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Countable extreme Gibbs states in a one-dimensional
model with unique ground state
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Abstract. A one-dimensional model having a unique ground state and countable number of
extreme limit Gibbs states is constructed.

1. The main result

During recent decades the problem of phase transitions in one-dimensional models has been
studied extensively [1-6]. In [7] the following conjecture was formulated: any
onedimensional model with discrete (at most countable) spin space and with a unique ground
state has a unique Gibbs state if the spin space of this model is finite or the potential of this
model is translationally invariant.

The conjecture originates from [7], where it is proved that in a one-dimensional
antiferromagnetical model with the Hamiltonian

Ux =0 e o) — 1Y 9
H((I)(X)) =x,yellix>y xeZ!

where p is the external field and the potential U(x) is non-negative convex function which is
extendible to a twice continuously differentiable function such that U(x) ~ Ax™ ,U° ~

—Ayxfl,uoo(x) ~ Ay +1)x72at X _, w0: where y>1, and A is a strong positive constant,

has a unique ground state at low temperatures.

The ground states of this model are functions of the external field and this relation is very
sophisticated [8, 9]. It turns out that at any fixed value of the external field this model has a
unique ground state to within translations. The method of [7] substantially uses the facts that
the model is one dimensional, the ground state of the model is unique (to within translations)
and that the ground state satisfies the Peierls condition. The uniqueness of the limit Gibbs
states is proved by showing that since the ground state is unique the configuration with the
minimal energy at any boundary conditions almost coincides with the ground state and the
dependence of any event ¢(A) on the boundary conditions can be expressed via the sum of
terms connecting A with the boundary, and since the dimension is one (the terms connecting
A with the boundary are very long and their entropy is not large enough) this dependence is
very weak.
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Since in two- or more dimensional models with a unique ground state and with the Gibbs
state related to the ground state different entropy Gibbs states are possible (like those in the
Potts model) the conjecture is formulated in one dimension.
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In [7] it is shown that the violation of the conditions of the conjecture leads to the
existence of a phase transition in a model with a unique ground state. In this paper we
generalize the result of [7] by defining a model (1) (with countable spin space and
nontranslationally invariant potential) with a unique ground state having infinitely many
extreme limit Gibbs states.

In one dimension any limit Gibbs state of the model is translationally invariant [8].
Moreover, limit Gibbs states of any model satisfying the condition

constant

> Ulp(BUA) = U(p(B +1U A)| <

AC(—o0,m]: BC[m,00)

where the inequality is held uniformly with respect to ¢(x) and integers m,l are translationally

invariant. This fact is a good reason for the absence of phase transitions in antiferromagnetic

models. Below we construct a ferromagnetical model with countably many limit Gibbs states.
Consider a ferromagnetical model on Z* with the Hamiltonian

Hpm) = Y UL (00, g + D) + U2 (). o
xeZ!

The spin space 8 of the model (1) consists of a countable number of alpha spins o
where m,i = 1,2,... and a gamma spin y. All spins are two-dimensional vectors:
y = (1,0) and " j5 3 vector (CosOm,sindm) of ith colour, where 0= 2x(1-1/2™). The

zero-interaction measure A on the space 8 is a counting measure [10, 11].
Below we define the functionsUs.«+1(@(x). ¢(x + 1)) and UZ(¢(x)) The first function

Uxx! +1(d(x),d(x + 1)) is bounded in any finite volume and the second functionm it only
controls the number of ‘admitted’ Ux?(¢(x))aim plays the role of the external field (at fixed
spins).

The pair potential function of nearest neighboursUs.«+1@(¥). @(x + D) is symmetric
with respect to the two arguments

Uy x* +1(0,$00) = Uy« +1($00,$0)

and
Ul (), p(x +1) = UL | _ (p(—x — 1), p(—x)).
For non-negative™ € Z' Uy 1 (9(), 9(x + D)js defined as (mi,j=12..)

Uxxt +1(y,y) =0 Uxx1 +1(am,y) = m (2)

Uxx1 +l(otim,ajm) =m Ux,x1 +1(0Lim,0tjk) = fx(m,k)

where
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fem, by == ((($)""* = 1)/2) +m +&.
The function Uf(fp(x))playing the role of the external field is symmetric with respect to
the point* = 3- Thus, UZ_ (¢(x — 1)) = U2 (¢(—x)) for x > 0 For positive x € Z
U (@(x)) iis defined as
Ul(y)=0 U (@) =0 if 60y Uiy =00 jf i>gy 3)
where
g=2()" 1)
It can be readily verified that the configuration ¢(x) = y,x € Z'is the only ground state of

the model ().

The model constructed in [7] has three types of spins: o, and y. The unique ground state
of the model is a constant configuration ¢(x) =y and the a.and B spins generating two extreme
Gibbs states are symmetric with respect to each other. The model (1) has countable types of
spins: a™and y. At each value of the external field the finite number of different a™ spins,
namely®;" spins are allowed. But the number of allowed®;" spins at any fixed value of m is
not uniformly bounded: the number of allowed spins tends to infinity as x grows.

In this model the unique ground state of the model is a constant configuration ¢(x) =y
but the o™ spins are not symmetric. Since we have countable types of spins for the
convergence of the partition function (lemma 1) we use the conditions (2) and for
guaranteeing of lemma 3 we define the function fx(m,k) as a function depending on x (as in
[7]) plus a term involving m and k.

Let Iy be the segment [-V,+V ]. Suppose the boundary conditions ¢*(x) = $*(x),x €

Z1— Iy are fixed and

14 \4
Hy(pWle' () = Y Ul (o), o+ D)+ Y Ule().
x=—V-1 x==V
Let us define the partition function

Ev= ) exp(—BHv(p()lp' (1))

px)edy

corresponding to the boundary conditions ¢*(x),x € Z!— Iy is finite.

Lemma 1. For any fixed value of V 4y < oo,

It follows from lemma 1 that Gibbs distribution in any volume V corresponding to
arbitrary boundary conditions ¢*(x),x € Z*— Iy is well defined. In further calculations we
restrict the value of the temperature by B > 1, where B2 = kT, T is the temperature, k is the

Boltzmann constant.

Theorem. Let T < 1. For any m there exists limit Gibbs state of the model (1) P “~such that

“pO) =a") =Y P (p(0) =af") > 3
i - @
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2. Proofs

We start this section with the proof of lemma 1.

Proof of lemma 1.  Let us fix V and the boundary conditions ¢*(x),x € Z*—1Iy:

v=Y_ exp(—BHv(p()lg' (1))

px)edy

v V
= Y exv(—ﬂ Y UL e e+ 1)+ Y Uf(qo(x)))

g(x)edy x==V-1 x=-—V

[1]

Vv \4

= >[I exe(-BUL (). o+ 1)) [] exp(—BUL@x))

px)edy x=—V—-1 ==V
The notation? = ‘1'8 will be convenient for further calculations.
The last
— ((p(—V -1, (P(—VL o (p(V)) — (am(f\ =1) ofm(f‘/) am(V))

iV oD e V) et (V)
summation is taken over all possible configurations,

o(x)

where m and i take all non-negative integers, and the indices of a are both together zeros or
non-zeros.

Thus, the partition function can be written as

[1]

V =
(m(=V-=1,m(=V),...m(V)) (I(=V=1)i(—=V),....i(V))
% Vv

x ] exp(=BU! 1 1(0x), 9(x+ 1)) [] exp(=BU(p(x))). 6
x=—V—1 x=—V 5
. v Due to (3)
Sy = Z H exp (—BU, , (9(x), p(x + 1)) l_[ exp (—BU; (¢(x))) for each fixed
1 »=7vv—1 =V collection
= Z l_[ exp(—BU, ,;(9(x), (x + 1)) < 00 (m°(=v -

x=—V-1

1
1),m°(=V),...,m°(V)) there are just a finite number of collections (i(—V — 1),i(V),...,i(V)), such
that the corresponding term in the summation (5) is non-zero (for others UX2(¢(X)) = ).

Therefore, in order to prove the lemma, it is enough to show that

where in P1the summation is taken over all possible configurations

m(—=V-—1) m(—V) m(V)
% ory, a) ory,....a/"" ory)

Now we note that

V V
Yo I ep-pU! ). o+ < [ M.
1

x==V-=1 r=-—V-1
where

My =Y "exp(—BU. , (@f, ) + D exp(—BU! (", y)) +exp(—BU. ., (v, )
k.l k
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and the summation is taken over all possible natural numbers k and I. It can be easily shown
that due to the conditions (2) Mis finite. The lemma is proved.

Define the Gibbs distribution Py (¢(x)|¢%) in the space C,,I.)V corresponding to the boundary

o o m |
conditions ) =o', x € Z =V, Vm]. Let P “be a limit point of the sequence of

Gibbs distributions Py (¢(x)|0*) when V goes to infinity. This limit point P ®*xis a limit Gibbs
state of the model (1) [8, 9].

Proof of the theorem.  In order to prove the theorem we show that P “msatisfies (4).
To prove (4) it is enough to show that at any value ofV Pv (¢(0) = a™[¢*") > ¢
Letpvio(x) = o™ x € [-V,V]jg") = Pr(N__y U2 (p(x) = o).
Obviously, Py (¢(0) = aMd®) >Py (¢(x) = a™ X € [-V,V ][¢*m). In order to

prove (4) we shall prove that

pv(p(x) =a", x € [V, V]lg™") = 7. (6)

Define a Gibbs _ distribution P amleft jn
(pcr 'fe‘f"(x) — ()t’l",x € (—OO.—V _ V(¢(X)|¢ )

the space 8y corresponding to then boundary conditions »1] and ¢*-'*(x) = @ ,x €

[V+l’<x))_
By definition
_ gy — T (A o0l ))
v =) = Y exp (—B(H(p(x)]e")))

P (0 o
my ™ left Za"’ CXp (_JB(H((p (x)lqga"‘.[ef.')))
— defty _
PV ) =alo ) Yo exp (—B(H (p(x)]p="""))) (8)

where the summations in both numerators are taken over all configurations ¢(x) € 8y such
that = af"d)(x) for some i and both summations in the denominators are taken over all
configurations ¢(x) € 8v.

In the model (1) ‘adjacent’ spins (%" spins at fixed m or y spins) tend to be aligned. That
is, the Hamiltonian (1) can be interpreted as ferromagnetic and the following inequality is a
natural ferromagnetic inequality.

Lemma 2.

Pv (¢(X) =o"XE [7V,V ]|¢um,leﬂ) 6Pv (¢(X) =a"X € [7V,V ]‘(b(lm)_

Proof. Let us compare numerators and denominators of (7) and (8). Each term in the
numerator of (7) is equal to exp(—mp) times the corresponding term of (8). Each term in the
denominator of (7) is equal to exp(—mp) (respectively exp(—fp)) times the corresponding
term of (8) if at x = V ¢(x) = o™ for some i or ¢(x) = y (respectively ¢(x) = o;* for some k 6=

m and j).

Since fx > m, the lemma is proved.
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It follows from lemma 2 that the theorem is a consequence of the following.
Lemma 3.
pripx) =a”, x € [V, V]jg"" ") = & )
Proof. Consider a Markov chain (non-homogeneous) starting at point x = —V and ending at
point x = V with initial condition ¢(—V —1) = o with transition probabilities mzx)zx+1)
(meo,zx+1y IS the probability of the event that ¢(x +1) = £(x +1) under the condition that ¢(x)
= §(x)), where

Teo.g0el) = Py (9(x + 1) = E(x + DIo(x) = E(X).0(x + 2) = D).

It follows from the definitions that

— v 1
vip(x) = §(), x € [=V, VIIg“ ") = ey 1—arecv) l_[ TewEeth
v :

X

Define mex)=am,&x+1)=am = Pmex)=aimt(x+1)=0im, Where the summation is taken over all possible
values of j (by definition the sum consists of a finite number of terms (due to (3)) and does

not depend on i).

Thus, B
" e v
vip() =", x € [V, VIIg“ ") = e v 1yap (- viman 1_[ e (x)=am £(x+D=a" 1
x vV p

V-1

= l_[ Te(x)y=a™ E(x+1)=a™
x=—V-1 .

Due to definitions (§ > 1),
Te(x)=am £(x+1)=am
£ exp(—pm)
$CHD exp(—Bm) + DR ket S0 exp(—Bfer1 (m, k) + exp(—Bm)
_ g(x + 1) exp(—pBm)
gl + Dexp(=pm) + 3772, g(x + 1) exp(—Bfii1(m, k) + exp(—pm)
1
L 300 tm €XP(—B(frs1(m, k) —m)) + 1/g(x + 1)
1
L 302 ko €X(— freqr (m, k) +m) + 1/g(x + 1)
2 : >
1 +exp(—fopr(m, k) +m+k)+1/g(x + 1)

(é) 1/2.t+l
3 .

Since
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p

o0
vipx) =" x € [=V, V]jp® ') > (H”s(.\ )-u"'.st.r+1)-a"’)
x 0

in order to prove (9) it is enough to show that

2.2}

l_[]TS(.I):u"’.E(A\'+l):a'" 2 3
-0 . (10)
The last inequality (10) follows directly:

[o.¢]
3\ /20 3
l_[ﬂst,r):am.s(wnza"* > 1_[ ()7 =13

x=0 x=l

The inequality (10), and hence lemma 3 is proved.

Now the inequality (6) is a direct implication of lemmas 2 and 3. The theorem follows
from the inequality (6).

3. Final remarks

The model (1) has the following unusual property:
p” (p(x) =", plx) =", ... px) =a") > 3

where the last inequality is held uniformly with respect to | and x1,Xz,...,Xi. The model
(1) also has the following physical meaning.

(i) At zero temperature all spins of the model aligned: ¢(x) =7.

(ii) At non-zero temperatures since the ferromagnetical model has a very strong
couplingpotential between aligned spins®;" there exist o™ states at which almost all spins
are aligned.
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