constructed for the first
passage times of the original MRMFQ X(t).

starts from fluid level a and behaves according to the original MRMFQ param-
eters (Qx(z), Rx(z)) until either the threshold b is reached or random time T
is expired. When the former situation occurs the fluid stays at level b for some
random exponential time whose mean is set to unity then escapes from level b
with state 0. In the latter situation, the fluid is forced back to level a directly
with state 0. When fluid level hits a it waits there for a random exponential time
whose mean is set to unity again at state 0. Then process escapes from state
0 with probability a;m; to state (i,7),1 < i < m,1 < j < n and starts to act
like original MRMF(Q once again until it is pushed back to state 0 again. The
described process repeats itself forever while £ — oco. Consider the sample path
of the auxiliary fluid process Z(t) in Fig. 4.2. First and third episodes are the

ones that hit level b and in the second one timer expires.

The fluid process given in Fig. 4.2 is actually an MRMFQ process denoted by
Z(t) = (Z4(t), Z(t)) with the same state-space as that of the MRMF(Q process
Y (t) of the previous section transient solution case). Actually, (Qz(x), Rz(z))
is the same as the pair (Qy(x), Ry (x)) for 0 < z < b. Moreover, Z(t) will not
take a value in the interval (b, B] (for the case which b < a, Z¢(t) will not take a
value in the interval [0, b)). On the other hand, when the fluid level is b, the fluid
process needs to stay at this level for an exponentially distributed duration with

unity mean before eventually escaping to state 0. Therefore,
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0 | 0
Qz(x) = for x # a, b, 4.13
() S@e| L, ®Qx(@)+ 5w, (413
—1 ‘ a®@m
Qz(a) = ) 4.14

For level Z;(t) = b, the system is forced to state 0 after some exponential time
spent on level b. Therefore, all states can only go to state 0 after some exponential
time whose mean is set to unity and state 0 must an absorbing state. To achieve
this

Qz(b) = [O _0 ] (4.15)

and for 0 <a < B

diag{l,/ ® Rx(z)} ifz <a,z#b,
Rz(z) = { diag{—1,1 ® Rx(z)} ifz>a,z#Db, (4.16)
diag{0,/ ® Rx(a)} ifz=a,x#Db.

For the specific case a = 0, Qz(z) is the same as in equations (4.13)-(4.15), but
Eqn. (4.16) needs a slight modification:

diag{—1,1 ® Rx(x ifx >0, #b,
Ryl = g{ x(z)} 7 (4.17)
diag{0,/ ® Rx(0)} ifz=0,z#b.

On the other hand, when a = B,

diag{l,/ ® Rx(x if vt < B,x # b,
Ry(z) = g{ x ()} # (4.18)
diag{0,/ ® Rx(0)} ifz= B,z #b.

For level Z¢(t) = b the system is forced to state 0 after some exponential time

spent on level b (to achieve this the drift should be zero for all states except state
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Ry(b) = diag{—1,0,,,} ifa<b, (4.19)
diag{1,0,,,} ifa>Db,

where 0,,, is a zero row vector of length mn. As observed in Fig. 4.2, the overall
trajectory is episodic. All episodes terminate with the fluid level staying at level
a for an exponentially distributed duration of time with unity mean. In episodes
when the fluid level reaches level b before the timer expires, the fluid process
visits level b for an exponentially distributed duration of time with unity mean.
Let ¢(b) denote the overall steady-state probability mass at level b for all states
(1,7),1 <1 < m,1 < j < n for the auxiliary MFQ Z(t). Also let c¢o(a) be the
steady-state probability mass at level a for state 0. Based on this notation, we

have

Fobm(T) = ) (4.20)
4.3 Phase Type and Matrix Exponential Distri-
butions

In order to describe a phase type (PH-type) distribution, a continuous-time
Markov chain is defined on the state space {1,...,k,k + 1} with state k + 1

being absorbing, other states being transient, initial probability vector («,0),

o]

Here, « is a row probability vector of size k, the sub-generator S is a k x k

and an infinitesimal generator

sub-stochastic matrix, e denotes a column vector of ones of appropriate size and
SY = —Se is a column vector of size k. Let X denote the time till absorption
into the absorbing state k + 1. Then, the distribution of X is called phase type
(PH-type), i.e., X ~ PH(«,S) with order k. For a detailed study of PH-type
distributions, we refer the reader to [26]. The probability density function (pdf)
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of X ~ PH(a,S) denoted by fx(z) is then given as:
fx(z) = —ae¥Se,x > 0. (4.21)

A superset of PH-type distributions is the so-called Matrix Exponential (ME)
distributions; see [27] and [28] for a detailed description of ME distributions and
their properties. We say X ~ ME(a,S,s) with order k if the pdf of random

variable X is in the following form:
fx (@) = ae®s,z >0 (4.22)

for a k x k matrix S. If s = —Se then Eqn. (4.22) reduces to the algebraic
form (4.21) given for the pdf of PH-type distribution and s can always be forced
to satisfy s = —Se using similarity transformations. When so, we simply say
X ~ ME(a,S). ME distributions do not necessarily possess the stochastic in-
terpretation of that of PH-type distributions.

The specific case of X being deterministic, i.e., X = t is key to the current
paper. Clearly, the pdf of X is a dirac delta function located at ¢t and X is neither
PH-type nor ME-type. However, X = t can arbitrarily well be approximated
by PH-type distributions. In the Erlangization alternative (see [19], [29]), X is
approximated by X, ~ PH (ay, Si) (also called Erlang-k with order k) where

As the order k increases, X converges to X in distribution but with relatively
slow convergence rates since the corresponding coefficient of variation (CoV) of
X, =1 /k. Another alternative we propose to use in this paper is the concentrated
ME distribution introduced in [5] with parameter | denoted by CME-l with order
k =20+ 1,1 > 1 whose CoV behaves approximately as 2/k? and decays to zero
much faster than the Erlang distribution with increased order k. The CME-]

30



distribution is characterized by a pair of matrices («,S) with pdf in the same
algebraic form as in (4.21) but without the stochastic interpretation. For CME-/
distribution, there is no structure like Erlang-£; but, for CME with order [ = 5,

a and S values are given below as an example:

a:[5.4024415 —2.9882265 —2.3449328 0.3749164 0.5558015 |,

[ 3.1922581 0 0 0 0

0 ~3.1922581 —3.0266150 0 0

S = % 0 3.0266150 —3.1922581 0 0
0 0 0 ~3.1922581 —6.0532301
0 0 0 6.0532301 —3.1922581

In the numerical examples chapter, both alternatives will be comparatively

studied.

4.4 Numerical Application of Transient Meth-
ods on a 3-State MRMFQ

Consider a MRMFQ that has a finite buffer capacity B = 3 meaning that X (t) €
[0,3]. The capacity is partitioned into two regimes: (0,2) and (2,3). For regime 1
and 2 the Background process is a three-state Markov chain that has the following

infinitesimal generator matrices

—1 025 0.75 —1 08 02
QW =105 -1 05| , Q®=103 -1 07
07 03 -1 05 05 —1
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and drift matrices

RM = -1 ., RO = 0.5

The boundary infinitesimal generators for X (¢) = 0, 2, 3 respectively are

—1 025 0.75 —1 025 0.75 ~1 0.8 02
QW =105 -1 05|, QP =105 -1 05|, Q®=103 -1 07/,
07 0.3 —1 0.7 03 -1 05 05 —1

and drift matrices

Therefore, MRMFQ X (t) is characterized by the pair (Q(z), R(x)) which is
described above. We intend to find the transient distribution and first passage

time distributions of X (¢), namely

™ (j,a) = Pr{X,(T) < 2, X,u(T) = j1X;(0) = a, X,,(0) ~ )

and
FO™(T) = Pr{r®*™ < T}

where

Labm _ iItlf{Xf(t) = b|X((0) = a, X,,(0) ~ 7}

respectively. In this case the variable T is a deterministic time horizon and
for this example T = 100. The fluid level process starts from a specified level
X¢(0) = a = 0 and background process from state 3 with probability 1, i.e.,
m =10 0 1]. For the case of first passage time distribution first passage time

to level b = 2.5 need to be found.
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Having specified all the unknowns we need to specify the characteristics of PH-
type to introduce the time horizon to the problem. For better understanding of

the calculations, we choose Erlangization with order £ = 3 which is characterized
by

3

m=[100] S=g

We now proceed to construct the new MRMFQ process Y (¢) which will be
used for the transient solution of the original MRMFQ.

4.4.1 Transient Solution

By implementing the method which was described in Section 4.1, we aim to
find the transient solution of X (¢). First, we start with constructing the auxil-
iary MRMFQ process Y (t) which is characterized by the pair Qy (z) and Ry (z).
Qy(z) and Ry (x) matrices can be constructed according to the equations (4.4)-
(4.8) using X (¢) and Erlang-3 that has been defined above. There will be 1+mn
states in the new MRMFQ which is equal to 10. The infinitesimal generator

matrices of Y (t) are the following
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[0 0 0 0 0 0 0 0 0 0 |
0 -103 025 075 003 0 0 0 0 0
0 05 -1.03 050 0 003 0 0 0 0
0 070 030 —1.03 0 0 003 0 0 0
o |0 o0 0 0 103 025 075 003 0 0
W=l 0 0 050 —-103 050 0 003 0
0 0 0 0 070 030 -103 0 0  0.03
0.03 0 0 0 0 0 0 —103 025 0.75
0.03 0 0 0 0 0 0 050 —103 0.50
003 0 0 0 0 0 0 0700 030 -—1.03]
[0 0 0 0 0 0 0 0 0 0 |
0 -103 080 020 003 0 0 0 0 0
0 030 -1.030 070 0 003 0 0 0 0
0 050 050 —1.03 0 0 003 0 0 0
@ |0 0 0 0 —103 080 020 003 0 0
D=l 0 0 030 -103 070 0 003 0
0 0 0 0 050 050 -1.03 0 0 0.03
0.03 0 0 0 0 0 0 —103 080 0.20
0.03 0 0 0 0 0 0 030 -103 0.70
0.03 0 0 0 0 0 0 050 050 —1.03]

and for the boundary conditions, infinitesimal generator at level a = 0 has a

different distribution since it is the beginning level a of fluid process
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10 0 1 0 0 0 0 0 0 |
0 —1.03 025 075 0.03 0 0 0 0 0
0 05 —1.03 0.50 0 0.03 0 0 0 0
0 070 030 —1.03 0 0 0.03 0 0 0
- 0 0 0 0 —1.03 025 075 0.03 0 0
Qv(a) = QY =
0 0 0 0 0.50 —1.03 0.50 0 0.03 0
0 0 0 0 0.70 030 —1.03 0 0 0.03
0.03 0 0 0 0 0 0 —1.03 025 0.75
0.03 0 0 0 0 0 0 0.50 —1.03 0.50
0.03 0 0 0 0 0 0 0700 030 -1.03
For the other boundary levels, Qg) = Qg,l) and Q(Y?f) = Qg)
diag{0,0,-1,1,0,—1,1,0,—1,1} if 1 =0,
Ry (z) = { diag{—1,0,-1,1,0,—1,1,0, -1, 1} if 0 <o <2,

diag{—1,0,—0.5,0.5,0,—0.5,0.5,0, —0.5,0.5} if2 <z < 3.

At this point, we constructed the MRMFQ which is necessary for transient
solution. We should apply the steady-state solution for MRMFQs to Y'(¢) which
is described in section 3.2 and then find the result based on Eqn. (4.10).

4.4.2 First Passage Time Distribution Solution

In order to obtain the first passage time distribution, a new MRMFQ Z(¢) must
be constructed which is characterized by the pair Qz(x) and Rz(x). It is similar
to previously constructed Y (¢) but the fluid level is bounded by b = 2.5 and
Qz(b) and Rz(b) have different values:
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0.03
0.03

10.03

o O O o o o

0.03
0.03

10.03

0 0 0

—-1.03 0.25 0.75
0.5 —-1.03 0.50
0.70 030 —-1.03

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

—-1.03  0.80 0.20
0.30 —1.030 0.70
0.50 0.50 —1.03

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

0 0 0 0 0 0 |
0.03 0 0 0 0 0
0 003 0 0 0 0
0 0 003 0 0 0
103 025 075 003 0 0
0.50 —1.03 050 0 003 0
0.70 030 —1.03 0 0  0.03
0 0 0 —103 025 0.75
0 0 0 050 —103 0.50
0 0 0 0700 030 -—1.03]
0 0 0 0 0 0 |
003 0 0 0 0 0
0 003 0 0 0 0
0 0 003 0 0 0
~1.03 080 020 0.0 0 0
030 —1.03 070 0 003 0
050 050 —1.03 0 0 0.03
0 0 0 —103 080 0.20
0 0 0 030 -103 0.70
0 0 0 050 050 —1.03]
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for the other boundary levels, Qg) = Q&”

I e e O O N

=
—

o O O O o o o o

o O O o o O

10 0 1
0 -1.03 025 075
0 05 —1.03 050
0 070 030 -—1.03
0 0 0 0
0 0 0 0
0 0 0 0
0.03 0 0 0
0.03 0 0 0
003 0 0 0

0 0
0.03 0

0 0.03

0 0
—1.03 0.25
0.50 —1.03
0.70  0.30

0 0

0 0

0 0

0 0 0 0

0 0 0 0

0 0 0 0
0.03 0 0 0
0.75  0.03 0 0
0.50 0 0.03 0
—1.03 0 0 0.03

0 —-1.03 025 0.75

0 0.50 —=1.03 0.50

0 0.700  0.30 —1.03]

and the boundary level at b = 2.5

diag{-1,0,—1,1,0,-1,1,0,

o O O O

o O O O O

(diag{0,0,-1,1,0,-1,1,0,-1,1}

-1,1

Y

}

o O O o o O

o O O O o o o

diag{—1,0,—0.5,0.5,0,—0.5,0.5,0, —0.5,0.5}
diag{—1,0,0,0,0,0,0,0,0,0}
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if v =2.5.



At this point, we constructed the MRMFQ which is necessary for first passage
time solution. We should apply the steady state solution for MRMFQs to Y (t)
which is described in Section 3.2 and then find the first passage time distributions
based on Eqn. (4.20).
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Chapter 5

Transient Solution of
Multi-Server Queueing System
with Stochastic Impatient

Customers

In this chapter, a multi-server queueing system with stochastic impatient cus-
tomers is considered, which is motivated by increasing application of conventional
call center models in customer contact centers, health-care systems and telecom-
munication networks. In this system, a customer leaves the queue without getting

served if its waiting time in the queue exceeds a random variable.

In order to obtain the model of such systems, we consider M/M/S queue with
generally distributed impatience time, i.e., M/M/S+G. Multi-Regime Markov
Fluid queue (MRMFQ) is deployed to derive the distribution of virtual waiting

time and several other metrics of interest.

In this chapter, we intend to give detailed description of this system and the
MRMFQ process X (t) which will be used to model these systems. Later we will

describe how to obtain the metrics such as expected waiting time, probability of
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abandonement etc. After these definitions, the transient solution of this model
will be introduced using the ME-fication technique which was described in chapter

4, but, with slight modification due to a state in which time does not evolve.

5.1 Model Description

A stationary M/M/S queue with stochastic impatience times is considered in this
section. The queueing system has S homogeneous servers and a waiting room of
infinite capacity. Customers arrive at the system according to a Poisson arrival
process with rate A. The arriving customers are served according to First-Come
First-Served (FCFS) policy. The service times of customers are independent and
identically distributed (i.i.d.) according to an exponential distribution with mean
S/, where pn > 0. Customers are impatient and if their elapsed waiting times
exceed a generally distributed random threshold, which is drawn i.i.d. for each

customer, they will leave the system without receiving their service.

In order to model the M/M/S+G queueing system as a Markov fluid queue,
virtual waiting time process is deployed. The virtual waiting time, which is de-
noted by V(t), is denoted as the overall time a fictitious customer who arrives
at time ¢ would spend in the queue until his/her service begins. If there are less
than S customers in the system, V(t) = 0. If there are exactly S customers in
the system, V(¢) will indicate the time required until the first departure. When
V(t) > 0, each new arrival decides whether it is going to wait in the queue or not
based on the value of its stochastic abandonement time (patience). The cumula-
tive distribution function (CDF) of customer abandonment process is denoted by
g(X). If the value of the stochastic abandonment time is smaller than the virtual
waiting time, the customer is not patient enough and will leave the system imme-
diately. Hence, any packets that decide to wait in the queue will eventually get
served. To be precise, each new arrival will abandon the system with probability
g(V(t)), while it will wait in line to get served with probability 1 — ¢g(V'(¢)). The
sample path for the process V' (t) is given in Fig. 5.1 for an example scenario with

three servers. At each event (customer arrival or departure) instant, all of the
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customers in the system are demonstrated as a column where the three topmost
ones denote the customers in service. Each customer is illustrated by two digits:
one showing the sequence number of the customer, while the other showing the
remaining service time. For instance, (4)8 indicates the fourth customer who re-
quires eight time slots to get served. Obviously, the remaining service time of the
customers in the queue is fixed until they start receiving the service. The packet
arrival and departure instants are indicated by the small upside and downside
arrows, respectively. In this example scenario, the customer number 5 decides to
abandon the system due to excessive expected waiting time, while the rest of the

customers wait in line and eventually get served.
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Figure 5.1: Sample paths of (a) the virtual waiting time process V (¢) and (b)
auxiliary random process X ().

Due to abrupt jumps, the virtual waiting time process is not suitable to be
modeled as a fluid queue [30]. Therefore, X (¢) auxiliary random process is in-
troduced by replacing the abrupt jumps in the virtual waiting time process with
linear increments corresponding to a drift of one (see Fig. 5.1 (b)). Moreover,
it is clear from the sample path arguments that the steady-state distribution of
the process V(t) can be derived from that of X (¢) by censoring out the states

corresponding to positive drifts.
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We first focus on the fluid model for X (¢). We define S service states indicating
the number of busy servers denoted by {0, 1, ..., 5—2,5—1(D)} and one increment
state I. In this model, states i € {0,1,...,8 — 2,5 — 1(D)} when X(t) = 0
represents i busy servers and X (¢) > 0 means there are S busy servers. During
state i € {0,1,...,.5 —2,5 — 1(D)} and X (¢) = 0, the customers are served with
rate iu, because there is at least one empty server the service of which start
immediately with a new arrival. However, when in state S — 1(D) if a new arrival
occurs waiting time must increase, which is achieved by state /. In this case,
customers are served with rate Su and now that all servers are full X (¢) starts
to increase in order to introduce the waiting time of the next customer in the
line. Once state I increases the fluid level to the virtual waiting time which is an
exponentially distributed time with rate Sy, system goes back to state S —1(D),
but when X (¢) > 0 state S — 1(D) no longer represents S — 1 busy servers exist.
It represents the decrement of the waiting time when S servers are busy and
there is no new arrival. In state S — 1(D) waiting time starts to decrease until
X(t) = 0 is reached. When X(t) > 0 if a new customer decides to wait in
the queue, which happens with probability 1 — g(X), the system transitions to
state I again and increases the fluid level to the virtual waiting time which is an
exponentially distributed time with rate Sp again, then system goes back to state
S—1(D) again. In state I, level of the fluid increases in order to take into account
the impact of the new arrival on the virtual waiting time. Whenever, the next
customer decides to abandon, which happens with probability g(X), the system
stays in state S — 1(D). During state I, time does not evolve, since it is only an
auxiliary state that is added to system in order to facilitate the modeling of the
system via fluid queues. Note that at the boundary X (¢) = 0, no abandonment
occurs and g(X) = 0.

In essence, the M/M/S+G queueing system is modeled via a Continuous Feed-
back Markov Fluid Queue (CFMFQ) which is denoted by the random process
X(t) and controlled by the underlying Markov chain. The underlying Markov
chain is determined by X,,(¢) which determines the number of busy servers. The
analytical treatment of such CEFMFQ system requires the solution where Q(z)

and R(x) are infinitesimal generator matrix of the underlying Markov chain and
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drift matrix of the fluid, respectively, which both depend continuously on the
fluid level. Our proposed call center model is characterized by an infinitesimal
generator matrix for X (¢) > 0 denoted by Q(z), an infinitesimal generator matrix
for the boundary X (¢) = 0 denoted by Q(z), and their corresponding rate matri-
ces denoted by R(x) and R(x), respectively. In order to implement CFMFQ, we
will quantize the fluid level and introduce model as a MRMFQ problem.

On the basis of the above descriptions, the infinitesimal generator matrices for
the X (t) > 0 and X (¢) = 0 for states {0,1,...,8 — 2,5 — 1(D), I} respectively

can be obtained as

—A A
Lo —A—p A
~ 21 -\ —2u A

Qx) = (5.2)
(S—1Dpu =A=(S—=1pu A
and for the drift matrices
R(X) = R(X) = diag{—-1,-1,...,—1,1} (5.3)

where diag denotes a diagonal matrix. From this model, we are able to find
various metrics of interest. The key point of finding them is to neglect the time

spent at state I. Some metrics and how to calculate them are listed below.
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Probability that waiting time at queue W =0

c(0)
PV =0 =X, =s+1) (54)

Probability that an arrival result with abandonement

fooo fs(x)g(z)dz

P(A) = . 5.5
(4) 1—-PX,(t)=5+1) (5:5)
Expected waiting time in the queue of a customer that didn’t abandon
> d
E[W|S] = Jy Js(@)vde (5.6)

(1-P(Xn,(t)=5S+1)(1—-P(A)

5.2 Transient Model

For the transient model of multi-server queueing systems with stochastic impa-
tient customers the model in section 4.1 will be applied to the model constructed
in section 5.1. However, a slight modification will be needed since there is a state
called I in which time does not evolve; so, in order to make our time approxima-

tions precise the time spent in state I must not be included to the approximation.

We start by defining a PH-type distribution of order k that is characterized by
(a;9) with SY = —Se where e is a column vector of ones of appropriate length.
We will use this PH-type distribution for our time approximations. The fluid
level process starts from a specified level X(0) = a and background process from
state j with probability 7;. We can use arbitrary a and 7 but for this model the

most logical ones would bea=0and7=[1 0 0 0 ... 0]

After the definitions above, we deploy the equations (4.4)-(4.8) to obtain
the infinitesimal generator and drift matrices of Y'(t) = (Y (¢),Y,,(t)) which is
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the MRMFQ process for the transient approximation. The state space size of
Y (t) is 1 + k(S + 1) where S is the number of servers. For this purpose we
use X (t), M/M/S+G model, which is characterized with the pair of matrices
{Q.(z), Ry(x)} constructed from the models (5.1)-(5.3).

We mentioned before that for I which is the S + 1th state of X(¢) a slight
modification is needed to neglect the time spent at state I. The only thing we
need to do is to block the state transitions from (i,5 + 1) to (5, S + 1) where
1 # j, i.e., no transitions of PH-type distribution must happen when modulating

process of X (t) is in state I.

In order to achieve this we define a new diagonal matrix of size S + 1

Is.1 = diag{1,1,...,1,0} (5.7)

and a new vector of length S + 1

i1 ={1,1,...,1,0} (5.8)

Is.1 will replace Ig,; which is an identity matrix of size S + 1 and ég4; will
replace egy1 which is a vector of ones. Therefore, the infinitesimal generator of
Y(t) is

0 0
Qy(z) = . = for x # 0, (5.9)
SO ® g4 ‘ Ik @ Qx(z) + S ® I
—1 aQm
Qv(0) = |—— ‘ - . (5.10)
S5 ® ésq1 ‘ I, ® Qx(0) + S @ Isya
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And the drift matrix is

diag{—1, I, ® Rx(x if x >0,
Ry (z) = gi=1 [ ® Rx(w)} (5.11)

After obtaining the steady state solution of Y (¢) it is not difficult to modify
equations (5.4)-(5.6) to find the metrics of interest. The numerical examples for

this model will given in section 6 along with the simulation results.
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Chapter 6

Numerical Examples

In this chapter, two numerical examples will be given in order to verify the tran-
sient and first passage time distribution method which we introduced in chapter

4 and transient solution of the M/M/S+G queue we obtained in chapter 5.

6.1 Numerical Example for the Transient and

First Passage Distribution Method

In the first numerical example, we study the case of 10 statistically identical
traffic sources that are multiplexed into a single buffer of size 100, a case which
is studied in [1] and [3]. Each individual source in this example is modeled
by a three-state Markov fluid source with one OFF state and two ON states.
Particularly, the ON time is assumed to have a hyper-exponential distribution
with mean 2, and coefficient of variation of 4 with balanced means as described
in [31]. The probability of the source being in the ON state is 0.4 and each ON
source emits traffic at a unity rate. The drain rate of the fluid queue is then set
to a value so as to meet a desired overall utilization of 0.95. This example leads
to an original MFQ X, () with n = 66 states. As in [3], we assume that the

buffer is empty at the beginning, i.e., a = 0, and the initial vector 7 is chosen
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so that the modulating Markov chain is initially restricted to reside in one of
the positive drift states according to the steady-state vector of Qx. Erlang-k and
CME-[ distributions are used for approximating the deterministic time horizon in

all the numerical examples. The complementary cdf (ccdf) of the buffer content
G (w) = Pr{X;(t) > 2|X;(0) = 0, X,,(0) ~ 7} (6.1)

for various values of z and for two values of t = 100,1000 are tabulated in
Tables 6.1 and 6.2, respectively, along with the numerical results reported in
the work by [3]. The convergence with CME-[ is rapid when compared to that
obtained by Erlang-k and the results obtained with the particular CME-50 are
in line with the results of [3] up to four digits.

We also modify the original MFQ in such a way that each ON source emits
traffic at a rate of r1=1.5 when the queue occupancy is less than a threshold
Br =50 and it is kept unchanged at the rate of one above this threshold (ro=1).
This modification gives rise to an MFQ called X5(¢) with two regimes. Then
to get more meaningful results for the first passage time distribution we applied
the same modification with r=1.25 and called the MFQ as X3(t). The ccdf
GY™(z) for the MFQ Xy(t) is presented in Tables 6.3 and 6.4 with respect to
varying values of x for the cases t = 100 and ¢ = 1000, respectively, along with
the simulation results we obtained with 95% confidence intervals. The results
obtained with the particular CME-50 approximation are in line with simulation

results up to four digits.
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Table 6.3: Ccdf of the buffer content Gy (x) for t = 100 with respect to varying
values of 2 when each ON source sends traffic at a rate of 1.5 when x < 50.

CME-I

z Simulation =10 =20 [ =30 [ =40 { =50

0 0.9989738+0.0000847 | 0.9989467 0.9989647 0.9989679 0.9989689 0.9989694
10 0.9915537+£0.0002184 | 0.9913360 0.9915069 0.9915350 0.9915439 0.9915478
20 0.980878340.0002018 | 0.9804597 0.9807409 0.9807878 0.9808028 0.9808094
30  0.960775240.0001046 | 0.9602078 0.9605846 0.9606477 0.9606680 0.9606770
40 0.9187809+0.0002092 | 0.9181303 0.9185703 0.9186443 0.9186681 0.9186787
50  0.708611240.0009859 | 0.7081774 0.7086226 0.7086997 0.7087250 0.7087363
60  0.4354735+0.0007387 | 0.4350771 0.4356319 0.4357318 0.4357654 0.4357804
70 0.321958740.0006860 | 0.3213813 0.3219654 0.3220720 0.3221080 0.3221241
80  0.2373893+0.0004176 | 0.2368594 0.2374089 0.2375099 0.2375442 0.2375596
90 0.166197140.0005445 | 0.1658028 0.1662493 0.1663316 0.1663596 0.1663721
100-  0.0591348+0.0002722 | 0.0589744 0.0591116 0.0591365 0.0591450 0.0591487

Table 6.4: Cedf of the buffer content Gy"" () for t = 1000 with respect to varying
values of 2 when each ON source sends traffic at a rate of 1.5 when x < 50.

CME-I

x Simulation =10 =20 [ =30 [ =40 { =50
0  0.9995199+0.0000589 | 0.9995088 0.9995101 0.9995102 0.9995103 0.9995103
10 0.9956387+£0.0001337 | 0.9956265 0.9956464 0.9956489 0.9956496 0.9956498
20 0.988537740.0004564 | 0.9885163 0.9885412 0.9885444 0.9885453 0.9885456
30  0.972705940.0007178 | 0.9726228 0.9726508 0.9726547 0.9726558 0.9726562
40 0.9356245+0.0008165 | 0.9356211 0.9356514 0.9356558 0.9356570 0.9356574
50  0.743178340.0012780 | 0.7431248 0.7431526 0.7431565 0.7431576 0.7431579
60  0.4956653+0.0006315 | 0.4957093 0.4957349 0.4957383 0.4957392 0.4957396
70 0.384568740.0005931 | 0.3844426 0.3844653 0.3844683 0.3844691 0.3844694
80  0.2936199+0.0010083 | 0.2935768 0.2935953 0.2935978 0.2935984 0.2935988
90  0.209126940.0013484 | 0.2092693 0.2092830 0.2092848 0.2092853 0.2092855
100-  0.0711825+0.0006067 | 0.0713854 0.0713899 0.0713905 0.0713907 0.0713908
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We also tabulate the ccdf of first passage time
Gg’b’”(t) = Plr{TO’b’7r >t} (6.2)

for the MFQ X;(t) for t = 100 and ¢t = 1000, respectively, in Tables 6.5 and
6.6, with respect to varying values of the parameter . The same ccdf of the first
passage time for the MFQ Xj3(t) is presented in Tables 6.7 and 6.8 for ¢ = 100
and t = 1000, respectively.
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Table 6.5: Cedf of the first passage time G2*7(100) for varying values of b for the
MFQ X, (t).

CME-!
b Simulation [=10 [ =20 [ =30 [ =40 =50

10 0.8042713+0.0002090 | 0.8034712 0.8039866 0.8040790 0.8041099 0.8041238
20 0.6011305+0.0002617 | 0.6006640 0.6010442 0.6011120 0.6011346 0.6011447
30 0.4589881£0.0002535 | 0.4585449 0.4588418 0.4588944 0.4589120 0.4589198
40 0.3531216£0.0002484 | 0.3528003 0.3530634 0.3531105 0.3531262 0.3531332
50  0.2718268+0.0002431 | 0.2714250 0.2716599 0.2717025 0.2717168 0.2717232
60  0.208260840.0002387 | 0.2078471 0.2080455 0.2080819 0.2080943 0.2080998
70 0.1582910=£0.0002030 | 0.1580051 0.1581603 0.1581892 0.1581990 0.1582034
80  0.1192100£0.0001869 | 0.1190517 0.1191610 0.1191817 0.1191888 0.1191920
90  0.0888781£0.0001724 | 0.0888135 0.0888782 0.0888909 0.0888953 0.0888972
100 0.0655609£0.0001445 | 0.0655512 0.0655759 0.0655811 0.0655830 0.0655839

Table 6.6: Ccdf of the first passage time G2%™(1000) for varying values of b for
X (t).

CME-!
b Simulation [=10 [ =20 [ =30 [ =40 [ =50

10 0.9999943+0.0000014 | 0.9999295 0.9999834 0.9999905 0.9999925 0.9999933
20 0.9991528+0.0000185 | 0.9989481 0.9991059 0.9991301 0.9991375 0.9991407
30 0.9930792+0.0000525 | 0.9925446 0.9929321 0.9929976 0.9930188 0.9930282
40 0.9763902£0.0000979 | 0.9754984 0.9761530 0.9762680 0.9763061 0.9763230
50  0.9467890+0.0001524 | 0.9456124 0.9464762 0.9466308 0.9466825 0.9467055
60  0.905073140.0001834 | 0.9038069 0.9047857 0.9049624 0.9050219 0.9050484
70 0.8540751+0.0002311 | 0.8527577 0.8537636 0.8539463 0.8540079 0.8540354
80  0.7970408=+0.0002466 | 0.7956567 0.7966256 0.7968022 0.7968619 0.7968886
90  0.7368456£0.0002838 | 0.7354763 0.7363688 0.7365318 0.7365870 0.7366116
100 0.6756845£0.0002971 | 0.6746477 0.6754444 0.6755902 0.6756396 0.6756616
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Table 6.7: Cedf of the first passage time G2*7(100) for varying values of b for the
MFQ X;(t).

Simulation CME-]
b =10 [ =20 [ =30 [ =40 =50

10 0.9883925+0.0000747 | 0.9879995 0.9883297 0.9883862 0.9884046 0.9884128
20 0.9441918+0.0001949 | 0.9435728 0.9441895 0.9442987 0.9443350 0.9443512
30 0.8896289+£0.0002176 | 0.8888313 0.8895886 0.8897237 0.8897688 0.8897889
40 0.8312572£0.0002919 | 0.8303829 0.8312334 0.8313858 0.8314368 0.8314595
50  0.7710200+£0.0003876 | 0.7700925 0.7710183 0.7711851 0.7712411 0.7712662
60 0.5241633£0.0004029 | 0.5236870 0.5243078 0.5244211 0.5244594 0.5244766
70 0.3704714+0.0003568 | 0.3701940 0.3705790 0.3706496 0.3706736 0.3706843
80  0.2688547£0.0003248 | 0.2685341 0.2687950 0.2688434 0.2688599 0.2688673
90 0.1961632+0.0002870 | 0.1959625 0.1961300 0.1961617 0.1961726 0.1961775
100 0.1421728+0.0002650 | 0.1426794 0.1427660 0.1427830 0.1427890 0.1427916

Table 6.8: Cecdf of the first passage time G2%™(1000) for varying values of b for
the MFQ Xj(¢).

Simulation CME-]
b =10 =20 =30 [ =40 [ =50

10 1.0000000+0.0000000 | 0.9999702 0.9999952 0.9999984 0.9999992 0.9999996
20 1.0000000=0.0000000 | 0.9999576 0.9999927 0.9999975 0.9999988 0.9999993
30 1.0000000£0.0000000 | 0.9999461 0.9999907 0.9999968 0.9999985 0.9999992
40 1.0000000£0.0000000 | 0.9999348 0.9999888 0.9999961 0.9999981 0.9999989
50 0.9999995+£0.0000006 | 0.9999233 0.9999865 0.9999950 0.9999972 0.9999982
60  0.999714040.0000125 | 0.9995451 0.9996794 0.9996987 0.9997042 0.9997065
70 0.9957856£0.0000612 | 0.9953724 0.9957204 0.9957775 0.9957957 0.9958037
80 0.9823249+0.0001130 | 0.9815373 0.9821804 0.9822922 0.9823290 0.9823453
90  0.9559581£0.0001735 | 0.9546932 0.9555904 0.9557501 0.9558034 0.9558272
100 0.9165630£0.0002225 | 0.9150828 0.9161328 0.9163221 0.9163856 0.9164140
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6.2 Numerical Example for the Transient

M/M/S+G Method

In this section, the analytical results are compared to simulation results, in order
to validate our analytical approach in Chapter 5. The packet arrival rate is 10
packets per second, the service rate is one, and the number of servers is 10. The
packets abandon with rate 1 for the stochastic abandonement systems, In order
to numerically derive the results for systems with stochastic abandonments, 1500
quantization levels are used for steady-state method and 100 used for transient
method due to the increased complexity of the problem. This example leads
to an original MFQ X,(t) with n = 11 states. As defined before, we assume
that the buffer is empty at the beginning, i.e., a = 0, and the initial vector 7 is
chosen so that the modulating Markov chain is initially restricted to start from
the first state where no customers are getting served at that moment. CME-10
distributions are used for the approximation of the deterministic time horizon
in all the numerical examples. CME-10 was sufficient to approximate the time
horizon accurately enough to obtain the first four digits of the metrics of interest
converged. The zero wait probability P(W = 0), probability of abandonment
P(A) and expected waiting time in the queue of a customer that didn’t abandon
E[W|S] results are compared to those of simulations for performance evaluation
and for the steady-state case exact results are also presented [18]. Steady-state
result is tabulated in Table 6.9 and transient results at ¢ = 4,8, 12,16, 10000 are
tabulated in Table 6.10.
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Table 6.9: Zero wait probability P(W = 0), probability of abandonment P(A)
and expected waiting time in the queue of a customer that didn’t abandon E[W|S]
results for steady-state solution of X4(t).

Proposed Exact Simulation Results
Method Method [18]
P(W =0) | 0.4579 0.4579 0.4583 4+ 0.0021
P(A) 0.1251 0.1251 0.1250 4+ 0.0008
E[W|S] 0.1149 0.1149 0.1149 4+ 0.0008

Table 6.10: Zero wait probability P(W = 0), probability of abandonment P(A)
and expected waiting time in the queue of a customer that didn’t abandon E[W|S]
results for transient solution of X,(t) at t = 4,8,12, 16.

P(W =0) P(A) E[W|S]
t= 0.4820 0.1173 0.1072
Proposed t=28 | 0.4585 0.1249 0.1148
Method t =12 || 0.4580 0.1251 0.1149
t =16 || 0.4580 0.1251 0.1149
=4 | 0.4854 £+ 0.0005 0.1141 4+ 0.0003 0.1046 + 0.0002
Simulation = 0.4585 £ 0.0004 0.1246 + 0.0004 0.1147 + 0.0002
t =12 | 0.4581 £ 0.0007 0.1250 + 0.0003 0.1148 + 0.0002
t =16 | 0.4583 £ 0.0005 0.1247 + 0.0004 0.1148 + 0.0002
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Chapter 7

Conclusions

In this thesis, we studied on the transient analysis of multi-regime Markov fluid
queues which is quite a useful tool for modeling queueing systems. In order to
achieve the transient measures of interest, a numerical method is proposed which
constructs a new auxiliary MRMFQ from the original one by introducing approx-
imated time horizon with a PH-type distribution. Then, the transient solution
is included in the steady-state distribution of the new MRMFQ. By using this
method both transient and first passage time distributions are obtainable given
the initial conditions of the fluid level and state distribution. We deployed addi-
tive decomposition to divide the system into constant, stable, unstable parts and
block tri-diagonal LU factorization method in order to reduce the solution time.
By following all of the steps described above, our method is able to solve transient
MRMFQ problems with non-zero boundary probability masses, absorbing states
and zero drifts. Also the fact that it is a treatment for not only SRMFQs but
also MRMFQ, makes it applicable to wide variety of queuing problems.

In order to introduce the time horizon to the problem, first the Erlangization
method is used where the PH-type distribution is an Erlang-£ distribution with
order k. As the order k increases, the model starts to make better approxima-

tions; but, the coefficient of variation of Erlang-k distribution is equal to 1/k
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which IS ineffective since the size of the model increases vastly for accurate ap-
proximations. Then, it is replaced by ME-fication where the Erlang is replaced
by the Concentrated ME distribution denoted by CME-I whose coefficient of vari-
ation is approximately 1/21?. We also compared these two types of distributions

in our numerical examples.

In addition to the transient method, we also proposed a numerical method for
the transient solution of multi-server queueing problem with generally distributed
impatient customers with a M/M/S+G queueing model. This problem is modeled
by using MRMF(Q where the fluid level is the queue waiting time; but, an auxiliary
state is introduced that does not evolve with time in order to introduce the
abrupt changes at queue time with arrivals. Then the proposed transient method
is modified for this MRMFQ to eliminate the auxiliary state from the transient

measures.

We tried to prove our proposed models’ validity by giving two numerical ex-
amples. First example is a 66 state MRMFQ/SRMFQ to prove the validity of the
transient method which was previously studied in [1], [3]. The second one is an
M/M/S+M model for which both transient and steady-state measures of interest
are found. Both, numerical examples proved the validity and effectiveness of the

proposed method.

For future work of this thesis, the proposed transient method can be applied
to model practical and actual scenarios. As it is modified for the M/M/S+G
case it can be implemented to other problems and its structure can be modified

if necessary.
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