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Correct interpretation of Electrochemical Impedance Spectroscopy (EIS) data is bound to the linearity and stationarity of the
measurement. Current-Potential traces, also known as Lissajous figures for EIS measurements, contain valuable information
regarding the linearity and the stationarity of the obtained data. Here, the behavior of the Lissajous figures is analyzed for various
scenarios. The Lissajous analysis is shown to be helpful in the determination of the linearity and the stationarity of the data,
especially for situations where Kramers-Kronig compatibility tests fail. The averaging of the Lissajous plots is shown to change the
EIS results for non-linear and non-stationary systems. Further, the analysis of the Lissajous figures in the frequency domain by
means of Fourier transforms is found to be very useful in differentiating between the non-linear and the non-stationary behaviors in
the obtained data. The effect of averaging the Lissajous figures is also shown to make a difference when the system is non-

stationary.
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Electrochemical impedance is analyzed to obtain important
parameters related to capacity, reaction kinetics, and mass transfer
in complex systems. Electrochemical Impedance Spectroscopy (EIS)
is the main tool of analysis across many fields such as corrosion,
coatings, energy storage and conversion and sensors.' ™% In all cases,
the power of EIS to resolve and individually investigate phenomena
occurring at different timescales has been invaluable. The differ-
ences at the timescales accessible by EIS correspond to spatial
differences in the system (e.g., batteries, fuel cells). EIS has the
ability to obtain spatially resolved information without actually
breaking down the system to isolate individual parts.

In order for the EIS data to be adequate for proper analysis, the
perturbation amplitude should be small enough to provide a linear
response and the system should be stationary on the timescale of the
measurement, constraints that are typically only obtained under very
limited circumstances for electrochemical systems.'! Linearity and
stationarity are governed by current-voltage relationships which, in
electrochemistry, depend on the limiting factors.

Kinetically-limited systems mostly exhibit exponential depen-
dence on potential, with the most prominent example being Butler-
Volmer relations.'? Diffusion-limited systems typically exhibit weak
potential dependence, if at all. Overall, regardless of the limitation,
current-voltage relationships are non-linear by definition. In order to
achieve linearity, typically a low amplitude excitation is employed in
an attempt to decrease the contribution of higher-order terms from
the Taylor expansion. The level of excitation that validates this
assumption is typically checked experimentally, and it varies greatly
with the details of the sample.''

Stationarity must be considered in two important, but related,
aspects. The first one is a changing impedance throughout the course
of the experiment. A very typical example of this is the anti-
corrosion coating that develolps a defect within the time-scale of the
measurement of a spectrum.’>'* This leads to the spectrum having
data for different systems at different frequency ranges. Ultimately,
the points in the spectrum end up incoherent with each other. For
brevity, the rest of this manuscript will not deal with this type of
non-stationarity. The other type of non-stationarity is a decaying
background drifting response signal on the measured side.'>'® This
is very typical in both potentiostatic and in galvanostatic measure-
ments where any sudden change in signal (i.e., change in frequency,
starting up a sine wave from steady state, etc.) causes a disturbance
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that decays over time. The decay can persist for the total number of
excitation cycles or reach stationarity for some cycles after decaying
for first cycles in a case known as initial transient.'’~'® This decay
leads to inaccuracies in the measurement mostly observed at low
frequencies. To mitigate the effects of this, a part of the measured
signal is ignored after every disturbance. Over the years, instrument
manufacturers have implemented different amounts of time that are
ignored. Typically, it is either a single period at the frequency that is
measured, some fixed time and/or user-selectable.””

Typically, compatibility with the Kramers-Kronig relations
are employed to verify stationarity and linearity. Since the full
relations are impossible to be employed due to finite frequency
interval, generally, approximations are employed that are well-
documented in the literature.”>~>> Regardless of the approximation
used, Kramers-Kronig compatibility checks confirm compatibility of
real and imaginary data with each other across frequencies. Even
though these compatibility checks proved extremely useful and
already implemented in commercial software, there are notable cases
of failure.’® The most major failure of the Kramers-Kronig compat-
ibility checks occurs in cases of non-linearity. As well-documented
in the literature, non-linear data only appears to violate Kramers-
Kronig compatibility checks when the measurement includes the
time-constant of the system (i.e., has some capacitive component).
The non-linear data will show Kramers-Kronig compatibility if the
time-constant is out of the frequency range of the experiment.?’®
Non-stationarit(;/ in EIS data is well detected by the Kramers-Kronig
relations,”"**?° although, we have previously shown that when a
multi-sine measurement is employed even data that is non-stationary
appear to be compliant with Kramers-Kronig relationships.*

21,22

Lissajous Analysis

For any EIS measurement, the excitation signal and the response
are selected as current or voltage. In potentiostatic EIS, the
excitation is a voltage signal, and the response is a current signal.
In galvanostatic EIS, the excitation signal and the response are
reversed. Sinusoidal waves are used as the excitation signal with
multiple cycles. During the measurement, the signal and response
are measured simultaneously” and can be plotted with time as the x-
axis or with one of them as the y-axis as shown in Fig. 1. The
mathematical expressions for the waves are represented in Egs. 1
and 2.

“The generation of the sine wave can be running on a separate clock which does not
depend on the sampling frequency.
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Figure 1. Excitation and response signals as a function of time (top) and current as a function of potential plots [Lissajous] (bottom) for typical EIS
measurements: (a), (d) Resistor, (b), (¢) Capacitor with +20°, +45°, +90° phase shifts and (c), (f) Inductor with —45° phase shift made with two cycles of a

sinusoidal wave at 2 Hz.

V(1) = V, sin(wt) [1]

1(t) = I4sin (0t + @) [2]

where V, is the voltage amplitude in Volts, 14 is the current
amplitude in Amps, @ = 2zf is the angular frequency in radians
per second, f is the frequency in Hz, and @ is the phase shift in
radians.

Equations 1 and 2 may expressed in terms of phasors as

V(t) = Vi + Re{V s exp (jwr)} (3]

1(1) = Ty + Re{lexp (jwr)} [4]

where V4 and [, are frequency-dependent potential and current
phasors, respectively, and the corresponding terms with over-bars
represent the steady components. The impedance is calculated from
voltage and current signals at each frequency by applying a version
of Ohm’s law, i.e.,

Z(w) = = (5]

The calculation is performed in the frequency domain which
involves the transformation of the signals to the frequency domain
by means of Fourier Transform. Since the wave is composed of
multiple cycles, the calculation may involve an averaging step
before the transformation to the frequency domain.

The figure where current is plotted as a function of voltage, see
Figs. 1d—1f, known as a Lissajous curve,>'~* is especially diagnostic.
Lissajous figures display ellipses of various slopes, eccentricity and
sense of rotation depending on the values for the magnitude and phase
shift of the impedance provided the system is linear and time-invariant
(LTD.%'7 The overall slope of the major axis of the ellipse is the
inverse of the impedance, the eccentricity describes the distance from
zero of the phase shifts and finally the sense of rotation describes
whether the system is capacitive (clockwise) or inductive (counter-
clockwise). Lissajous plots are a powerful tool that may be used to
extract valuable information from a wide variety of systems which

provide real-time feedback for many research fields.**** Lissajous
analyses have long been employed in EIS* as simple pictorial
indicators of linearity and stationarity of the systems. This is due to
their unique structure which gives an advantage to the experimenter
who can identify and address in real time any issues in the EIS
measurement as they occur. Lissajous plots are also simple to
generate, requiring no further calculations after the data has been
collected. This makes them a more convenient option than other
methods of detecting non-linearity and/or non-stationarity in EIS
measurements, such as the Kramers-Kronig method.

The present manuscript highlights Lissajous analysis as an
effective method to gauge linearity and stationarity for EIS
measurements. The major difference between employing Lissajous
analysis as compared to evaluation of Kramers-Kronig compatibility
is the fact that Lissajous analyses are performed at every frequency
individually instead of for the entire spectrum. This allows judging
stationarity and linearity frequency by frequency as the measurement
is proceeding. We will show that in cases where the system is either
non-linear and/or non-stationary, in either sense, Lissajous analysis
proves to be a useful tool. We will be highlighting cases that exhibit
non-linearity and non-stationarity under various conditions, com-
paring Kramers-Kronig compatibility with Lissajous analyses.

Averaging response signals.—We will further discuss averaging
the response signal in the time domain, a method which is very
typically used in EIS measurements. When measuring any quantity,
averaging is routinely employed to mitigate any random errors. EIS
is no exception to this trend. However, given the way the measure-
ment is performed, in an impedance measurement, this averaging
can be done in a couple of different ways. In the time-domain
method, every point in time is mapped to a given phase shift and
averaged with the other points mapping to the same phase shift. The
result of this averaging is a time trace that is 1 period long that is
transformed, see Figs. 2a and 2b. In the second approach, the full-
time trace is recorded without any averaging. The Fourier transform
is performed on the un-averaged time trace that is more than a single
period long, demonstrated for five cycles in Fig. 2c. Either way,
multiple sine waves are applied, but how and when the averaging is
done is slightly different. For linear and stationary systems, these
two approaches lead to identical results.
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Figure 2. Time domain plots of (a) Simulated sine wave response at 1 Hz of 5 cycles, (b) Averaged sine wave shown in (a), (c) frequency domain plots for (a),
i.e., sine wave without averaging, and (d) frequency domain plot for (b), i.e., averaged sine wave.

The third approach involves averaging in the frequency domain.
The signal measured is transformed after every cycle to obtain the
impedance. Then, the impedance is averaged after the desired
number of cycles are measured. Each of the instrument manufac-
turers we surveyed employs averaging in the time domain.’
Therefore, the frequency domain approach will not be investigated
further for brevity.

We will show by investigating EIS measurement for different
systems that averaging over cycles in the time domain obscures non-
linearity/non-stationarity and makes it harder to spot the related
issues.

Frequency-domain plots.—We will finally show that investigating
Fourier transforms of the measured signal in real time, in addition to the
time domain Lissajous figures, reveals more details of the system. The
frequency domain plot for the linear and stationary simulated signals is
demonstrated in Figs. 2c and 2d. The demonstrated frequency domain
plots in Fig. 2 show only one point above the noise level (fundamental)
corresponding to the signal amplitude at the frequency applied, in the
demonstrated example at 1 Hz, while no other signal values (harmo-
nics) are present. We will be showing cases that are non-linear and/or
non-stationary where higher order harmonics are present and emphasize
that it appears to be much easier to visualize non-stationarity and non-
linearity separately in the frequency domain. This becomes highly
beneficial where low levels of distortions are present in the data.
Moreover, the type of distortion in the EIS measurement can be
assigned to either originate from non-linear or non-stationary behavior
as will be shown in the presented examples.

Experimental

This section provides descriptions of the systems under study, the
instrumentation used, the custom scripts developed to collect
the Lissajous plots, and the mathematical approaches for analysis
of the data.

Systems.—In this study, the systems used are a secondary
(LiFePQO,) battery, a primary (Li\SOCl,) battery, a 350 F super-
capacitor, and an ASTM A416 steel electrode subject to corrosion in
phosphate-buffered saline electrolyte. The properties and specifica-
tion of the electrochemical samples used are listed below:

- LiFePO, secondary battery: linear and stationary EIS measure-
ments were performed on a Lithium Iron Phosphate (LiFePO,)
AA-size battery with 2200 mAh capacity. This secondary battery
has defined charging and discharging behavior which is suitable
for obtaining linear and stationary impedance spectra at open
circuit potential. Galvanostatic EIS was done with I, = 100 mA
AC excitation (I,,s = 70.71 mA) at open circuit potential
(3.350 V) between 100 Hz to 100mHz.

- LNSOCI, primary battery: non-linear and non-stationary EIS mea-
surements were performed on a Lithium Thionyl Chloride
(Li\SOCl,) primary AA-size battery which has 2400 mAh capacity.
This primary battery has only a defined discharging reaction.
Charging the battery leads to undefined reactions. Excitation of the
battery with sinusoidal signal at the open-circuit potential leads to
undefined reactions at the positive side of the signal and the
discharge of the battery at the negative side. Galvanostatic EIS was
performed with I, = 5mA AC excitation (Is = 3.54 mA) at the
open-circuit potential (3.678 V) from 100 Hz to 100mHz.

- 350 F supercapacitor: linear but non-stationary EIS measurements
were obtained by Galvanostatic EIS with I, = 550 mA AC
(Ims = 388.91 mA) and —600 mA DC excitation signals for the
350 F supercapacitor (Maxwell).

ASTM A416 steel.—The 5 mm diameter, ASTM A416 steel rod
(Sumiden Wire Products) was immersed in PBS electrolyte (Fisher
Scientific) to a depth of 4.21 mm (immersed area of 0.86 cm?).
The electrolyte composition was 0.01 M Phosphate buffer, 0.0027 M
Potassium Chloride, and 0.137 M Sodium Chloride. Temperature
was maintained at 37 °C by use of a double-walled cell (Gamry) and
a Fisher Scientific Isotemp Refrigerated Circulator Model 910.
The electrode was polished and held at the open-circuit potential
for 24h to reach a steady state. The current perturbation was
calculated using the real part of the impedance at the low
frequency of 0.01 Hz to be 3.38 mA rms. Subsequent impedance
measurements, used to record Lissajous plots, were performed at
open circuit under galvanostatic modulation. The frequency range
was from 5kHz to 0.01 Hz for both averaged and unaveraged
methods.
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Figure 3. Measured excitation/response signals at 1 Hz for galvanostatic EIS measurement: (a), (d) Linear and stationary, (b), (¢) Non-linear and (c), (f) Non-
stationary. Excitation current signal and corresponding voltage response of (a) LFP battery at open-circuit potential (b) Li/SOC]I, battery at open-circuit potential,
and (c) 400 F supercapacitor with —0.5 A as DC offset. Corresponding Lissajous plot is shown in (d) for linear and stationary, (c) for non-linear, and (d) for non-
stationary cases. Averaged Lissajous plots are demonstrated at (d) Linear and stationary, (e) Non-linear and (f) Non-stationary cases.

Instrumentation.—Gamry Interface 1000 and Interface 5000
potentiostats were used for the EIS measurements of LiFePO,,
Li\SOCI, batteries, 350 F supercapacitor applying home-adjusted
measurement scripts (described below) which allowed recording
of the Lissajous curve while performing the EIS measurement. A
Gamry Ref 600+ instrument under the hybrid mode (variable-
amplitude galvanostatic modulation)®’ at the open-circuit poten-
tial was used for the EIS measurement of ASTM A416 steel
system.

Measurement scripts.—The standard measurement scripts in the
Gamry Framework software were modified to record the current and
the voltage during a sine wave application. This involved setting up
a sine wave signal and recording the raw data with the same settings
as the actual EIS measurement as text files. Unaveraged text files
were obtained containing 5 periods of the sine waves with 16 points
per period. The details of this modification to the script were already
published in Ref. 38.

For the averaged Lissajous plot, the standard Gamry measure-
ment was employed. The scripts were modified, which can be
provided upon request, as described below in order to write the
current-voltage data to separate text files for every frequency:

- A new function was added to classReadZGalv in order to write out
the Fracurve to a file.

- A Boolean instance variable was defined to enable the use of the
said function.

-The output file for the spectrum was kept closed between
measurements to avoid a writing conflict.

Mathematical calculations.—The mathematical approaches used
to analyze the data are presented in this section. These include
scripts used to generate averaged and unaveraged Lissajous plots,
the measurement model employed to assess the consistency of the
resulting data with the Kramers-Kronig relations, and the code used
to perform the Fourier analysis.

Impedance calculation.—For the averaged samples, the impe-
dance results were obtained from the Gamry Framework software in
which the impedance calculations are performed within the mea-
surement after averaging the measured voltage and current sine
waves. For the unaveraged data, the impedance of the samples was
calculated from the time domain voltage and current data obtained
from the measurement without averaging. The voltage and current
values were transformed from the time domain to the frequency
domain using Fourier Transform. Then the frequency domain
complex voltage values were divided by the complex current values
to provide the complex value of impedance at each frequency.

Averaging.—Averaged time domain current and voltage signals
were obtained from the Gamry Framework software after the EIS
measurement of each frequency. The measurement script was
adjusted to provide separate text files of the averaged time domain
data. The text file contained a single sine wave of current and voltage
columns of 128 points averaged from five sine waves. During the
measurement at each frequency, the five sine waves were averaged
to give a single sine wave by mapping every point in time of the five
sine waves to a given phase shift. Then every point of the same
phase shift is averaged resulting in one period long sine wave.

Measurement model.—The measurement model consists of a
series of RC elements that are regressed to impedance data. The
model is given by

Ry

Z=R.+ —
1 + jot;

(6]

k=1

where #, = R, C; represents the RC time constant for the kth element.
Equation 6 has been shown to provide a good fit for impedance data,
including inductive and capacitive loops.”®> Thus, it serves as a
convenient measurement model for impedance data. As Eq. 6
satisfies the Kramers-Kronig relations, a satisfactory regression of
Eq. 6 to impedance data may be used to demonstrate the consistency
of the data to the Kramers-Kronig relations.?* The 95.4% confidence
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Figure 4. Impedance response of a linear system: (a) Nyquist plot for Li/FePO, battery with linear excitation for averaged and unaveraged measurements.
Lissajous plots at 100 Hz and 0.1 Hz for (b) and (c) unaveraged and (d) and (e) averaged measurements.

interval for the regression is obtained by Monte Carlo simulation
using the regressed values and corresponding standard deviations.
Thus, data that fall outside the confidence interval of the regression
may be considered inconsistent with the Kramers-Kronig relations.
A convenient program has been published that facilitates regression
of the measurement model,® and this program was used in the
present work.

Fourier transform.—Fourier Transform (FT) of the response
signals was calculated with SciPy v0.15.1 fft module with Spyder
v3.3.3 as the developing environment.*’ In the fft module, the

function computed the one-dimensional discrete Fourier Transform
of the time domain voltage and current values obtained from the
measurements.

Results and Discussion

The time-domain current excitation and voltage response at
50Hz for a linear and stationary system, obtained from the
LiFePO, secondary battery, is shown in Fig. 3a. The Lissajous
plot for this measurement is shown in Fig. 3d. A perfect ellipse with
constant slope is an indication of the linearity of the EIS



Journal of The Electrochemical Society, 2024 171 010507

a T \\\\ T T T
( ) 0.10+ M g
N
— 0.05¢ Mty oo |
L s o
NN 0.00 |—ececeo 900 ©0,09,% g00g5  g00.
| o °
= -0.05} B
N e
S— e
-0.10+ o g
0.1 1 10 100

© e
0.10}+ -
< 0.05} e
e 0%o 00 -
(Nl 0.00 Oo oooooo cmc:c,n Ocno 000
Ny 0051 R - Sl
o — ’f
-0.10} J
0.1 1 10 100

Frequency / Hz

(b) 0.015 L\____k ' ' ’

0.010} =~

~ 0.005} .
ey

(N 0.000 YD nouor\onu T nnooo

|

- -0.005} -

~ -0.010} A

-0015f T , .

0.1 1 10 100

(d) \

0.015F T " — e
0.010} "
~ 0.005} [
’_3: o
00 00 e}
<N| 0.000 |25 550 20— Trs—o 05—
.. -0.005} I
~ -0.010| |
SOOB L, AR S C e
0.1 1 10 100

Frequency / Hz
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measurement at that frequency. The perfect alignment of the five
cycles along the elliptical shape implies the stationarity of the
measurement.

Non-stationarity and non-linearity in lissajous analysis.—Non-
linearity and non-stationarity can manifest itself clearly in Lissajous
figures. Figure 3b is an example of a sample that is greatly non-
linear. The excitation and response are obtained for a primary
Li\SOCI, battery with galvanostatic EIS measurement. The impe-
dance measurement ventures into the charging current, which results
in undefined reactions. The distortion in the response signal can be
seen in the positive part of the sine wave obtained in Fig. 3b. Non-
linearity can be spotted based on any deviation from a perfect
ellipse, which is evident in the Lissajous plot shown in Fig. 3e.
Figure 3c shows a case of non-stationarity in a galvanostatic EIS
measurement which was measured by applying a DC offset along the
AC excitation. As can be seen, there is a constant decrease in the
potential during the measurement. This manifests itself as a helix
instead of an ellipse in a Lissajous plot, as seen in Fig. 3f since the
ellipse itself is riding on a decaying baseline.

Averaged and non-averaged lissajous plots.—Most EIS mea-
surement software present averaged Lissajous plots, if at all, due to
the averaging protocol followed during the measurement. The
averaged Lissajous plot for a linear and stationary measurement is
shown in Fig. 3g which is identical to the unaveraged case.

However, for the non-linear and non-stationary cases, no ellipses
are observed, as shown in Figs. 3h and 3i, respectively. The
deviation from the elliptical shape can be used to detect non-
linearity and non-stationarity during the EIS measurement. In the
following sections, we will demonstrate the effect of averaging in
the Lissajous plots of the EIS measurements for various scenarios.

Linear and stationary measurement.—Impedance results from
galvanostatic EIS measurements of a LiFePO, secondary battery
for both averaged and unaveraged procedures are presented in
Fig. 4a. Since the measurement is linear and stationary, the
impedance responses appear identical for both cases. The
Lissajous plots of the 5 cycles at 100 Hz and 0.1 Hz for unaveraged
measurement are shown in Figs. 4b and 4c respectively. Except for
the first cycle, the Lissajous plots show perfect ellipses, indicating
the linearity and stationarity of the measurements. The deviation in
the first cycles is known to be due to the initial transient effect of
the galvanostatic EIS measurements.'”"' In the averaged case, the
Lissajous plots show perfect ellipses for the fast and the slow
frequencies which are shown in Figs. 4d and 4e respectively. The
predicted normalized residual errors are on the order of 0.1% of the
real part of the impedance in Fig. 5b and 0.2% of the real
impedance in Fig. 5d.

The variation in the compatibility with Kramers-Kronig relation
between the averaged and the unaveraged measurements are tested
using the measurement model method shown in Fig. 5. Although
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Figure 6. Impedance response for linear non-stationary case: (a) Nyquist plot for ASTM A416 steel electrode in PBS electrolyte with averaged and unaveraged
measurements. Lissajous plots at 5 kHz and 0.05 Hz for (b) and (c) unaveraged and (d) and (e) averaged measurements.

both averaged and unaveraged data are identical and fit with the
Kramers-Kronig compatibility test, the unaveraged measurement
demonstrates lower error residual values than the averaged measure-
ment, as can be seen in Fig. 5. Although both measurements error
residuals are under the 95.4% confidence interval and represent
excellent Kramers-Kronig compatibility, it demonstrates that un-
averaged measurements provide more accurate impedance data.

Linear and non-stationary measurement.—Corrosion measure-
ment for the ASTM A416 steel electrode in PBS electrolyte provided
linear but non-stationary EIS data. Non-stationarity results in clear
variation of the impedance data for the unaveraged and averaged
measurements as can be seen in Fig. 6a. The non-stationarity can be
detected in the Lissajous plots for the 5 kHz and 50 mHz frequencies
by the small shift in the potential as demonstrated in Figs. 6b and 6¢.
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Figure 7. Measurement model fits for the linear and non-stationary EIS measurement shown in Fig. 6. Normalized residual errors for the fit of the measurement
model to the imaginary part of the measurement for (a) unaveraged, (c) averaged measurements; and normalized residual errors for the real part of the
measurement predicted from the parameters obtained by regression to the imaginary part of (b) unaveraged, (d) averaged measurements. Dashed lines represent

the upper and lower 95.4% confidence intervals for the fit and prediction.

The averaged Lissajous plot for the same frequency also demon-
strates a non-stationary behavior by the drift between the initial and
the last measured potential shown clearly in Fig. 6e. The Kramers-
Kronig test for the non-stationary measurement, like the linear and
stationary case shown in Fig. 5, demonstrates lower predicted error
residuals for the unaveraged measurement as can be seen by a
comparison of Figs. 7b and 7d. This becomes most evident in the
real component of the averaged measurement, as shown in Fig. 7d,
where the low-frequency values exceed the 95.4% confidence range.

The measurement model analysis suggests that the unaveraged
measurement shows slight non-stationary behavior, but the deviation
of predicted real residuals from model values are not statistically
significant. This result is consistent with the Lissajous plot shown in
Fig. 6¢, where the ellipse appears to be a closed loop. The low-
frequency data for the averaged measured are shown in Fig. 7d to be
inconsistent with the Kramers-Kronig relations. This result is
consistent with the Lissajous plot shown in Fig. 6e, where the
ellipse is not closed. Thus, Lissajous curves yield a result that is
consistent with the measurement model analysis of consistency with
the Kramers-Kronig relations.

Non-linear and non-stationary measurement.—In the case of
non-linearity coupled with non-stationarity, averaging appears to
make a larger difference as can be seen from the Nyquist plot and the
Bode plots of the real and imaginary impedance data obtained from
Li\SOCI, primary battery system shown in Figs. 8a—8c, respectively.

However, since the data is fundamentally flawed, averaging only
changes the outcome in terms of numbers. The spectra in both cases
are clearly incompatible with the Kramers-Kronig relations. The
Lissajous plots for unaveraged and averaged cases at 100 Hz and
0.1 Hz are shown in Figs. 8d—8g. The distortion from the elliptical
shape is the indentation of the presence of non-linearity in the
measurement.

Frequency domain analysis.—An instructive way to investigate
the signals in question is in the frequency domain.*'™* On the
parameter that is measured (i.e., current for a potentiostatic
measurement and voltage for a galvanostatic measurement), looking
at the frequency-domain representation of the data reveals details of
non-stationarity and non-linearity. In a purely linear and stationary
system, the transform shows noise for almost all the frequencies
available except the signal appearing at the fundamental frequency.
This can be seen in Fig. 9a which shows the voltage response in
frequency domain at 1 Hz for the EIS measurement of LiFePO,
battery under linear and stationary conditions. Any non-stationarity
and non-linearity break this fundamental property of no signal power
at any frequency other than the excited one.

Unaveraged data.—The reulsts of single-frequency experiments
are presented in Fig. 9 for three systems. Figure 9a shows a linear
and stationary system, 9b shows system that is non-linear but
stationary and 9c shows a system that is linear but non-stationary.
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In the linear and stationary system shown in Fig. 9a the signal power
in the frequency domain is clearly only on the frequency of interest
and the rest of the frequencies only show the noise background.

In the case where the system is non-linear, as shown in Fig. 9b,
the measured signal has power not only at the frequency of interest
(fineas), but also at the higher harmonics of said frequency (i X fieass
where i = 2,3,4...). In Fig. 9b, since the excitation is at 1 Hz, the
fundamental signal appears at 1 Hz with higher harmonics at 2 Hz,
3 Hz, 4 Hz, 5 Hz etc. Depending on the details of the non-linearity,
the exact harmonics that may have power may change,** but the
apparently continuous overall trend is clearly absent when the
system is stationary. Non-linearity only exhibits power at discrete
frequencies that decay toward higher harmonics.

In the case where the system is non-stationary, the distinct
features at specific frequencies do not appear in the frequency
domain. Instead, non-stationarity manifests itself as a decay in a plot
of signal power vs frequency. Typically referred to as 1/f noise, this
is a well-known phenomenon in signal processing.*>*® This type of
non-stationarity takes its name from the 1/f dependence of the signal
power to the frequency. Depending on the severity of the non-
stationarity, this only causes a problem at relatively lower frequen-
cies since the component of the background 1/f at the frequency of
interest is only significant at the relatively low frequencies. This
effect is much easier to spot in the frequency domain compared to
the time domain since even a mild drift in the background leads to an
obvious trend in the baseline of the measured signal above the noise
floor on the measured signal.

As seen clearly by comparing Figs. 9b and 9c, non-stationarity
and non-linearity can be distinguished via an analysis of the
Lissajous curve in the time domain, or via inspection of the
measured signal in the frequency domain.

Averaged data.—In the case of averaged measurements, identical
response is observed with a reduction of points as shown in Figs. 9d-9e.

This is due to the transformation from one period time domain sine
wave instead of multiple period signals. This redution of points
confounds detection of the generated harmonics. These results demon-
strate that averaging represents a disadvantage for the analysis of the
non-linear harmonics, especially in the case where the power of these
harmonics needs to be determined for further analysis.

Conclusions

Lissajous analysis is a powerful tool that can be used to identify
non-linearity and non-stationarity in EIS measurements. We investi-
gated EIS measurement scenarios of non-stationarity and/or non-
linearity where deviation from the elliptical shape of the Lissajous plot
showed a clear indication of their presence. The effect of averaging
the response signal during the EIS measurement on the Lissajous plots
specifically, and on the EIS data in general was investigated for
different scenarios. The linear and stationary scenario demonstrated
identical impedance response, displaying minimal residual error in
Kramers-Kronig compatibility with higher accuracy in the unaveraged
measurement. The linear and non-stationary scenario revealed a slight
variation between the averaged and unaveraged measurement, with
the averaged data displaying greater error residuals and data that were
determined to be inconsistent with the Kramers-Kronig relations. The
nonlinear and non-stationary case resulted in the most significant
difference between the averaged and unaveraged measurements.
Nevertheless, this difference is purely numerical because the data
collected does not represent the electrochemical impedance of the
system and is the collection of distorted impedance values resulting
from recording of voltage values under non-linear conditions.

The Lissajous plots were, in all cases, consistent with the post-
processing measurement-model analysis. Thus, visual examination
of the Lissajous plots during the course of the measurement was
shown to provide valuable real-time information concerning factors
that may influence the measurement.
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Finally, analysis of the response signals in the frequency domain,
along with the Lissajous plots, was demonstrated to be helpful in
determining the linearity and stationarity of the measurement. The
presence of non-linearity manifests itself by the presence of high
order harmonics at the multiple frequencies of the excitation
frequency. Non-stationarity in the form of drift on the other hand
demonstrates a decay behavior as the frequency increases. These
well-established behaviors in the frequency domain are valuable in
distinguishing the type of distortions in the EIS measurement.
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