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ABSTRACT

3D IMPLEMENTATION OF BIAS-CORRECTED
PHASE-BASED CR-MREPT

Mustafa Kaan Çan

Ph.D. in Electrical and Electronics Engineering

Advisor: Yusuf Ziya İder

December 2025

Electrical property imaging has been a point of interest for decades as it has

promising applications such as anatomical imaging, tumor detection, stroke de-

tection and classification, early diagnosis of Alzheimer disease and dementia, RF

safety and SAR calculations, and therapy planning and monitoring. Among dif-

ferent electrical property imaging methods, MREPT has the advantage of using

a standard MRI device so that its non-invasive, does not use external coils or

electrodes, and does not rely on ionizing radiation.

Many MREPT methods are proposed, but most of them suffer from similar

limitations such as internal boundary artifacts, transceive phase approximation,

concave bias, and long imaging times caused by high SNR requirements. These

problems significantly limit the clinical feasibility of MREPT. cr-MREPT, espe-

cially in phase-based form, overcomes internal boundary artifacts without using

the transceive phase approximation but still suffers from concave bias and high

SNR requirements. Moreover, even tough implementation in 3D is straightfor-

ward, phase-based cr-MREPT is not previously employed in 3D since hardware

requirements and reconstruction times make the method impractical for clinical

applications.

In this thesis, we aim to develop an MREPT method that overcomes all the

mentioned limitations and is feasible to use in clinical applications. To achieve

this, a novel bias correction method is proposed to overcome the concave bias.

The proposed method is evaluated on the basis of simulation and experimental

phantoms, and the conductivity distributions are successfully reconstructed in

each case. Later on, the bias corrected phase-based cr-MREPT method is imple-

mented in 3D and a new, practical reconstruction method is proposed to improve

feasibility of the method applying on conductivity reconstructions of large objects.

The method divides the object into smaller volumes so that the reconstruction of

each volume is more manageable and can be parallelized to accelerate the solution

process. Small region sizes are determined by performing sensitivity analysis on
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phase-based cr-MREPT, and the performance of the proposed method is proven

on various noiseless and noise-added simulation data. Last but not least, a cr-

MREPT library is developed to improve the availability of 2D/3D bias corrected

cr-MREPT for researchers, increase collaboration between different groups and

provide better comparative evaluation of different methods.

Keywords: magnetic resonance electrical properties tomography (MREPT), 3D

convection reaction equation based MREPT (cr-MREPT), phase based EPT,

electrical property imaging, conductivity imaging, bias correction..



�OZET

IC� B�UKEY E �GIM D�UZELTMELI FAZA DAYALI
KR-MRE �OT’NIN 3B UYGULAMASI

Mustafa Kaan Çan

Elektrik ve Elektronik Mühendisliği, Doktora

Tez Danışmanı: Yusuf Ziya İder

Aralık 2025

Dokuların elektriksel özelliklerinin görüntülenmesi; anatomik görüntülemenin

yanında tümör tespiti, inme tespiti ve sınıflandırması, Alzheimer ve bunama gibi

hastalıkların erken tespiti, radyo frekans soğurma ve lokal özgül soğurma oranının

(ÖSO) hesaplanması, tedavi planlama ve takibi gibi alanlarda kullanılmaktadır

ve bu sebeple popüler bir araştırma konusu haline gelmiştir. Farklı elektriksel

özellik görüntüleme yöntemleri arasında, manyetik rezonans elektriksel özellik to-

mografisinin (MREÖT) yaygın MR cihazları ile kullanılabilmesi ve ek bir donanım

gerektirmemesi, invaziv olmaması ve iyonize edici radyasyon kullanmaması gibi

avantajları bulunmaktadır.

Son yıllarda birçok farklı MREÖT yöntemi önerilmiş olsa da, bu yöntemler

genel olarak benzer problemlerden muzdariptir. Bu problemler sınır artefaktı,

toplam faz varsayımı (TFV), içbükey eğim, yüksek sinyal/gürültü oranı gereklilik-

leri kaynaklı uzun görüntüleme süreleri şeklinde sıralanabilir. kr-MREÖT

yöntemi, faza dayalı versiyonu kullanıldığında sınır artefaktı ve TFV kaynaklı

sorunlardan etkilenmemekte, ancak içbükey eğim ve uzun görüntüleme süreleri

gibi problemler devam etmektedir. Bunlara ek olarak, yöntemin 3 boyutlu uygu-

laması donanımsal açıdan yüksek gereksinimlere sahiptir ve geriçatım süreleri

pratik olmayacak kadar uzundur. Bu da yöntemi klinik uygulamalar için elverişsiz

hale getirmektedir.

Bu çalışmada, bahsedilen sorunlardan etkilenmeyen, hızlı ve klinik uygula-

malara uygun bir kr-MREÖT yöntemi geliştirilmesi hedeflenmiştir. Bu amaçla,

içbükey eğim problemini düzeltecek özgün bir yöntem geliştirilmiştir. Önerilen

yöntem simülasyon ve deney sonuçlarıyla doğrulanmı ve elektriksel iletenlik

dağılımları her durumda başarıyla elde edilebilmiştir. Sonrasında, içbükey eğim

düzeltmeli faza dayalı kr-MREÖT yöntemi 3B olarak uygulanmış ve büyük nes-

nelerin iletkenlik geriçatım uygulanabilirliğini artırmak için yeni ve pratik bir

geriçatım yöntemi önerilmiştir. Yöntem, nesneyi daha küçük 3B bölgelere bölerek
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her bir bölge için iletkenlik geriçatımını pratik olara daha uygulanabilir hale

getirir ve toplam çözüm süresini kısaltmak amacıyla küçük bölgelerde yapılan

geriçatımlar eş zamanlı olarak yapılabilir.Faza dayalı kr-MREÖT üzerinde has-

sasiyet analizi yapılarak küçük bölge boyutları belirlenmiş ve önerilen yöntemin

performansı çeşitli gürültüsüz ve gürültü eklenmiş simülasyon verileri üzerinde

kanıtlanmıştır. Son olarak, araştırmacılar arasında içbükey eğim düzeltmeli

faza dayalı kr-MREÖT yönteminin kullanılabilirliğini artırmak, farklı gruplar

arasındaki iş birliğini artırmak ve farklı yöntemlerin karşılaştırmasının daha kolay

yapılabilmesini sağlamak amacıyla bir kr-MREÖT kütüphanesi geliştirilmiştir.

Anahtar s�ozc�ukler : manyetik rezonans elektriksel özellik tomografsi (MREÖT),

konveksiyon reaksiyon denklemine dayalı MREÖT (kr-MREÖT), faza dayalı

EÖT, elektriksel özellik görüntüleme, iletkenlik görüntüleme, içbükey eğim

düzeltme.
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Chapter 1

Introduction

Magnetic Resonance Imaging (MRI) is one of the most widely used medical imag-

ing methods as it is non-invasive, it offers high spatial resolution and soft tissue

contrast without using ionizing radiation. Since its introduction, MRI has signif-

icantly improved our understanding of the structure and function of the human

brain.

Similarly to other imaging methods, magnetic resonance imaging requires a

mechanism to create contrast between tissues in order to be useful for medical

purposes. Employing different pulse sequences during imaging, different proper-

ties of tissues can be utilized as the contrast creating mechanism in MRI. Electri-

cal properties, namely conductivity (�) and permittivity (�), can be used as one

of these properties.

In this thesis, some of the problems related to magnetic resonance electrical

properties tomography (MREPT) are discussed, and possible solutions to these

problems are proposed. This Chapter gives an introduction to the topic and the

research presented in this thesis.
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1.1 Electrical Properties and Electrical Prop-

erty Imaging

Electrical properties (EPs) of tissues, i.e., conductivity (�) and permittivity (�),

have been topics of interest for decades for researchers, as they provide signifi-

cant information about tissues and their interaction with electromagnetic fields.

Hence, imaging of these properties and obtaining accurate conductivity and per-

mittivity distributions of tissues are critical for many applications. As electri-

cal conductivities of healthy tissues and various pathological tissues vary signif-

icantly, MREPT can be used for tumor detection [2–12], stroke detection and

classification [13–17], early diagnosis of Alzheimer disease and dementia [18–21],

epilepsy [22–24]. EPs are also useful for determining how tissues behave under

electromagnetic fields, hence can be used to quantify MR safety and calculate

the specific absorption ratio (SAR) [25, 26], hypothermia treatment [8, 27], radio

frequency ablation [28–30], and planning and monitoring of radiotherapy [31].

The electrical properties of tissues at different frequencies have been a topic of

interest for many decades. As a result, several methods have been proposed for

different frequencies.At low frequencies, 1 kHz to 1 MHz, electrical impedance

tomography (EIT) [32–36] and magnetic induction tomography (MIT) [37–39]

are used. Both of these methods are based on surface electrodes or coils inducing

current in the tissue, mostly working on regions close to the body surface. How-

ever, the sensitivity of these equipments is low in the inner regions of the body.

This results in impedance maps that have low spatial resolution, especially in

the inner regions of the body. Magnetic resonance electrical impedance tomog-

raphy (MREIT) is proposed to overcome this problem [40–46]. Thanks to the

MR machine, the sensitivity of the measurements is equal throughout the object

in MREIT. However, the method still relies on surface electrodes to induce cur-

rent in tissues. Employing such electrodes is tricky in MR machines due to the

constant magnetic field, in addition to any discomfort caused to the patient to

be imaged. Later, magnetic resonance electrical properties imaging (MREPT)

was proposed [47–49] to obtain electrical properties at Larmor frequency. Unlike
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EIT methods where a current is induced in tissues, main source of contrast in

MREPT is the perturbation of RF magnetic fields (B1 is the transceive magnetic

field, where B+
1 is the transmit and B�1 is the receive fields) by the electrical prop-

erties of the imaged object. Since no current is induced by electrical or magnetic

induction, standard MRI equipment is sufficient to obtain EPs of the tissue with-

out any surface electrodes or additional coils. EP maps can be obtained using B1

maps, which can be obtained employing common MRI hardware and well-known

pulse sequences [50,51].

The earlier MREPT based on the Helmholtz equation [47] assumes uniform

EPs within tissues, i.e. the gradients of EPs are zero. This is a significant

assumption that results in artifacts along and near the tissue boundaries [52],

which are called internal boundary artifacts. In order to overcome this prob-

lem, convection-reaction equation based magnetic resonance electrical properties

tomography (cr-MREPT) is proposed [53]. The cr-MREPT method is capa-

ble of reconstructing conductivity distributions without artifacts around internal

boundaries. The method acts like a low-pass filter, preventing large changes of

conductivity values but also causing some blunting.

Both methods mentioned up to now, Helmholtz MREPT and cr-MREPT,

are in complex form. These are also known as full-form methods and require

knowledge of both the magnitude and phase of B1 fields. The phase of B1 can be

obtained much faster compared to its magnitude [54]. In order to shorten imaging

times and simplify the reconstruction process, phase-based MREPT algorithms

are developed [50,51,55]. Phase-based methods only require the phase of B1, and

have simpler main equations that are easy to implement. Moreover, phase-based

methods do not require the so-called transceive phase approximation (TPA). The

trade off of using phase-based methods instead of full-form solutions is that phase-

based methods are able to reconstruct only the conductivity of the object, where

full-form methods give both conductivity and permittivity.
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1.2 Objective and Scope of the Thesis

As discussed in Sect.1.1, EP imaging, especially obtaining tissue conductivities, is

beneficial for both anatomical imaging and detection of various diseases, as well

as SAR calculations and RF safety. Since it is a non-invasive method without

any electrodes or coils to induce current in patients and offer uniform sensitivities

through the object, MREPT is the most promising of EP imaging methods.

Nevertheless, MREPT is a relatively new imaging technique that is still de-

veloping and has some significant problems that require attention. The full-form

MREPT methods require both phase and magnitude of B1, which are measured

separately and require significant imaging time in the MRI machine. Phase-based

MREPT has some advantages over full-form methods, such as requiring only the

phase of B1, thus reducing the imaging times. However, the derivations of the

phase-based methods assume that jB+
1 j is almost uniform (rjB+

1 j = 0) through-

out the region of interest [50,51,55]. This assumption holds at lower frequencies

where the wavelength of the RF excitation pulse is large compared to the imaged

object. On the other hand, in 3T MRI devices the Larmor frequency is around

127:74MHz, which corresponds to wavelengths comparable to the object to be

imaged. This causes a central brightness in the jB+
1 j distribution. Due to the

assumption that rjB+
1 j = 0, a low frequency concave bias is observed in the

reconstructed conductivity maps [56]. Couple of heuristic methods are proposed

to overcome the concave bias. These methods use an approximated sinc func-

tion [57] or a fitted low order polynomial [56] for bias correction. Both of these

methods are post-processing methods for conductivity distributions, and [57] is

only applied to phase-based Helmholtz MREPT.

As will be discussed in detail in Chapter 2, both Helmholtz and cr-MREPT

methods are 3-dimensional problems, and conductivity reconstruction depends on

fields in all three directions. However, most of the previous studies in cr-MREPT,

especially phase-based cr-MREPT, ignore the Z-dependence of the equations and

calculate the conductivity in a single slice in the XY-plane. This approximation

holds for z-independent phantom experiments but clearly causes errors in more
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realistic cases, such as human experiments. Another option would be to imple-

ment cr-MREPT in 3 slices in z-direction in order to calculate the z-derivative

terms and improve the reconstruction accuracy for the central slice. However,

this method gives results for only a single slice of interest and cannot obtain the

conductivity distribution for the whole volume at once. Several studies employ

cr-MREPT in 3D [56, 58, 59], but focus on a full-form solution and inclusion of

3D solutions is somewhat limited. The most significant reason for focusing on 2D

solutions of cr-MREPT is that large regions-of-interest (ROIs) in 3D results with

a very large number of nodes to solve for, causing heavy hardware requirements

and significantly long computational times.

Last but not least, as a relatively new and developing imaging technique,

the number of people working MREPT, especially cr-MREPT is quite limited.

In order to fully reach its potential, it is critical that the method reach more

researchers to employ cr-MREPT in their studies. However, implementation of cr-

MREPT can be tricky. All MREPT methods include partial differential equations

and derivatives of the unknowns have to be calculated. These calculations and

solving partial differential equations can get complicated and can take a lot of

time and effort, discouraging new researchers.

In this thesis, the main purpose is to develop solutions to some of the main

problems of phase-based cr-MREPT. Hence, results of the thesis are divided into

3 main topics;

• A bias correction method for both Helmholtz and cr-MREPT in their phase-

based forms is proposed. The proposed method does not require any ad-

ditional data other than the phase of B1. It is also not an empirical post

processing method, unlike the previously proposed bias correction methods.

The derivation of the method is presented in the later chapters, as well as

applications on both simulation and experimental phantom data. Detailed

evaluation of the bias correction for both Helmholtz and cr-MREPT is also

given.

• A solution method for phase-based cr-MREPT in 3D tetrahedral mesh is
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developed. The smallest region size where the conductivity values can be

successfully reconstructed is found by calculating the sensitivity maps of

the reconstructions with respect to the phase of B+
1 . The ROI is then

divided into small regions with the determined size and the conductivity

distributions are obtained individually for each region. By parallelization

of individual solutions, the total solution time is significantly decreased.

• An MREPT library is developed for phase-based methods with the option

to correct the concave bias. Many examples of both simulation and exper-

imental data are included. The library is intended to be as user friendly

as possible with added comments at each line explaining the details of the

operations. This work is aimed to be useful for any MREPT enthusiast

that desires to employ phase-based cr-MREPT in their studies.

1.3 Organization of the Thesis

This thesis consists of 6 chapters. Chapter 1 gives an introduction to the the-

sis, while Chapter 2 presents theoretical background information about various

MREPT methods and discusses their advantages, problems, and limitations. In

Chapter 3, a bias correction method is proposed for phase-based MREPT meth-

ods. The derivation of the main equation of the method is given with rigorous

discussions about various assumptions made during the derivation steps. The

results, both numerical and visual, of the proposed method are given for various

simulation and experimental phantoms. Chapter 4 focuses on 3D implemen-

tation of cr-MREPT and acceleration of the solution. Sensitivity maps of the

reconstructed conductivity values with respect to the phase of B+
1 are calculated

and presented. The details of how to properly determine the size of the small

regions are discussed. Reconstructed conductivity results for various phantoms

are shown. Chapter 5 discusses the details of the developed cr-MREPT library.

Similarly to the previous sections, reconstruction results for various phantoms

are shown. Finally, in Chapter 6, the work presented in this thesis is summarized

and future direction of the topic is discussed.
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Chapter 2

Theory

MREPT utilizes the perturbation of magnetic fields in tissues to calculate elec-

trical properties, conductivity � and permittivity � of tissues. This chapter gives

the theoretical background information necessary to understand the physics be-

hind the commonly used MREPT methods. Derivations of the central equations

of the methods are presented, and problems and limitations of the methods are

discussed.

2.1 Helmholtz MREPT

2.1.1 Full-Form and Phase-Based Approaches

In order to obtain the relationship between EPs of the tissues and magnetic field,

we start from Ampere’s Law and substitute the electric field with the magnetic

field using Faraday’s law:

�r2B = (
r




)� (r�B)� i!�0
B (2.1)
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Here; B = (Bx; By; Bz) is the magnetic flux density in 3D, 
 = � + i!� is the

complex electrical properties, ! is the Larmor frequency, and �0 is the magnetic

permeability of free space. Throughout the thesis, ! = 127:74MHz (correspond-

ing to a 3T MRI system) and � = �0, the permeability of the free space is used.

The complete derivation can be found in Katscher et al [48].

The equation simplifies significantly if we assume that EPs are constant

through the object, i.e. r
 = 0:

r2B = i!�0
B (2.2)

Rearranging Eq. 2.2 and writing in terms of quantities that can be measured

in the MRI system, we obtain the central equation of the full-form Helmholtz

MREPT:


 =
r2B�1
i!�0B

�
1

(2.3)

Physically, B�1 given in Eq. 2.3 corresponds to transmit (B+
1 ) and receive

(B�1 ) sensitivity of the RF coil used during the measurements. In terms of spatial

components ofB, these can be written as B+
1 = Bx+iBy

2
and B�1 = Bx�iBy

2
. B+

1 and

B�1 correspond to the left- and right-hand rotating component of the magnetic

field B.

To further simplify Eq. 2.3, real and imaginary components of B+
1 and 
 can

be separated using B+
1 = jB+

1 jei�
+
and 
 = � + i!�:

� + i!� =
r2jB�1 jei�

+

i!�0jB�1 jei�
+ (2.4)

Using the identity r2(ab) = ar2b + 2rarb + br2a, and rearranging terms,

we get:
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� + i!� =
r2jB�1 j � jB�1 j(r�� � r��) + i

�
2rjB�1 j � r�� + jB�1 jr2��

�
i!�0jB�1 j

(2.5)

Eq. 2.5 can be separated into real and imaginary components;

� =
1

!�0

�
2rjB�1 j � r��

jB�1 j
+r2��

�
(2.6)

� =
1

!�2
0jB�1 j

�
jB�1 j(r�� � r��)�r2jB�1 j

�
(2.7)

Making the assumption that rjB+
1 j is negligible and r2�� � 2rjB�

1 j�r��

jB�
1 j

, we

cancel the jB+
1 j term and get the central equation for the phase-based Helmholtz

MREPT:

� =
r2��

!�0

(2.8)

Eq. 2.8 includes the term ��, where �+ and �� correspond to the transmit and

receive phase, respectively. However, only the sum of these, i.e. the transceive

phase, can be measured in MRI experiments. It is therefore more convenient to

rearrange Eq. 2.8 as:

� =
r2�tr

2!�0

(2.9)

where �tr = �++�� is the transceive phase and the measurements of the MRI

experiments can be used directly to obtain the conductivity distributions.

2.1.2 Problems and Limitations

The full-form (Eq. 2.3) and phase-based (Eq. 2.9) Helmholtz MREPT meth-

ods are quite simple but powerful methods that allow for the determination of
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conductivity distributions of tissues with common MRI hardware and pulse se-

quences. Especially phase-based Helmholtz MREPT is very commonly used in

clinical studies because it is simple, easy to implement, and requires only phase

data. However, both methods suffer from some well-known and investigated prob-

lems, as some significant assumptions were made during the derivations. These

problems can be summarized in 4 main points:

2.1.2.1 Internal Boundary Artifacts

Helmholtz MREPT, both in full-form and in phase-based forms, assumes that

EPs are constant throughout the object during reconstruction. Obviously, this

is not the case and the assumption does not hold where the conductivity values

change because different tissues have different conductivity and permittivity val-

ues. Hence, significant artifacts are observed along internal boundaries [52, 60].

Fig. 2.1 gives the true conductivity values, and conductivity values obtained us-

ing full-form (Eq. 2.3) and phase-based (Eq. 2.9) Helmholtz MREPT methods

for a cylindrical simulation phantom with 4 conductivity anomalies. The details

of the phantom will be discussed in later sections. It can be seen that, even for a

relatively simple phantom, internal boundary artifacts are very visible and affect

the obtained conductivity distributions greatly. When a more complicated object

with more internal boundaries is imaged, such as a human brain, the artifacts

become even more dominant.

2.1.2.2 Transceive Phase Approximation (TPA)

As mentioned above, only the transceive phase �tr = �+ + �� can be measured

in MRI. However, Eq. 2.3, the central equation of the Helmholtz MREPT in full-

form, relies on �+ to calculate the EP values. To solve this problem, transceive

phase approximation (TPA) is made; it is assumed that �+ � ��. Then �+ can

be calculated simply by taking half of the measured phase �tr, as �tr = �++�� �
2�+ by TPA.
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A B C

Figure 2.1: True conductivity values and conductivity reconstruction results for
full-form and phase-based Helmholtz MREPT, for a simulation phantom with 4
conductivity anomalies. Conductivity unit is s=m, distance unit ism for all cases.
(A) True conductivity values of the phantom. (B) Full-form Helmholtz MREPT
reconstruction. (C) Phase-based Helmholtz MREPT reconstruction.

Physically, this means that the transmit and receive sensitivities of the RF coils

are equal. This can be the case where a birdcage coil is used for transmitting

and receiving signals, but fails in other cases where different coils are employed.

It has been found that the approximation does not always hold for non-spherical

objects, such as the human brain [61].

TPA is used in full-form MREPT, but, as given in Eq. 2.9, phase-based

Helmholtz MREPT has the term �tr in its central equation and does not require

the application of TPA.

2.1.2.3 Concave Bias

Phase-based MREPT is advantageous compared to full-form MREPT since it

does not require TPA but assumes a constant jB+
1 j through the object. This

will be discussed in detail in later chapters, but the assumption does not hold at

high magnetic field MRI systems because the wavelength of the applied RF field

being comparable to the object sizes, causing central brightness. As a result,

the reconstructed conductivity maps have a concave bias, and the ROI edges

have elevated conductivity values. Fig. 2.2 shows an example of this, as the

reconstructed conductivity values are 0:65s=m (30%) for a homogeneous phantom

with constant conductivity, 0:5s=m.
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Figure 2.2: Phase-based cr-MREPT reconstruction for cylindrical phantom with
uniform conductivity of 0:5s=m. Concave bias is visible around the edges of the
Region-of-Interest (ROI). Conductivity unit is s=m, distance unit is m for all
cases.

2.1.2.4 High SNR Requirements

MREPT methods, both full-form and phase-based, have Laplacian operators in

their central equations. Due to this, solutions are quite sensitive to the noise of

MRI experiments. The noise sensitivity of EP imaging methods is well inves-

tigated [40, 62], but the general solution to the problem is to apply a low pass

filter to eliminate noise or increase the repetition factor when imaging for B1

maps. Low pass filtering obviously lowers the detail level in conductivity maps in

addition to eliminating noise, hence not desirable. Imaging with a high number

of repetition factor and averaging improves SNR but is also problematic, since it

also increases the total imaging time. Complex B1 maps are typically obtained

by obtaining the magnitude and phase of the B1 field separately. Phase data

can be obtained relatively fast, but obtaining jB+
1 j maps with high SNR can take

significant time [54].

2.2 cr-MREPT

Internal boundary artifacts are a significant problem with Helmholtz MREPT. To

overcome this, convection-reaction equation based magnetic resonance electrical
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properties tomography (cr-MREPT) is proposed and its phase based form is

developed [1,53], which can handle internal boundaries without causing artifacts.

2.2.1 Full-Form and Phase-Based Approaches

To solve the internal boundary problem, Hafalir et. al [53] re-derived the MREPT

equation starting from Eq. 2.1, but without assuming r
 = 0. The complete

derivation of the method is not given here, but the final form of the central

equation of full-form cr-MREPT is obtained as:

�+ � ru�r2B+
1 u = i!�0B

+
1 (2.10)

Here, 
 = � + i!� and �+ are defined as:

�+ =
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Eq. 2.10 is in the same form as the convection-diffusion-reaction equation

[63] when the diffusion term is 0. An artificial diffusion term �cr2u can be

added for additional regularization of the system, where c is a constant to be

determined. Selecting c is a trade off between regularization and resolution of

obtained conductivity distributions as the term acts as a low pass filter. The

final form of the equation then becomes:

�cr2u+ �+ � ru�r2B+
1 u = i!�0B

+
1 (2.12)

Eq. 2.12 is able to handle EP reconstruction at internal boundaries but still

employs TPA and suffers from any problems it causes. Moreover, it requires
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both the magnitude and the phase of B1 and is sensitive to noise. Hence, either

long imaging times are used for improving SNR or stronger low pass filtering (or

high diffusion coefficient) is applied to suppress noise in the expanse of image

quality and blunting. The Phase-based form of cr-MREPT is later developed

to eliminate the need for jB+
1 j [15], which uses the following central equation to

obtain conductivity distributions:

�cr2�+r� � r�+r2�� = 2!�0 (2.13)

In Eq. 2.13, we only have � = 1=� as the unknown to solve for, similar to the

phase-based Helmholtz MREPT as we only have phase of the field B1. There is

also the diffusion term �cr2� for regularization.

2.2.2 Problems and Limitations

cr-MREPT is developed to overcome internal boundary artifacts and is able to

do so successfully. Fig. 2.3 shows the reconstructed conductivity distributions

using full-form and phase based cr-MREPT. Compared to Fig. 2.1, it is clear that

boundary artifacts are eliminated and the obtained conductivity distribution is

very similar to the actual conductivity values.

Although the internal boundary artifacts are eliminated with cr-MREPT, other

problems that are discussed in Sect. 2.1.2 still exist in the reconstruction results.

Full-form cr-MREPT suffers from TPA and long imaging times due to high SNR

requirements, and phase-based cr-MREPT suffers from a concave bias similar

to phase-based Helmholtz MREPT. In addition to these, a new artifact due to

the formulation of MREPT occurs, called Low Convection Field Artifact (LCF).

Moreover, a slight blunting effect is observed in the conductivity distributions.
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A B C

Figure 2.3: True conductivity values and conductivity reconstruction results for
full-form and phase-based cr-MREPT, for a simulation phantom with 4 conduc-
tivity anomalies. Conductivity unit is s=m, distance unit is m for all cases. (A)
True conductivity values of the phantom. (B) Full-form Helmholtz MREPT re-
construction. (C) Phase-based Helmholtz MREPT reconstruction.

2.2.2.1 Low Convection Field (LCF) Artifact

The convection field term in Eq. 2.12 �+ may get close to zero, mostly around

the center of the object, and this allows the �r
 term to become large. Because

of this, very large local artifacts around the regions where convection field is small

occur. This artifact is named Low Convection Field (LCF), or ”spot-like” artifact

. An example of the artifact is shown in Fig. 2.4, where the LCF artifact is left

uncorrected. The LCF artifacts are thoroughly investigated and many methods

to overcome them are proposed [59, 64–67]. One of these solutions is to use a

proper value for diffusion coefficient, which is used throughout this thesis.

2.2.2.2 Blunting

The gradient terms of EPs and the artificial diffusion term in Eq.s 2.12 and 2.13

help to regularize the PDEs and obtain a stable solution. However, they also

have slight blunting effects around the internal boundaries, as they act like low

pass filters. The significance of the blunting effect can be decreased by employing

a smaller diffusion coefficient, but this causes problems for low SNR data. Hence,

a trade off must be made to select the correct value of diffusion coefficient [68].
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Figure 2.4: Reconstruction results for phase-based cr-MREPT for a uniform
phantom. LCF artifact can be seen in the center of the phantom. Conduc-
tivity unit is s=m, distance unit is m.

2.3 Other MREPT Methods

Although Helmholtz and cr-MREPT, especially in phase-based form, are the most

commonly used MREPT methods, there are other methods developed by different

groups, working on similar principles. Local Maxwell Tomography was proposed

to overcome the transceive phase approximation [69], but suffers from the slow-

varying EP assumption. Global Maxwell tomography is proposed later and solves

a series of volume integrals to calculate conductivity distributions [70]. To achieve

high SNR measurements faster, methods depending on B�1 are proposed [71–

73]. Balidemaj et al. suggested a technique based on a 2D integral equation

called contrast source inversion electrical properties tomography (CSI–EPT) [74].

Gradient-based EPT (gEPT) is another method that uses integral equations to

improve the quality of reconstruction around internal boundaries [75,76]. Various

iterative methods for the estimation of EPs are also proposed [77–79]. In addition

to these models based on physics, many methods employing artificial intelligence

and deep learning are also developed [80–87].
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Chapter 3

Bias Correction for Phase-Based

MREPT

Full-form Magnetic Resonance Electrical Properties Tomography (MREPT) re-

quires both phase and magnitude of B+
1 . Between these, the phase of B+

1 can

be obtained faster and with a higher SNR compared to the magnitude of B+
1 .

To utilize this, several phase-based methods have been developed for conductiv-

ity imaging. However, methods that rely only on the phase of B+
1 suffer from

a concave bias due to the assumption that rjB+
1 j is negligible in the ROI. In

this section, we re-derive the central equation of phase-based cr-MREPT without

assuming that rjB+
1 j is negligible and thus propose a bias correction method

directly integrated into the equation system. The proposed correction method

gives conductivity maps that are similar in quality to full-form solution and does

not require full resolution rjB+
1 j, therefore providing a significant acceleration in

imaging times. Moreover, alternative methods are proposed to fully obtain jB+
1 j

and the extension of these methods to full-form MREPT is discussed.
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3.1 Motivation

Phase-based MREPT methods, both Helmholtz and cr-MREPT, use the assump-

tion that jB+
1 j is constant throughout the imaged object. However, this is not

the case for 3T systems, since at the Larmor frequency of s 127MHz, the wave-

length of RF pulses becomes comparable to the imaged object. Due to this, a

phenomenon called “central brightness” is observed; jB+
1 j becomes higher at the

central region of the image compared to the sides. An example of this is shown

in Fig. 3.1, where a quadrature birdcage coil, tuned at Larmor frequency, is

simulated to excite a uniform cylindrical phantom.

Figure 3.1: jB+
1 j for a quadrature birdcage coil and a cylindrical phantom with

uniform conductivity.

Since this phenomenon is related to the wavelength of the RF pulse, its effect

increases when the wavelength is further decreased. The static magnetic field

strength of the MRI system is one of the parameters that can affect the wave-

length. Higher field strength corresponds to higher RF frequency, resulting in

reduced wavelength. Therefore, it is plausible to assume that the central bright-

ness phenomenon will increase in 7T MRI systems. � of the imaged object is

another parameter that can change the wavelength; higher � corresponds to a

lower wavelength at the same frequency.

Due to the constant jB+
1 j assumption, conductivity maps reconstructed using

phase-based cr-MREPT suffer from a concave bias. Fig. 3.2 shows an example

18



of this, where a cylindrical phantom with uniform conductivity is simulated and

the resulting conductivity map, reconstructed with phase-based cr-MREPT, is

presented. The central region of the conductivity map gives the correct values,

where the values start to increase as we move away from the central region.

Clearly, this is a crucial error that requires some form of correction.

Figure 3.2: Phase-based cr-MREPT reconstruction for cylindrical phantom with
uniform conductivity of 0:5s=m. Concave bias is visible, and conductivity values
are increased up to 0:65s=m (30%) around the edges of the Region-of-Interest
(ROI). Conductivity unit is s=m, distance unit is m for all cases.

3.2 Theory

Relationship between EPs and B1 magnetic field can be written as:

�r2B =
r



� (r�B)� i!�0
B (3.1)

Here, 
 = � + i!�. After defining �+ as
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Eq. 3.1 can be rearranged such that the logarithmic form of the cr-MREPT [55]

is obtained:

�+ � (r




)�r2B+
1 � i!�0
B

+
1 = 0 (3.3)

Using B+
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+
, we can rewrite the terms �+ as:
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Similarly, the term r2B+
1 can also be rewritten as:
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We then define Ω as:
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Combining all results and rewriting Eq. 3.3 gives:

Ω � r ln 
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Assuming that � >> i!�, we can write Re
n
r
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.

Also neglecting the real part of the equation and using only the imaginary part,

then multiplying by �:
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Following the same derivation steps for jB�1 j, we obtain a similar equation:

2666666664

@��

x
� 1

jB�1 j
@jB�

1 j
@y

@��

y
+

1

jB�1 j
@jB�

1 j
@x

@��

@z

3777777775

T26666664
@�

@x
@�

@y
@�

@z

37777775+

�
r2�� +

2

jB�1 j
rjB�1 j � r��

�
� = !�0 (3.11)

21



Finally, adding Eq. 3.10 and Eq. 3.11 while making the assumption that
1
jB+

1 j
rjB+

1 j � 1
jB�

1 j
rjB�1 j, and adding an artificial diffusion term for additional

regularization, the final form of the bias-corrected phase-based cr-MREPT equa-

tion can be obtained as:

�cr2�+r� � r�+
�
r2�+

2

jB+
1 j
rjB+

1 j � r�
�
� = 2!�0 (3.12)

Note that � in Eq. 3.12 is defined as the transceive phase, i.e.:

� = �tr , �+ + ��

An important point to note is that Eq. 3.12 can be used in both 2D and 3D

cases, depending on the dimensions of the operators. In this section, the main

purpose is to demonstrate the utilization of the bias correction term; hence the

equation is employed in 2D. In this case, a single slice of interest is reconstructed

while all z-dependent terms in Eq. 3.12 are assumed to be zero. The 3D case in

which all slices are reconstructed simultaneously is discussed in Chapter 4. Such

3D reconstructions are very time and memory demanding, and require other

methods to reconstruct. There are two cases of 2D reconstructions that are

discussed in this chapter:

• When cylindrical simulation and experimental phantoms with z-

independent electrical properties are used, the gradient and Laplacian of

resistivity were simplified to omit the z-derivatives, i.e. @�
@z

=
�
@�
@z

�2
= 0,

and
@B+

1

@z
= 0.

• When using the brain simulation phantom, to reconstruct the slice of in-

terest, we have also used the z-independence assumption for the resistivity,

i.e. @�
@z

=
�
@�
@z

�2
= 0, but we have calculated

@B+
1

@z
using slices one above and

below of the slice of interest.
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Eq. 3.12 can be simplified to obtain the other well-known MREPT equations.

Making the assumption that jB+
1 j is constant, or in other words, rjB�1 j = 0, we

get the phase-based cr-MREPT [55] equation:

�cr2�+r� � r�+r2�� = 2!�0 (3.13)

It is also structurally similar to the full-form cr-MREPT equation [53], which

uses both the magnitude and the phase of B+
1 . However, this equation involves

complex valued variables and is able to obtain both conductivity and permittivity

of the tissues.

�cr2
 + �+ � r
 �r2B+
1 
 = i!�0B

+
1 (3.14)

Finally, Eq. 3.12 can be simplified to obtain the phase-based Helmholtz

MREPT equation [51] with a bias correction term. The phase-based Helmholtz

MREPT assumes that the gradients of EPs are zero. Applying this assumption in

Eq. 3.12, and also removing the artificial diffusion term, we get the bias-corrected

phase-based Helmholtz MREPT equation:

� =

h
r2�+ 2

jB+
1 j
rjB+

1 j � r�
i

2!�0

(3.15)

In the rest of the chapter, the conductivity maps labeled as “uncorrected” are

the maps obtained using Eq. 3.13, i.e., the previously developed phase-based cr-

MREPT method. The maps labeled as “corrected” are obtained using Eq. 3.12,

and those labeled as “full” are obtained using the full-form cr-MREPT method

(Eq. 3.14). Reconstructions obtained using Eq. 3.15 are labeled as “corrected

phase-based Helmholtz MREPT”.

The complete derivation with all steps and with more details can be found in

App. A.
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3.3 Methods

Various simulation and experimental data are used to show the e�ectiveness of

the proposed bias correction method. Conductivity maps are obtained using the

equations given in Section 3.2. The quality of the reconstructed conductivity

distributions is evaluated both visually and numerically.

3.3.1 Simulations

Electromagnetic simulations of various phantoms and MRI coils are performed us-

ing COMSOL Multiphysics Software (COMSOL AB, Stockholm, Sweden). Three

di�erent simulation phantoms are used:

ˆ a uniform cylindrical phantom (� = 0:5s=m; � = 83) with a height of 20-cm

and a radius of 6-cm

ˆ a cylindrical phantom of the same size with two conductivity anomalies

(� = 0:75s=m and � = 0:85s=m for anomalies,� = 0:5s=m for background,

� = 83)

ˆ a human head model [1]

For all phantoms, RF excitations are applied using a 16-rung birdcage coil

with a height of 20-cm and a radius of 15-cm. Fig. 3.3 shows the phantom and

coil geometries used. Simulations are performed at 3T (127.74MHz).

3.3.2 Experiments

2 di�erent phantom experiments are conducted with Siemens Tim Trio 3T MR

Scanner (Erlangen, Germany) in UMRAM (National Magnetic Resonance Re-

search Center) in Bilkent University. During experiments, both the phase and
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Figure 3.3: Phantom and RF coil geometries. Conductivity unit iss=m, distance
unit is m for all cases. (A) Cylindrical phantom with two conductivity anomalies,
placed inside a birdcage coil. (B) Conductivity distribution of the cylindrical
phantom with two conductivity anomalies. (C) Human head model [1], placed
inside a birdcage coil. (D) Conductivity distribution of human head model for
the slice shown in (C).

the magnitude of B1 are measured. To obtain the transceive phase, the 3D

bSSFP pulse-sequence is used. The double angle method ( [53], [88]) with 
ip

angles 60� and 120� is used forjB +
1 j mapping. The same pulse sequences with

di�erent parameters are used for the experiments. Table 3.1 shows the pulse

sequence parameters for all experiments. Complete k{space data are measured

during experiments. A bird cage body coil is used for the RF transmit signal,

and a 4-channel head coil array is used for the receive signal. Data from di�erent

channels of the coil is combined using coil manufacturers combine method.

For the �rst experiment, a cylindrical phantom with two cylindrical anomalies,
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similar to the one used in the simulations, is prepared using Agar jel (20gr=l

Agar, 2gr=l NaCl, 0:2gr=l CuSO4) for background and 4� 6gr=l NaCl, 0:2gr=l

CuSO4 water solution for the two anomalies. The dimensions of the phantom

and the anomalies are the same as those of the simulation phantom. A more

complex cylindrical phantom is prepared with the same dimensions for the second

experiment. This phantom has multiple small diameter conductivity anomalies.

The �rst phantom is referred as "2-anomaly phantom", and the second phantom

is referred as the \spatial resolution phantom" throughout the text.

Table 3.1: Pulse sequence parameters for MRI experiments.
Pulse Sequence Resolution(mm) FOV(mm) FA(deg) TR/TE(ms) NEX Duration

2-Anomaly bSSFP 1.17x1.17x1.56 150x150x31.2 40 4.88/2.44 32 s 6min
Phantom Double-Angle Method 1.17x1.17x3.00 150x150x3.0 60/120 5000/5.00 1 s 22min
Spatial Resolution bSSFP 1.56x1.56x1.56 150x150x31.2 40 4.70/2.70 32 s 6min
Phantom Double-Angle Method 1.17x1.17x3.00 150x150x3.0 60/120 1500/5.00 1 s 7min

Fig. 3.4 shows the magnitude views of the experimental phantoms to give a

better understanding of the phantoms employed.

Figure 3.4: Experimental phantoms. (A) 2-anomaly phantom. (B) Resolution
phantom.

3.3.3 Implementation

All data are exported to Matlab (The Mathworks, Natick, MA, USA) in a Carte-

sian grid with cell size = 1:5mm, and interpolated into a triangular mesh with

maximum triangle size = 1:5mm. Conductivity reconstructions are obtained on

a triangle-based �nite di�erence approximation of the related PDE [56]. The

resulting system of equations is solved using the backslash operator of Matlab in
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the minimum norm least squares sense, without enforcing any boundary condi-

tions. A Gaussian low-pass �lter with kernel size of 3 and standard deviation of

0.5 is applied to both the magnitude and phase of the data. For regularization,

the nonzero di�usion constant is used in all reconstructions:c = 0:001 for sim-

ulation cases,c = 0:01 for experimental cases,c = 0:005 for full-form solution.

Uniform noise with standard deviation of 0:02 radians (corresponding to MRI

SNR of 50 [40]) is added to theB +
1 transceive phase in noisy simulations cases.

The L2-Norm mean squared error, as given in Eq. 3.16, is calculated for

the numerical evaluation of the simulation results.� a
i corresponds to the actual

conductivity values and � c
i represents the calculated conductivity values of the

i th node of the triangular mesh. Since actual conductivity values in experimental

phantoms are unknown, the MSE values are calculated only for simulation cases.

MSE = 100 �

s
� i (� a

i � � c
i )

2

� i (� a
i )2 (3.16)

Helmholtz MREPT is known to have artifacts around the internal tissue

boundaries, where conductivity distributions are discontinuous. Similarly, in cr-

MREPT, sharp conductivity transitions are blunted and widened because of the

low-pass �ltering of the data and the arti�cial di�usion based regularization.

These well-known conditions create a large di�erence between the actual and the

calculated conductivity values around these regions. As this study focuses on

correcting the bias in reconstruction and not the internal boundary artifacts, the

\boundary" nodes, that is, the nodes within 2:5mm proximity to the anomaly

and tissue boundaries, are not included in the MSE calculations. Toward this a

more accurate evaluation of the bias correction was aimed. For all phantoms, the

\non-boundary" region is de�ned as the nodes in the ROI except the \boundary"

nodes.

One of the purposes of this study is to show that a low resolutionjB +
1 j is

su�cient to be used in the bias correction of phase-based MREPT methods.

To do this, simulated jB +
1 j images are transformed into k-space and part of the
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complete (121� 121) k-space is truncated to emulate a low resolutionjB +
1 j map.

2 di�erent truncation options were used:

ˆ Option 1: only the �rst N lines in the phase encoding direction

ˆ Option 2: N � N central region of the k-space data

For both cases, N is named the \truncation size". Option-1 aims to simulate

the truncation of the k-space in a Cartesian grid during an MRI experiment.

Option-2 aims to resemble a single-shot spiral trajectory focused on the central

region of the k-space. The Optimum truncation size is determined by gradually

reducing the resolution of the data and calculating the MSE (N is changed in steps

of 1, from 121 to 1). N = 11 is found to be the smallest number that can still

provide a reasonable bias correction and MSE, hence is used for the remainder of

the study. A Hamming window of proper size, depending on the truncation size,

is applied after reducing the k-space data to prevent ringing artifacts. The rest

of the k-space is �lled with zeros in order to maintain the image size.

A 3rd option, Option-3, is the utilization of electromagnetic simulations to

obtain jB +
1 j instead of MRI measurements. Clearly, obtaining an exactjB +

1 j is

not possible with this method, as the EP distribution of the object to be imaged

is unknown. However, one can determine the outer boundary of the object using

the magnitude of bSSFP image. Using the outer object boundary and assuming

a homogeneous EP distribution inside, EM simulations can be conducted in 3

di�erent methods;

ˆ Using a full 3D model of the object, and performing a 3D simulation

ˆ Using a slice of the object to create a 3D cylinder, uniform in z-direction,

by simply extruding the slice in z-direction and then performing a 3D sim-

ulation

ˆ Using a slice of the object and performing a simple 2D EM simulation of

the slice, using a generic 2D model of the MRI coils
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Figure 3.5: jB +
1 j maps for full k-space (Column-1) and k-space reduced using

Option 2 (Colummn-2), as given in Sec. 3.3.3. (A) Two anomaly simulation
phantom, and (B) Spatial resolution experimental phantom. Column-3 shows
the di�erence between Column-1 and -2, for respective rows. Important to note
that the scales in Column-3 are much smaller than the scales in the other columns.

It is clear that Method-1 would give the most accurate results, while Method-3

provides the fastest simulation times. During these simulations,� = 0:5s=m and

� r = 60 were used for the head model, and� = 0:5s=m and � r = 83 were used for

all other cases.

3.4 Results

As described in Sect. 3.3.3, data (either simulation or experimental) obtained in

full resolution are transformed into k-space, and the k-space data are truncated

to lower the resolution. To give a more intuitive feeling of this operation, Fig.

3.5 presents thejB +
1 j maps that correspond to the full k-space, and the reduced

k-space using Option-2 for the 2-anomaly simulation phantom and the spatial

resolution experimental phantom. In addition, di�erences between reduced and

non-reducedjB +
1 j maps are given. It is noticeable that the di�erence betweenjB +

1 j

before and after the reduction in the k-space is quite small in magnitude, around

5% of the initial values and is located mainly around conductivity anomalies.

It is observed that the reduction of the k-space smoothed the mapjB +
1 j, but it
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keeps its overall shape. It may be argued that it is the general low resolution (low

frequency) shape of thejB +
1 j map that is the essential information to achieve bias

correction.

Fig. 3.6 shows the k-space data and reconstruction results of a uniform cylin-

drical phantom. The uncorrected reconstruction results clearly show the bias

due to the constantjB +
1 j assumption as increased conductivity values around the

phantom edges. Two di�erent correction methods are employed; correction with

full resolution jB +
1 j and reduced resolutionjB +

1 j, where resolution is reduced us-

ing Option-2. For both cases, similar results are obtained and the concave bias

disappears. When bias correction is applied using either full or reduced k-space,

MSE is reduced to less than 2% compared to 10% of the uncorrected case.

The results of the conductivity reconstruction for the cylindrical phantom with

2 conductivity anomalies are presented in Fig. 3.7. Uncorrected case, correction

with full resolution jB +
1 j and cases where Option-1, -2 and -3 are used for correc-

tion is given, as well as the related k-space data for each case when applicable.

It can be seen that signi�cant bias correction and almost identical conductivity

maps are achieved for all correction cases. Option-1 provides approximately 10

times acceleration of thejB +
1 j mapping process. In theory, a spiral k-space tra-

jectory can be employed to acquire data similar to Option-2, and even higher

acceleration rates can be achieved. For Option-3,jB +
1 j mapping is completely

discarded, as a simple EM simulation is su�cient for correction, and required

MRI data can be acquired with a single bSSFP sequence.

Fig. 3.8 presents the conductivity distributions for the same phantom, when

uniform noise with standard deviation of 0:02 radians is added to the simulation

data. The e�ect of added noise is clearly visible for all cases as minor disturbances

in the conductivity values. However, the proposed bias correction method is still

e�ective and the concave bias disappears when bias correction is applied.

Experimental MRI data from a cylindrical phantom with 2 conductivity

anomalies, quite similar to the simulated phantom, are used to calculate conduc-

tivity distributions and demonstrate that the proposed bias correction method is
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Figure 3.6: Reconstructed conductivity map of the slice, and side views of the
conductivity distribution, for the uniform phantom with � = 0:5s=m. Conduc-
tivity unit is s=m, distance unit is m for all cases. (A-1,2) No bias correction is
applied. (B-1) Full k-space used for bias correction. (B-2,3) Conductivity dis-
tribution of the slice, and side view of the conductivity distribution when full
k-space is used for correction. (C-1) Reduced k-space (Option-2) used for bias
correction. (C-2,3) Conductivity distribution of the slice, and side view of the
conductivity when Option-2 is used for correction
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Figure 3.7: Reconstructed conductivity maps of cylindrical phantom with 2 con-
ductivity anomalies, when bias correction is applied for all proposed correction
options. Column-1 shows the related k-space data of thejB +

1 j used in recon-
struction. Columns-2 and -3 show the conductivity distribution of the slice, and
the side view of the conductivity distribution, respectively. Conductivity unit is
s=m, distance unit ism for all cases. (A) No correction is applied. (B) Complete
k-space data is used for correction, i.e. reference case. (C) Correction Option-
1, where 11 lines in phase-encoding direction is used. (D) Correction Option-2,
where an 11x11 square in center of k-space is used. (E) Correction Option-3,
wherejB +

1 j from homogeneous object simulation is used.
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Figure 3.8: Conductivity results and side views of the conductivity distribu-
tion, for cylindrical phantom with 2 conductivity anomalies with added noise to
B1phase and magnitude. Conductivity unit iss=m, distance unit is m for all
cases. (Row-A) No bias correction is applied. (Row-B) Reduced k-space using
Option-2. (Row-C) jB +

1 j from homogenous object simulations.

also e�ective in actual MRI images. The results are given in Fig. 3.9, and are

quite similar to the simulations; a low resolutionjB +
1 j map, or jB +

1 j map obtained

from homogeneous EP simulations is su�cient to correct the concave background

bias.

Another experimental result is given in Fig. 3.10, of the resolution phantom.

This phantom consists of multiple small conductivity anomalies such that the

resolution limits of the reconstruction methods can be evaluated more accurately.

Reconstruction results for bias correction using Option-2 and -3 are given, in

addition to the uncorrected case. Similarly to the previous cases, concave bias is
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Figure 3.9: Reconstructed conductivity maps and side view of the conductivity
distribution for experimental phantom, a cylinder with two conductivity anoma-
lies. Conductivity unit is s=m, distance unit is m for all cases. (Row-A) No bias
correction is applied. (Row-B) Reduced k-space using Option-2. (Row-C)jB +

1 j
from homogeneous object simulations.

successfully corrected with both options. In addition to the top and side views of

the conductivity distributions, a cross-sectional view is given in the y-direction

(at x = 0) to present the e�ect of bias correction more clearly. The conductivity

values at the side of the phantom are curved upward for the uncorrected case,

where this bias is removed when bias correction is applied. Moreover, inspecting

the conductivity distributions, one can see that spatial resolution is also improved

in the corrected cases.

Fig. 3.11 shows the results for the human head model. Uncorrected and bias

corrected results are presented. The full resolution mapjB +
1 j is used for bias

correction, as well as Option-2 and -3. Since the phantom is more complicated
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Figure 3.10: Experimental results of the spatial resolution phantom when bias
correction is applied. Column-2 and -3 show the conductivity distribution of the
slice, and the side view of the conductivity distribution, respectively. Conduc-
tivity unit is s=m, distance unit is m for all cases. (A) Magnitude of the bSSFP
data. (B) No correction is applied. (C) Correction Option 2, where an 11x11
square in center of k-space is used. (D) Cross section (x = 0) view of conductivity
values when no correction or full k-space correction is applied. (E) Correction
Option-3, wherejB +

1 j from homogeneous object simulation is used.
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compared to previous ones, the e�ect of bias correction is not as clear. However, it

can be seen that the proposed bias correction method is e�ective for all correction

cases. The e�ect of bias correction can be easily noticed around the edges of

elevated views of the conductivity distribution (Fig. 3.11, Column-3), and even

more so in the cross-sectional view of the conductivity distributions (Fig. 3.11,

D).

Finally, Fig. 3.12 shows the results of the conductivity distribution for the 2-

anomaly simulation phantom when phase-based Helmholtz MREPT is used. Both

uncorrected and corrected cases are shown. Option-2 is used for the reduction

in resolution of jB +
1 j when bias correction is applied. The concave bias can be

seen in Fig. 3.12 for the uncorrected case, where it is successfully removed when

correction is applied. This is also indicated by the MSE values; 35:5% for the

non-boundary regions in the uncorrected case and 3:6% for the non-boundary

regions in the corrected case. For both uncorrected and corrected cases, boundary

artifacts around the anomaly boundaries are also clearly visible.

Table 3.2 shows the MSE values for the reconstructed conductivity distribu-

tions of simulation phantoms, for uncorrected cases, and various correction meth-

ods. The numerical evaluation results are consistent with the visual results given

in the �gures, and bias correction methods improve the conductivity map recon-

structions in each case. For the uniform phantom, the uncorrected conductivity

distribution has an MSE of 10.1 due to the concave bias. However, when cor-

rection is applied, the MSE becomes less than 1.56 for all correction cases. Note

that Option-3 is not applicable to this phantom, as it is already homogeneous.

For phantom with 2 anomalies, MSE decreases from 14.7 to less than 5.62. The

relatively high MSE values compared to the uniform phantom case is mostly due

to the errors in the internal boundaries. When only the non-boundary regions are

considered, MSE is higher for the uncorrected case as the concave bias is more

dominant in these regions, but correction is also more e�ective in non-boundary

regions, and MSE decreases to less than 3.41 after correction. This is also similar

in the human head phantom case. In addition, corrections with full resolution or

either of the 3 correction options have very similar MSE values.
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Figure 3.11: Results for the human head model for when various cases of k-space
reduction options are used for bias correction. Column-1 shows the employed
k-space data ofjB +

1 j. Column-2 and -3 show the conductivity distribution of
the slice, and the elevated side view of the conductivity distribution respectively.
Conductivity unit is s=m, distance unit is m, unless speci�ed in the plot axes.
(A) No correction is applied. (B) Complete k-space data is used for correction.
(C) Correction Option-2, where an 11x11 square in center of k-space is used.
(D) Cross-section (y = 0) view of conductivity, for uncorrected and full k-space
corrected cases. (E) Option-3, wherejB +

1 j from homogeneous object simulation
is used.
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Figure 3.12: Conductivity distributions obtained using phase-based Helmholtz
MREPT equation. Conductivity unit is s=m, distance unit ism for all cases. (A)
Uncorrected case. (B) Corrected (Option-2) case. Internal boundary artifacts
that are common in Helmholtz MREPT is clearly visible in both cases.

Table 3.3 shows the MSE values when bias correction is applied using Option-3.

In EM simulations, di�erent simulation methods are described as in Sect. 3.3.3

are used. Unsurprisingly, the smallest error is obtained using 3D simulation,

i.e. Method-1, which is also the most computationally heavy method to use.

However, Method-3, a simple 2D simulation, showed a similar performance in

terms of MSE.

3.5 Extension to Full-Form cr-MREPT

The full-form cr-MREPT method has a couple of advantages compared to phase-

based methods. First, it can provide the permeability of the tissue as well as

conductivity, in contrast to the phase-based methods that can only reconstruct

the conductivity distributions. Moreover, since it does not use the assumption

that jB +
1 j is constant, the concave bias that we discuss in this section is not

observed in reconstructions. However, full-form methods require both phase and
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Table 3.2: MSE values for various phantoms and cases.

Uncorrected
Full k-space
Correction

11 k-space
Lines

(Option-1)

11x11 square
in k-space
(Option-2)

Homogeneous Simulation
Correction
(Option-3)

Uniform 10.1 1.54 1.56 1.55 -
2-Anomalies 14.7 5.62 5.61 5.55 5.75
2-Anomalies
Non-Boundary

17.8 3.40 3.39 3.35 3.41

Head 22.4 17.2 17.3 17.3 17.4
Head
Non-Boundary

25.7 8.12 8.13 8.12 9.7

2-Anomalies
Full-Form cr-MREPT

3.72 - 8.81 8.79 11.4

Table 3.3: MSE values when correction Option-3 is used with di�erent methods
employed for EM simulations.

Head
Head

Non-Boundary
3D 17.4 9.74
Cylinder 17.6 10.95
2D 17.5 10.07

magnitude of B +
1 , which makes long imaging times necessary. Then, it is clear

that it would be bene�cial to see if the k-space reduction methods we have utilized

for bias correction are also applicable to full-form cr-MREPT.

Fig. 3.13 shows the results of the cr-MREPT reconstruction in full-form for the

noiseless simulation of the cylindrical phantom with 2 anomalies, where Fig. 3.14

presents the noise addition case. For both cases, it can be seen that the full-form

cr-MREPT method, applied using the full resolutionB +
1 map, is able to perfectly

reconstruct the conductivity map of the simulation phantom, apart from a slight

blunting of the conductivity variation across the anomaly boundaries. When

low resolution jB +
1 j, reduced using Option-2, is utilized for reconstruction, the

reconstruction quality is not as good as the reconstruction quality obtained with

the bias corrected phase-based method using the samejB +
1 j resolution. The result

may still be deemed acceptable (MSE=8.79). As shown in Part C of Fig. 3.13, the

image quality further decreases whenjB +
1 j maps obtained using homogeneous EP

simulations are used (MSE=11.4). Increased non-uniformity in the non-boundary
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regions and di�use boundary artifacts are observed. Noise added results are also

quite similar to this, with the same e�ects observed when low resolutionjB +
1 j

map is used.

Figure 3.13: Conductivity maps obtained using full-form cr-MREPT method for
the simulation phantom with 2 anomalies. Conductivity unit is s=m, distance
unit is m for all cases. (A) CompletejB +

1 j data is used, reference case. (B)
Correction Option-1, where 11 lines in phase-encoding direction is used. (C)
Correction Option-3, wherejB +

1 j from homogeneous object simulation is used.
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Figure 3.14: Conductivity maps obtained using full-form cr-MREPT method,
when noise is added to the simulation data from phantom with 2 anomalies.
Conductivity unit is s=m, distance unit ism for all cases. (A) CompletejB +

1 j data
is used, reference case. (B) Correction Option-1, where 11 lines in phase-encoding
direction is used. (C) Correction Option-3, wherejB +

1 j from homogeneous object
simulation is used.

3.6 Discussion

All in all, a bias correction method is developed in order to overcome the concave

bias problem observed in phase-based MREPT methods. Although the proposed

method relies on thejB +
1 j maps, a very low resolution map is su�cient for bias

correction even for noise added simulations and experimental data. Further-

more, simulations of phantoms with the outer shape of the imaged object and

homogeneous conductivity values can be used to obtain the requiredjB +
1 j maps.

Signi�cant reduction in imaging times can be achieved using the proposed bias

correction method, as high resolutionjB +
1 j maps are no longer necessary to obtain

good conductivity maps. For simpler phantoms, with bias correction and arti�-

cial di�usion coe�cient, almost perfect conductivity maps are obtained without
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requiring boundary conditions. However, for a more complicated phantom (i.e.

the head model and the spatial resolution phantom), the e�ect of bias correction

is not as visible. This can be explained with the concave bias itself not being as

visible in these cases because of the complicated conductivity distribution with

many spatially small conductivity variations. Indeed, for real in-vivo applica-

tions, noise artifacts and other imperfections caused by the MRI system will also

be e�ective. However, when conductivity cross-sections and MSE values are in-

spected, it can be seen that all bias correction options provide some improvement

in quality of the conductivity maps. Moreover, when only the error in the non-

boundary regions is considered, the e�ectiveness of the correction becomes clearer

even in a complicated head phantom.

When deriving the main equation for bias correction in phase-based cr-

MREPT, it is assumed that 1
jB +

1 j
rj B +

1 j � 1
jB �

1 j
rj B �

1 j. Inspecting this in detail,

this assumption means that the spatial distribution of sensitivity of transmit and

receive coils over the object to be imaged is similar. This is already the case

when a single coil, for example, a Quadrature Birdcage Coil (QBC), is used for

both transmit and receive. In case when di�erent coils are utilized for transmit

and receive operations, for example, when a multichannel coil array is used for

the receive side instead of a QBC, it is plausible to assume that data from all

channels of the multichannel coil array will be combined, using the MRI device

manufacturer's method or another coil-combine algorithm [72], so that the result-

ing receive sensitivity will resemble the volume transmit sensitivity of the QBC,

and therefore the given assumption will hold again.

It was previously mentioned in this Section that obtaining the magnitude of

B +
1 with high SNR takes quite a long time. In this study, MRI scan times of

s 22min and s 7min were used, for single sliceB +
1 magnitude mapping, for

experimental phantoms of 2-anomaly and spatial resolution. The TR values used

in the experiments are 5 seconds and 1.5 seconds, respectively [53, 88]. Another

popular method that is faster compared to the double angle method is the Actual

Flip Angle Imaging (AFI) [89]. However, since a high SNR is an important factor

for successfully reconstructing conductivity maps, the TR values are longer than

usual. For example, Voigt et al have used an AFI based method that takes 10
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minutes for 11 slices [50]. The proposed bias correction method can shorten

the data acquisition time ten-fold, by using k-space reduction using Options 1

or 2. Then, a 3D, i.e. multi-slice mmapping can be possible under 1 minute

when AFI-based methods are used. There is also an ultrafast mapping method,

DREAM [90] that is basically designed for quickB1 shimming. However, this

method is known to have a low SNR, and hence is not suitable for MREPT. In

the DREAM method, it may be necessary to have long averaging repetitions to

be acceptable for MREPT purposes, again increasing the total imaging times.

Another important point to consider for obtaining the phase and magnitude

of B +
1 is that simultaneous acquisition of magnitude and phase is necessary to

avoid registration errors in practice. Recently, there have been attempts for fast

spiral acquisition for phase imaging [91] achieving total head coverage with mul-

tiple averages in less than a minute. However, similar spiral magnitude mapping

methods have not been developed. An approach to simultaneous acquisition is

based on Carr-Purcell Spin echoes [92]. However, their method has to be further

developed for high �delity results. In summary, there is a need for innovative fast

mapping techniques, but as of now the k-space reduction method that we have

proposed provides a practical and viable solution.

Option-3 that is used for bias correction in this study relies on EM simulations

that are performed using the outer shape of the imaged object and homogeneous

generic EP values. The outer shape of the object can be determined using the

bSSFP magnitude image, where the phase of the acquired data is already used

for phase mapping. Then, it is straightforward to perform a simulation with the

obtained geometry using homogenous, generic electrical property values. It is

also shown that a simple 2D simulation is su�cient for bias correction. Hence,

the EM simulation can be performed rather quickly and in the matter of seconds.

Although this seems like an additional step, the time required by the patient

to spend in the MR machine is signi�cantly reduced, since it is not required

to be obtained. Moreover, any error due to co-registering separate images from

di�erent sequences is prevented, since a single pulse sequence is su�cient to obtain

the data. This topic is investigated in more detail in Chapter 5, where such

simulations are integrated in the cr-MREPT algorithm in Matlab.
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In addition to cr-MREPT, it is shown in Fig. 3.12 that the proposed bias cor-

rection method can also be applied to phase-based Helmholtz MREPT. Since

Helmholtz MREPT is extremely easy to implement, it is the most popular

and widely used MREPT method even though it has well-known limitations.

The most signi�cant of these limitations are concave bias and internal bound-

ary artifacts. The proposed bias correction method therefore solves one of the

most important problems related to phase-based Helmholtz MREPT. Algorithms

have been developed to mitigate the internal boundary artifacts of phase-based

Helmholtz EPT by using nonlinear �ltering techniques such as in [93, 94]. The

method proposed in this section can be easily coupled to these algorithms simply

by adding the bias correction term in Eq. 3.12.

After showing that a low resolution jB +
1 j is su�cient for bias correction in

phase-based MREPT. it is a natural process to assume that the same is true for

full-form MREPT. However, after applying the same k-space reduction methods

in the full-form cr-MREPT solution, it is concluded that low resolution maps are

not as useful in the full-form cr-MREPT solution. Homogeneous EP simulations

are also utilized for reconstruction, and even worse results are obtained. For both

cases, an overall pattern of conductivity distribution is satisfactorily obtained but

with very distinct artifacts.

Even though somewhat successful reconstructions are obtained using low res-

olution magnitude maps, the results are clearly inferior compared to the full

resolution case and signi�cant artifacts all around the conductivity map are ob-

served. The most signi�cant problem is that there is a clear artifact at the internal

boundary in the central region of the map. Moreover, the shapes of the anomalies

are far from the original shapes, and boundaries of the anomalies seem to have

values higher than the actual ones. Finally, conductivity values at non-boundary

regions of the phantom, where actual conductivity values are relatively constant,

have radially located artifacts. Combining these, it is reasonable to say that full-

form cr-MREPT requires a higher resolution map compared to bias correction

for phase-based cr-MREPT. Full-form cr-MREPT requires second derivatives of

the while bias corrected phase-based method requires only the �rst derivatives.

As the resolution for the map is reduced, the second derivatives become more
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inaccurate. Due to this, the full-form cr-MREPT method is more prone to error

when map resolution is reduced because more errors in internal boundaries are

observed, and these errors are spread into the non-boundary regions.
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Chapter 4

3D Implementation and

Acceleration of phase-based

cr-MREPT

4.1 Motivation

Helmholtz MREPT, by nature, is a point-wise method; meaning that the con-

ductivity reconstruction on a given node is dependent only on theB1 �eld and

its derivatives on that node. Hence, the solution time increases linearly with

the number of nodes to solve for. However, in cr-MREPT, a partial di�erential

equation (PDE) involving all nodes in the ROI is solved to obtain all conduc-

tivity values simultaneously. While this provides regularization and helps with

internal boundary artifacts, especially in 3D applications very large matrix in-

versions are encountered and computation time is increased exponentially with

respect to the number of nodes in ROI. As a result, most of the previous studies

in cr-MREPT involve obtaining conductivity in a single slice in the XY-plane.

Multi-slice reconstructions where each slice is reconstructed independently result

in conductivity o�sets across the slices. Some studies employ cr-MREPT in 3D

( [58,59] where iterative matrix inversion is used to combat the memory problem,
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but the problem of long computation time is not yet solved.

Even a simple cylindrical phantom with conductivity anomalies can be used

as an example that ignoring z-dependency indeed a�ects the obtained conduc-

tivity values. Fig. 4.1 shows conductivity values calculated using the 2D and

3D MREPT algorithms for the same phantom. There is a signi�cant di�erence

between the resulting conductivity values, with the 3D implementation giving

more accurate values.

Figure 4.1: Conductivity reconstructions for the same z-independent phantom.
Phantom has a cylindrical shape, and has 2 conductivity anomalies that are also
cylindrical. Conductivity unit is s=m, distance unit is m, unless speci�ed in the
plot axes. (A) 2D reconstruction results. (B) 3D reconstruction results.

Table 4.1: Solution time for cr-MREPT for various ROI sizes. Mesh resolution
is 1:5mm for all cases.
ROI size (mm) Number of Nodes Number of Elements Solution Time (sec)
20� 20� 20 5036 24893 13
30� 30� 30 12201 64377 303
40� 40� 40 28609 24893 2252
50� 50� 50 53946 299199 7467
60� 60� 60 93251 523016 24045

In this study, we implement bias corrected phase-based cr-MREPT [95] in

3D tetrahedral mesh, and propose dividing the ROI into smaller 3D regions for

faster reconstruction of the conductivity distributions. By using cr-MREPT in

small regions, more manageable sized PDEs are obtained, and solutions for all of
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the regions can be done in parallel. After the conductivity distributions for each

region were obtained separately, the results of each individual solution are collaged

to obtain a conductivity distribution for the whole ROI. This approach assumes

that the reconstruction of conductivity at a certain voxel is not a�ected by phase

measurements in voxels beyond a certain distance from the voxel of interest. To

determine a proper size for the small regions, the sensitivities of the reconstructed

conductivity values to theB1 phase values in the nearby voxels are calculated and

the minimal region for which the sensitivity is su�ciently signi�cant is selected.

The selected regions are large enough so that the cr-MREPT method can provide

a stable solution and gives correct conductivity values. By working on small

volumes, the memory requirements and solution times are signi�cantly reduced.

Solutions of individual small volumes can be done in parallel, further accelerating

the solution.

4.2 Theory

In Sect. 3.2, we have started from the relationship between EPs andB1 �eld in

Eq. 3.1 as:

�r 2B =
r 




� (r � B ) � i!� 0
 B (4.1)

Where 
 = � + i!� . Then we have reached the �nal form of the bias corrected

phase-based cr-MREPT:

� cr 2� + r � � r � +
�
r 2� +

2
jB +

1 j
rj B +

1 j � r �
�
� = 2!� 0 (4.2)

The complete derivation can also be found in App. A. In Chapter 4, we

employed this equation in 2D and omitted the dependence of z for both conduc-

tivity and magnetic �eld, since we were only interested in the reconstitution of
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a single slice at a time. Here, however, our interest is to obtain the reconstruc-

tion in 3D, i.e. obtaining all conductivity values for all slices simultaneously.

Hence, z-dependence is also taken into account, and all derivatives are calculated

accordingly.

4.3 Methods

Di�erent simulation phantoms are utilized to develop the 3D cr-MREPT solution

method, with noiseless and noise added EM simulations. Sensitivity maps of

the conductivity reconstructions with respect to the change inB +
1 phase are

calculated, as well as with respect to the boundary conditions enforced while

solving the PDE. The volume where we want to obtain conductivity is divided into

smaller regions, solved separately and in parallel for acceleration of the solution,

then the results are combined to get the complete conductivity distributions.

4.3.1 Simulations

COMSOL Multiphysics Software (COMSOL AB, Stockholm, Sweden) is used to

perform electromagnetic simulations with di�erent RF coil and phantom geome-

tries. Three di�erent simulation phantoms are used:

ˆ a cylindrical phantom with a height of 20-cm and a radius of 6-cm with two

z-independent conductivity anomalies (� = 0:75s=m and � = 0:85s=m for

anomalies,� = 0:5s=m for background,� = 83)

ˆ a smaller cylindrical phantom with a height of 5-cm and a radius of 2-

cm with two z-dependent conductivity anomalies (� = 0:65s=m and � =

0:75s=m for anomalies,� = 0:5s=m for background,� = 83)

ˆ a human head model [1]
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RF excitations are applied using a 16-rung birdcage coil with a height of 20-cm

and a radius of 15-cm. Fig. 4.2 shows the phantom and coil geometries used,

and the conductivity distributions on constant x-, y- and z-planes. Simulations

are performed at 3T (127.74MHz).

Figure 4.2: Coil and phantom geometries used in the study. Column 1 shows the
coil and phantom geometries, and Columns 2-4 present conductivity distributions
of the phantoms in constant z-, y-, and x-planes, respectively. (A) Cylindrical
phantom with height of 20-cm and radius of 6-cm with two z-independent con-
ductivity anomalies. (B) Cylindrical phantom with height of 5-cm and radius of
2-cm with two z-dependent conductivity anomalies. (C) Human head model [1].
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4.3.2 Implementation

The simulation data are exported to Matlab (The Mathworks, Natick, MA, USA)

in a Cartesian grid (grid cell size = 1:5mm) and interpolated into a triangular/te-

trahedral mesh. The maximum triangle/tetrahedral size is 1:5mm for all cases.

Conductivity reconstructions are obtained on a triangle-based �nite di�erence ap-

proximation of the related PDE [56]. The resulting system of equations is solved

using the backslash operator of Matlab in the minimum norm least squares sense.

A Gaussian low pass �lter (kernel size = 3, std. dev. = 0.5) is applied to both

the magnitude and phase of data and non-zero di�usion constant (c = 0:001) is

used in all reconstructions. Uniform noise with standard deviation of 0.02 radians

(corresponding to MRI SNR of 50 [40]) is added to theB +
1 transceive phase in

noisy simulation cases.

4.3.3 ROI De�nitions

As the ROI size increases, the number of nodes to solve for increases exponentially.

Due to this, especially in 3D problems, solution times can get quite long and

solution procedure gets more demanding in terms of computational power. To

overcome this problem, we divide the object to be imaged into smaller regions.

However, as mentioned earlier, cr-MREPT is not a point-wise method, and the

solution at a given node depends on the volume around the node. Therefore,

in order to obtain the correct conductivity distribution on a given volume, cr-

MREPT should be applied on a larger volume covering it. To avoid any confusion,

let us �rst de�ne the terms to be used in the rest of the thesis;

ˆ Object: The large volume in which the �nal conductivity map is obtained.

ˆ Local ROI: The small volume for which the conductivity map is obtained

in a single reconstruction.

ˆ Solution ROI: The volume around the local ROI that is used in a single

reconstruction.
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Solution ROI is de�ned to obtain the correct conductivity values in the local

ROIs, since solving for the exact local ROI may give incorrect conductivity dis-

tributions, especially on the boundaries of the target ROI. This is more dominant

when boundary conditions are applied, as the values we enforce on boundaries

are constant, generic values, and not the actual conductivities.

Figure 4.3: Whole object (blue dots), Local ROI (red circles) and Solution ROI
(orange pluses) for the 3D case. Line A shows where local ROI is at the center
of the object, where Line B shows where it is located at the edge of the object.
Columns 1, 2 and 3 correspond to axial, sagittal and coronal cross sections,
respectively.

The local ROI and its corresponding solution ROI are moved around in space

in order to cover the whole object. Since there are no magnetic resonance data

outside the object, the regions of segments outside the object are cut accordingly.

The boundary conditions are not enforced on the boundaries of local ROI even if

the solution ROI is cut and the local ROI is on the edge of the solution ROI.

After the conductivity values for each local ROI are obtained, they are com-

bined to obtain the conductivity distribution for the object. When solutions of

separate PDEs are combined, some variation is expected since the PDEs of inter-

est are ill-conditioned and do not have a single solution. To improve combining

and prevent any artifacts around local ROI boundaries, the constant boundary
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condition (� = 0:5s=m) is enforced on the solution ROI boundaries. This also

helps to obtain a more stable solution, especially when a small solution ROI is

used.

There are a couple of factors that are used for this decision. First of all, the

size of the solution ROI should be large enough that we obtain a stable solution

to the PDE system. Moreover, the dependence of the reconstructed conductivity

values should be low enough to the region outside of the solution ROI. In other

words, the sensitivity of the conductivity values with respect to the phase ofB +
1

should be low enough for the nodes that we do not use in the solution. The

last factor is that the solution ROI should be large enough that the boundary

conditions that we apply on the solution ROI boundaries do not signi�cantly

disturb the reconstructed conductivity values in the local ROI. For the remaining

of this thesis, for 2D reconstructions, local ROIs are 15mm � 15mm squares with

1:5mm resolution, and solution ROIs are circles with 30mm radius. For 3D cases,

local ROI size is 12mm � 12mm � 12mm with 1:5mm resolution, and solution

ROIs are spheres with 20mm radius. The details of how these values are selected

are discussed in the following sections.

4.3.4 Sensitivity Maps

To determine segment sizes, sensitivity maps of the reconstructed conductivity

values, depending on the phase ofB +
1 , are calculated. For this, a random point

is selected in the object, which corresponds to a local ROI with a single node.

Solution ROIs of di�erent sizes are de�ned around this node. To calculate the

sensitivity of the solution at the initial node with respect to each node in the

solution ROI, the phase ofB +
1 in that node is modi�ed by 0:1% and the conduc-

tivity at the initial node is calculated. Then, conductivity at the initial node is

calculated again without any modi�cations to the phase data, and sensitivity is

calculated using the following equation:
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Sn =

( � n � � r )
� r

( � nf � � ni )

� ni

(4.3)

Where:

� r : Reference conductivity, which is the conductivity of the initial node calculated

without modifying any phase data.

� n : Conductivity of the initial node, calculated after modifying the phase of the

node n.

� ni : Original phase data of node n.

� nf : Modi�ed phase data of node n.

The same operation is repeated for Helmholtz MREPT, cr-MREPT, and cr-

MREPT with a boundary condition value � = 0:5s=mat the solution ROI bound-

aries, for 2D and 3D. In order to better emphasize the change of sensitivity with

distance, 2 di�erent representations of sensitivity are given; (i) 2D sensitivity

maps, whereSn values are plotted in the local ROI, and (ii) normalized sensi-

tivity values, which are cross-sectional views of the 2D sensitivity distributions

divided by the maximum sensitivity value for each case, to avoid the e�ect of

di�erent MREPT methods.

4.3.5 Boundary Condition Analysis

Another condition for determining the solution ROI size is that the solution ROI

should be large enough so that the constant boundary condition we apply during

the solution of the PDE does not a�ect the reconstruction result for the local

ROI. This condition is not applicable for Helmholtz MREPT, which is a point-

wise method anyway.

To see the e�ect of the enforced boundary condition, a process similar to the

sensitivity map calculation is applied; a random point is selected in the object,

and a solution ROI of di�erent sizes are de�ned around this node. This time, the
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constant boundary condition of� = 0:5s=m is enforced. The resulting conduc-

tivity value at the initial node is then compared to the actual conductivity value

by calculating the percentage, using the following formula;

Sbc = 100 �
(� n � � a)

� a
(4.4)

Where:

� a: Actual conductivity, which is the true conductivity used in EM simulations.

� n : Calculated conductivity, after enforcing constant boundary conditions on so-

lution ROI boundaries.

4.3.6 Parallelization

After dividing the object into smaller volumes, we end up with many smaller

equation systems instead of a one large system. This has two advantages:

ˆ Memory requirement for solving the system is signi�cantly less demanding

ˆ The solution of smaller equation systems can be parallelized

The �rst advantage means that conductivity maps can be obtained even for

large volumes, which is not possible with a direct solution because of hardware

limitations. Moreover, it is expected that the solution time can be decreased even

without parallelization, since solving for individual local ROI can be quite fast.

With parallelization, the theoretic limit for the solution time becomes equal to

the solution time for an individual solution ROI plus the time required to combine

the results. This is, of course, the case when an adequate computer with enough

computational power is available to work on each solution ROI at the same time.

Although many di�erent methods can be used for parallelization, we used the

55



built-in parallel for loop of Matlab, \parfor", to solve for di�erent segments at

the same time during the study.

A Unix-based server (Ubuntu OS) is used with an Intel Xeon Phi 7290

@1.50GHz processor with 72 cores with 4 threads per core and 384GB of RAM

for the solutions. Parallelization of up to 64 was implemented. Matlab version

2025b is employed for implementation of the proposed methods.

4.4 Results

4.4.1 Sensitivity Analysis

Fig. 4.4 shows the sensitivity results in 2D, for a uniform simulation phantom for

Helmholtz MREPT, cr-MREPT and cr-MREPT with boundary condition value

� = 0:5s=m at the solution ROI boundaries, for di�erent solution ROI size. Fig.

4.5 presents the normalized cross-section views of sensitivity values shown in Fig.

4.4, for a solution ROI is of 30mm radius.

For the Helmholtz MREPT method, the sensitivity depends only on a couple

of nodes around the target node, which are used to calculate the �rst- and second-

order derivatives. This result is expected since Helmholtz MREPT is a point-wise

method. Similarly, Helmholtz MREPT is able to give the correct conductivity

values, even with the smallest solution ROI size. For cr-MREPT without any

boundary conditions, the solution of the PDE becomes unstable for the solution

ROI size smaller than 25mm radius. For these cases, the sensitivity values are

signi�cantly high as the PDE system is highly sensitive to variations in theB +
1

phase data. When the solution ROI is large enough to obtain a stable solution, it

can be seen that the solution is mostly dependent on nodes that are closer to the

target node, but the region to which the solution is sensitive is larger compared to

Helmholtz MREPT. When cr-MREPT is implemented with constant boundary

conditions, it can be seen that the sensitivity of the solution is signi�cantly re-

duced, even for a quite small (radius = 10mm) solution ROI. However, for such a
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Figure 4.4: Sensitivity distributions for di�erent MREPT methods and di�erent
ROI sizes, for a uniform phantom. Columns 1, 2 and 3 corresponds to Helmholtz
MREPT, cr-MREPT and cr-MREPT with constant ( � = 0:5s=m) boundary
condition. Lines A-E corresponds to di�erent solution ROI radii; 10, 15, 20, 25
and 30 mm respectively.
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small ROI the constant boundary condition dominates the obtained conductivity

values, which will be discussed later.

Figure 4.5: Normalized sensitivity results for di�erent MREPT methods in 2D, for
a uniform phantom. X-Axis corresponds to the distance from the initial node in
mm. Di�erent curves represent Helmholtz MREPT, cr-MREPT and cr-MREPT
with constant (� = 0:5s=m) boundary condition. (A) Noiseless case. (B) Noise
added case.

Fig. 4.5 shows the normalized sensitivity results for Helmholtz MREPT, cr-

MREPT and cr-MREPT with boundary condition value � = 0:5s=m at the so-

lution ROI boundaries, with respect to distance from the initial node. Since

Helmholtz MREPT is a point-wise method, sensitivity is non-zero for only cou-

ple of nodes, which are used for calculating second order derivatives. Since the

maximum mesh size we employ is 1:5mm, the normalized sensitivity becomes

almost zero after 3� 4mm. For MREPT cases, the sensitivity also depends on

the nodes that are further away and becomes zero after approximately 20mm.

For noise added cases, the region to which the solution is sensitive is slightly

larger and expands to approximately 25mm. It is also important to note that

for cr-MREPT, there is no signi�cant di�erence in sensitivity with or without

enforcing constant boundary condition.

Fig. 4.6 shows the sensitivity results in 2D for a simulation phantom with 2

conductivity anomalies for Helmholtz MREPT, cr-MREPT, and cr-MREPT with

boundary condition value� = 0:5s=m at the solution ROI boundaries, for di�er-

ent solution ROI size. For Helmholtz MREPT and cr-MREPT without boundary
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conditions, the sensitivity results are quite similar. For Helmholtz MREPT, the

sensitivity is high only around the target node, and successful reconstructions

can be achieved without dependence on the ROI size of the solution. When no

boundary condition is applied, the cr-MREPT method requires an ROI radius

larger than 20mm. For an ROI smaller than that, the solution becomes unstable

and highly dependent on theB +
1 phase data. When cr-MREPT is applied with

boundary conditions, sensitivity analysis shows that the solution is more stable

even for smaller ROI. However, when the reconstruction results are examined, it

is seen that the applied boundary condition is quite dominant for smaller ROI

and an ROI radius larger than 20mm is required for a successful reconstruction.

Fig. 4.7 shows the sensitivity distributions in constant x-, y- and z-planes

for 3D case for Helmholtz MREPT, cr-MREPT and cr-MREPT with boundary

condition value � = 0:5s=m at the solution ROI boundaries. Since the results

are quite similar to the 2D cases, only the case for selected solution ROI size

(r = 20 mm) is given. Fig. 4.8 shows the normalized cross-section views of the

sensitivity values shown in Fig. 4.7.

Sensitivity distributions in 3D are quite similar to 2D cases. The sensitivity

of Helmholtz MREPT is limited to a radius of 3-4 mm of the initial node, where

for cr-MREPT it extends to a range of 20 mm. Moreover, in 3D cases, it is

found that applying boundary conditions in cr-MREPT enlarges the region that

signi�cantly a�ects the solution for a given node, unlike in 2D reconstructions

where enforcing boundary condition does not a�ect sensitivity. It is also impor-

tant to note that the sensitivity in the z-direction is quite similar to the x- and

y-directions, although the cr-MREPT equation is not spherically symmetric.

As mentioned earlier, another condition for determining the solution ROI size

is that a stable conductivity reconstruction can be obtained, and the solution

ROI should be large enough so that the constant boundary condition we apply

during the solution of the PDE does not a�ect the reconstruction result for the

local ROI. Fig. 4.9 shows the percentage error for the simulation phantom with

2 conductivity anomalies for Helmholtz MREPT, cr-MREPT, and cr-MREPT

with boundary condition (� = 0:5s=m) enforced, for di�erent solution ROI size
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Figure 4.6: Sensitivity distributions for di�erent MREPT methods and di�erent
ROI sizes, for a cylindrical phantom with 2 conductivity anomalies. Columns
1, 2 and 3 corresponds to Helmholtz MREPT, cr-MREPT and cr-MREPT with
constant (� = 0:5s=m) boundary condition. Lines A-E corresponds to di�erent
ROI radii; 10, 15, 20, 25 and 30 mm respectively. Distance unit ism, unless
speci�ed in the plot axes.
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Figure 4.7: Sensitivity results in 3D for di�erent MREPT methods and di�erent
ROI sizes, for a cylindrical phantom with 2 conductivity anomalies. Columns
1, 2 and 3 corresponds to Helmholtz MREPT, cr-MREPT and cr-MREPT with
constant (� = 0:5s=m) boundary condition. Lines A-C corresponds to z-, y- and
x-cross-sections, respectively.

and both 2D and 3D solutions. For Helmholtz MREPT, the results are quite

similar to the sensitivity results; percentage error becomes almost zero after 3�

4mm for both 2D and 3D cases. For cr-MREPT with no boundary conditions

assigned, the error is high until the ROI is large enough to obtain a stable solution.

When boundary conditions are applied, the error is relatively low for a small ROI

compared to the case without boundary conditions, since the boundary conditions

stabilize the solution. However, the reconstructed value is not correct until the

ROI is large enough that the e�ect of boundary conditions is negligible.

To give a better intuition of ROI size selection and how it a�ects the reconstruc-

tion results, Fig.s 4.10 and 4.11 show the results of conductivity reconstructions

for the cases given in Fig.s 4.4, 4.6 and 4.7, respectively.
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Figure 4.8: Sensitivity results for di�erent MREPT methods applied in 3D and
in di�erent directions, for a cylindrical phantom with 2 conductivity anomalies.
Distance unit is m, unless speci�ed in the plot axes. (A) X-direction. (B) Y-
direction. (C) Z-direction

Figure 4.9: Percentage error for di�erent MREPT methods, for phantom with 2
conductivity anomalies. (A) 2D solution. (B) 3D solution. X-Axis corresponds
to the solution ROI radius. Di�erent curves represent Helmholtz MREPT, cr-
MREPT and cr-MREPT with constant ( � = 0:5s=m) boundary condition. The
initial node is selected close to the anomalies so that the applied boundary con-
dition a�ects the solution. Note that the scales are di�erent for plots.
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Figure 4.10: Conductivity reconstruction results for di�erent MREPT methods
and di�erent ROI sizes, for a uniform phantom. Columns 1, 2 and 3 corresponds
to Helmholtz MREPT, cr-MREPT and cr-MREPT with constant ( � = 0:5s=m)
boundary condition. Lines A-E corresponds to di�erent ROI radii; 10, 15, 20,
25 and 30 mm respectively. Conductivity unit iss=m, distance unit is m, unless
speci�ed in the plot axes.
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Figure 4.11: Conductivity reconstruction results for di�erent MREPT methods
and di�erent ROI sizes, for a cylindrical phantom with 2 conductivity anomalies.
Solution ROI is selected to be around one of the conductivity anomalies. Columns
1, 2 and 3 corresponds to Helmholtz MREPT, cr-MREPT and cr-MREPT with
constant (� = 0:5s=m) boundary condition. Lines A-E corresponds to di�erent
ROI radii; 10, 15, 20, 25 and 30 mm respectively. Conductivity unit iss=m,
distance unit is m, unless speci�ed in the plot axes.
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