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ABSTRACT

IMPLEMENTATION IN DOMINANT STRATEGY EQUILIBRIUM

OZGUR KIBRIS
MA in Economics
Supervisor: Prof. Dr. Semih Koray
79 pages
February 1995

A social choice rule is any proposed solution to the problem of collective decision making
and it embeds the normative features that can be attached to the mentioned problem.
Implementation of social choice rules in dominant strategy equilibrium is the
decentralization of the decision power among the agents such that the outcome that is a
priori recommended by the social choice rule can be obtained as a dominant strategy
equilibrium outcome of the game form which is endowed with the preferences of the
individuals. This work has two features. First, it is a survey on the literature on
implementation in dominant strategy and its link with the economic theory. Second, it
constructs some new relationships among the key terms of the literature. In this
framework, it states and proves a slightly generalized version of the Gibbard-Satterthwaite
impossibility theorem. Moreover, it states and proves that the cardinality of a single-

peaked domain converges to zero as the number of alternatives increase to infinity.
Key Words: Social Choice Rule, Implementation, Game Form, Normal Form Game,

Dominant Strategy Equilibrium, Strategy Proofness, Decomposable

Preference Domain, Single-Peaked Preference Domain.
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OZET

BASKIN STRATEJI DENGELERI ARACILIGIYLA UYGULAMA

OZGUR KIBRIS
Yiiksek Lisans Tezi, iktisat Bolimii
Tez Yoneticisi: Prof. Dr. Semih Koray
79 sayfa
Subat 1995

Bir grup bireyin ortak karar alma problemine 6nerilen herhangi bir ¢dziime bir toplumsal
se¢im kurali denir. Toplumsal se¢im kurallarinin oyun formlarinin baskin strateji
dengeleri aracilifiyla uygulanmasi bu kurallarca Onerilen sonuglarin, karar yetkisinin
bireyler arasinda dagitilmasi sonucu ortaya ¢ikan ve bireylerin tercihleri ile donanmis
olan oyun formlarinin baskin strateji denge sonuglarn ile elde edilmesi demektir. Bu
¢alismanin ikili bir niteligi vardir. Birincisi, bahsi gegen teori ve bunun ekonomi teorisine
uygulanimu ile ilgili bir literatiir aragtirmas1 yapilmaktadir. Ikincisi, literatiirdeki kimi
anahtar terimler arasi yeni iligkiler . elde edilmektedir. Bu gergevede Gibbard-
Satterthwaite imkansizlik teoreminin daha genel bir uyarlamasi sunulur ve ispatlanir.
Bunun- disinda, alternatif sayis1 sonsuza giderken tek-tepeli tamim kiimelerinin

kardinalitesinin sifira gittigi ispatlanir.
Anahtar Kelimeler: Toplumsal Se¢im Kurali, Uygulama, Oyun Formu, Normal Formlu

Oyun, Baskin Strateji Dengesi, Strateji Gegirmezlik, Ayrnistirilabilir

Tercih Tanim Kiimesi, Tek-tepeli Tercih Tanim Kiimesi.
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1 INTRODUCTION

Collective decision making has been one of the main concerns of political and
social sciences for a long time. It refers to a wide range of situations spanning from voting
methods to allocation rules. Modelization of collective decision making always involves
both normative and positive features. While the normative side includes prescriptive value
judgements represented by social choice rules, the positive side analyzes the strategic
behavior as represented by game theoretic equilibrium concepts.

Social choice theory is concerned with normative decision making: several agents
have to decide on some issue of collective interest whereas their preferences about the
issue may differ. A social choice rule is any proposed solution to this problem. Its being
normative is rooted in its dependency on social norms, ethics, etc..

Given that the society views as desirable certain ethics of collective decision, is it
possible, and so how, to decentralize the decision power among individual agents in such a
way that by freely exercising this decision power the agents eventually select the very
outcome(s) recommended as a priori desirable? This is called as the implementation
problem and it is central for the link among the normative and the positive properties of
collective decision making. Thus, a social choice rule, given the preferences of the
individuals, recommends an outcome according to some normative criteria . The process
of achieving this outcome (mostly through the decentralization of the decision power) is
called as implementation. This task is mainly the “obtainment of cooperative goals via
noncooperative tools.

This characterization is closely related to the neoclassical definition of the
democracy. H. Moulin, in his 1983 book, “The Strategy of Social Choice’[13], defines
democracy as follows: “Democracy, in its neoclassical context means that the goals of
collective action must rely on the opinion of individuals and these opinions only”. Thus,
the tools that democracies use to obtain social goals should be identical to those of the
mechanisms that are used to implement social choice rules via decentralization of the

decision power.



Economics, being a social science itself, has faced the problem of collective
decision making in several different ways. One of the most striking fields is the allocation
problem. While the normative side of the approach proposes some concepts such as
Pareto optimality, the outcome is implemented through pseudo-games which are called as
abstract economies. The social equilibrium of an abstract economy is shown to be identical
to the competitive equilibrium of a pure exchange economy and is shown to satisfy some
socially desirable conditions such as Pareto optimality in the case of private goods. This is
nothing but a kind Nash implementation of an allocation rule satisfying some desirable
criteria.

It is wide known in economic theory that while in case of private goods a socially
desirable allocation rule can be implemented via the social equilibrium of an abstract
economy, this is not the case for public goods. The phenomenon is called as the provision
of public goods and there is a bunch of literature about this issue which mainly agrees
about the occurrence of a “prisoners-dilemma”- like situation in case of public goods. This
is a typical case where the individuals benefit through misrepresenting their preferences,
and is thus closely related to the strategy proofness concept discussed in this paper.

The concept, strategy proofness ( or equivalently nonmanipulability) of a social
choice rule, is mainly rooted in the knowledge of the individuals that their preferences
about the issue have, up to some degree, an effect on the socially desirable outcome(s)
that is (are) chosen by the social choice rule mentioned. The important point is whether an
individual has an incentive to misrepresent his/her preferences. If there occurs such a case,
the strategical misrepresentation of the individuals may lead to an outcome that is an
undesirable one in terms of the criteria defined above.

The penchant that individuals have for strategizing, causes economic theorists
trouble because the essence of an individual’s strategic choice is to guess correctly the
actions of other individuals and then to choose the action that results in the best attainable
outcome for himself/herself. But in case of the lack of coordination among individuals, this
may lead to undesirable outcomes.

For strategy proof mechanisms, the question of strategy never arises, because no

agent has a reason to deviate from the dominant strategy of truth telling. This makes the



analysis of strategy proof mechanisms trivial in comparison to the analysis of mechanisms
that are not strategy proof, because questions about the information that agents possess
about the others can be ignored.

There are two important points about strategy proofness. The first one is that it
can only be defined for the social choice rules that are singleton-valued (social choice
functions). This is mainly because of the necessity that each individual has to compare the
outcome that occurs when he/she tells the truth to the ones that he/she can obtain through
misrepresentation for each possible preferences of the other individuals. Since the
individuals have preference relations that are on the elements of the alternative set, they
can’t use these preferences to compare subsets of this alternative set. However, under
some circumstances, the concept of strategy proofness can be extended to the concept of
implementibility in the dominant strategy equilibria of a mechanism (game form). This is
the second important point and is closely related to the implementation problem mentioned
above.

A mechanism (game form) is a set of strategy spaces for each individual and a
function ( the outcome function) that leads a strategy tuple to the outcome space. It lacks
a preference profile for the individuals and when attached a preference profile is called as a
game. Note that a social choice function can be viewed as a game form where the strategy
spaces of each individual is a set of the admissible preferences for that individual and the
outcome function is simply the social choice function itself. This kind of mechanisms are
called as revelation mechanisms. In such a setting, the sincere revelation of the preferences
occurs as a dominant strategy equilibrium of the game that is produced by attaching the
(true) preferences of the individuals to the mentioned revelation mechanism in case of
strategy proofness.

Dominant strategy implementability of a social choice rule means that there exists a
mechanism such that for any (true) preference profile of the individuals, the outcome of
the social choice rule one-to-one matches with the outcome(s) generated by the dominant
strategy equilibrium(s) of the implementing mechanism. Mostly, the concept of strategy
proofness can be used interchangeably with dominant strategy implementability. Though

most of the literature about strategy proofness doesn’t find it necessary to distinguish



between these concepts, there are some conditions that has to be satisfied to use these
terns interchangeably.

At this point, there may occur a question of why the concept of dominant strategy
equilibria is used instead of other wide known solution concepts such as Nash equilibria.
The main reason of this is dominant strategy equilibria being the most noncooperative one
among all solution concepts. In dominant strategy equilibria, the individual does not need
any information about the others while making his/her strategical choice. That means, if
the individuals have dominant strategies that they can utilize, they don’t need to make any
strategical guess about what the others do. Thus, no information problem occurs for
dominant strategy equilibria to be reached in a game.

Since the main aim of the implementation business is the obtainment of cooperative
outcomes via noncooperative tools, and since it is hard to obtain cooperation in case of
inability to keep the track of deviations from this cooperation, it is a good solution to
prepare a playground to the individuals (game form) such that they can act according to
their incentives and at last obtain the cooperative outcome. The best way to do this is the
dominant strategy implementability of the social choice rule that leads the individuals to
cooperative outcomes. Such a situation has two main advantages to the other solution
concepts. The first one is the innecessity of information as mentioned above and the
second advantage (compared to the Nash concept ) is that it is known how the system
reaches to the dominant strategy equilibrium. The situation is different for the Nash
equilibrium concept. It quarantees that when reached to the Nash equilibrium the
individuals have no incentive to deviate from it, but tells nothing about how this
equilibrium will be reached.

As a result of the above reasons, the history of the implementation literature starts
with dominant strategy implementation. This is followed by the famous Gibbard-
Satterthwaite impossibility theorem which tells that under certain conditions it is
impossible to find a strategy proof social choice function that is nondictatorial. This result
and the restrictiveness of the domains that admit the construction of strategy proof and
nondictatorial social choice rules lead the literature to focus on some alternative solution

concepts such as Nash equilibrium.



This thesis is a combination of the followings: a survey of the literature on strategy
proofness, the task of completing the points which are implicitly assumed by the literature
and not formally analyzed up to date, and some new findings that are an addition to the
theory of social choice. It mainly aims to be a starting point for who wants to deal with the
social choice theory. Thus, all the concepts used are defined and related to each other in
an axiomatic approach. Since there is a wide range of different terminology and definitions
about some of the concepts in the literature, we found it necessary to combine them under
a uniform terminology.

The thesis includes five main parts, excluding the conclusion part. The first
chapter, which is called as the “preliminaries”, constructs the model, giving the necessary
definitions and some relationships among the concepts introduced. In this chapter, the
presented relationships are limited to that ones which were proved by other authors. The
second chapter is formed of two sections. The first section is a presentation of the
Gibbard-Satterthwaite impossibility theorem, its proof and its relationship with Arrow’s
impossibility theorem. The second section presents three alternative ways to get rid of this
impossibility in implementation. In the third chapter we present our main findings about
the relationship between strategy proofness and dominant strategy implementability and an
extended impossibility theorem together with other findings about the relationships among
the other concepts used in the thesis. The fourth chapter relates the strategy proofness
concept with economics and presents an introduction of this concept to the allocation
problem. The last chapter is about the rareness of the domains that permit the construction
of strategy proof mechanisms that are nondictatorial. In this framework, single-
peakedness, one of the most well-known examples of this appreciated domains is analyzed
and it is shown that the probability of obtaining a single-peaked domain goes to zero as

the number of alternatives increases.



2 PRELIMINARIES

Let N={1,...,n} be ;1 society of n individuals who must select a group of
alternatives from an alternative set, A={x,y,...,\;\/} which is finite. Each individual ieN has
a complete and transitive (and thus reflexive) binary relation R, on the set A. The set of all
complete and transitive orderinés on A is defined as . Moreover the set of all linear
orders on A will be called as L(A). The preference domain, D;(A) for an individual i, will
be defined as a subset of 2, moreover D(A) will be defined as the Cartesie;n product of
Di(A)s of each individual. We will denote the set of nonempty subsets of A as II. For a
binary relation P on A, the set of elements of A that are maximal with respect to this
binary relation will be shown as argmaxP; moreover for any BT, the elements of B that

are maximal with respect to P will be shown as argmaxgP.

Definition: (Social Choice Rule)

A Social Choice Rule (SCR) is a nonempty-valued correspondence from a domain of
preference profiles, D(A), which is either a subset of Q" or a subset of L(A)", on A to a
range of alternatives, A. That means, F: D(A) —»A is a SCR if it is nonempty valued.
From now on we will call F a social choice function, SCF, if it is singe valued, and a

social choice correspondence, SCC, if it is set valued.

Definition: ( Game Form or Mechanism)
A game form, g, is an (N+1) tuple g=(X;, ieN; 7 ) where
a) For all ieN, X; is the strategy (message) space of individual i

b) m: X—A is a function (an outcome function) where X= HX ;
ieN

From now on the terms game form and mechanism will be used interchangeably.



Definition: (Normal Form Game)

Given a game form, g=(X; , i€eN; = ), and a preference profile R=HR,. where ReD(A),

ieN
g[R]I=(X; , R; ox, ieN) is a normal form game (NFG) where agent i’s strategy is x; €X;

and his/her utility is determined through R; (n(x)) where x =(xi,...,Xa).

Definition: (Dominant Strategy)

Given a NFG, g[R]=(X; , R; o7, ieN), a strategy x; of individual 1 is said to be a dominant
strategy (DS) of i if for any strategy tuple of the other individuals there doesn’t exist
another strategy of i which makes him/her strictly better-off. That is, for all y.;€X,; and for

all ZiEXi, R(X; > Y-i ) R; TC(Z; A )

Definition: (Dominant Strategy Equilibrium of a NFG)
A strategy n-tuple x=(x; ,...,X,) s said to be a dominant strategy equilibrium (DSE) of a
NFG if for each individual i, x; is a dominant strategy of that individual. The set of

dominant strategy equilibria of a NFG, g[R]=(X;, R; ox, ieN), are shown as c(g[R]).

Definition: (Implementability)

A social choice rule (SCR), F:D(A)—A, is said to be implementable if there exists a
mechanism g=(X,n) s.t. for all ReD(A), F(R)=n(c(g[R])). Note that the right hand side is
not necessarily the image of a single value, but is used to denote a subset of the range, A,
formed of the images of the Dominant strategy equilibria of the normal form game (NFG),

g[R], with respect to the outcome function 7.

Note that every social choice function can be viewed as a mechanism (game form)
where for each individual ieN, X; =D; (A). This kind of mechanisms are called as
Revelation Mechanisms. That is, if F is a SCF then gz =(Di(A), ieN; F) is a Revelation
Mechanism. These mechanisms have the property that the strategy for each individual is
revealing his/her preference ordering on the feasible set, and the outcome function is

simply the SCF itself.



For later usage during the construction of the relation between the social choice
rules and Arrow’s famous impossibility theorem we need to define what a social welfare

function is.

Definition: (Social Welfare Function)

A function £ D(A)—B(A) is said to be a social welfare function where B(A) is a nonempty
subset of Q. Given the preference profile of the society, a social welfare function assigns
this profile to a social preference. That is for any ReD(A), f(R) is a binary relation on
AXA.

Now, to be able to construct a social welfare function (SWF) that satisfies the
conditions necessary for the presentation of the Arrow’s famous impossibility theorem, we

need the following properties.

Definition: (Agreeing profiles)

Given a subset B of A, the alternative set, and two admissible preference profiles
P,QeD(A), P and Q are said to agree on B if for each individual ieN, and for each x,yeB,
(xPiy iff xQ;y) holds.

Definition: (Independence of irrelevant alternatives)
A SWF is said to satisfy the condition of independence of irrelevant alternatives (I1A) if
for any subset B of A and any two admissible preference profiles P,QeD(A) which agree
on the set B, the SWF, f, should lead to the same ordering on B for each profile P and Q.
That is, for all x,yeB, (xf(P)y iff xf{Q)y) should hold.

Definition: (Monotonicity)
Let B and C be subsets of A s.t. C=B\{x}. Now monotonicity is satisfied if whenever
(1) there are profiles P and Q s.t. for all z,yeC and for all ieN, (zP;y iff zQ;y) holds and

(ii) for all yeC, xP;y implies xQ;y



then for all yeB, xf(P)y implies xf{Q)y.

Then comes the definition of strategy proofness.

Definition: (Strategy Proofness, Nonmanipulability)

A SCF, F:D(A)—A is said to be strategy proof (nonmanipulable) if for any admissible
profile R € D(A), for any individual i € N and for any preference Q; €
Di(A),

FR;R)RF(Q;,R).

That is, an individual should not have any incentive to misrepresent his/her sincere
preference whatever the others do. It is clear that a SCF is said to be strategy proof iff it,
as a revelation mechanism, is strategy proof. A revelation mechanism, ge=(D(A), F), is
strategy proof, if for each admissible preference profile ReD(A), Rec(gs[R]). Strategy
proofness is also referred as nonmanipulability since in case of strategy proofness no
individual has an incentive to manipulate the mechanism via misrepresenting his/her true
preference.

This means that for each individual i with the preference ordering R;, playing
anything other than R; is not strictly preferred to playing R; whatever the other agents
play. The above definition turns into the claim that revealing the true preferences on the
outcome should be a dominant strategy for each agent in the society. This is important
since the fact that “the individuals can’t be forced to report their preferences sincerely” is
the crux of the problem considered here.

There is another point worth to mention here. There may be a case where the
agents have dominant strategies in revealing their preferences and these dominant strategy
revelations are not necessarily the true preferences of the agents. Such mechanisms are
called as dominant strategy revelation mechanisms. This means that the set of strategy
proof revelation mechanisms is a little bit narrower than the set of dominant strategy
revelation mechanisms. This does not create a problem because of the 1973 result of

Gibbard [9] claiming that every dominant strategy revelation mechanism that is not



strategy proof is equivalent to a strategy proof revelation mechanism. Looking at the
broader class doesn’t add any generality to the analysis. The term equivalent is used here
to denote that the two mechanisms which are said to be equivalent lead to the same

outcomes when the true preferences of the individuals are identical in the two cases.

Definition: (Equivalence in DSE)

Two mechanisms, g,=(S,, m,) and g,=(S2, mz) are said to be equivalent in DSE if for each

admissible preference profile ReD(A), m (o(2:1[R]))=r2( o(g2[R])).

Proposition: (Gibbard)
Let h=(D(A). ©) be a revelation mechanism which implements a SCF, F, in dominant
strategy equilibrium but is not strategy proof. Then there exists a strategy proof revelation
mechanism g=(D(A). G) which is equivalent to h.
Proof: Assume that h=(D(A), n) is a dominant strategy revelation mechanism which
implements a SCF, I, in dominant strategy equilibrium but is not strategy proof. Take
any ReD(A). then Rec(h[R]) since h is not strategy proof. Moreover since h is a
dominant strategy mechanism o(h[R])#J, and since h implements F for all sec(h[R]),
n(s)=F(R).
Now for each individual i, define the function d;: D;(A)—>D;(A) such that di(R;) gives a
dominant strategy of individual i with the preference R;. Define d as an n-tuple of these
functions, i.e. d=(d,,...,d,). Now let G=nod. To show that g is strategy proof suppose the
contrary, i.e. there exists a profile ReD(A) and an ordering sieD;(A) s.t. in the normal
fonn game, g[R], ‘
G(R) ~R; G(si , R4)

1e. ( di(R.), di(Ry)) ~Ri m( ds(R3), si)

which contradicts with the assumption that di(R;) is a dominant strategy of the i’th

individual. So g is strategy proof . Moreover, for all ReD(A),

F(R)=n(c(h[R])) =G(c(g[R])=G(R).

10



Thus g is a strategy proof mechanism.
QED

Now since the set of dominant strategy mechanisms is broader than the set of
strategy proof mechanisms, one can easily find an example where the mechanism is
strategy proof but doesn’t implement the SCR it is associated with. Such an example and a
characterization of the equivalence between strategy proofness and dominant strategy
implementibility in SCF’s will be presented as a result in the following chapters.

Having defined strategy proofness both in terms of social choice functions and
direct revelation mechanisms, we will now deal with the question of whether one can build
strategy proof mechanisms satisfying certain other criteria. To illustrate what one can
expect to have additional to strategy proofness in a mechanism, we will give certain

examples.

Example 1: (Imposed Mechanisms)

The first example is a mechanism which leads to a certain outcome independent of the
strategical choice of the agents, i.e. g=(X, ©) where m: X—A is s.t. for all xeX, n(x)=a
where a is defined to be a unique element of A. This mechanism is a dominant strategy
mechanism because of the fact that the strategical choice of an individual doesn’t affect
the outcome of the mechanism makes any strategy a dominant strategy(The mechanism,
also, is strategy proof if it is a revelation mechanism). Though this mechanism satisfies the
appreciated property of being a dominant strategy mechanism, one has to accept the fact
that this kind of a mechanism will not be approved by the individuals in any situation of
social choice. Here the distribution of power doesn’t create a major problem solely for the
reason that the power is not distributed. There may be another case where the power is

distributed among the individuals but unjustly.

11



Definition: (Dictatorial SCR)
Given a SCR F: D(A)—A, an individual deN is said to be a dictator of F if for all
ReD(A), F(R)cargmax(R,). A SCR F: D(A)—A is said to be dictatorial if there exists an

individual d who is a dictator in F.

Definition: (Dictatorial Mechanism)

A mechanism, g=(X.7) is said to be dictatorial if for any admissible preference profile
ReD(A), n(o(g[R])) cargmax(Ry) where d is defined to be a dictator in the society, N.
Example 2: (Dictatorial Mechanism)

Let g=(X,7) be s.t. for each individual i, X;=A and n: X—A is s.t. for any xeX, n(x)=xq.
Thus the dictator, d. tells which outcome he/she wants to obtain and it occurs as the
outcome of the mechanism. Now this is a dominant strategy mechanism since for each
individual other than the dictator any strategy is a dominant strategy and the dominant
strategy of the dictator is one of his/her topmost choices. Though this mechanism has
dominant strategy equilibria for any admissible preference profile, it is unacceptable (of

course from the view point of the tenants) since the distribution of power is unjust.

Both of these examples are about the cases where a big number of individuals have
no decision power at all. The distribution of power among the agents in the society will be
one of our main concerns and we will try to obtain mechanisms which give sufficient
scope for individual preferences to affect the social choice. In the first step we will try to

obtain this through two properties called as the Pareto Criterion and Nondictatorship.
Definition: (Pareto Criterion, Quasi Pareto Criterion)

A mechanism g=(X, n) {a SCF F:D(A)—A} is said to satisfy the Quasi Pareto Criterion

if for any ReD(A) and any x,yeA, xR;y and y~Rix for each individual, then n(c(g[R]))=y

12



{FR)zy}'. A mechanism g=(X, n) { a SCF F:-D(A)—>A} is said to satisfy the Pareto
Criterion if for any ReD(A) and any x,yeA, xRjy for each individual, and y~Rjx for some
individual j , then n(c(g[R]))2y { F(R)=y }.

This means that an alternative to which another alternative is preferred by all of the
society can’t be chosen as socially optimal. When the set of admissible preferences is
restricted to be a subset of the linear orders on A, strategy proofness automatically implies
the Pareto Criterion. This will be shown later, in a more general framework.
Nondictatorship is simply the case of unexistence of a dictator in a mechanism.

Additional to these requirements we require the alternative space not be limited
and the set of admissible preferences as broad as possible. At this point there occurs the
question of whether one can obtain a SCF which satisfies all of these requirements.
Unfortunately the answer of this question is no. This is because of the famous Gibbard-
Satterthwaite Impossibility Theorem which was independently proved by Mark A.
Satterthwaite [16] and Alan Gibbard [9] in 1973.

For a more detailed analysis of the concepts mentioned above we have to
introduce some new definitions and some propositions about the relationships between
these new definitions and the ones above. First of all we have to extend the definition of a
SCR to apply it in the analysis of the relation between social choice rules and social

welfare functions.

Definition: ( Generalized Social Choice Rule)

A nonempty valued correspondence F:D(A)xIT—A is said to be a generalized social
choice rule (GSCR) if for all BeIT and for all ReD(A), F(R,B)cB. From now on F will
be called as a generalized social choice function (GSCF) if it is singleton valued and a

generalized sociul choice correspondence (GSCC) otherwise.

" This definition is usually referred as Pareto Criterion in many texts, but formally is weaker than the
original definition of Parcto Criterion. Thus from now on a distinction will be made between these two
definitions.

13



Definition: (Pscudo-game form)
Given a game form h=(S,n) and the outcome space A, a pseudo-game form hg=(Sg,z) for

aBelliss.t. Si={s=S/a(s)eB} and ntg:Sg—B is the outcome function.

Definition: (Dominant strategy equilibrium of a Pseudo-game)

Given a pseudo-game hy[R], a member s*eSp is a dominant strategy equilibrium of
hg[R] if for all i=N, 5% is a dominant strategy of individual i relative to B.

For any strategv s;=S, of i, define Sg.(s;)={s.i€Sp.i / (s;,5i)€Se} and for any s.;€Sg
define Sg;(s.i)=!sieSni / (si.s.)€Sp}.

A strategy s;* of individual i is said to be a dominant strategy of i relative to B

if Sp.(s*)2Q ., for all s.,€Sp.i(si*) and for all 5" Spi(s.), wa(si*,s)Rims(s:’,8-).

Definition: ( Pseudo Implementation in DSE )

We say that a mechanism h=(S,n) pseudo implements a GSCR F:D(A)xII—A in
Dominant Stratcgy Equilibrium if for any BeIl, hg=(Sp,ns) implements F( . , B) in DSE
relative to B. That is, tor all ReD(A), F(R,B)=ng(c(hs[R])).

Definition: ( Implementation in DSE )

We say that a mechanism class h={ hg=(Sp ,nz) / B€Il } (where any two mechanisms
implementing F for different subset of A need not be related to each other ) implements a
GSCR, F:D(A)xIT—=A, in Dominant Strategy Equilibrium if for any Bell, hg=(Ss,n5)
implements F( . , B) in DSE. That is, for all Re D(A), F(R,B)=ns(c(hs[R])).

The main difference between pseudo implementibility and implementibility is that
while the rectangularness of the strategy space is sacrificed for the sake of creating the
mechanism class from a single mechanism that implements F( . ,A) in case of pseudo

implementibility, the other extreme is held in implementibility. That is, for the sake of
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having rectangular sirategy spaces (which need not be related ) for each subset of A, the
relationship among the mechanisms in the implementing class is left aside.

At this point whether one can find a kind of implementibility that is endowed with
both of these appreciated properties arises as an interesting question. This kind of an

implementibility. which we will call as total implementibility, can be defined as follows.

Definition: ( Total implementation in DSE )

We say that a mechanism class h={ hg=(Sg ,ns) / BeIl } fotally implements a GSCR,
F:D(A)XII—=A, in iDominant Strategy Equilibrium if for any BeIl, hg=(Ss,ns) ,which is
itself a game form and is a restriction of ha=(Sa ,4) implements F( . , B) in DSE. That is,

for all ReD(A), F(R.B)=nu(c(hs[R])).

In total implementation the essential point is that while the strategy space remains
rectangular for each subset of A, moreover, it is obtained through the restriction of the
mechanism h, which implements F( . ,A). That is, for each ieN, S;p is obtained through
the restriction of S; \ and np:Sg—B is a function. One example of this kind of a mechanism
class is the onc that is obtained through the restrictions of the revelation mechanism
ha=(D(A), F.) where F\=F. For any Bell, the mechanism that implements F( . ,B) is
hg=(D(B), Fg) where for each ieN, Dy(B) is the restriction of the preference domain of i,
Di(A) on B, and F:D(B)—B is s.t. for any RgeD(B), Fs(Rg)=F(R,B) (where Rg is the
restriction of R on B).

To associatc the generalized social choice rules with social welfare functions, we

need the following property on a generalized social choice rule.
Definition: (Rationality)

Let F:D(A)xIT—A be a GSCR. F is said to be a rational SCR if there exists a SWF, f; s.t.
F=F; where F; is s.t. for all ReD(A) and for all BeIl, F(R,B)=argmaxsf(R).
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Rationality implies a SCR be consistent among different alternative sets. That
means, if F chooses an alternative x from the grand set A, it should also choose x in

another set BC A which also includes x.

Definition: (Choice function)

A function c:IT—TT is called a choice function for A if for all BeIT, c¢(B)cB.

Definition: Let R be a relation on A. We define c( . ,R):I1—>2" by
c(B,R)={xeB/ for all veB, y~Rx} for any BeIT .

Definition: (Hauthakker’s axiom)

Let c:IT-I1 be a choice function. We say that c satisfies Hauthakker’s axiom (HA) if for
all B,CeIl and for all x,yeBNC, [xec(A) and yec(B) implies xec(B)].
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3 STATE OF THE ART

Now, we will present the main paths followed in the dominant strategy
implementation theory up to date. We will first present the Gibbard-Satterthwaite
impossibility theorem, which is a cornerstone in the dominant strategy implementation
theory, together with a formal proof of it which is essential for the link between this
theorem and the famous impossibility theorem of Arrow. We will also present a proof for
the two individuals and three alternatives case to help the reader to gain a better
understanding of the Gibbard-Satterthwaite theorem. Then, we will present the main paths
that were followed in history to overcome the impossibility problem in implementation via

altering the framework.
3.1 Impossibility Theorems

Theorem: (Gibbard- Satterthwaite)
If | Al >3 and preferences are unrestricted (Di(A)= Q or L(A) for all ieN ) then a SCF, F,
can not simultaneously be strategy proof and satisfy both the Quasi Pareto Criterion and

nondictatorship.

This impossibility theorem is closely related to Arrow’s 1963 result which states
the impossibility of the existence of a social welfare function which satisfies certain
conditions.

A social weifare function (SWF) for the alternative set A is a single valued
function, f, that maps the set of admissible preference profiles to a subset of Q. With each
SWE, £, one can associate a SCF, Fy, s.t. for all feasible profile P,F(P)=argmaxf{(P).

To understand the relation between Gibbard-Satterthwaite theorem and Arrow
theorem, firstly we have to gain a deeper insight about Arrow’s Impossibility Theorem.

Arrow’s theorem investigates the social welfare functions, f, which satisfy the conditions
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of Pareto Criterion. nondictatorship and two additional conditions: independence of

irrelevant alternatives (1IA) and monotonicity.

Theorem: (Arrow)
If the cardinality of the alternative set, A, is greater than or equal to three and preferences
are restricted to be cither the full domain of L(A) or Q, then a SWF can’t simultaneously

satisfy the Pareto Criterion, nondictatorship, IIA and monotonicity.

Now having given the Arrow impossibility theorem we can start to the discussion
of the Gibbard-Satterthwaite theorem. There exists two independent proofs to Gibbard-
Satterthwaite theorem. Satterthwaite’s proof, which was at the same time a part of his
Ph.D. thesis, is mainlv based on a counting procedure[16]. Though it has the advantage of
not using Arrow’s impossibility theorem, I prefer to mention here Gibbard’s proof
[9]which is more instructing about strategy proofness and the relation between Gibbard-
Satterthwaite theorem and Arrow’s theorem. Additional to Gibbard’s proof, I will give
Feldman’s 1979 proct [8] for the two individuals, three alternatives case which, I hope,
will help to gain an intuition about strategy proofness.

In his 1973 paper, Gibbard proves that any nondictatorial voting scheme with at
least three possible outcomes is subject to individual manipulation. The term ‘Voting
scheme” is used for any scheme which makes a community’s choice depend entirely on
individuals’ professed preferences among the alternatives.

Gibbard’s proot'is based on Afrow’s impossibility- theorem. Showing that a SWF
derived from a strategy proof mechanism satisfies all Arrow’s conditions except
nondictatorship, he claims that every strategy proof mechanism which has a number of
alternatives greater than 2 is dictatorial. In his paper he uses the term chain ordering to

denote a linear order.

Definition: (Chain Ordering)
A chain ordering is an ordering in which no distinct items are indifferent, i.e. PeQ is a

chain ordering on A if for all x,ye A, xPy and yPx implies x=y.
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Definition: (Strict preference relation and indifference relation)
For any BC A, R;eQ and x,ye A define P; and I; as follows:
(i) xPiyiff y~Rix
(i) xLy iff yRix and xRy

Thus, P; is defined to be a strict preference relation while I; is an indifference relation.

Definition:

Let Q be a chain ordering of A. For any BCA, R;eQ define P;*B as
(1) Ifx,y,eB then x(P=B)y iff xP;y or (xIiy and xQy)

(i) If xeB,y¢ B then x(Pi*B)y

(ii1) If x,y¢B then x(Pi*B)y iff xQy

This new ordering will create an strict preference relation on the alternative set A

which orders the elements of B automatically above those of A\B.

Proposition: (Gibbard)

From the above delinitions are derived

(1) ForallieN, P;=B is a chain ordering.

(1) If CcB, then for any ieN, (Pi*B)*C=P;C.

(iif) Suppose for all ieN, (xP;y iff xQ;y) and (yP:x iff yQix) for all x,yeB. Then PxB=Q*B
where P=(P,,....P,) and Q=(Qy,...,Q.)

(iv) If xf(P)y then y~f(P)x

(v) (Independence of Irrelevant Alternatives, I1A)

Take any x,ye A. Suppose for all ieN, (xP;y iff xQ;y) and (yPix iff yQix). Then xf(P)y iff
xf(Q)y.

The proof of derivation (v) is a simple consequence of derivation (iii) of the proposition.
From (i1), P*{x,y}=Q={x,y} and hence xeF(P*{x,y}) iff xeF(Q*{x,y}). But this, by
definition, implies that xf(P)y iff xf(Q)y.
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Assertion 1: Deline 6=(g,...0,) where for each ieN, ¢;:Dj(A)—S; be the dominant
strategy function for the mechanism h=(S,m). Let s=c(P). Take any x,y€A and s’eS
satisfying,
(a) For all ieN, yPix implies s;’=s;
(b) Forall ieN_ x~Tiv
(c) yi(P)x, 1.e. x2F(P*{x,y})=n(s)
Then x#7(s’)
Proof of Assertion 1:
Suppose x=mn(s’). Let P*=P*{x,y} and let t=c(P*). Then
yRx implies x=y or xF(P*)
which means x=F(P*)=n(c(P*)=n(t)
which implies that x=mn(t)
Define the sequence
S'=(517,52" 1Sk LSk 1 oS0 Do n S =t b Skt a8 Dy s S"=(E Lt bt Ty oy )
where 7t(s")=x and 7(s")=x.
Let k be the least indexed individual s.t. w(s")=x, n(s“")=x.
Case 1: n(s")=y and yPyx
n(s)=y . m(s"")=x and yP\x implies that n(s*)P,n(s*") which in turn implies that
(s )~Rym(s") and this means that s is not a dominant strategy for k. But since yPyx, by
(@), s’=sx and s¢ is by definition a dominant strategy for k. But this leads to a
contradiction.
Thus x=n(s’) in this case.
Case 2: n(s“)y or xPyy
If n(s*)=y then xP,y. But this implies that xP,*y which in turn implies xP, *n(s"). If m(s)=y
then since m(s")%x we have 7n(s¥)e{xy} and by (b), xP*n(s"). So xP*n(s*). Now
x=n(s"). Hence n(s*')P*n(s"). Thus ty is not a dominant strategy for individual k. But
since t,=cx(Py*), t. is a dominant strategy for individual k. But this leads to a

contradiction. Thus x#r(s’). QED.
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Assertion 2: The dictator for a SWF f, which is derived from a SCR, F, is also a dictator
for the mechanism g=(D(A),F).
Proof of Assertion 2: Assume that individual d is a dictator for the SWF f. Then d is a
dictator for g if for all ye A, there is a sq(y)€Du(A) s.t. for all seD(A) s.t. sa=sa(y), F(s)=y.
Let Pg* be the SPR s.t. for all xeA s.t. x2y, yPs*x and let sa(y)=c4(Ps*). Let s€eD(A) be
s.t. sq=sa(y) and take any xeA s.t. x2y. We shall show that F(s)#x. Let PeD(A) be any
preference profile s.t. P,=Py* and for all ieN\{d}, xP;y. Let s’=c(P). Then sq4’=sq(y). Now
under this prefercince profile, P, assumptions (a) and (b) of Assertion 1 are satisfied.
Moreover since d is a dictator of f, yf{(P)x and thus x~f(P)y, i.e. (c) is also satisfied.
Therefore, x#F(s) . Since this holds for all xe A\{y}, y=F(s). Thus for any PeD(A) s.t. the
dictator d strictly prefers y to x, y has to be chosen by g. Thus d is a dictator for g.

QED.

Proof of Gibbard-Satterthwaite Theorem: According to the Arrow’s Impossibility
Theorem, everv SWF violates at least one of the following conditions.
(Scope) (1) A has at least three elements
(Unanimity) (i1) If for all ieN, xP;y then xf(P)y
(IIA) (i) If for all ieN, (xP;y iff xQ;y) and (yP;x iff yQ;x) then xf(P)y iff xf{Q)y
(Nondictatorship)(iv) There is no dictator for f where a dictator keN is s.t. for all
ReD(A), x,ycA: if xPyy then xf(P)y

Now, (i) is satisfied by assumption and (iii) is shown to be satisfied by the above
proposition. So if one shows that (ii) is satisfied, (iv) can’t be satisfied by f.

Now, (ii) will be obtained as a corollary to Assertion 1:
Assume that there is a profile P and alternatives x and y (x#y) s.t. for each individual ieN,
xP;y. Now we want to show that xf(P)y. Now since x is an outcome there is a strategy s’
s.t. x=n(s’). Take s=o(P). Now we are going to use Assertion 1 in opposite direction.

That is, we took s=c(P) and took any x,yeA. Moreover s’eS is s.t. x=n(s’). Now
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assumptions (a) and (b) of Assertion 1 still hold in this setting. Thus Assumption (c)
doesn’t hold. which means that x=F(P*{x,y}). But this holds iff xf(P)y. Thus condition (ii)
of the theorem holds, but by Arrow’s theorem means that f violates the fourth condition of
nondictatorship. Moreover if f is dictatorial then F is also dictatorial by Assertion 2 above.

Thus every strategy proof game form with at least three outcomes is dictatorial.
QED.

Though Gibbard's proof'is illustrating in terms of the relation between a SCF and a
SWE, one can gain a better insight to the Gibbard-Satterthwaite theorem by examining the
Feldman’s proof additionally. Feldman in 1979 has devised a proof for the simple case of
two individuals and three alternatives: The SCF, F, is defined on the domain L(A)’, and
for the set of alternatives A={ab,c}. Initially we will assume that F satisfies the strategy
proofness and the Pareto criterion conditions. Table 1 gives the set of possible outcomes
for each preference profile of the society. The table is formed according to the Pareto
Criterion, thus while in some cases (as cases of unanimity) it surely determines the
outcome, in some other cases it determines what can’t be the outcome (according to the
violation of the Pareto Criterion). The question marks in the table represent the cases
where no alternative can be eliminated. Shortly speaking, Table 1 gives the restrictions

imposed on F by the Pareto Criterion.
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Table 1.

Agent 2
1 2 3 4 5 6
Agent 1 (xyz) (xzy) (yxz) (yzx) (zy) (zyx)
1 (xyz) X X #Z #Z 2y 2 ? 4
2 (xzy) X X 2z ? 2y ! zy 1
3 (yxz) £z #7 y y ? Pl1oax
4 (yzx) #Z ? y y = ! #zx
5 (zxy) =y 2y ? #X z z
6 (zyx) ? 2y X #X z z

Since the SCF is single valued, a single alternative must be assigned to each cell.

We will begin with the assumption that element x is assigned to the cell labeled 1, and

show that this will lead to the dictatoriality of individual 1. In the alternative assumption of

assigning z to cell |, the same proof will lead to the dictatoriality of individual 2.

Now, assigning x to cell 1 implies that x must be assigned to cell 2. This is by

strategy proofness of F. Now y can’t be assigned to cell 2 by Pareto Criterion, suppose z

is assigned to cell 2. Then at profile (1,5) (i.e. {(xyz),(zxy)} ), individual 1 can manipulate

F by declaring (xzy) instead of his/her sincere preference of (xyz). Thus, assigning z to cell

2 violates the strategy proofness assumption of F. The same logic leads to the following

results which are indicated in Table 2.

N
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Table 2.

Cell | Assigned | Alternative | Manip. Manip. | Manip. | Manip.
outcome | outcome situation agent strategy | outcome

2 X z F(1,5)=z one F(2,5) X

3 X z F(2,5)=x two F(2,6) z

4 X yorz F(1,6)=yorz | one F(2,6) X

5 X v F(1,6)=x two F(1,4) y

6 X y F(1,6)=x two F(1,3) y

7 X y F(2,3)=y one F(1,3) X

8 X yorz F(2,4)=yorz | one F(1,4) X

9 y z F(3,6)=z one F(2,6) X

10 y z F(4,6)=z one F(3,6) y

11 y z F(4,6)=y two F(4,5) z

12 y Xorz F(3,5)=xorz | one F(4,5) y

Filling in each indeterminate cell in this manner, both above and below the diagonal

results in individual 1 being a dictator, i.e. individual 1’s topmost choice is chosen

independent of what individual 2 declares.

Having defined and proved the Gibbard-Satterthwaite impossibility theorem, now

we will deal with the ways to get rid of his impossibility in implementation.

3.2

The impossibility result of Gibbard and Satterthwaite, despite being a very

important result in the implementation of group decision making, is really a discouraging

24

Ways to Bypass the Impossibility Problem Via Altering the Framework




one. The result simply says that it is impossible to distribute the decision power among the
individuals fairly if one expects to have fulfill some essential criteria. To break the
pessimism about the future of group decision making, three main paths are followed. The
first one is imposing some restrictions on the preference domain such that the social choice
rules defined on this restricted domain can overcome the problem of impossibility in
implementation in the dominant strategy equilibria of a nondictatorial mechanism. The
second path is changing the equilibrium concept, that is leaving the dominant strategy
implementibility aside and trying something more accessible such as the Nash
implementation. The third and the last path is giving up the social choice functions and
dealing with social choice correspondences instead. Now we will analyze each of these

paths in detail.
3.2.1 Domain Restrictions

In the task of restricting the domain of admissible preferences three approaches
have been followed. The first approach is taking a specific social choice function and
looking at the domain restrictions that are sufficient to make it strategy proof. This is
closely related to the work of Sen and Pattanaik (1969) [19] and will not be mentioned
here. The second approach begins with a domain with economic restrictions on
preferences such as convexity, continuity, etc. and then looks for strategy proof
mechanisms which are not dictatorial. This approach will be discussed in detail in the next
section and will be mainly based on a recent work of Salvador Barbera and Matthew
Jackson (1992). The third approach looks for necessary and sufficient conditions on the
preferences such that the resulting domain permits the construction of a strategy proof
social choice function that satisfies some additional restrictions on the power distribution
as the Pareto criterion and nondictatorship.

In this section we will mainly concentrate on this last approach. Since we know
that when the domain of preferences is left to be a full domain of complete preorders or
linear orders, it is impossible to find a nondictatorial social choice function which is

strategy proof and Pareto optimal, we have to impose some restrictions on the preference

25



domain to obtain a subset appropriate for building acceptable social choice functions. One
very famous example of such a limitation is the single-peaked domains characterization.
They will be analyzed in detail in one of the following chapters and it will be shown that
single-peakedness limitation becomes extraordinarily binding when the cardinality of the
alternative set goes to infinity.

What we want in this section is to obtain necessary and sufficient conditions on the
preference domain such that the resulting social choice functions will be nondictatorial and
will also satistv strategy proofness and the Pareto criterion. One limitation of the result is
its only holding for the generalized social choice functions which are rational. The main
reason for this is that the characterization is based on social welfare functions and thus
doesn’t hold for nonrational generalized social choice functions ( i.e. the ones which can’t
be paired with a social welfare function). Before introducing the theorem we must
formalize the structure necessary for this characterization. For this, we need the below

definitions.

Definition: (Ordered pairs)

Let A be the alternative set which is finite and let D(A) be s.t for all ieN, D;(A)cL(A) and
for all ijeN. Di(A)=Dj(A). Now the set of ordered pairs within A is defined as
T={(x,y)eAxA / x#y }. Moreover, the set of trivial ordered pairs within D(A) is
TR(D(A))={(x,y)eT / there exists a PeD(A) s.t. xPy and there doesn’t exist a QeD(A)

s.t. yQx}.

Definition: ( Being closed under decisiveness implications)

A subset R of T is said is said to be closed under decisiveness implications (closed DI ) if
for all (x.y), (x,z)T\TR(D(A)) the following conditions hold:
DI1: If there are P', P2 D(A) with xP'yP'z and yP?zP?x then
DIla: (x,y)<R implies (x,z)eR
DIIb: (z,x)eR implies (y,x)eR
DI2: If there is a PeD(A) with xPyPz then
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DI2a: (x,v)<R and (y,z)eR implies (x,z)eR
DI2b: (z,x)eR implies either (y,x)eR or (x,y)eR

Definition: (Decomposable domain )

A domain of preferences, D(A), is said to be a decomposable domain if there exists an

RcT s.t. TR(D(A)cRcT and R is closed under decisiveness implications.

Definition: (Nondictatorial domain)
A domain of preference profiles, D(A), is said to be a nondictatorial domain if there
exists a nondictatorial n-person SWF on D(A) which satisfies monotonicity, IIA and

Pareto optimality conditions.

A nondictatorial domain as can be seen above, if can be obtained, is sufficient for
the characterization of social welfare functions that we appreciate. That simultaneously
leads to a characterization of rational generalized social choice rules that are strategy
proof and Pareto optimal and also nondictatorial. There are three main theorems built by
Kalai and Muller (1977) [11] that construct the needed characterization. The first one is
used in the proof of the others and claims that one can find an n-person nondictatorial
social welfare function if, and only if one can find a 2-person nondictatorial social welfare

function:

Theorem 1: (Kalai-Muller)
For n>2, there exists a nondictatorial n-person SWF on D(A) which satisfies monotonicity,
ITA and Pareto optimality iff there exists a nondictatorial 2-person SWF on D(A) which

satisfies monotonicity, IIA and Pareto optimality.

The following two theorems, using this theorem as an input, characterize
nondictatorial domains and the relation between these domains, social welfare functions

and rational generalized social choice functions, respectively:



Theorem 2: (Kalai-Muller)

A preference domain, D(A), is nondictatorial iff it is decomposable.

This theorem simply says that if one can construct a decomposable domain, D(A),
then whatever social welfare function defined on this domain satisfies nondictatoriality,
monotonicity, [TA and the Pareto criterion. Now it is time to construct the relationship of

these appreciated social welfare functions with the rational generalized social choice rules:

Theorem 3: (Kalai-Muller)

Let n be any integer s.t. n>2. The following three statements are equivalent for every

D(A)cL(A)":

L D(A) admits an n-person, nondictatorial, strategy proof, rational generalized SCF
which satisfies the Pareto criterion.

1L D(A) admits an n-person nondictatorial SWF which satisfies monotonicity, ITA and
the Pareto criterion.

I1I. D(A) is decomposable.

This theorem is a full characterization of the domain restrictions that admit the
formation of nondictatorial generalized social choice functions which are strategy proof
and Pareto optimal. That is, if one constructs a decomposable domain, he/she can obtain a
rational generalbized social choice function defined on this domain satisfying
nondictatoriality, strategy proofness and the Pareto criterion, moreover any rational
generalized social choice function that satisfies nondictatoriality, strategy proofness and
Pareto criterion turns out to have a decomposable domain. As one can guess single-
peaked domains are decomposable. This will be shown in our analysis of the single-peaked
domains. Now having completed the characterization of the domain restrictions we will
analyze the alternative ways to get rid of the impossibility problem in dominant strategy

implementation.
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There are some additional comments about decomposibility. The first one is its
being designed for the preference domains that are subsets of linear orders. That is, the
whole characterization depends on the preferences satisfying the properties of linear
orders. One can build a social choice function that is formed on a domain that is not a
subset of linear orders (and thus is not decomposable) and is both strategy proof and

nondictatorial. The following is an example of this.

Example 1:

Let F:D(A)xIT—>A be a GSCF where A={a,b,c}, N={1,2}, D(A)=D;(A)xD(A).

Let Di(A)={R.Q} for ieN. Define R as albPc (i.e R is indifferent between a and b and

both are strictly preferred to ¢) and Q as cPalb (i.e Q strictly prefers ¢ to both a and b and

is indifferent between a and b).

Define F as follows:
F(RR:A)=a F(R,R;{a.b})=a F(RR;{a,c})=a F(R,R;{b,c})=a
F(R,Q:A)=a F(R,Q{ab})=a F(R,Q:{a,c})=a FR,Q;{b,c})=b
F(QR:A)=a F(QR;{ab})=a F(QR;{ac})=a F(QR;{b,c})=b
F(QQA)=c F(QQ:{ab})=b F(Q.Q:{ac})=c F(Q,Q;{b,c})=c

Now F is strategv-proof and nondictatorial.

In the above example though the domain is not decomposable (since it is not a
subset of the linear orders), the social choice function formed on it satisfies both strategy
proofness and nondictatoriality.

Another weakness of the decomposable domains is that: though it drives out the
dictatorial social choice functions, most of the social choice functions formed on
decomposable domains distribute the decision power among two agents, the other agents
have no decision power at all. This kind of a social choice function, though nondictatorial,
is not so much satisfactory. Thus, additional properties, such as essentiality and symmetry
(essentiality is the case where for each agent there exists a profile where he/she can affect
the outcome by changing his/her declaration, symmetry is simply anonymity, i.e. any

permutation of a preference profile should lead to the same outcome), are imposed on
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decomposable domains. More can be found about this subject in the 1983 paper of Blair

and Muller[3].
3.2.2 Nash Implementation

The second path followed in the task of getting rid of the impossibility problem in
implementation is changing the equilibrium concept. The historical development of the
literature shows that after the limitations necessary and sufficient to characterize domains
that admit the construction of a strategy proof social choice function were characterized,
the scientists that found this too limiting for the preference domain tried another
equilibrium concept. The main path followed was the trial of Nash implementation,
leaving aside dominant strategy imx;lementation. Much of the work done on this subject is
very recent, the main developments were obtained in the end of eighties and the beginning
of nineties. To gain a better understanding of the literature and the theorems that will be

presented, we must construct the additional framework necessary for this task.

Definition: (Nash equilibrium of a normal form game)

Let ReD(A), S be the Cartesian product of strategy spaces of the individuals, and let
n:S—A be the outcome function of the game. Then, given a normal form game
h[R]=(S,x), s*=S is said to be a Nash equilibrium of h[R] (and is formally written as
s*eoo(h[R])) if for all ieN and for all 5;€S;, n(si*,s.*)Ri 7(si ,s-*). co(h[R]) is defined as

the set of all Nash equilibria of the normal form game h[R].

That means, given that the other agents play their Nash strategies, individual i

QS

can’t be better of by deviating from his/her Nash strategy.

Definition: (Implementation in Nash equilibrium)
Let F:D(A)—A be a SCR and let h=(S,) be a mechanism where n:S—A. We say that h
SJully fweakly! implements I in Nash Equilibrium if for all ReD(A), FR)=n(co(h[R]))



{m(co(h[R]))=F(R) }. F is said to be Nash implementable if there exists a mechanism h
which implements F fully in Nash equilibrium.

While all the main theorems in the literature are on full implementation, weak
implementation is also an important concept. The main point in weak implementation is
obtaining a subset of the socially desirable outcomes (which are collected in the set F(R) )
and to leave aside socially undesirable ones. This is the reason for the mechanism to obtain
a subset of F(R). A\F(R) is simply the socially undesirable alternatives. Moreover, one can
always obtain a mechanism that implements a social choice rule in a way that for all
ReD(A), F(R)cn(ow(h[R])) though this is of no value in terms of implementing the

socially desirable outcomes. Such a mechanism is illustrated in the following example.

Example 2:
Take any F:D(A)—A with #N>3. Take the mechanism h=(S,r) as the following:
For any ieN, S={ (R".a' )eD(A)xA / a'cF(R') } and for any seS§,

n(s) =a if there is an ReD(A) s.t. acF(R) and there is an ICN with #I=n-1 s.t. for
all 1€l, si=(R,a)
=a' otherwise

Then s*€S is a Nash equilibrium if for all ieN, s;*=(R,a)
Then F(R)cn(co(h[R]))

Definition: (Lower contour set, upper contour set)

Given a preference Re() and alternative ac A, the lower contour set of aw.r.t. R is simply
L(a,R)={xeA / aRx }. Moreover, the upper contour set of aw.r.t. R is U(a,R)={yeA /
yRa }.

Additional to these, for a normal form game , h[R]=(S,n), and for a strategy tuple

seS, define n(S;, s )={xeA/thereisas;’€S;s.t. n(si’,s.)=x}



Definition: ( Monotonic SCR )
A SCR F:D(A)—>A is said to be monotonic if for all R, R’eD(A) and for all acA,
{aeF(R) and L(a.R;)cL(a,R/’) for all ieN }implies acF(R’).

This simply means that an alternative that is chosen as the social optimal under a
profile R should also be chosen as the social optimal under the profile R’ if its rank in the
preference ordering of the individuals doesn’t worsen while passing from the profile R to

the profile R’.

Definition: ( No veto power )
A social choice rule F is said to satisfy no veto power if for all ReD(A), for all acA and

for all ieN, [ acargmaxR; for each jeN\{i} ] implies acF(R).

The first result that will be presented belongs to E. Maskin (1977)[12]. It

constructs a relationship between Nash implementibility and monotonicity.

Theorem 1: (Maskin)

If a SCR F:D(A)—A is Nash implementable then F is monotonic.

Given this theorem, one thinks whether the converse is true. This question is

answered by Maskin’s well-known example given below.

Example 3: (A monotonic SCR which is not Nash implementable )
Take N={1,2.3}, A={a,b,c} and D;(A)=L(A) for each ieN.
F:D(A)—A s s.t.
acF(R) iff a is top ranked by 1
beF(R) ift' b is top ranked by 1

ceF(R) iff c is Pareto optimal w.r.t. R and c is not bottom ranked by 1
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Now, F is monotonic. Take the following profiles, R*, R** R*** as R*=[ (bca),
(cab), (cab) ], R**=[ (abc), (cba), (cab) ], R¥**=[ (bac), (abc), (abc) ] . Now
FR*)={b,c}, F(R**)={a} and F(R***)={b} according to the above rules.

Suppose h=(S,m) is a mechanism Nash implementing F. Then, there is a
s*eao(h[R*])) s.t. n(s*)=c.

Now ben(S; , s..*) since s* is a Nash equilibrium of h[R*] and individual 1
mustn’t have any incentive to deviate from his/her Nash strategy s;*.

Suppose that aen(S; , s.*). Then there exists an s;’€S; s.t. n(s’,s.1*)=a. But
then

a=mn(s,’,s..1*¥)en(co(h[R***]))=F(R***)

which contradicts with F(R***)={b}. So, agn(S;, s.1*).

Suppose that cen(S, , s.*). Then for all 5,€8S,, n(s;, s.1*)=c. But then

c=n(s1,8.1*)en(co(h[R**]))=F(R**)

which contradicts with F(R**)={a}. So cgn(S;, s4*).

Thus (S, , s.*)=@. This is a contradiction, so F is not Nash implementable.

So we now know that there is a one-sided relationship between Nash
implementability and monotonicity. Monotonicity itself is not a sufficient condition to
satisfy Nash implementibility. However, monotonicity and no veto power together implies

Nash implementibility.

Theorem 2: (Maskin)

Let F:D(A)—>A be a SCR where #N>3. If F is monotonic and satisfies no veto power,

then F is Nash implementable.
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Moreover, one can give examples showing that Nash implementibility doesn’t
imply No veto power and No veto power doesn’t imply Nash implementibility.

At this point in history there was not a full characterization of Nash
implementibilitv. Monotonicity and No veto power were known to be sufficient, but only
monotonicity was a necessary condition. Moreover these implications were true only for
the case of #N>3. In case of two individuals and Pareto optimality dictatoriality occurred
as a necessary and sufficient condition for Nash implementability. The following theorem

shows this impossibility.

Theorem 3:
Let F:-D(A)—A be a SCR with #N=2 and for all ieN, D;(A)=Q. Moreover, let F be Pareto

optimal. Then. F is Nash implementable iff F is dictatorial.

This impossibility theorem showed that if one requires Pareto optimality and if
there are only fwo individuals in the society, then one surely gets a dictatorial social choice
rule. Then, in 1990, Moore and Repullo [14] presented a full characterization of Nash
implementibilitv for the case of #N>3. This was really a path-breaking invention in the task

of Nash implementibility.

Theorem 4: (Moore and Repullo)

If #N>3. then a SCR F can be implemented in Nash equilibrium iff it satisfies condition m

given below:

Condition m: A SCR is said to satisty condition m iff there exists a BCA and, for all

ReD(A), acF(R) and ieN, there is a nonempty set Ci(a,R)=n(S; , s;*) (where s*eSisa

Nash equilibrium of the normal form game h{R] ) with aeCi(a,R)c(L(a,R;)nB) satisfying:

(mi) IfR,R’=D(A)and aeF(R) are s.t. for all ieN, Ci(a,R)cL(a,R’) then acF(R’)

(mii) IfR.R’eD(A) and acF(R) are s.t. there is a be A with beC;(a,R)cL(b,R;’) and for
all j=i, BCL(b,R;’), then beF(R’)

(miii) IfR’eD(A) and ceB are s.t. for all ieN, BcL(c,R;’) then ceF(R’)
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This is a full characterization of Nash implementibility which came about very
recently, in 1990. The only limitation on the characterization is its being for a society with
a population of three or more. However, there exists another characterization which deals
with the case of'a population of two. This second characterization is at the same time with
the one above and is shown independently with two different teams, namely Moore and

Repullo [14] and Dutta and Sen [7]. The theorem is as follows.

Theorem 5: (NMoore and Repullo , Dutta and Sen)
If #N=2, then a SCR can be implemented in Nash equilibrium iff it satisfies condition m2
given below:
Condition m2: A SCR is said to satisfy condition m2 iff there exists a BCA and, for all
ReD(A), aeF(R) and ieN, there is a nonempty set Ci(a,R)=n(S; , s.*) (where s*eSis a
Nash equilibrium of the normal form game h[R] ) with aeCi(a,R)c(L(a,R;)nB) satisfying
condition m, and additionally the below condition:
(miv) Foreverv R,R’eD(A), acF(R) and a’€F(R’), there exists some
ceCi(a,R)"Cya,R) s.t. if R*eD(A) is s.t. Ci(a,R)cL(c,R;*) and
Ca(a’ RHzL(c,Ry*) then ceF(R*)

These two theorems bring about a full characterization of Nash implementibility.
Thus and SCR that satisties condition m or m2 (depending on the number of individuals in
the society ) surely is implementable in the Nash equilibrium of a mechanism and any SCR
that is Nash implementable must satisfy one of these conditions (depending on the number
of individuals in the society). This very recent works show that without a restriction on the
admissible set of preferences, one can check whether a SCR is Nash implementable and
also can construct Nash implementable social choice rules.

Though there is a nice characterization of Nash implementable social choice rules,
Nash implementation is limiting in terms of the information needed to obtain a Nash
Equilibrium; that means, one has to know about the Nash strategies of the others in order

to decide on whether his/her Nash strategy is the best he/she can obtain. This implies a full
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knowledge about the preferences and the strategy spaces of the other individuals. The
second point about the Nash equilibrium is the problem of reaching the equilibrium. Nash
equilibrium is self-enforcing, that means, no one deviates from his/her Nash strategy once
they fall into the Nash equilibrium but there is no proposal embedded in the Nash concept
about how this equilibrium will be achieved. Another point about the Nash equilibrium
occurs whenever there are more than one equilibrium in such a case there may occur a
coordination problem as in the famous story of O’Henry. Both players may play one of
their Nash strategies that lead to different Nash equilibria and the result of such an
uncoordinated play may be the worst outcome that may occur. These are the main reasons
that led the scientists first to try dominant strategy implementation of social choice rules.
However, if onc¢ finds the domain restrictions that characterize dominant strategy
implementable social choice rules to be very restrictive, Nash implementation always

occurs as an alternative way of implementation.
3.2.3 Socia! Choice Correspondences

Since the implementation task in social choice functions ( if the domain is not
restricted to be a decomposable one) hits the walls of impossibility, one can wonder
whether using social choice correspondences instead is a solution to this problem. Another
reason is the curiosity about the reason of why one can extend the analysis to social choice
correspondences in case of Nash implementation while for strategy proofness (dominant
strategy implementation) he/she is limited to social choice functions. There is not much
literature about this business since in the strategy proofness concept the outcome is what
matters and to display the manipulation of a social choice rule one needs functions whose
values are definite outcomes. Thus a social choice function differs from a social welfare
function which it resembles in most other respects, since a social welfare function doesn’t
have to have a single maximum.

In case of social choice correspondences strategy proofness looses its meaning.
Since the preferences of the individuals are defined on the alternatives rather then groups

of alternatives, the question of evaluation of an outcome relative to another remains open.
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Though one can propose ways to derive new preferences (that are binary relations on the
power set of the alternative set) from the preferences on single alternatives, the question
of in which degree these reflect the true preferences of the agents remain open. Moreover
one can define a social choice correspondence as a function where the individuals directly
have preferences over the subsets of the alternative set and the social choice function,
F:D(IT)—>TI1 derived from the social choice correspondence F:D(A)—A is used instead of
the social choice correspondence F.

Another important point is that a dominant strategy implementable social choice
correspondence turns out to be singleton-valued when the preferences are restricted to be
a subset of linear orders on A. This result will be demonstrated as a proposition below.

These are the main points that lead the literature to deal only with social choice
functions instead cf taking social choice correspondences into account. Thus, this section
will demonstrate an analysis of social choice correspondences instead of proposing a
solution to the impossibility problem in implementation.

While dealing with social choice correspondences there occur many questions in
mind which we will try to answer here. The first one is about the effect of the preference
domain in determination of whether a dominant strategy implementable social choice
correspondence is singleton-valued or not. The below proposition proves that if the
preference domain is restricted to be a subset of linear orders on A, then a dominant

strategy implementable social choice correspondence turns out to be singleton-valued.

Proposition:
Let F:D(A)—A be a SCC where for all ieN, Di(A)cL(A). Now, if F is dominant strategy
implementable. then F is singleton-valued.
proof: Assume that F is dominant strategy implementable and let h=(S,t) be the
mechanism implementing F in DSE.

Suppose F is not singleton-valued. Then there is an ReD(A) s.t. F(R) is not a
singleton. Now F(R)=n(c(h[R])).
Take any aj,a,<€F(R) s.t. ag=a,.

Now there are s,qec(h[R]) s.t. n(s)=a) and n(q)=a, .
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Take the sequence n(sy,s2,....8.)=a0 , T(q1,82,...,80)=21 , --- » T(qL,---,qn)=n .

Now for any keN both s, and qx are dominant strategies. Thus k must be indifferent
among the outcomes a., and a; because of the antisymmetry property of linear orders.
Since this holds for all keN, ay-a,. but this contradicts with ag#a, . Thus the supposition is

wrong and F is singleton-valued.
QED.

Another question that arises is whether the Gibbard-Satterthwaite theorem is still
valid with social choice correspondences. Now since the preference domain can be taken
as a full doma'n of complete preorders in the impossibility theorem we do not need to
have singletor-valned social choice correspondences. Moreover if one checks Gibbard’s
proof of the impossibility theorem, he/she can see that it is based on social welfare
functions and implementation in dominant strategy equilibrium. This brings the intuition
that the Gibbard-Satterthwaite theorem can be extended to hold for dominant strategy
implementibility of social choice correspondences. This is achieved in the following
chapter, in page fifty. This means that using social choice correspondences doesn’t let us
to get rid of impossibility in implementation.

Another question in mind is whether the individuals are indifferent among the
elements of the outcome set, F(R). That means, if a social choice correspondence is
dominant strategy implementable is it utilitywise singleton? Unfortunately one can find
examples in which there is an individual who strictly prefers an element of the outcome set

to another. The following example illustrates this.

Example 4:

Let F be a SCC as follows. F:D(A)—A is s.t. A={a,b}, N={1,2} and for all ieN,
D;(A)cQ. F(R)=argmaxR,.
Now, F is implemented in DSE by the mechanism below.
m=(§,n) where S;={a,b} and S,={a,b} and n(si,s2)=s1.
Now for any R=D(A), F(R)=n(c(m[R])), and thus m implements F in DSE. Moreover
F(R)={a,b} where aR;b and bR;a ( i.e. R; is an indifference relation ) and b~R,a (i.e.
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individual Z strictly prefers a to b ). Here the second individual is not indifferent between a

and b and F(R)={ab}.

As can be seen in the above example, in case of dictatoriality there may exist
individuals who are not indifferent among the outcomes generated by the social choice
correspondence. What if dictatoriality is dropped? Then, for the two agents two goods
case, we see that the individuals should be indifferent among the outcomes to achieve

implementation in dominant strategy equilibrium.

Proposition:

Let F:D(A)-—A where A={a,b}, N={1,2} and for all ieN, D;(A) be a nondictatorial SCC
which is implementable by a mechanism h=(S,n) in DSE. Then for each ReD(A), for all
ieN, individua! i is indifferent among the elements of F(R).

proof: Suppose there is an ReD(A) s.t. F(R)={a,b} and b~R;a (i.e. individual 1 strictly
prefers a to b ). Now since h implements F in DSE, there are s°,s’ec(h[R]) s.t. 7(s*)=a and
n(s?)=b. Now 7(s)",s,)=b since otherwise s,° would not be a dominant strategy of
individual 1. (He/she would gain by deviating to s;* from s,"). Similarly n(s,",s,*)=a. Thus,
the outcome is independent of the first individual’s strategy. But this means that the
second individual is a dictator of the mechanism, thus also of the SCC it implements in
DSE. This contradicting with the assumption of nondictatoriality implies that the

supposition is wrong.
QED.

As can be seen in the above analysis, there is not a gain offered by the usage of
social choice correspondences instead of functions. The only, above the surface, change is
the definition of strategy proofness not holding for correspondences. However there
occurs the same problems with dominant strategy implementability instead of strategy

proofness.



4 MAITIN RESULTS

At this chapter it is aimed to clarify some points about the relationship among
strategy proofness and other concepts. While some of these relationships are intrinsically
assumed to hold, there doesn’t exist a formal construction of these relationships in the
literature. Moreover, this chapter introduces some new results about the characterization
of the relationships among the concepts given, together with a new impossibility theorem
that is extended to generalized social choice rules.

The first task is the clarification of the relationship between strategy proofness and
dominant strategy implementibility. Now since the set of dominant strategy mechanisms is
broader thar rhe set of strategy proof mechanisms, one can easily find an example where

the mechanism is strategy proof but doesn’t implement the SCR it is associated with.

Example 1: (A strategy proof mechanism which doesn’t implement the SCF ( with
which it is associated ) in DSE))

Let h=(Q",F) be a strategy proof mechanism. Now for any ReQ)", Rea(h[R]).

For h to impiement F in DSE, for all ReQ" and for all BeIl, F(R,B)=F(c(h[R])) must
hold. Take R* to be the preference profile where for each individual i, R* is an
indifference relation. Now o(h[R*])= Q" i.e. any preference profile is a dominant strategy
equilibrium of the game h[R*]. Now F(c(h[R*]))=A but F(R*) is a singleton and thus
FR*)=F(c(h[R*])). So h (though it satisfies strategy proofness condition) doesn’t

implement F in DSE.

We saw in the above example that there doesn’t have to be an equivalence relation
between strategy proofness and dominant strategy implementation. This is mainly because
of taking the preference domain as a subset of the complete preorders on the alternative
set, A. Now we will claim that restricting the preference domain to the linear orders is a

sufficient condition for this equivalence.
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Proposition:
Let Di(A)cL(A) be the preference domain for each individual ieN. Let F be a social
choice function. Now, F is strategy proof iff it is dominant strategy implementable.
proof: Assume that F is strategy proof. Now, F:D(A)—A is said to be strategy proof if
the associat=d revelation mechanism h=(D(A),F) is strategy proof. That means for all
ReD(A). R=a(h[R]).
Now suppose that F is not dominant strategy implementable. Take the mechanism
h=(D(A).F) which also doesn’t implement F in DSE by the supposition. That means, there
exists a profile PeD(A) s.t. Pec(h[P]) and F(P)=c, since F is strategy proof, and
moreover there exists a QeD(A) s.t. Q=P, Qeao(h[P]) and F(Q)=c,#c.
Now take the following sequence,
F@y,....Po)=co . F(Q1,P,....P)=ci, ..., F(Qy,...,Qn)=Cn.
Now since both P; and Q; are dominant strategies of individual i, he/she must be indifferent
between the outcomes c;.; and c;. But this, by antisymmetry property of linear orders,
implies that ¢i.,;=c;. Moreover this holds for all ieN. Thus co=c,=...=c, which means that
co=cy,. This contradicts with cy=c,, thus the supposition is wrong, F is dominant strategy
implementatlc.
For the converse case, assume that F 1s dominant strategy implementable.

Let h=(X.7) be the mechanism implementing F in DSE. Then for all ReD(A),
FR)=n(c(h[R])).
Now since h is a dominant strategy mechanism, each individual have a dominant strategy
in the game h[R]. Call s* as a dominant strategy equilibrium of h[R].Take an individual
ieN.
Then for all 5;"€X;, and any s ;e X, n(s;*,s5)Rim(si’.s.).
That is , for all P;eDiy(A) , n(c(h[R]))Rin(c(h[Pi,R.i])).
But that means, for all P;eDi(A). F(R,,R)RF(R,P;).
Since this holds for all ReD(A) and for all ieN, F is strategy proof.

QED.
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Here. though restricting the preference domain is needed for strategy proofness to
imply dominant strategy implementibility, this kind of a restriction is not necessary for
dominant strategy implementibility to imply strategy proofness. That is, any social choice
function that is dominant strategy implementable is strategy proof. To extend the results
on social choice rules to the generalized social choice rules, we first have to clarify some
points about the concepts that will be used.

The tirst point is about the relationship between strategy proofness and rationality
of a generalized social choice function. The following two examples illustrate that one of

these concepts doesn’t imply the other to exist.

Example 2: { * strategy proof GSCF which is not rational)

Take the imposed GSCR F:D(A)<IT—A, where A={a,b,c}. construct F as

F(.,A)=a

F(., {abi})=b

F(., {b.c})=h

F(., {ac))=a

F(., {x})=xfor all xeA.

Now, since F is an imposed GSCF, it is strategy proof (i.e. no individual has any incentive

to manipulate F) but it is not rational.

Example 3: (- rational GSCF which is not strategy proof)

Let F:D(A)» A—A be a rational GSCF. Let £D(A)—>L(A) be the SWF associated with F.
For each ReD(A) and Bell, define F as F(R,B)=argmingf(R). Now, each individual has
an incentive to change the social order via misrepresenting his/her preferences (namely

declaring the inverse of his/her preference ordering). Thus F is not strategy proof.

The second point of clarification is about the relationship of strategy proofness,
rationality and the Pareto optimality of a generalized social choice function. While

analyzing the relationship between strategy proofness and the quasi Pareto criterion we



see that rationality is a sufficient condition for strategy proofness to imply the quasi Pareto
criterion. We will first demonstrate an example where a social choice function, though it is
strategy proof, does not satisfy the quasi Pareto criterion. Then we will claim that any
rational generalized social choice function which is strategy proof is automatically quasi

Pareto optimal.

Example 4: (\ SCF which is strategy proof but not quasi Pareto optimal)

Let F:D(A).—A be a social choice function where A={a,b,c,d}, D(A)=Di(A)xD:(A).
D;(A)={R,, Q! where aR;bR;cR;d and bQ;aQ;dQ;c and D,(A)={R,,Q.} where
dR;bR,cRya and bhQ,dQ,aQ,c. That is, both individuals have two alternative linear orders
on the set A. Morcover F is as below:

F(R1,R;)=c

F(R,,Qz)=a

F(Q1,R2)=d

F(Q1,Q2)=b

Now F is easily checked to be strategy proof . Moreover F doesn’t satisfy the quasi Pareto
criterion since there exists a profile, (Ri,R;), where each individual strictly prefers the
alternative, b, to the outcome of the SCF at that profile, c. Thus F, though it is strategy
proof, doesn’t satisty the quasi Pareto criterion. Now we will claim that the rationality is a

sufficient condition for this implication.

Proposition:

Let F:D(A)»TT—A be a GSCF. If F is strategy proof and rational then F satisfies the Quasi
Pareto Criterion. »

proof: Let F:D(A)xIT—A be a strategy proof and rational GSCF. Suppose that F doesn’t
satisfy the Quasi Pareto criterion. Then there exists a profile ReD(A) and x,yeBell s.t.
for all ieN, xR;v and y~Rix is satisfied and F(R,B)=y. Define B’={x,y}.

Now since F is rational F(R,B’)=y. Moreover since xeB’, there exists an R’eD(A) s.t.

F(R’,B’)=x. Define the sequence Fu,...,F, as follows



Fo=F( (Ri,....R.). B")=y, F;=F( (R,".Ra....R.), B’), ..., F=F( RY’,....,R’,Riss,...,Ra), B,
and F.=F( (R,"....R;"), B")=x

Now there exists an individual keN s.t. F,=x and Fy.;#x which means Fy.;=y.

Thus FRiFy.1 i.e. F((Ry,... R Ri-i...,Ru), B)RF( (Ry,....ReRicr,..,Ra), BY)

which implies that Ry is not a dominant strategy for k. But this in turn means that F is not a
strategy proof GSCF. This leads to a contradiction, so F satisfies the quasi Pareto

criterion.

QED.

The !ast point of clarification about strategy proof generalized social choice
functions is ¢on the relationship between strategy proofness and some of the Arrow’s
conditions. This relationship, though proved independently by us, was shown to be true by
Blin and Satterthwaite [S] and Blair and Muller [3]. The idea is summarized in the

following proposition.

Proposition:

Let F:D(A)xT{—A be a rational GSCF and let f be the SWF associated with F. Then F is

strategy proof i { satisfies monotonicity and IIA.

proof: Assume that f satisfies monotonicity and IIA conditions. Suppose that F is not

strategy proof. Then there exists an ieN s.t. i can manipulate F at profile PeD(A) and

feasible set B by playing Q;. This means that there are x,yeB s.t. x=F(P,B), y=F(P.,Q;, B)

and yP;x. This. by r.ationality, implies that xf(P)y and yf(P.;,Q;)x.

If yQix then since initially there was yPix, the assumption of IIA is violated.

If xQ;y then the assumption of monotonicity is violated since 1’s changing from yPix to

xQiy (i.e. increasing the rank of x in his/her preference ordering) leads x not to be chosen.
For the converse part assume that F is strategy proof.

Case 1: Suppose f'is not monotonic.

Then there are R.R’eD(A) , BeIT and xeB s.t. for C=B\{x}

(1) RandR" agreeonC
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(i) Foralli=N_and for all yeC, xRy implies that xR;’y

(i) x=argmax.[(R)

and xzargmax;t(R’)=z where zeC.

Now argmax;.i{R)=x ,by rationality, implies that argmax ;\,;f(R)=x.

So xf(R)z but z{{R’)x 1i.e.

fo=argmax ... [(Ry.....R.)=x , fi=argmax..»f(R;",Ry,...,Ry) ,....fi=argmax 4 f(Ry,.... Ry’ )=z
Then there is a k=N s.t. fi=z and fi.,=x 1.e. if k plays Ry x is chosen and if k plays Ry’ z is
chosen. -

Suppose xRz is the case. But this implies xR;’z and while all the preferences are constant
the outcome changes then. (This will be shown to be implied by strategy proofness in one
of the following propositions)

So x~Ryz is ths case. Now it may be that x~Ry’z, but the same contradiction above occurs
in this case. So xRy’'z. But then player k can manipulate F at profile R and feasible set
{x,z} by plaving R,.". But this contradicts with the assumption that F is strategy proof. So f
is monotonic.

Case 2: Suppose Fdoesn’t satisty A .

That is, there are P,QeD(A) which agree on a BeIl, but x=F(P,B)=F(Q,B)=y,

i.e. x=argmax;I{P)zargmaxgf(Q)=y

Now form the sequence

fo=argmaxpf(P)=x, fi=argmax ;f{Q,P2.....Py) , ..., fy=argmaxf(Q,...,Q.)=y

Now there is a k&N s.t. Fi=y and Fy.;zy.

Since P and Q agree on B, for all x,yeB, (xP.y iff xQxy) and (yPyx iff kax) must hold.
But then monotonicity which was shown to be implied by strategy proofness and
rationality is violated. (This is because the social choice changes from x to y though no
preference changes from fi to fi;). This means that the above supposition leads to a

contradiction. Thus f satisfies. IIA.
QED.

Having clarified relationships among the main concepts that are related with

strategy proof social choice functions we now can extend the characterization of the
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relationship between strategy proofness and dominant strategy implementibility to the
generalized sccial choice rules. While doing this task, to maintain a relationship among the
mechanisms, cach of which implements the generalized social choice rule for a certain
subset of A, i1s an important criteria. Though it is possible to show that there exists a class
of mechanisms (the elements of which are not necessarily related with each other) which
implements a sirategy proof generalized social choice function (and vice versa), this kind
of a chéracterizarion does not tell much about how to obtain that specific class of
mechanisms. Thus, the concepts of ‘total implementation” and ‘pseudo implementation”
are introduced. This, specifically, makes the characterization wider and more powerful.

As a result of the above reasons, we will first introduce a characterization about
the relationship between strategy prootness and pseudo implementation. Then we will
generalize it to total implementability and to a characterization of the equivalence among

all these related concepts.

Lemma:

Let F:D(A)xIT—>A be a GSCF, where for all ieN, D;(A)cL(A). Now F is strategy proof
iff F is pseudo implementable in DSE.

proof: Firstlv assume that F is strategy proof. Take the class of mechanisms
m={mp=(D(A).F) / BeIl} where for all ReD(A), Fsg(R)=F(R,B)&B.

Suppose F is not pseudo implementable in DSE. Then, specifically, the class m doesn’t
pseudo implement F. This means that there is a BeII s.t. mg=( D(A), Fs) doesn’t pseudo
implement F( . .B) in DSE relative to B.

Now Reo(mi:[R]) since for all Q.;€D.(A) and P;eDi(A), F(R;,Q: ,B)RF(P;, Q. ,B) by
strategy proofuess of F. But this means that Fg(R;,Q.i))RiFs(P;,Q.).

Call Fg(R)=co. Then Fg(c(mg[R]))2Fs(R)={co}.

Now since F is not implementable in DSE by supposition, there is a PeD(A) s.t.
Peo(my[R]) and Frp(P)=cyzcCo.

Now take the following sequence,

FB(Rl,.._,R,,)-:Cn e s FB(Pl,...,Pk,qu,...,Rn)=Ck g eee s FB(Pl,...,Pn)=Cn
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Now take any keN. Since the only ditference between the strategy profiles leading to cy.1
and cy is individual k’s strategy ( Ry for ¢y, and Py for ¢ ) and since both are his/her
dominant stra:egies he/she must be indifferent among the outcomes cy.; and ¢,. But since
his/her prefercnce relation is a linear order, by antisymmetry of linear orders cy.;=cx.
Since this holds for all keN, c,=c¢,=...=c, which means cy=c,.
But this contradicts with cy=c,,.
So F is pseudo implemented by the class m in DSE.

For the converse assume that F is pseudo implementable in DSE. Then, there’s a
class of mechanisms h={hg=(Sy;,ny) / BeIl} s.t. for all BeIl, hg pseudo implements F( .
,B) in DSE reiative to B. That is. for all ReD(A), F(R,B)=ns(c(hsg[R])).
Now, we want to show that for all BeIl, for all ReD(A), and for all P;eD;(A),
FR.,R; .B)R,FR..P; B).
Take any BeJ1. ReD(A), PieDi(A). Take any s*eo(hg[R]) and any ieN.
Now since s;* is a dominant strategy of i n(s;*,s*)Rim(s;,s.*) for any s;eSg;(si*).
Take the two pseudo games hi[R] and hu[R.,Pi].
Now for all j=Ni{i}, s;* which was a dominant strategy of j in hg[R] is still a dominant
strategy in hy.jR..P;]. Since mp(a(hp[R.,Pi]))=F(R.,P;,B)=, there still exists a dominant
strategy for i in hu[R;,Pi]. Take s’eo(hy[R,Pi]) s.t. for all jeN\{i}, s;’=s;*. Then there
exists an ;" € Sp.i(s57) 8.t (s77,8.7)=(si".s.*)ea(hp[R.,Pi]).
Now since (s, *.s*)Rin(si,s.*) for all 5;€Syi(s.i*),

(s s )Rm(si,s4*) since s € Spi(si*).
But this means that n(o(hg[R]))Rin(c(hs[R.;,Pi])), and is equivalent to saying
F(R,B)RF(R..P; ,B). Thus F is strategy proof.
QED.

Though this lemma brings a full characterization of the relationship between
strategy proofness and pseudo implementability in dominant strategies, pseudo
implementability is a new concept and in some terms weaker than the property of

implementabilitv. Because of this reason, a full characterization of the relationships
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between stratczy proofness and other concepts can’t be considered to be completed. Thus,
with the help of the following proposition, a full characterization of these relationships will
be given in an equivalence theorem which will relate strategy proofness, pseudo

implementability, implementability and total implementability all together.

Proposition:

Let F-D(A)<IT—A be a strategy proof GSCF where Di(A)cL(A) for each ieN. Let
R,QeD(A) be s.t. Rg=Qg for some Bel1 (where Rg is the restriction of the profile R on
the set B). Then F(R,B)=F(Q,B).

proof: Suppose that F(R,B)=F(Q.B).

Take F(R,B)=2.=B and F(Q,B)=a,=B s.t. ap#a,.

Now form the following sequence.

FR,B)=a, ... F(Q,....Qc Re1 ..., Ry)=ay ,..., F(Q,B)=a, where {a,ai,...,a,}<B.

Now, for anv individual, k, at profile (Qy,...,Qw1 Rk ,...,R;) , there must be ax.;Ryax by
strategy proofiess.

Moreover, at nrofile (Qy,...,Qx .Ri-1.....Ry) , aQxax.1 for the same reason.

But since bot!: a.; and a, are in B and since R and Q completely agree on B,

ar-1Rai implies a1 Qgax and aQxay.; implies axRya.1 .

This means that. in both profiles R and Q, individual k is indifferent between ax.; and ay.
Thus, by the antisymmetry property of the linear orders, ay=ay.;.

Since this holds for any keN, a,=a,=...=a, which implies a;=a,.

But this confradicts with the supposition, thus the supposition. is wrong. Thus

F(R,B)=F(Q.B).
QED.

This theorem is a tull characterization of the relationships among strategy

proofness and all the introduced implementation concepts.
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Theorem:
Let F:D(A)xIT—A be a GSCF where Di(A)cL(A) for each ieN. Now, the followings are
equivalent:
(1) F is strategy proof.
(i) F is pseudo implementable in dominant strategies.
(i) F is imple:nentable in dominant strategies.
(iv) F is totallv implementable in dominant strategies.
proof:
(W) iff (ii):

This wis shown to be true by the above lemma.
(ii) if (iv) und (iii) if (iv):

These simply hold by definition of total implementation.
) if (i):

Assume that F is a strategy proof GSCF. Define the class m={mg=(D(B),Fs /
Bell} as D(P)=D)(B)x...xDy(B) where Dy(B) is the restriction of D;(A) on B and
Fg:D(B)—B ix s.t. Fg(Rg)=F(R.B) for any R;;=D(B) ( which is the restriction of ReD(A)
on B).

Now Fy; is a well-defined function as a result of the preceding proposition. If the
proposition was not true, there could be a case where F(R,B) would not be equal to
F(Q,B) whilc Rp=Qp This would leave to a contradiction as follows:
Fa(Rp)=F(R,B)=F(Q,B)=Fz(Qu)=Fi(Rg). Thus, the above proposition is essential for mto
be a well-defined mechanism class.

Suppose that F is not totally implementable. This specifically means that the
mechanism class m doesn’t implement F. Then there exists a subset B of A s.t mg doesn’t
implement F( . .B) in dominant strategy equilibrium.

Now since F is strategy proof, for all ReD(A), for all ieN and for all Q;eD(A),
F(R; ,R.i.B)R;F(Q; ,R; ,B). This is equivalent to Fg(Rip ,R.i 5)RiFs(Qis,R.in).

This means that Ry is a dominant strategy equilibrium of mg[R], i.e. Rgea(mg[R]). Call

Fp(Re)=co. Now, cy=Fg(Rp)c Fi(o(my[R])). That is, since mg doesn’t implement F( . ,B)
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by supposition. there exists an Pyec(mp[R]) s.t. Pg#Ry and Fg(Pp)=cs#co .Form the
following sequence,
FeRizs ....Run)=co ..., Fs(Pis.....Pxis Re-1i oo . Rap)=ck ..., Fs(P1B ,...,Pas)=Cn .

Then since for all ieN, Ri and P;p are dominant strategies of ieN, and both R;
and P; are in L(A), ciy=c; by the antisymmetry property of linear orders. That implies
Co=C1=...=c, which in turn means that c,=c, contradicting with cy#c, . Thus the supposition
is wrong and F is totally implementable (specifically by the class m).

(1) if (iii):

Assume that F 1s implementable in dominant strategies. Then there exists a class of
mechanisms L={hy=(Sp ,mp) / Bell} that implements F in dominant strategies. That
means, for eacii B<T1. a mechanism, hy,. implements F( . ,B) in dominant strategies.

That is, for all ReD(A), F(R.B)=m(c(hi[R])).
Now, we want to show that for all BT1, for all ReD(A), and for all P;eD;(A),
F®R.;,Ri .B)RF(R,P; B).
Take any Bel:. ReD(A), PieDi(A). Take any s*eo(hg[R]) and any ieN.
Now since s;* is a dominant strategy of i w(s;*,s:*)Rim(si,s.i*) for any s;eSg;(si*).
Take the two cames hg[R] and h,[R.;,P;].
Now for all j=N\{i}, s;* which was a dominant strategy of j in hg[R] is still a dominant
strategy in hp{R..Pi]. Since mu(o(hy[R.,Pi]))=F(R,;,P;,B)#d, there still exists a dominant
strategy for i in hp[R;,P;]. Take s’ec(huy[R.i.Pi]) s.t. for all jeN\{i}, s;’=s;*. Then there
exists an s; € Sii(s57) s.t. (si7,847)=(si".s.*)=o(hy[R.;, Pi]).
Now since nt(s;".s;*)Rim(s;,5.*) for all s;2Sp (™),

(s*, 5. ¥)Rim(sy’,8.*) since s, € Spi(s.i™).
But this means that n(c(hs[R]))Rin(a(hi[R.,Pi])), and is equivalent to saying
F(R,B)R;F(R.;,P; ,B). Thus F is strategy proof.

Now, via the above implications which are proven to be true, any of the four

concepts imply any other. Thus the equivalence holds.
QED.
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One problem with this characterization is its being designed for the domains that
are subsets of linear orders. However. since it is shown that in case of the lack of this
assumption strategy proofness doesn’t necessarily imply implementability, this is not a
main problem. One other result of this restriction is , as it was shown in the section for
social choice correspondences, that a dominant strategy implementable social choice
correspondence turns out to be singleton-valued when the preference domain is restricted
to be a subset of the linear orders. Moreover, when the preference domain is not restricted
to be a subset of linear orders, the individuals need not be indifferent among the outcomes
of a dominant strategy implementable social choice correspondence (This was also shown
in the section ~hout social choice correspondences).

Leaving the preference domain unrestricted (to be a subset of linear orders )
creates an additional problem. In such a situation, two profiles that agree on a subset of
the alternative set does not necessarily lead to the same outcome. The following is an

example of such a situation.

Example 5: ( A strategy proot and rational GSCF which doesn’t satisfy the equivalent

outcomes ~roperty of the agreeing profiles)

Let F:-D(A)x[T—A be a GSCF where A={a,b.c}, N={1,2}, D(A)=D(A)xD,(A).

Let Di(A)={R.Q} for ieN. Define R as albPc (i.e R is indifferent between a and b and

both are strictl preferred to ¢) and Q as cPalb (i.e Q strictly prefers ¢ to both a and b and

is indifferent between a and b).

Define F as follows:
F(R,R:A)=a FRR:;{ab})=a F(R,R;{a,c})=a F(R,R;{b,c})=a
F(R.Q:A)=a F(R,Q;labj})=a F(R,Q;{a,c})=a F(R,Q;{b,c})=b
F(QR:A)=a F(Q,R;{ab})=a F(Q,R;{a,c})=a F(Q,R;{b,c})=b
F(QQ:A)=c F(QQ:{abj)=b F(Q,Q:{a,c})=c F(Q,Q;{b,c})=c

Now, F is strategy proof, rational, nondictatorial. Moreover, though (Q,R)5=(Q,Q)¢,6

F(Q’R’ { a7b j ):F(Q»Qajavb})'
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The existence of such a situation leads to the necessity of an additional assumption
about the case in the following impossibility theorem which is a generalization of the
Gibbard-Satterthwaite theorem for generalized social choice rules. The example also
shows that the characterization of decomposable domain is of no use when the preference
domain is not restricted to be a subset of linear orders.

The foliowing theorem is a generalization of the Gibbard-Satterthwaite theorem
for generalized social choice rules. It requires the additional assumptions of rationality and
that the outcomes generated by the two agreeing profiles should be the same on that

specific subset of the alternative set.

Theorem:

Let F:D(A)xIi—A be a rational GSCC where the cardinality of A is greater than or equal
to three, D(A)=L(A)" or D(A)= Q" Assume that for any R,QeD(A) s.t. Rg=Qg for some
Bell, F(R,B)=F(Q,B). (Note that this assumption is not necessary when D(A)=L(A)").
Then F is psetdo implementable in dominant strategies iff F is dictatorial.

proof: First assume that F is pseudo implementable. We will show that the associated
SWEF, f. of F satisfies all Arrow’s conditions except nondictatoriality. Then using Arrow’s
theorem. we will claim that fis dictatorial. Finally we will show that this implies F to be
dictatorial.

Claim [: f satisfies [IA.

proof:  Suppose f doesn’t satisfy [IA. Then there exist x,ye A and P,QeD(A) s.t. P and
Q agree on {x.v} and f(P) and {{QQ) doesn’t agree on {x,y}.

Wlo.g assume that xf(P)y and x~f(Q)y. That means, argmaxyyf(P)#
argmax.,;f{Q) which implies F(P,{x,y})#F(Q,{x,y}). But this contradicts with the above
assumption. Thus the supposition is wrong, f satisfies ITIA.

Claim 2: { satisfies monotonicity.

proof: Suppose f is not monotonic. Then, there are R,R’€D(A), BeIl, xeB s.t. for
C=B\{x].

@ Re=R'¢

w
o



(i) ForallieN, for all yeC, xR;v implies xR’;
(iii) xeargmax.:[(R)
and xgargmaxgf{R’).
Take any zeargmaxuf(R’). Now, by rationality, xeargmax,f(R) and z=argmax,f(R’).
For any k=1{0....n}, define the profile R* =(R’;,.. R’ Ry-1....R,). Now form the following
sequence,
fo=argmaxf( R, ...,fk=argmax,x_,_;f(Rk),...,ﬁ,=argmax{x.z,f(R“) where xefy and z=f, .
Now, there exists a keN s.t. xefy; and z=f, .‘That is,

xeargmax,, ,f(R")=FR"* {x,z})

z = argmax ;. f(RY)=F(R" {x,2})
Since F is psevdo implementable. there is a pseudo game form h=(S,r) which implements
F relative to !~.z!. Moreover, xx(c(h[R"'])) and z=n(c(h[R"])).
From h[R*"'] to h[R"] the only thing that changes is agent k’s preference relation on {x,z}.
That means, there exists an s * €S, where for all ieN\{k}, s;* is a dominant strategy of i;
moreover, ther:s exists an s, €Sy s.t. 7(s",8..¥)=x and there exists an s "eSx s.t. m(sk’,s.
*)=z. Since x= t(c(h[R"])), s" is not a dominant strategy of k with the preference relation
R’y , i.e. zP’yx (where P’y is the strict preference relation derived from R’y). But this, by
assumption (ii* implies that zPyx (where Py is the strict preference relation derived from
Ry). Then. R,,,=R’, which implies that F(R,{x,z})=F(R’,{x,z}). That means

argmax . f(R)=argmax ,f(R’) contradicting with the supposition. Thus f is monotonic.

Now f satisfies the following conditions:
(1) Cardinalitv of A is greater than or equal to three.
(i) fis monotonic.
(iir) f satisties T[A.
Thus, by Arrow’s impossibility theorem, fis dictatorial.
To show that F is dictatorial, let deN be the dictator for f Now since d is a

dictator for f. for all ReD(A), f(R)=R,. That implies, for all ReD(A), for all Bell,

N
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argmaxpt(R)=argmaxgRy which is equivalent to saying F(R,B)= argmaxgR, . Thus deN is
a dictator for F: thus, F is dictatorial.

For the reverse implication assume that F is a dictatorial GSCC. Let deN be a
dictator for F. Now, for all ReD(A), for all B[, F(R,B)=argmaxpRy .

Take the following class h=}hy=(Sg.,nz) / Bell} s.t. for all ieN, S;3=B and
ng(s)=ss for anv s&Sp. Take any R=D(A) and BeI1. Now, sec(hg[R]) iff s4€ argmaxgRy.
Thus ni(o(hk[R]))= argmaxyR=F(R.B). Since this holds for all ReD(A) and Bell, the

class h pseudo implements F in dominant strategies.
QED.

The last theorem of this chapter is a characterization of rationality in terms of
Hauthakker’s 2xiom. This is mainly done to gain a deeper understanding of the rationality
condition and to be able to judge what it adds to a generalized social choice rule. It will be
seen that the rationality condition is a restriction that imposes the necessity of consistency
among difterent subsets of the alternative set for a generalized social choice rule. My
personal judgment about this concept is that rationality 1s a support to the concept of
generalized social choice rules than being a restriction on them. The following theorem

relates rationalitv with the famous axiom of Hauthakker.

Theorem:
Let F:D(A)xI'T—A be a GSCR. Now F is rational iff for all PeD(A), F(P, . ) : [I>A

satisfies Hauthakker’s axiom.

proof: Firstly assume that F is a rational SCC. Now by definition of rationality there is a
SWF, f:D(A)—B(A), s.t. for all PeD(A) and for all Bell: F(P,B)=argmaxgf(P). Now
since f(P)eB(A) it is a complete preorder (i.e. satisfies completeness, transitivity and
reflexivity). Define a binary relation R; on A as for all x,ye A, xRpy is satisfied iff xf(P)y
and y~t(P)x are satisfied. Now Rp is a strict preference relation (SPR) on A.
Define c( . , Ry):IT>2"% as for any B=I1, ¢(B.Rp)={xeB / for all yeB, y~Rpx}. Now for

any BelTl,



c(B.Rp)={xeB / for all y=B, y~Rpx}
={xeB / for all y=B, xf(P)y}
=argmaxuf(P)
=F(P,B)
To complete the proof, we will use the following lemma:
Lemma:
Let ¢’:I1—T1 be a choice function. Then the followings are equivalent.
(i) Thereisa SPR, Rpon A s.t. for all BeI1, ¢'(B)=c(B,Rp )
(i) ¢’ satisties HA
Now ¢! ., Rp) is equivalent to a choice function since it is nonempty valued as
shown above. Thus the first condition of the above lemma is satisfied. But this implies that
the choice funcrion ¢’ which is nothing but F(P, . ) here satisfies HA. Since this holds for
all admissible irotiles PeD(A) the only if part of the proofis completed.
For the if part of the proof assume that for all PeD(A), F(P, . ):II>II satisfies
HA. Then, by the above lemma there is an SPR, S, on A s.t. for all BeIl, F(P,B)=c(B,S)
where c(B.S)={xB)={xeB / for all y=B, y~Sx}. Then
F(P,B)=c(B.,S)={xeB/ for all yeB. y~Sx}
={xeB /forall veB. xf(P)y}
=argmaxgf(P)
Since this holds for all PeD(A). £:D(A)—B(A) can be defined to be a SWF. Thus F is

rational.
QED.



5 AN LEXAMPLE OF DOMAIN RESTRICTION IN
ECONDMIC ENVIRONMENTS

One of the most striking applications of the social choice theory in economic
theory is allocation rules. These rules, given the preferences and the endowments of the
individuals, re-allocate these endowments among the individuals in such a way to
maximize a given objective. Moreover, Walrasian equilibrium is one of the most famous
types of equilibria for pure exchange economies (PEE) in economic theory. But in the
achievement of the Walrasian equilibria it’s presumed that an invisible hand knows the true
utilities of the ~gents and sets the optimal price for exchange to occur in the economy.
This can also b= thought as the case where each agent knows all about the others and the
agents (who are thought to be wise enough to achieve this) together determine a price to
achieve a final ~llocation which satisties certain optimality conditions.

But the question of what can be achieved in case of incomplete information (this
can be thouglit of as the unexistence of an invisible hand or simply the case of individuals
being unaware of the preferences of the others) there occur problems in the achievement
of the Walrasian equilibria. Hurwicz in 1972 showed that the Walrasian equilibria are
manipulable via one agent affecting the prices through misrepresenting his/her true
preferences hen the information is not complete and the number of agents in the
economy is finite [10]. Though Postlewaite and Roberts in 1976 showed that the gains
from manipulation can be limited to a given amount for a big enough number of
replications of the economy, there still exists gains from manipulation unless there are an
infinite number of agents in the economy.

Since the Walrasian equilibria can’t be obtained through decentralization of the
system, one searches for alternative procedures through which the decentralization of the
system doesn’t lead to individual manipulation. This can be achieved via a mechanism
which implements a strategy proof allocation rule in DSE. Barbera and Jackson in 1993
obtained such a mechanism which they call as a fixed-price trading(for the case of two

individuals) or a fixed-proportions trading (a more general terminology for the case of



more than two individuals) mechanism [1]. Moreover they showed that the only way to
implement strategy proof allocation rules (social choice rules ) in a pure exchange
economy 1s to devise a fixed-proportions trading mechanism. What these mechanisms do
is simply to furce the individuals to trade according to some pre-specified proportions.
One main problem of these mechanisms is efficiency which means that the pre-specified
trade proportions doesn’t necessarily imply the individuals to maximize utility through
trade with resiact to these proportions. Now we will start to an analysis of the Barbera,
Jackson 1992 paper called Sirutegy Proof [xchange.

The eccnomy taken is a classical exchange economy (a pure exchange economy).

There are n ag=nt and | goods where both n and | are finite numbers. An element ecR."

(where R denotes the set of real numbers) is said to be an allocation of the endowments of

the goods ameng n agents. The set A={x=R."/ Zx" = Ze’ } shows the set of balanced
=1

i=l
allocations anc implies the restriction that no good can be thrown away. An element

x'eR.' shows ‘he I-dimensional allocation of goods to agent i. Moreover, x'€R. shows

n
the allocation i the k’th good to agent 1. 1t is assumed that ZeL > 0 for each good k.

il
That means thet itially there exists a positive amount of each good in the economy.

The function u' :R'—R is said to be a utility function of agent i. The set U denotes
the set of all utility functions which are continuous, strictly-quasiconcave, and increasing.
Here the usace of utility functions instead of preferences doesn’t create an important
problem. The main limitation is the-assumption of continuity. This is mainly because we
know that on a compact set, A, there exists a continuous strict preference relation, P, iff
there exists a continuous utility function, u, withu =up .

Moreover the above restrictions on U lead it to be a subset of single-peaked preferences
set since for each u'eU, u' is continuous, increasing and strictly-quasiconcave, uisa
single-peaked utility function. (That means it has only one global maximum at the point
where the agen: i takes all the endowments in the economy, and no local maximum at all).

1 n NEET 1 il i1+l n
/e vector u=(u',...u") ¢ A=, ut o u L uh).
Moreover the vector u=(u,....u") and (u™,u”)=(u’,...,u”" v \u u")



A funciton (which is nothing more than a social choice rule) fU—>A is said to be
an allocation rule. Ay is the range of f and f'(u) denotes the allocation given to agent i at

the profile u.

Definition: (strategy proofness)
An allocation rule fis strategy proof it for all i=N, for all ueU" and for all u”'eU,

u'(f i(Ll))ZLli(f’i(u'i,u’i

Definition: (ir:lividual rationality)
An allocation rule, f'is said to be individually rational (w.r.t. the endowment e) if for all
ieN and for al’ u=U",

u'(f (u)) zu'(e’)

Definition: (aronymity)
An allocation rule, fis said to be anonymous it for all ueU" and for all i,jeN s.t. i#j ,

wi=u’and u'=u' implies f(u™, v, =P, u’, )

Definition: (diagonality)

A set BCA is said to be diagonal if for all 1N and for all x,yeB s.t. xy, X ~2yi and

y~2y'

Definition:
Given three peints a,b,ce A, ab={x<A / there is a te[0,1] s.t. x= ta+(1-t)b }. Moreover,

given a preference ordering Rie Di(A), cRyab if there is a t[0,1] s.t. ¢' Rta+(1-t)b.

At the beginning we will take the case of two agents and two goods, and construct
a mechanism cailed a fixed-price trading mechanism. Later we will give a theorem saying
that an allocation rule f is strategy proof iff it’s implementable by a fixed-price trading

mechanism.
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The mechanism that will be mentioned though is not a revelation mechanism, it is a
dominant stratecy mechanism. The mechanism simply uses the following procedure:
Given an endoywment point e A
(i) Choose an agent and call him‘her agent 1.
(i) Choose two relative prices (i.c. number of good 2 for one unit of good 1)
P.: the price at which agent | can offer to sell the first good
P, the nrice at which agent 2 can offer to sell the first good

according te the limitation P <Py,

The limitation on the prices implies that for any possible allocations x,yeAg,
exactly one o ‘l:e following holds: xeev or ysex or eRixy for some individual ieN. When
the preference: are realized agent one declares whether he/she wants to buy or sell the first
good and up :» which amount. At the same time agent two declares the amount he/she
wants to buy he first good and the amount he/she wants to sell it. The reason for agent
two’s declarin; two amounts is his/her being unaware of the direction of the trade (which
will be deternined solely by agent one ) at that moment. This of course causes an
asymmetry between the agents. After the amounts are declared, the trade occurs in the
direction declared by the first agent and the volume of trade is determined as the
minimum of the declarations of the two agents.

If one wants to write the mechanism it is as follows:

Definition: (A Fixed-price mechanism for the two agents, two goods case)
Given an endowment point ecR." and two prices P; and Py (Ps , PyeRy) s.t. P<Py , a
fixed-price trading mechanism. m(e,P.,Py) is defined as follows:
m(e,P,.P.)=(X.) where X=X,+X, and m:X—A is an outcome function.
Xi={neR / e, <n<e'/P, } and Xz={(w,q)eR-2/w < e,%/P, and q< e }
n(n,(w.q))=(x".x") where x' =[¢,'+min{n.q}, e,’-Pymin{n,q}] ifn0

=[e,'-min{-n,w}, e:'+P,min{-n,w}] if n<0

and x*=[e,-min{n,q}, &’ +Pymin{n,q}]  ifn>0



) . > . .
=[e;-mmi-n.wj, e;-Psmin{-n,w}] if n<0

Now toi any ueU", m[u] is a normal form game with the strategy spaces as given
above. Given ihe quasi-concavity of the preferences and the condition that Py < P, agent
one will be wiiling to either to buy or to sell the first good but not both. Moreover agent
two can choose one or two directions and amounts of trade or can refuse to trade by
declaring (0.":=R.>. Moreover the limitations on the preferences imply the dominant
strategy of individuals to be that clement(s) of Ay that maximizes their utilities (this will be
a single point “or the first individual though there is no such limitation that is imposed by
the mechanisi for the second individual). To gain a deeper understanding of the

mechanism we will analyze an example.

Example 1: ( A fixed-price trading rule for a two agents and two goods economy)

Let the endov-nients of the agents be e’ =(10,10) and e® =(5,5). Moreover let the prices be
given as P.=1 and P,=2. That is. agent one pays two units of the second good per unit of
the first cood I he/she wants to buv the first good, and gets one unit of the second good

per unit ot the *irst good if he/she wants to sell the first good. Let the preferences of the

agents be as in rhe figure below:
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agent 2

uZ——— =
. € =(10,10)

)

good 2 /

~J_ ul

agent 1 good 1

It the preferences are of this type, then the trade will occur in the direction of agent
one’s buying the first good and agent two’s selling the first good. Here, because of the
kinkedness of the budget line while agent one has a unique maximizing point, agent two
has two maximizing points, first of which can be reached by buying the first good in
exchange for the second good and second by selling the first good in exchange for the
second good. The direction of trade is determined through agent one’s declaration and the
amount of trade is determined through satisfying the short vside of the market which is
nothing but agent one’s trade proposal.

There may be an alternative case where agent two’s preferences are only through

one direction of trade. In such a case if the direction of trade declared by the first agent
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matches with that of the second agent, trade is achieved. Otherwise, no trade occurs.

agent 2

ul ™

e=(10,10)

good 2 ‘

agent 1 good 1

In the figure above, agent two’s utility is only maximized through buying the first
good and thus refuses any trade in the other direction by simply signaling a zero amount
for selling the first good. As a result no trade occurs. As also can be seen in the above
example, the individuals have no incentive to manipulate the mechanism given the
restrictions imposed on their utilities. They can’t gain from declaring an amount of trade
more than thev really want to, since if the other declares a lesser amount the outcome
doesn’t change, else if the other agent declares a greater amount than the manipulating
agent is worse-off since he/she can’t obtain his/her maximizing outcome and obtains
his’her manipulated outcome. The case is similar for a manipulation through the
declaration of a lesser amount of trade. the nonmanipulability of the mechanism is because
of the utilities of the agents being chosen from a set of continuous, strictly-quasiconcave
and increasing functions. Essentially, in fixed- price trading agents indicate how much they

are willing to buy or sell according to two fixed prices, and then the short side of the



market is rationed. Thus declaring the trade volume and direction that maximizes his/her
utility is a dominant strategy of an agent independent of whose declaration is accepted for
trade in the mzchanism. The following theorem is a special case for the two agents two
goods case and claims that the only allocation rules which are strategy proof are the ones
that are implementable by a fixed-price trading mechanism in DSE (the reverse implication
is also claimed to hold). This is nothing but a characterization of all strategy proof

allocation rules in a pure exchange economy with two agents and two goods.

Theorem 1:

A social choice function defined on a two person, two goods exchange economy is
strategy proof ~nd individually rational w.r.t. an endowment point iff it’s implementable by

a fixed-price t-2ding mechanism in DSE.

The proot of this theorem is a simple extension of the general case that will be
mentioned late~. One can extend this theorem to a two agents and more than two goods
case. The onlv thing that changes is the number of prices given in the beginning and the
name changing from a fixed-price mechanism to a fixed-proportions mechanism. The
definition of the fixed-proportions mechanism is quite similar to the prior case. Agent one
declares a direciion and volume of trade and agent two declares his/her demand for each
direction. The mechanism starts with k..l proportions for trade ( which can be thought of
as prices) and the agents are limited to those proportions (i.e. they can’t obtain a convex
combination ot them). The only limitation on these proportions is that for any x,yeA¢,
xeey or vaex or e Rixy for some ieN. Thus, essentially the trading procedure is a simple
extension of the fixed-price trading mechanism. If wants to write it formally:

Xi={neR.* / for each ie{l,.. k|, n>0 implies n=0 for je{1,...1}\{i} and n;Smin{eji/p;,j /
je{l,.. .\

Xo={ m=R.*/ for eachie {1, k). m<min{e)/p;/je{l,. J}\{i}}

Here p;j denotes the j’th component of the i’th price vector p=(pis...,pi;) Where

ie{1,...k} since there are k different proportions (price vectors). Given the strategy



spaces above. azent one chooses a direction and an amount, and agent two declares the
amounts of trade for each direction. Then the direction is determined through agent one’s
strategy and {he amount is determined as the minimum of the two amounts. The
conditions. as before, implies that the first agent has a unique maximal choice on the
outcome space. Ay Moreover, the second agent, depending on the number of his/her
maximizing points on Ay, declares some positive or zero amounts. This is a zero vector in
R.' where the 7ero coordinates imply that the second agent doesn’t have any maximizing
allocation for this direction of trade. For this case Theorem 1 can be generalized to

Theorem 2 below.

Theorem. 2: & two person social choice function is strategy proof and individually

rational w r.t. en endowment point ifl it is the result of fixed-proportion trading.

One prodlem associated with these theorems is that the fixed-proportion trading
rules are asymmuetric. That is, changing the roles of the individuals alters the outcome. In
other words, t"¢ fixed-proportion trading rules are not anonymous. But, in fact, the set of
fixed-proporticns trading rules include a subset of anonymous fixed-proportions trading
rules. This subset is characterized through the specification of the selling and the buying
prices. this leads to the below corollary which is a characterization of the anonymous

social choice ruies which are strategy proof.

Corollary 1: A two person social choice function is strategy proof and anonymous iff it is

the result of fixed-proportion trading along a line segment centered at the equal split of the

total endowment.

What the above corollary says is that if the budget curve is not kinked and passes
through the equal split of the total endowment point, then there doesn’t arise any need for
the asymmetry. The main reason for this is the cancellation of the chance that agent two
can have more than one maximizing allocation. In this case P,=P, and both agents declare

their maximizing allocations as trade proposals. This brings a complete symmetry to the
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system. That is. the choice of the first agent doesn’t alter the outcome. Moreover, the
strategy spaces can be identical in such a case since in case of a linear budget constraint
(and given the restrictions on the utilities) each agent will have a single maximizing
allocation point on Ay

Now, having gained a deeper understanding of the situation, we can generalize the
above result t~ a case of n agents and | goods. To simplify the analysis we will impose a
certain condition on f which is nothing but the non-bossiness property defined by
Satterthwaite and Sonnenschein (1981) [I8].
Definition: (Mon-bossiness)
A social choice function fis non-hossy it tor any ieN, ueU" and uieU

F(u)=Ff(u,u"") implies f(u)=fu v

This condition simply claims that if an agent changes his/her preference and his/her
outcome is nci changed, then the outcome of the other agents should not also change. It
rules out a series of social choice tunctions which are not dictatorial but are degenerate in
other wavs. An example ruled out by this condition is an allocation rule where the entire
endowment is given to the second or to the third agent depending on agent one’s
preferences [18].

The intcresting thing for the general case is that it is possible to incorporate a
number of proportions (prices). Consider the following example for an n agents two goods
case: There are trade proposals for the integers declining from n-1 to n/2 each of which is
a set of proportions. For each trade proposal, P(k), the agents declare their demands for
each proportici. If there is a proportion in P(n-1) s.t. at that proportion exactly n-1 agents
are willing to hbuy or exactly n-1 agents are willing to sell , then the trade occurs at that
proportion. Else, the n-2 trade proposal is checked to see whether there are exactly n-2
buyers or n-Z sellers at that proposal. This goes on until the last proposal. If that can’t
also be matched, no trade occurs. Now. we will give a definition of the fixed-proportions
trading rule for n agents and | goods in three parts:

1. Trade can occur in one proportion which is selected from an a priori fixed set of

proportiors which satisty some additional restrictions. The proportions are grouped

[e)
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into subset: called trade proposals. So there are trade proposals P(n-1),...,P(t) where t
is the smaliest integer greater than or equal to n/2.

2. The propoition according to which the trade occurs is selected by examining the
demands of the agents. Each trade proposal is assigned a number as above and a
proportion in that proposal is maiched if exactly that number of agents demand trades

in the same direction.

3. Agents are given trades in the direction of their demanded trade in the selected
proportion. No one’s trade is larger than his’/her demanded trade; but one or more
parts of the market may be rationed. The rationing is done uniformly so that the

rationed ay :nts are rationed equally

Definition: (Tirade proposal)
A trade proposal PR’ is a set of feasible trade proportions which satisfies the following:
(1) if a=P, ther a~>0 and a~= 0 and

(i) if be P and h=a, then there exists ae(0,1) s.t. aa+(1-a)b<0

The coliection of trade proposals | P(k) / n>k >n/2} should be chosen to satisfy the
following property for the strategy proof soctal choice function, f, to be implemented by
this mechanisn.

Definition: (Nestedness of a set of trade proposals)
A collection of trade proposals {P(k) / n=-k 2n/2} are nested if for each k’<k and aeP(k’)

and beP(k), either there exists 0.0 s.t. «b<a or there exists an a€(0,1) s.t. aa+(1-a)b<0.

For anv ke{n-1,...t} and a <P(k) let o(u',a,e’) be the oeR which maximizes
ui(ei+oa) subject to e+oaeR.. Now we will define what does a utility profile matching a

proportion agP(k):
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Definition: (Matching)
Given a nested set of trade proposals | P(k) / n>k 2n/2}, we say that a utility profile ueU"
matches an a=?(k) if there exists a CZN with #C=k s.t. o(ui,a,ei) >0 for each ieC and

o(ui,a,ei) <0 for each ieC.

Given the structure above, the below lemma claims that only one proportion

matches for a given utility profile of the agents.

Lemma:

IfbeP(k) is marched and azb is in P(k") tor some k’#k, then a is not matched.

Since ‘I'e proportion along which the trade occurs is selected by the signs of the
demands rather than their sizes, it will often be necessary to ration. The rationing will be
done uniformiv to preserve the dominant strategy implementability of f by the given

mechanism.

Definition: (Uniform rationing)

Consider a u=U" which matches a=P(k) and such that for each ieN there exists and
ri(—:[O, || 5.t fu)=e+r o(u',a.e’) a. fsatisties uniform rationing at u if

(@) sign[o(u’.a.¢')]=sign[o(u’.a.c)], and |o(uae) >rlo(u'ae’)and r'<l, imply that
fi(u)=Ff(u).

(b) sign[o(u’*.;'.,ei)]=sign[o(ui,a,e*)]. and either |o(u” ae’) 2r o(ui,a,ei)l and r<l, or

Io(u’i,a.'ei)! = o(ui._a,ei)l imply that f(u'i.u”)l‘f(u).

It trade occurs, then according to the uniform rationing all those who are rationed
on a given side are rationed to the same trade. If some individual is rationed when
announcing a given utility, then the outcome is the same when that individual announces

any utilitv which requests a trade as large or larger along that same proportion. Having
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formed the necessary background. we can now give the main characterization theorem of

Barbera and Jackson.

Theorem:

A social choice function fis strategy proof, anonymous, and non-bossy iff it is the result of
g ) Y

fixed-proportion trading away from the equal split point.

As was mentioned above, this is a full characterization of the strategy proof
allocation rules that satisfy some additional conditions in an economic environment. The
fixed-proportions mechanism defined above implements all these allocation rules and no
other allocatic rules. Thus, when a fixed-proportions trading rule is used as the exchange
rule during the decentralization of the decision power, the individuals have no incentives
to manipulate the mechanism as it was the case for the Walrasian equilibria in case of
incomplete information and a finite number of individuals. It is worthwhile to mention that
though the ouizome of the mechanism can turn out to be a Walrasian equilibrium of the
economn accidentally, there is no guarantee for the designer to find and use the optimal
prices in the mechanism since it is being presumed that the information is incomplete. The
critical point “» the achievemenr of strategy proofness in this mechanism is that the
designer puts 'h:e prices. or so to say the proportions, totally independently of the utilities
of the agents. | would be interesting to analyze a case where the designer would bargain
with an agent o set some specific prices (that makes that individual strictly better-off )in

turn of some bribe paid to him/her.
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6 ON THE CARDINALITY OF SINGLE PEAKED DOMAINS

The tasi: of limiting the preference domain so as to overcome the impossibility in
the obtainment of strategy proof social choice rules which are nondictatorial is one of the
most fruitful paths followed in the literature. However decomposability, being an abstract
concept. can rarely be related to evervday applications of social choice theory. One of
these rare exemples is single-peakedness. Single-peaked domains, additional to being
decomposable. can be applied to many cases in which they seem reasonable. In this
chapter we will first define single-peakedness, relate it to the concepts mentioned before
(as decemposchilitv) and will finally prove a proposition about the limitations that are
embeddcd in titc single-peakedness detfinition.

A single-peaked preference relation is simply a one that has a unique global
maximum and #o local maxima. That means, given a linear ordering (permutation), G, of
the alternative set, A, a single-peaked utility function increases up to some point, reaches
its maximum at this point and starts to decrease (w.r.t. the linear order mentioned ). A
standard example of a single peaked preference relation is about drinking beer. You feel
better with every additional glass up to the n'th glass (where n depends on how much you
like drinking beer) and then start to feel worse with every additional glass. Here the linear
order on the aiternative set is ( | glass, 2 glasses,..., n glasses,...,K glasses ).

[n the definition of a single-pcaked preference, the ordering of the alternative set

gains importance. For this purpose we will use a permutation function as follows.

Definition: (P=rmutation function)

Let A=la, ... 2.} be the alternative set. A function 0:A—A is said to be a permutation
Sunction if it is a 1-1 and onto mapping . The value of o is shown as
o(A)=(a-'....a."). The identity permutation o; takes A to its initial ordering, i.e.

oi(A)=(ar.....a).
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Given @ certain ordering of the alternative set, A, a permutation function simply
changes this odering or leaves it unchanged. If ¢ doesn’t change the ordering of A, then it
is called an identity permutation and is denoted with o;. Given an alternative set with
cardinality n, there exists n! different permutations on A.

“or the sake of simplicity we will use utility functions instead of preferences. This
doesn’t impose a limitation to our analysis since the alternative set is finite. (Note that this
implies that anv preference relation on A can be paired with a utility function and any
utility finctior on A can be paired with a preference relation on A). A utility function on A

is defined as fciiows.

Definit'on: (1.-lity function)
Given a1 alter-ative set, A, with cardinality n, a 1-1 onto function, u:A—{1,...,n} is said

tobe a wility jrnction on A,

Jiven the above definitions, we now can define a single-peaked preference relation

or so t¢ say a «'ngzle-peaked utility function.

Definition: (Single-peakedness w.r.t. a permutation)

Given a permutation, 6(A)=(a, .....as"). on A, a utility function, u, is said to be single-
peaked w.r.i. o if there exists an a, €A st. u(as' )...,u(a) is increasing and
u(as)....u(a;") is decreasing. Here a." denotes that element of A which is the k’th one

w.r.t the permuration, G. The following example illustrates the concept.

Exampie 1:

Let A=!2, .a; .a:}. Now a utility function, u, s.t. u(a))=1, u(a;)=3, u(a;)=2 is single-peaked
w.r.t. the identity permutation, c;. But a utility functionvu’ s.t. w(a))=3, u’(az)=1, u’(as)=2
is not single-peaked w.r.t. 6. Moreover, given a permutation ¢ s.t. 6(A)=(a; ,a; ,as), v’ is

single-peaked w.r.t. ¢ since u'(a, )=u’(a2)=1, u’(as")=u’(a;)=3, u’(as )=’ (a3)=2.
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S'ngle-peaked preferences were first introduced by D. J. Black in 1948 [2]. Then
M. Dummet aad R. Farquharson [6] showed that in case of a majority rule with Borda
completion as the mechanism, if the true preference profiles of the group’s members are
single-peaked and the ballots which the members are permitted to cast are restricted so as
to allow expression only of single-peaked orderings, then every member’s dominant
strategy 's to cast that ballot which faithfully represents his/her true preferences. In other
words, they stoted that a majority rule with Borda completion is strategy proof whenever
both sincere preferences and ballots are a priori restricted to be single-peaked. Later J. M.
Blin and M. . Satterthwaite [4] showed that single-peakedness of preferences alone
without a restriction on admissible ballots is insufficient to guarantee strategy proofness.

The sinzle-peaked domains are shown to be decomposable by Kalai and Muller in

their 1977 pacer [11]. This is simply as follows:

Proposition: (Kalai and Muller)

A domain of :i1uie-peaked preferences is decomposable

proof: Take any permutation. o, of the alternative set, A, and define the set of single-
peaked prefercoces wort o by S.={P=L(A): for every X,y,z€A s.t. x#y#z if xoyoz (which
means that X :recedes y and v precedes z in the permutation o) then it is not the case that
xPy and zPy |

Let Ry =!(x,y)&T / xov }. Clearly @=TR&R;zT. So, all that is left to show is that Ry is
closed under decisiveness implications.

DIla. We suppose that (x,y)eR, and for some P', P’cS, xP'yP'z and yP?zP?x. These
relations imply that in o, x can not be between y and z, and z can not be between x and y.
Thus y must be the middle one and since xoy we must have xoyoz. Thus (x,z)€R; .

DIlb. (z.x)eR..xP'yP'z and yP’zP’x Again y must be the middle one so we must have
zoyox. Thus, (v.x)eR, .

DI2a. (x.y)eR: . (v.z)eR; and for some PeS, , xPyPz . This shows that xaycz. Thus

(x,z)eR, .
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DI2b. (z.x)eR, and for some PeS, . xPyPz. This shows that xay or equivalently (z,y)eR;.
QED.

The above result states that a single-peaked domain, being decomposable, admits
the conctruction of a strategy proof. Pareto optimal and nondictatorial social choice

function. which is known to be implemented by the majority rule with Borda completion.

Definiticn: (A majority rule with Borda completion)

Given a Hallot nrofile, P€L(A)" . a majority rule with Borda completion, n(P), is defined
as follow's: mfI"i=a if there 1s a Condorcet winner ac A (i.e. for all (a,b)cA where bza, a
beats b i1 majrity voting ). If there is not a Condorcet winner, each xeA is assigned a
total point as the sum of each individuals given points, which is for each individual ieN,
#(A)-ki- . where K; is the rank of x in P;  The element with the highest points wins. If

there occurs a tie. then the ballot of the tirst individual is used to break the tie.

{Up to mow. we saw that single-peaked domains are sufficient for majority rules
with Borda completion to satisty strategy proofness, Pareto optimality and
nondictatorialitv. But how much limitation does the single-peakedness assumption impose
to the system” One essential point regarding this question is that the individuals have to
have single-peaked preferences w.r.t. the same permutation. If two different individuals
have single-peaked preferences w.r.t different permutations then that profile can’t be
called a single-peaked profile. Given the structure above we can easily claim that for a
certain permutation, o. there exists exactly 2" distinct preferences (utility functions)

which are single peaked w.r.t c.

Proposition:

Given o permutation ¢ on A, there are exactly 2" distinct utility functions which are

single-peaked w.r.t. o.



proof: Now a permutation, G, gives a linear orders of the alternatives as (a',...,3c"). We
will sin:ply covnt the admissible utility profiles.

Take arv aq £{uc'....,a."). Assume that u is maximized at a;". Then u(a;*)=n. Now for the
first k-1 »arts on the left of a." there are C(n-1,k-1) different ways to assign utility values
withou! damaging single-peakedness. Determination of the left side automatically
determin s the right side. So. for each ke{l,...,n} there are C(n-1,k-1) different utility
function: to plece which are single-peaked w.r.t the given G.

Since ‘tis holds for all ke!l..nj. there are C(n-1,00+C(n-1,1)+.+C(n-1,n-1)=2""
distinct vitlity functions which are single-peaked w.rt 6.

QED.

(sing ihe same method. one can also prove that there exists 2™ distinct
permut uions vt which a given utility function is single-peaked. Given this limitation
imposed by a nermutation, o. on the number of distinct utility functions we can ask the
questic 1 of wh ot is the probability of the existence of a society in which all the individuals
have si i:le-pecied preferences wor.t the same permutation. For this analysis let us create
the follrving scenario. There is a group of k individuals who have to make a social choice
among 1 alterratives. Each individual randomly selects a utility function for himself/herself
from a » »wl ¢ wtility functions. There are n! distinct utility functions. Note that any utility
function is single-peaked w.r.t 2™' distinct permutations. Now there are (n!)* different
profiles that can be obtained via this process. Moreover one can count the admissible

profiles (i.e. sinule-peaked w.r.t. the same o), #Ad, as follows:

#A=EAALH . HAAD)-2LA(S, 08, )+ 2H(S, NS, NS, ) FHS,A.NS,.)

i=) 12j2k
Now , #Adk enotes the number of admissible profiles w.r.t oy for each ke {l,...,(n!)}.
But sinze a utility profile can be single-peaked w.r.t. more than one permutation there
occurs ¢ double counting problem. Thus the number of twofold intersections are

subtracicd, the threefold intersections are added and so on. Here for any ie{1,...,(n)}, S,

denote: the wsct of utility profiles which are single-peaked w.rt. o; . Moreover



#Ad =+ Ad1+ . HEAd(n!)>#Ad since there is a double counting problem. What we claim

is the fc l!>wing proposition.

Propos‘tion:
The probability of obtaining a profile in which each preference relation is single-peaked

w.r.t. the same permutation goes to zero as the cardinality of the alternative set, A, goes

to infin't-".
B . #A4d #Ad'
proof: Now, :his probability can be defined as P(n)= ) < _(n!)"
Moreo ¢, as = goes to infinity P(n) is bounded from both directions. That is
L EAd EAL
0<lim- —~<lim .
wme 1S T )

Now w2 will use the Sandwich theorem to prove the proposition:

n-1

. #A/v ' I)!(?.“_I)k . (211»1«)& ) (2;__|2n—l)lu'—]
Im— =lim————=1im = lim——
n—o (! no(nh) mee ()T e (n)
~2a 1) n-1
<lim(——)" ' =lim(—)" ' =0
noo ! AL
. wAdd ,
0<hm = 0= lim —=0
noae (0! nor ()

Thus tie probabilitv of obtaining a single-peaked profile (w.r.t. the same permutation)

goes tc zero e the cardinality of A goes to infinity.
QED.

This proposition means that it the individuals have preferences on the amount of
beer they drink instead of the number of glasses, then it is impossible for them to have

single-reaked preferences w.r.t. the same permutation of the alternative set.
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7 CONCLUSIONS

In this study we aimed at presenting a survey of the literature on strategy
proofnc~-. co +ining it with the relevant concepts. While doing this we tried to combine a
wide viriety ¢ different terminology in a single framework so as to create a unity in the
present:iion i ease of understanding the relationships among these concepts. Some
relations were iready constructed while we had started to study, we presented them with
the relev int re wrences. Moreover. we tried to close the gap in terms of the construction of
the relat:onsli~s among these concepts. and thus to present a full picture of the
implementatic + Husiness.

There 2 six main concepts that we analyzed and tried to embed into a unity in
this study. Th: = are strategy preothess. implementability, impossibility in implementation,
use of these ¢« cepts i economics literature, ways to get rid of this impossibility problem
and the limita > s that are brought about while utilizing these ways.

During “ais work, it is seen that there is not a one-to-one relation between strategy
prootness and ‘ominant strategy implementibility. However, when the preference domain
is restricied t» be a subset of linear orders this can be achieved. Moreover this one-to-
oneness can by r2neratized for the generalized social choice functions and it is seen that in
this casz strat=cyv proofness turns and all kinds of dominant strategy implementibility turns
out to te equirvaient.

!aother finding is that in case of miting the preference domain to be a subset of
the linea: orde-s. all dominant strategy implementable social choice rules turn out to be
singleto--valued. Because of this and the above findings, the limitation of the preference
domain to be @ subset of the linear orders becomes and important limitation. Most of the
implicatins ai= shown not to hold when this limitation is not utilized.

There are also some additions to the literature such as pseudo implementation,
total imnlementation and a full characterization of the relationship among these and

strategy roo’ress. There is also a new impossibility theorem which is an extension of the



Gibbard- Satter vwaite impossibility theorem for generalized social choice rules. The
characteization of the domains that permit the existence of dominant strategy
implemetable =ocial choice rules that are nondictatorial, is still open. However, it is seen
that the decor:resibility characterization is not sufficient to deal with generalized social
choice 1t le.

S oweit known example of decomposable domains is the single-peakedness
characte izati~ . Ax a rasult of an analvsis of the single-peakedness condition it is found
out that singi~ peeked domains are very rare and the probability of obtaining a single-
peaked profile sces to zero as the number of alternatives goes to infinity.

Ysoa sl of the negative results that are obtained about the existence of a
nondict:vorial  and dominant  strategy  implementable  social choice rule, Nash
impleme “tibili . 1s analvzed brietlv: The main theorems about this concept are presented to
give an icca ¢i vhat has been done in this area.

There o2 o paths that —an be followed to improve this study on implementation.
The firs one + that there is an ¢pen yuestion about the generalization of the impossibility
result 11 Na:l: implementibiiitv for social choice functions. The result is for two
individu: .. heever. we have a feeling that this can be generalized for the case of more
than tw+ indin“<uals. Tae second path is the improvement of the literature on dominant
strategy mple eniation by tiviig to construct a full characterization of the dominant

strategy -mple~:eitable soctal choice rules that are nondictatorial.
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