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Abstract . In this paper, a new multiresolution wavelet representation for two-dimensional signals is described . This wavelet
representation is based on a nonrectangular decomposition of the frequency domain . The decomposition can be implemented
by a digital filter bank . The application of the new representation to the coding of quincunx and rectangularly sampled images
is considered and simulation examples are presented .

Zusammenfassuag . In dieser Arbeit wird eine neuartige Mehrfachaufiosungs-Waveletdarstellung fur zweidimensionale Signale
beschrieben . Diese Wavelet-Darstellung beruht auf einer nicht-rechteckigen Zerlegung des Frequenzbereichs . Die Zerlegung
kann mittels einer digitalen Filterbank implementiert werden . Wir diskutieren die Anwendung der neuen Darstellung auf die
Codierung von quincunx- and rechteckig abgetasteten Bildern and beschreiben Simulationsbeispiele .

Resume. Une representation multi-resolution par ondelettes originate est decrite dans cet article . Cette representation par
ondelettes est baser sur une decomposition non rectangulaire du domaine frequentiel . La decomposition pent etre implantee
par on bane de filtres digitaux . Cette representation est appliquee au codage d'images echantillonnees rectangulairement et en
quinconce et des exemples de simulation sont presenter.
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1 . Introduction

Multiresolution representation of signals is used
in many interesting fields including image analysis,
video and image coding, and geophysics . In image
coding [ 16], the original image is decomposed into
several subimages at low resolutions and coding
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algorithms are applied to these low resolution
images. In image analysis, many methods have
been developed to process an image at different
resolution levels [5, 12, 16] .

Recently, Mallat [12, 13] developed a frame-
work which unified the wavelet theory [14] and
subband decomposition based multiresolution sig-
nal representation methods . Wavelets which are
obtained from a single function by dilations and
translations constitute an orthonormal basis of
L2(R), and provide a representation of any func-
tion in L2(I8) . Mallat also introduced a two-dimen-
sional (2-D) wavelet representation and 2-D
discrete wavelet transform in order to deal with 2-
D discrete-time signals which are sampled on a
rectangular grid. This wavelet representation has a
resolution factor of 2 .
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n many image transmission systems 2-D signals
are sampled on nonrectangular sampling grids such
as the line quincunx grid and hexagonal grids
11, 2, 8, 11, 15] . This paper extends the wavelet rep-
resention to the case of quincunx sampled 2-D sig-
nals. The implementation of this representation
can be carried out in discrete-space domain by the
nonrectangular subband decomposition filter bank
developed by Ansari et al . [2] . This filter bank con-
sists of a 2-D R highpass filter and a lowpass
filter which have diamond shaped passband and
stopband, respectively . n this paper, the applica-
tion of the new wavelet representation to the
coding of quincunx and rectangularly sampled
images is considered and simulation examples are
presented .

Recently, a similar class of wavelet represen-
tation with a resolution factor of f was indepen-
dently introduced in [10, 9] . n [9] the focus was
on some computer vision and image analysis prob-
lem . n both [10] and [9] R filters were used to
construct a nonrectangular wavelet representation .

2. A multiresolutiion approximation of L2 ( R2 )

We say that the sequence of closed subspaced
{U,, leg} is a nonrectangular multiresolution
approximation of L2(l1), if the following condi-
tions hold :
1 . U,c U,+, for all le? .
2 . lim,-, U, is dense in L2(l82) and lim,._, U,=

{0} .
3 . ff(X) e U, thenf(Ax) e U,+1, for all le 7L, where

(1)

x= (x,, x2) andf(Ax) =f(x, +x2 , x, _X2) (with
somewhat abuse of notation) .

4 . f(x) EU, implies that f(x-A-'k)E U,, for all
keZ2 .

5 . There exists an isomorphism from Uo onto
C2(Z) . This isomorphism is defined as in [13] .

Signal Processing

The following result shows that one can construct
an orthonormal basis of the subspace U, by prop-
erly translating and scaling a function, qa(x) .

RESULT 1 . Let { U,} be a nonrectangular multire-
solution approximation of L2(R2) . Corresponding
to this multiresolution approximation there exists
a unique function q'(x)eL2( 82), called the scaling
function, such that {f tp(A'x-n), n= [n, , n2]T
E/ 2 } is an orthonormal basis of U, .

The proof of Result 1 can be found in Appendix
A.

Let A, be the orthogonal projection operator
onto U, . or any 2-D signal fe L2(R2 ) the approxi-
mation signal at the resolution 1 is the orthogonal
projection Af off onto U, . By using Result the
orthogonal projection A,f of a function f onto U,
can be obtained as follows :

Af(x)= Y <f(v), J2'(p(A'o-n))

X /2 4p(A'x-n) .

The approximation A,f at the resolution level 1 of
the signal f is characterized by the inner products :

Aif[n]=U S,[n]Q>, nEZ2 ,

	

(3)

where S, [n]tp(x)=2'rp(A'x-n) . The 2-D sequence,
Atf[n1, is called the discrete-time approximation
of the function, f, at the resolution level L

3 . mplementation of the multiresolution
approximation

Let { U, } be a nonrectangular multiresolution
approximation of L2(l8 2) and ox) be the corre-
sponding scaling function. The set of functions
{J2'+, rp(A'"x-n), nelz}, is an orthonormal
basis of U,_, by Result L The function tp(A'x-n)
is in U, c U,+, . Thus

tp(A'x-n)
=2r+,

	

<p(A'v-n), qi(A"v-k)> (4)
k€P`

x rp(A'`'x-k) .

(2)



After some algebraic manipulations the inner pro-
duct in (4) can be rewritten as follows :

2'<co(A'v -n), tp(Al' l v - k) )

=<S-l[O]Q, So[k - An]rp> .
(5)

We note that the right-hand side of (5) is indepen-
dent of the resolution level 1. By computing the
inner product of f(x) with both sides of (4) and
after some algebraic manipulations we obtain the
relation between the sequence A' f and the
sequence A1+, f as follows :

Aaf[n]= E h[k-An]A°+if[k],

	

(6)
keZ 2

where the 2-D sequence h[n,,n2 =h[n]=
<S_,[Ol9, So[n]q'), which can be considered as a
2-D linear time-invariant filter. Equation (6)
implies that the discrete-time approximation signal
A° fcan be obtained by convolving A,°+ , fwith the
filter ho[n]=h[-n,, -n2] and quincunx down-sam-
pling. The quincunx down-sampling is carried out
after the filtering operation . Equation (6) is graph-
ically described in ig, 1 . The matrix A is called
the quincunx downsampling matrix [2] .

As a consequence of (4) one can also show that

O(Aw) = H(w)O(w),

	

(7)

where 0 is the continuous-time ourier transform
( T) of rp, H(w) is the 2-D discrete-time T (the
frequency response) of the sequence (the filter)
h[n], and co =(w,, w 2) with an abuse of notation .
The set of functions {rp(x-n), nel2} is

k£72

By using (7) and (9), and after some algebraic
manipulations, we obtain the following condition
for the filter h[n] :

H(w)1 2 + H( . ++r[1 1]')1 2 =1 .
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(10)

Also j tp(x) dxl = 10(0, 0) = implies that
H(0, 0)1=1 . n the next result, we describe the con-
ditions that the filter H(cg) satisfies .

RESULT 2. Let rp(x) be a scaling function and let
h[n] be the 2-D discrete-time filter with impulse
response h[n] = <S,[0]rp, So[n]rp) . The frequency
response H(w) of h[n] satisfies the following
conditions :

(i) H(w) 2 + H(w+n[1 ll T ) 2 =1,
(ii) H(0, 0)1=1, and
(iii) h[n] decays exponentially as n, , n 2 -. co .
Conversely, if H(w) satisfies the conditions (i)-
(iii), and
(iv) H(w)#0 for me{ w i + w 2 «}, then the
continuous-time ourier transform ( T) defined
by

O(w)=j] H(A-°w)

	

(11)
P -1

is the T of the scaling function q(x) .
The convergence of (11) is not always assured

[7] . f the function q'(x) obtained by using (11) is
regular, i .e ., converges to a `smooth' function [7]
then the sequence of vector spaces { U,},--,. con-
structed from q(x) is a multiresolution approxima-
tion of L2(R 2 ) .

We have already proved properties (i) and (ii)
of Result 2 . The formal proof of this result can be
established as in [13] .

The 2-D discrete-time filters satisfying condi-
tions (i)-(iv) can be found in [2] . These filters are
R filters with diamond-shaped passbands .

4. The wavelet representation

The difference of information between the reso-
lution levels and 1+ 1 is characterized by a signal
called the detail signal at the resolution level 1 . n
this section, we describe the construction of the
detail signal and define the nonrectangular wavelet
representation of a signal .

Vol . 32, No. 3, June 1993

orthonormal, if and only

L G(w+2kit) 2 = dw,,w2 (8)
key2

or

, h(Aw+2ktt) 2 =1 bw,, w2 (9)
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Let us define a sequence of subspaces,
where 0, satisfies the following two

conditions :
(i) O, is orthogonal to U,, and

(ii) O,e U,= U,+t .
An orthonormal basis can be constructed for Or by
scaling and translating a function, W(x), which is
called the wavelet .

RESULT 3. The set of functions {

	

W(A`x-n),
ns12 } is an orthonormal basis of 0,, if

,P(w)=G(A-'w)m(A-'w),

	

(12)

where G(w) =H((p+it[l 1] T ) and ~(w) is the T
of lp(x) . urthermore, {y/,(x-n), le7L, ne7L 2 } is
Signal Processing
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Ho(w) A

(b)

ig . . (a) Subband decomposition structure to obtain A ;, , fin] and D,,, f[n] from A'f[n] . (b) Action of the quincunx downsampling
block to a rectangularly sampled input v[n] (the output signal u[n]=v[An] is a quincunx sampled signal) .

an orthonormal basis of L 2 (l82 ) . The function w(x)
is called the orthonormal nonrectangular wavelet .

n this section, we give the key steps of the proof
of Result 3. The formal proof can be established
as in [13] .

We can express pr(A -'x) in terms of {tp(x-n),
neZL2 } because W(A- 'x)eO_,cUo , i .e .,

W(A-'x) = Y <W(A-' v), (p(v-k))W(x-k) .
kL7 2

(13)

By computing the ourier transform of both sides
of (13) we obtain

vy(Aw)=G(w)O(w),

	

(14)

A,+tf[n]

Aj' f[n]

H, (W)(a)

D,+tf(nj

000000000 0 0 0 0 0
000000000 0 0 0 0
000000000 0 0 0 0 0
0000004300 d A 00 0 0
000000000 0 0 0 0 0
000000000 0 0 0 0
000000000 0 0 0 0 0



where

G(w)= Y_ <S-,[0]W, So[n]y) e 347

	

(15)

which can be considered as the frequency response
of the 2-D discrete-time filter, g[n]=<S_,[0]yi,
So[n]tp> .

Orthogonality of the set of functions {y/(x -n),
neZ2 } implies that

Y W(w+2kn) 2 =1 Vw,, w 2 .
kcZ 2

B using (8), (14) and (16) it can be shown that

G(w)1 2 + G(w+[1 1]Tn) 2 =1 .

	

(17)

Also, O_, is orthogonal to U_, by definition,
thus

	

2-' yi(A- 'x-n) is orthogonal to
2- ' (o(A-'x-k) for all k, neZ2 . This condition

is equivalent to

'(w+2kn)y7*((o+2kn)=0 .

	

(18)
ked2

By inserting (14) into (18) and using (8) we obtain
a condition which must be satisfied by the filters
H(p) and G(fg), i .e.,

H(w)G(w) + H(w + [ 1 1]"n)

xG((o +[l ]Tit)=0 .

	

(19)

(02

ig . 2 . deal diamond-shaped frequency response of the filter
Ho (1f, is a highpass filter with a diamond-shaped stopband) .

A . E. cetin / A wavelet representation for 2-D signals
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One can prove that the necessary conditions (17)
and (19) are sufficient to prove that the set of
functions, {Vf yr(A tx-n), ne/2}, is an orthonor-
mal basis of O, . Conditions (10), (17) and (19) are
perfect reconstruction conditions of a nonrectang-
ular subband decomposition filter bank [2] . n [2]
the filter G(w) is chosen as follows :

G(w)=H(a)+[ ]Ti) . (20)

The R filters designed in [2] satisfy the conditions
(10), (17) and (19) . n the next section, we describe
the filters H(w) and G(w) in detail .

By using Results 2 and 3 one can construct a
nonrectangular wavelet orthonormal basis of
L2(R) from a nonrectangular filter bank, if the
right-hand side of (11) converges .

Let us now describe the discrete-time detail sig-
nals for a given function feL2(18 2)_ Let P7 be the
projection operator onto O, . The projection P, f of
the function f onto 0, is given as follows :

P f(X)= <f(v),

xf yi(A'x-n) .

We call the projection P, f(x) the detail signal of
f(x) at the resolution 1 . The detail signal is charac-
terized by the 2-D sequence

D J]n] = (f S [n]W), neZ2,

	

(22)
where S,[n]yi(x)=2'g(A'x-n) . The 2-D sequence
defined in (22) is called the discrete-time detail sig-
nal at the resolution level 1 .

W2

W

-717
ig. 3 . Decomposition of the frequency domain by the wavelet

representation {A °-,f; D-2 f, D_, f } .

2 1 W(A'v-n)>

Val. 32. No . 3 . June 1993
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The function w,E Ut+i since Ot c Ut+l . By using
this fact we can show that

Dt nn]=

	

g[k-An]Ai+,f[n],

	

(23)
keZ'

where the sequence g[n] is the impulse response of
the filter G(w) defined in (15) . Thus the discrete
detail signal Dif can be obtained by convolving
At,,++,f with the discrete filter h,[n]=g[-n,,-n2]
and quincunx down-sampling . These operations
are graphically described in ig. 1 . By using (6)
and (23) we can show that the discrete-time detail
signal D,f and the approximation signal Atf can
be obtained from A1+,f by using the filter bank
structure described in [1, 2] (see ig. 1) The filter
pair Ho(@) and H (co) decompose the frequency
signal Processing

(s, n)
ig . 4. Magnitude response of the lowpass filter Ho(a)) .

domain in a nonrectangular fashion . Since
H'(Q))=Ho(ro,+n, rv2+a) the stopband of H,(w)
is a diamond-shaped region (passband of Ho(uw))
in the frequency domain .

The discrete-time signal A'fcan be represented
by the detail signals at resolutions k = K,
K+ 1, . . . ,1-1 and AKf, K<1. We call the set of
signals

{AK f; Dkf, k = K, K+ 1, K+ 2, . . . , 1-11
(24)

the nonrectangular wavelet representation of A,°f.
The set of signals in (24) uniquely determines
At°f. This wavelet representation of At°f can be
recursively obtained from At°f by using the fitter



and

1D

Kf[n] if AnEi2,
YdLn]- 0

	

otherwise,

	

(26)

where the signals yd[n] and yd[n] are the
upsampled signals. This operation corresponds to

A. E. cetin / A wavelet representation for 2-D signals
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OWA

(3r, 4w)

ig. 5 . Magnitude response of the smoothing function after the eighth iteration of f 11) .

bank structure shown in ig. 1 or equivalently via
(6) and (23) .

The reconstruction of A''f from one of its non-
rectangular wavelet representation can be carried
out by using the reconstruction filter bank of [21
in a tree-structured manner . The signals AKf and
D, rf are first upsampled according to the matrix
A, i.e .,

yaLn]= A
xf[n] if AneZ2,

	

(25)

	

5. mage coding
0

	

otherwise,
n this section, we present the image coding

method based on nonrectangular wavelet represen-
tation described in Section 4 .

Let u[n] be a digital image to be compressed . We
assume that this image is the discrete approxima-
tion at the resolution level 0 of the 2-D continuous-
time signal, f(x), i.e ., u[n] =Aof(x) . n this image

Vol. 32, No. 3, hive 1993

an upsampling (quincunx upsampling) by a factor
of two. The signals, yd[n] and yd[n], are filtered by
2Ho(-w) and 2H,(-w), respectively and the out-
puts of the filters are summed . n this way, we
obtain AK+lf We continue doing this process
recursively until A;f is obtained .
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Table
SNR and bit-rates for Lena image

Table 2
SNR and bit-rates for Kiel harbour image

" With finer quantization of outer bands than the previous
row .

Table 3
SNR and bit-rates for Barbara image

coding technique, the following wavelet represen-
tation of u[n] is constructed :

{A°2f;D 2f,D ,f} .

	

(27)

Although the signal u[n] is rectangularly sampled
the subsignals D-, f and A'-, f are quincunx
sampled, and D-2 f and A'2f are again rectangu-
larly sampled . This is because of the fact that if
quincunx downsampling is applied twice to a
rectangularly sampled signal then the result is a
rectangularly sampled signal, and a sampling rate
reduction by a factor of four is achieved in this

A . E. (~etin / A wavelet representation for 2-D signals

way, We also note that A 2 =21, where 21 is the
rectangular downsampling matrix (1] . The ideal
frequency decomposition of the frequency domain
by (14) is shown in ig . 3 .

n order to generate these subsignals we use the
nonrectangular subband decomposition filter bank
structure of [2] shown in ig. 1, where we use the
R filters

H-(w) =2' [1 +(-1)' e'm' T(m t + (02)T(wt - w2)],

i=0, 1,

	

(28)

where
T(w)=

a	
e"'+1

	

(29)
a,+e""

is an all-pass section . n this filter bank exact recon-
struction in the absence of coding errors is pro-
vided [2] . We note that conditions (i)-(iii) of
Results 2 and 3 are satisfied. The ideal frequency
response of the lowpass filter Ho is shown in ig .
2 and decomposition of the frequency domain by
(14) is shown in ig . 3 . n the simulation examples,
the filters corresponding to the coefficients a, = 1/3
( ilter 1) and a, = 1/4 ( ilter 2) are used. The mag-
nitude response of the ilter 2 is shown in ig . 4
and the magnitude response of fl , Hn(A-°w) is

ig . 6 . Lena image at 0.89 bits/pet

	

h SNR=37.1 dB .

DCT block size
and scaling factor
for low image

ilter itter 2

Bit-rate
(bits/pet)

SNR
(dB)

Bit-rate
(bits/pet)

SNR
(dB)

8-8 1 1 .57 31 .8 1 .57 30 .7
8x8 1°
8X8 2 1 .36 31.5 1 .36 30 .2
16- 16 1 1 .37 31 .5 1 .37 30 .4

DCT block size
and scaling factor
for low image

ilter ilter 2

Bit-rate
(bits/pel)

SNR
(dB)

Bit-rate
(bits/pel)

SNR
(dB)

8-8 1 1 .34 33 .9 1 .28 34 .9
8 x 8 2 1 .1 34.0 1 .04 34 .1
16x 16 1 1 .1 33 .9 1 .01 34 .2

DC block size
and scaling factor
for low image

ilter ilter 2

Bit-rate
(bits/pel)

SNR
(dB)

Bit-rate
(bits/pet)

SNR
(dB)

8 x 8 1 0 .89 36 .7 0.89 37 .0
8 .8 2 0 .66 36 .0 0 .62 36 .2
16 x 16 0 .66 36 .0 0.62 36 .1



shown in ig . 5 . Although we cannot establish the
formal convergence proof of (11) it can be
observed from ig. 5 that Hp 1 Ho(A -PQ) con-
verges to a smooth function . Similar plots can also
be obtained for ilter 1 . A convergence proof for
the R filter case could not be formally estab-
lished in [10], either .

The filters, Hi(o ), i=0, 1, are suited for fast
implementation as the filter coefficients are inte-
gers. The R filters have approximately linear
phase characteristics in their passbands so that the
lower-resolution lowband subsignal Ad 2fdoes not
exhibit phase distortion associated with R filters .

n many images, the lowband subsignal A d-,f
contains most of the signal energy and significant
information, and also represents a lower-resolution
version of the original image . n view of this, the
lowband subsignal has to be faithfully coded . The
high correlation among neighboring samples of
A°-,f makes it a good candidate for efficient pre-
dictive and transform coding. Here we have chosen
to employ a variant of Discrete Cosine Transform
coding method of [6] . The algorithm described in
[6] with some modifications was applied to blocks

A.E. cetin / A wavelet representation for 2-D signals
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of data of size 8 x 8 or 16 x 16. The transform
coefficients are scanned in a zig-zag manner, and
are quantized by rounding of suitably scaled
coefficients . A large portion of the quantized
coefficients are observed to be zero . The values of
the nonzero coefficients are coded with an ampli-
tude lookup table, and their locations are coded
using a runlength table .
The high frequency subsignals D_ f and D-2f

are coded using first a deadzone quantizer for data
compression. These subsignals are then coded
noiselessly by employing runlength coding for runs
of zero values using a lookup table and the nonzero
values are amplitude coded using a Huffman code
based lookup table. The quantizer can be chosen
according to the statistics of the subsignals and
their visual impact . t was found that a coarser
quantizer can be used in the outermost band sub-
signal D-, f and a finer quantizer can be used on
the inner high frequency band subsignal D. 2f. The
deadzones can also be chosen in a similar manner,
i .e., deadzone of the quantizer which codes D_ 1 f
is larger than the quantizer of D-2f However, for
more demanding images such as HDTV signals,

ig . 7 . Barbara image at 1 .24 bits/pel with SNR=35 .3 dB .

Vol . 32 . No . 3, June 1993
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one may have to use smaller deadzones . The quan-
tizers used beyond the deadzone were almost
uniform with slightly smaller quantization intervals
used for low magnitude samples- After the dead-
zone quantization, most of the test images have a
significantly reduced number of nonzero values .
The information on the location of these nonzero
values can be efficiently coded using runlength
coding [4] .

The above image coding procedure was applied
to several test images and the results obtained here
are focused on Lena, Barbara and Kiel Harbour
images. The sizes of these images are 512 x 512,
672 x 576 and 720 x 576, respectively .

The coding results are presented in Tables 1-
3. Among the parameters changed were the filter
coefficients (a, = 1/3 and 1/4), the quantization of
outer bands, the DCT block size, and the rounding
procedure. These results are comparable to those
obtained in the case of rectangular subband coding
[3] : The decoded images using ilter are shown
in igs. 6-8 .

The main advantage of nonrectangular process-
ing is the hierarchy created by the partition into
two subbands without any horizontal or vertical
bias and filter characteristics matching those of
human visual perception . This feature is attractive
in situations where there is a loss of the high band

ig. 8 . Kiel Harbour image at 2 .04 bits/pel with SNR=
37 .5 dB .

Signal Processing
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information due to reasons such as network con-
gestion . To see the effect of the loss of the high
band information, we applied the Barbara and Kiel
Harbour signals to the analysis filter bank and dis-
carded the outermost band . The remaining infor-
mation was used to reconstruct the signal . The
decoded Barbara image without outer band infor-
mation is shown in ig . 9. The SNR for this image
is 30.3 dB . n ig. 10 the decoded Barbara image
with the loss of high horizontal rectangular sub-
band is shown . n this case the SNR is 27 .2 dB .
Aliasing effects are more disturbing in ig. 10 .

6. Conclusions

n this paper we described a nonrectangular
multiresolution wavelet representation for 2-D sig-
nals and an image coding method which can com-
press both quincunx and rectangularly sampled
images. This wavelet representation achieves a
diamond-shaped decomposition of the frequency
domain. The quincunx wavelet representation can
be implemented by a class of R filter banks whose
regularity is experimentally observed . Although we
could not prove the convergence in this paper, we
believe that the regularity proof of the R filter
bank can be formally established .

The issues of generalization of this framework
to other 2-D sampling geometries will also be
explored .

Appendix A . Proof of Result

n this appendix, we show the main steps of the
proof of Result for 1=0.

Property (5) of the nonrectangular multiresolu-
tion approximation definition states that there
exists an isomorphism, , from Uo onto e

2(Z) .

Thus there is a function, w(x)eUo such that
(w(x)) = S[n] which is the 2-D discrete-time Dirac-

delta sequence . Also, (w(x-k))=8[n-k] for all
ke72. Since {8[n-k], ke7L2 } is a basis of 0

2(72)

the set of functions, {w(x-k), keZ2}, is a basis of



Uo . Thus anyf(x) e Uo can be expressed as follows :
f(x) = E bkw(x-k) .

	

(A.1)
ked'

By computing the ourier transform of both sides
of (A.1) we get

f(re)=B,(~) '(w),

	

(A.2)

where Bf(w) =Lk01 , bk e-"'* . The L` norm of f(x)

A . E. Cello / A wavelet representation for 2-D signals

ig. 9 (a) Decoded Barbara image without outer band, D-1f : SNR=30.3 dB . (b) Details of pants and the scarf in ig. 9(a) .

is given by

11f
11 2 = f f(Q))1 2 do)

= f 2n fa2n Bf(w)1`
0

x Y w(w+2kn) 2 do) . (A.3)
kEd2
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A. P. (,etin / A wavelet representation for 2-D signals

ig . 10. (a) Decoded Barbara image without high-horizontal band of the rectangular decomposition : SNR=27 .2 dB . (b) Details of
pants and the scarf in ig. 10(a) . Abasing effects are clearly observable .

Since is an isomorphism the L 2 norm and the l2 we orthonormalize the basis {w(x-k), ke72 } by
norm are equivalent to each other on U o . Thus using the Poisson formula . The assumption of the
there exist two real constants, c l and c2 , such that

	

orthonormality of the set of functions {tp(x-k),
keZ2 } implies that2

clC

	

w(w+2kn) <c2 .

	

(A .4)
kEZ 2

n order to compute the scaling function

	

E
w(~ +2kn)1 =1 Vw, , w2 .

	

(A.5)
4p(x) E Uo,

	

kse

Sigiul Processing



Also from (A.2) there is a 21r-periodic function
B,r((o) corresponding to q'(x) such that

Bm(w)EL 2([0, 2n]) . Therefore, (A.6) and (A.7)
define a function q(x) such that {c(x-k), ke/L2 }
is an orthonormal basis of Uo .
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0(w) = B,(w)W(w), (A.6)

and by inserting (A.6) into (A .5) we
\ 12

get

Bm(w)=( w(w+2kn) '` - (A.7)
k A 2

which is a bounded function of to and
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