ACTA ARITHMETICA
167.4 (2015)

Piatetski-Shapiro meets Chebotarev
by

YILDIRIM AKBAL and AHMET MUHTAR GULOGLU (Ankara)

1. Introduction. In 1953 Ilya Piatetski-Shapiro [12] proved an analog
of the prime number theorem for primes of the form |[n¢| where |x| =
max{n € N : n <z}, n runs through positive integers and ¢ > 0 is fixed.
He showed that such primes constitute a thin subset of the primes; more
precisely, the number 7.(x) of these primes not exceeding a given number
is asymptotic to z'/¢/logz, provided that ¢ € (1,12/11). Since then, the
admissible range of ¢ has been extended by many authors and the result is
currently known for ¢ € (1,2817/2426) (cf. [13]).

A related question is to determine the asymptotic behavior of a particular
subset of these primes, for example, those belonging to a given arithmetic
progression, or those of the form a? 4+ nb?. The former was considered by
Leitmann and Wolke [§] in 1974, and it has been used in a recent paper by
Baker et al. [1] to show the existence of infinitely many Carmichael numbers
that are products of Piateski-Shapiro primes.

For both of the aforementioned examples, the problem can be interpreted
as counting the Piatetski-Shapiro primes that belong to a particular Cheb-
otarev class of some number field (see Theorem |l| and the remark following
Theorem . Motivated by this observation, we study the following more
general problem:

Take a finite Galois extension K/Q and a conjugacy class C' in the Galois
group G = Gal(K/Q). Set

m(K,C) = {p prime : ged(p, Ax) = 1, [K/Q,p] = C}

where Ag is the discriminant of K, and the Artin symbol [K/Q, p] is defined
as the conjugacy class of the Frobenius automorphism associated with any
prime ideal B of K above p. Recall that the Frobenius automorphism is the
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generator of the decomposition group of 3, which is the cyclic subgroup of
automorphisms of GG that fixes 8. The Chebotarev density theorem as given
by Lemma [5| below states that the natural density of primes in 7(K,C) is
|C|/|G|; that is,

4]
1G]

where m(K,C,z) = #{p <z :pen(K,C)} and li(z) = Sg(logt)*1 dt is the
logarithmic integral.

m(K,C,x) ~ li(z) (x— o0)

Our intent in this paper is to find an asymptotic formula for the number
of Piatetski-Shapiro primes that belong to 7(K,C). To this end, we define
the counting function

e (K,Ciz) =#{p <z:pen(K,C), p=|n° for some n € N}.

The first result we prove in this direction is for abelian extensions K/Q. By
the Kronecker—Weber theorem this problem easily reduces to counting the
Piatetski-Shapiro primes in an arithmetic progression, which was handled
in [8] as we have mentioned above. We do, however, reprove their theorem
here in a slightly different manner following a more recent method given in
[4, §4.6] that utilizes Vaughan’s identity.

Before stating our first result, we recall that the conductor f of an abelian
extension K /Q is the modulus of the smallest ray class field KT containing K.

THEOREM 1. Let K/Q be an abelian extension of conductor §. Take any
automorphism o in the Galois group G = Gal(K/Q). Then there ezists
an absolute constant D > 0 and a constant xo(f) such that for any fized
c € (1,12/11) and = > xo(f) we have

mo(K, {o},z) = Wh( 2'/¢) + O(z'/¢ exp(—D+/log z))

where the implied constant depends only on c.

Next, we consider a non-abelian Galois extension K/Q. Given a conju-
gacy class C in G, take any representative o € C' and set d, = [G : (0)] =
[L : Q] where L is the fixed field corresponding to the cyclic subgroup (o)
of G generated by o. Note that dr > 2. As in the abelian case, we obtain
a similar asymptotic formula, only this time the range of ¢ depends on the
size of dy, (not on L, hence o). This is due to the nature of an exponential
sum that appears in the estimate of one of the error terms. In this case, we
prove the following result:

THEOREM 2. Let K, C, G and dy, be as defined above. Then there ex-
ists an absolute constant D > 0 and a constant xg which depends on the
degree dy and the discriminant Ax of K such that, for x > xg and for c
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that satisfies

24+l 4 1)1 if dr, <10
1<C<1+(3L;') _llfL_.,
(6(d3 + d3 ) log(125dy) — 1) otherwise,
we have
Te(K,C, ) = 1 li(z'/¢) + O(2'/¢ exp(—D| A |"/*(log ) /?))

e
where the implied constant depends on c, the degree dy and the discrimi-
nant Ay, of the intermediate field L defined above.

The asymptotic formula above follows from the effective version of the
Chebotarev density theorem (see Lemma [5) coupled with an adaptation of
the method in [4, §4.6] to our case using an analog of Vaughan’s identity
for number fields (see Lemma|[L0). The main difference from [4, §4.6] is that
here one has to deal with the estimate of an exponential sum that runs over
the integral ideals of L (see , and most of the paper is devoted to
estimating this sum. In a nutshell, to handle the twisted exponential sum
in §2.3 we first split it into ray classes (removing the character). Choosing
an integral basis then for each resulting sum, we are eventually led to the
multi-dimensional exponential sum in (2.8). At this point, we estimate the
innermost sum by van der Corput’s method for small values of dy, and
Vinogradov’s method for larger dr, and the rest of the sums are estimated
trivially.

As an application, we consider the ring class field L,, of the order Z[\/—n|
in the imaginary quadratic field K = Q(y/—n) where n is a positive integer.
It follows from [3, Lemma 9.3] that L,, is a Galois extension of Q with Galois
group isomorphic to Gal(L, /K) x (Z/2Z) where the non-trivial element of
7./27 acts on Gal(L,/K) by sending o to its inverse o~!. For example,
Gal(L27/Q) ~ S3 is non-abelian, while Gal(L3/Q) is abelian since L3 =
Q(v/=3). In any case, we know from [3, Theorem 9.4] that if p is an odd
prime not dividing n then p = a? 4+ nb? for some integers a,b if and only
if p splits completely in L,,, which occurs exactly when [L,/Q,p| is the
identity automorphism 1g of G = Gal(L,/Q). Therefore, as a corollary of
the theorems above we see that the number of Piatetski-Shapiro primes up
to « that are of the form a4 nb? is asymptotic to (¢|G|) = li(z!/¢) as z — oo
for any ¢ in the range given by the relevant theorem above depending on
whether L, /Q is abelian. Note that by [3, Lemma 9.3|, L,,/Q is abelian only
if [Ly, : K] < 2. On the other hand, [L,, : K] is the class number h(Z[\/—n])
of the order Z[y/—n], which by [3, Theorem 7.24] is an integral multiple
of h(K). Since it is also known that there are only finitely many n such
that h(K) < 2, we conclude that for all but finitely many n > 0, L, /Q is
non-abelian.
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REMARK 3. Adapting the most recent methods that have been used
for the classical Piatetski-Shapiro problem it may be possible to obtain a
slightly larger range for ¢ in both Theorems [I] and [2| although we have not
attempted to do so for the sake of simplicity.

REMARK 4. If one assumes GRH for the Dedekind zeta function of K,
then the best one can show with our methods is that the asymptotic formula

Te(K,C,x) = 1l li(z'/¢) + O(x/ =)
c|G|
holds for sufficiently large = and with an €(¢) > 0 that approaches zero as ¢
tends to the upper limit of its range given in Theorems [1| and [2| Note that
it is also possible to give an explicit expression for €(c), but this requires
some extra work. One can also get an error of the form O(z/°~¢) for a fixed
small € > 0 at the expense of a smaller range for c.

1.1. Preliminaries and notation. We use Vinogradov’s notation f < g
to mean that |f(x)| < Cg(x), where g is a positive function and C' > 0 is a
constant. Similarly, we define f > g to mean |f| > Cg and f < g to mean
both f < g and f > g¢.

We write e(z) for exp(2miz).

For any finite field extension L/Q, we write Ay, for its absolute discrim-
inant and dj, for its degree [L : Q] = r1 + 2ry where r1 is the number of
real embeddings of L. We denote the ring of integers of L by O, and the
absolute norm of an ideal a is denoted by Ma.

The letter p always denotes an ordinary prime number. Similarly, we use
the letters p, B for prime ideals.

Preliminaries. Here we state some auxiliary lemmas that will be needed
for the proof of Theorem

LEMMA 5 (Chebotarev density theorem). Let K/Q be a Galois extension
and C a conjugacy class in the Galois group G. If d > 1, there exists an
absolute, effectively computable constant D and a constant xy = xo(dx, Ax)
such that if x > xq, then

]

m(K,C,z) = @ li(z) + O(z exp(—D|Ak|"/*/log z))

where the implied constant is absolute. Furthermore, if GRH holds for the
Dedekind zeta function of K, then for x > 2,

cl .. C
m(K,C,x) — :G: h(a:)’ <c <:G;x1/2 log(| A |z%) + log AK|>

where ¢1 is an effectively computable positive absolute constant.
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Proof. The result immediately follows by combining [7, Theorems 1.1,
1.3and 1.4]. =

We refer to [2, Lemma 2] for the following result.

LEMMA 6. Let L/Q be a finite extension of degree dy and discrimi-
nant Ar,. For each ideal a of L, there exists a basis aq,...,0q, such that
for any embedding T of L,

(1.1) AT () R4 < ray| < Ay (DMa)/d
where A1 = ddLL|AL\1/2.
For the proof of the next lemma, see for example [0, Theorem 11.8].

LEMMA 7. Let L be a finite extension and 34 be a non-zero ideal in the
ring of integers . There exists an element o # 0 in L1 such that

NMN(asl™ dr! 7T2A 1/2
o)< 50 (1) 14

where 2rq is the number of complex embeddings of L.

2. Proof of Theorem [2. We start with the observation that the ex-
pression | —p? | — | —(p+ 1)?] is either 0 or 1, where § = 1/¢, and the latter
holds exactly when p = [n¢] for some n € N. Using this characterization
and the identity

=P = =+ 1)) = (p+1)° = p° +9(=(p+1)°) = 9(—p°)
="+ 00" ) +U(=(p +1)°) — (")
where ¢(z) = x — |z| — 1/2, we obtain

T(K,Cox)= > P+ Z —(p+1)°) —p(—p°)) + Olog ).
<z
pEff)(K (&) pEﬂ'(K 0)

By partial summation, it follows from Lemma [5| that for x > xy =
xO(dKu ‘AKDa
C
Z opd~l = | G| li(z'/) + O(xl/c eXp(—D\AKrl/Q\/logx))
= |G|
pem(K,C)
where the implied constant is absolute.
The rest of this section deals with the estimate of the sum involving 1.
For any function f(z), we put F(f,z) = f(—(z+1)%)— f(—2?). Using dyadic

division yields
Y, Fwn)= ) >

p<zx 1I<N<z N<p<Ni
pem(K,C) N=2F pen(K,O)
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where N; = min(z,2N). By Vaaler’s theorem (see, e.g., |4, Appendix]) we
can approximate v (z) with the function

)= Y ape(hr) (ap<hh)
1<|h|<H

where the error estimate 9 (x) — *(z) < A(x) holds for some non-negative
function A given by

Afx) = Y b(he(hx) (b(h) < H™).

|h|<H

Using the definition of A, we deduce from [4, p. 48] that
S F@-vtp) < Y. A(n') < NHT' 4 NO2HU2

N<p<Ny N<n<Ny
pen(K,C)
Thus, taking
(2.1) H = N'79+
yields

Z F( —*,p) < 2° exp(—D|Ag|/?y/log z)
pen(K,C,x)
provided that 1 < ¢ < 2 and € > 0 is sufficiently small, both of which are
assumed in what follows.

Having dealt with the error term, we now turn to the sum involving ¢*.
Using partial summation we obtain

* 1 *
E F*,p) < log N N/g(lze\L/},(Nl] g F*,n)A(n)| + O(\/]V)
N<p<N; N<n<N’
pen(K,C) ne(n(K,C))

where (7(K,C)) denotes the set of integers whose prime factors belong to
(K, C). Recalling the definition of ¢* above we derive that

SR wAm = Y an Y Fle(ha),m)A(n)

N<n<N' 1<|h|<H N<n<N'

ne(r(K,C)) ne(n(K,C))
< Yoa > etmd)onm)am)

1<h<H N<n<N’

ne(n(K,C))

where ¢p,(z) =1 — e(h((z 4+ 1)? — 2°)). Using the bounds
on(z) < ha®™t, ¢ (x) < ha®?
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and partial summation we see that the inner sum above is

Z e(hn‘s)/l(n)‘.

N<n<N’
ne(n(K,C))

Thus, to finish the proof of Theorem [2] it is enough to show that

D e(hné)A(n)] < Nexp(—D|Ag|~Y2/log N).
h N<n<N'
ne(r(K,C))
LEMMA 8. Tuoke a representative o € C. Let L be the fized field of the
cyclic group (o) generated by o. Then, for N' < N3 < 2N,

> e(hn®)A(n)
N<n<N’
ne(r(K,C))

- :g; ZW Z V([K/L, a])AL(a)e(h(ma)é) + O(\/N)
’¢' GQDL
N<Na<N’

< hN°"1  max
N'€(N,N1]

where the first summation is taken over all characters of Gal(K/L) and the
second is over powers of prime ideals of L that are unramified in K.

Proof. Since K/L is abelian, by the orthogonality of characters of
Gal(K/L) the expression

Y owlo) > ¢(K/L,a)AL(a)e(h(9Ma)’)
P aCOp,
N<Na<N'

equals

ordg(e) Y A(a)e(h(Na)?).
aCOy,
N<NMa<N’
[K/L,a]=0

By removing prime ideals p of L with degp > 1 and powers of prime ideals p*
with £ > 1, the last sum can be written as

Y e(h(Mp)°)logNp + O(VN),
N<Mp<N’
[K/L.p]=c
Np is prime

> (X 1)erw’)logp+ OWVN).
N<p<N'  pCOp

[K/Lol=0

Np=p

or
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If p is a prime that is unramified in K, and p is a prime ideal of L above p
satisfying [K/L,p] = o, then p remains prime in K and

[K/L,p| =0 and Mp =p & [K/Q,pOk]=o0.

In particular, [K/Q,p] = C. Furthermore, the number of prime ideals
of K above such a prime p with [K/Q,B] = o equals [Cg (o) : (0)] where
Cg(0) is the centralizer of o in G. The result now follows by observing that
|Ca(o)] = |G|/|C| and noting that

> e(hn®)An) = Y e(hp’)logp+O(VN).
N<n<N’ pem(K,C)
ne(n(K,C)) N<p<N’

REMARK 9. From now on we shall write x(a) for the composition
U([K/L,a]). Note that since K/L is abelian, x is a character of the ray
class group J1/Pf (see, e.g., [0, p. 525]) where f is the conductor of the
extension K /L. Furthermore, we shall require that x(a) = 0 whenever a is
not coprime to f. This way, we can assume that the inner sum in the lemma
above runs over all integral ideals of L.

Our current objective is to prove that
2\ ()AL (@)e(h(Na)’)| < N exp(—D|Ax|~2\/log N).
GCDL

N<Na< N’

We start with an analog of Vaughan’s identity for number fields.

LEMMA 10. Let u,v > 1. For any ideal a C Oy, with Na > wu,
= > pr(b)logMNe

bc=a
Nb<v
= > m®A) = Y (o) Y (o
beo= ce=a bd
fnbgi;, macgu Ne>u, Ne>v mbgi;

where

pr(a) = {(_1)k ifa=p1-Pr,

0 otherwise,
AL(a) = logNMp if a = p* for some k > 1,
A 0 otherwise.

Proof. We use the identity
a) = ur(b)logMe

be=a
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and then follow the argument preceding [5, Proposition 13.4]. Finally, note

that
> = 2 A O e
bco=a ce—=a
Nb>v, Ne>u Ne>u ‘ﬁb>v
= Y @) - Y )
mc>cli:‘)%e>v bo=e ‘Jbt?)zev
= — Z AL ) Z ML([J). n
’)’tc>u me>v 9%%22

We assume from now on that u < N. It follows from Lemma [10| that

> x(@)AL(a)e(h(Na)’) = Si + Sz + S
agDL
N<HMa<N'

where

SRR SERCHUCODID SRR ICH Sy

Nzgtfé]v, e, Neso o<y
Sy = Z x(@)e(h(Na)°) Z 1 (b) log N,
aC9Oy, bc=a
N<Na<N' Nb<v
Ss=— Y x@e(hMa)) > pr(6)As(c).
aCoOy beo=a
N<Na<N’ Nb<v, Ne<u

2.1. Estimate of S;. We first need an auxiliary result.

LEMMA 11. Let X, Y be positive integers and

(2.2) a(m) ==Y x(Ar(e),  Bn)= > x(e) Y pr(b)

Seok T
Then
> Jam)? < X(log X)L Y |B(n)P < Y (log V)™
X<m<2X Y <n<2Y

Proof. By the Cauchy—Schwarz inequality,

> Bl Y ()T (Z mw) < Y gm

Y <n<2Y Y<n<2Y ¢COp, eCOr  bo=¢ Y <n<2Y
Ne=n Ne=n Nb<v
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where g(n) is the multiplicative function defined by

gm) = (D 1) > (e

eCOy, eCOy,
Ne=n Ne=n

and 7(e) is the number of integral ideals of L that divide e. Note that for
any prime p > 2 we have g(p) < 4d%, while for k > 1 the number of ideals ¢
with 9te = p¥ is bounded by

(de-i- k I 1) —¢ ko log(1+2L71) < eLm=1 L < (ek)dr—1
-

and 72(¢) < (k +1)% < 4k2. Thus, g(p*) < 4e@2= k9 +1 Tt follows that
2
log<1 + ggf) + gig ) +-- > = log<1 + g;p)> +0(1/p%)

4>
< TL +0(1/p%)

where the implied constant depends on dj,. Therefore,

® , 9
S gmar Y U oy Kl St
n

Y <n<2Y Y<n<2Y
< 9y O +4dE 3, <oy 1/p <4, Y(log Y)4d§'
As for the other sum, we obtain

Yo lamPP< Y Y1) (A(e)

X<m<2X X<m<2X ¢COp, cCOp,
Ne=m Ne=m

= Z (A(m))Q( Z 1)2 <4, (log X)2 Z j:2(d—1)

X<m<2X «COL X<pk<2X
Ne=m
< (logX)™ 3" 1< X(log X)*1,
X<pk<2X

as claimed. =

We are now ready to estimate S;. First, rewrite S as

Si== > @ X m®)x(@ALelh(Mee)’)

e bo=e
Ne>v, Ne>u Nb<v
N<(ce)<N'
= > a(m)B(n)e(h(nm)’)
n,m
n>v, m>u

N<nm<N’
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where a(m) and B(n) are given by (2.2)). Let
(2.3) uw=uv=No"1H1

and split the ranges of m and n into < (log N)? subintervals of the form
[X,2X] and [Y,2Y] such that N/4 < XY < 2N and v < X,Y < N'/v.
Summing over h < H we conclude from Lemma [11] and [4, Lemma 4.13]
with the exponent pair (k,l) = (1/2,1/2) that the contribution of each
subinterval is

< (HT/6NO/6+5/6 min (X —1/6 vy =1/6) 4 HNY2 max(X,Y)"/?)
. (10gN)2d%+dL+1/2
< (N2—1/12—5 + N5/2—36/2—n/2)N85/6.

Finally, summing over X and Y we conclude that the estimate

Z 51| < N exp(—D|Ag|~/?\/log N)

h
holds provided that

(2.4) 1-6< min<112, g)

and € > 0 is sufficiently small, both of which we shall assume in what follows.

2.2. Estimate of S3. We rewrite S3 as Sy + S5 where

Si==Y x> mw®AE) Y x@e(rM@e))

¢ be=e 0
Ne<v Nb<v, Ne<u N<N(0e) <N’

<logN Y| Y x@e(rtnee))|

Ne<v N<N(ve) <N’

and
Ss=— S xx@( Y u0)400)e(h(@e)))
<y Mo, She<u
N<N(e)<N’
= "3 a(m)Bm)e(h(nm)’)
Nom
with
am =3 x@( X mOAE), Bm) =3 x@).
Netem mbgbvc,: fftcgu ‘ﬂab=n

To estimate S; we split the ranges of m and n as we did for S; with
the only difference that we now have v < X < v? and N/v? <Y < N'/v
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in addition to N/4 < XY < 2N. Furthermore, an analog of Lemma
can easily be established for the coefficients a(m) and S(n); an explicit
formulation will be omitted here. Using [4, Lemma 4.13] once again we see
that the estimate

Z |S5| < (N27571/12 + N276v71/2 + N3/276U)N25
h<H
- < Nexp(—D|Ag|™V/%\/log N)
holds if we assume (2.4)), that € > 0 is sufficiently small and that
(2.5) 3n < 1.

Finally, we note that Sy can be estimated exactly the same way that S
will be handled in the next section. It does not impose any further restric-
tions on the range of & than Sy does, so we skip the details.

2.3. Estimate of S5. We rewrite Sy as

So= > x(@uwd) > x(©)e(h(Mcd)®) log Ne
inaagv N/ma<mcc§N’/ma
and start with the estimation of
S = > x(c)e(h(Mcd)?).
N/m<mcc§N'/ma

Recall that y is a ray class character of modulus f. Splitting S into ray
classes £ we obtain S = )" x(R)Sg where

Sq = > e(h(MNed)?).
ceER
N/M<NSN' /Mo

Since there are only finitely many classes, it is enough to consider a fixed
class . Let b be an integral ideal in the inverse class 8~ !. Any integral ideal
¢ € R is given by ab~! for some o € bN L; 1, where

Liy :=={x € L" : 2 = 1 mod f, and z is totally positive}.
Thus, we have

Sq = > e(h(M(aav))?)

aa
ac mef,l
PIL <M(aD )< (P)L

where a = b1,

R e R e
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Since f and b are coprime ideals, we can find an ag € b such that ag =
1 mod f. Hence, the condition that o € b Lj 1 is equivalent to the conditions
that o = a9 mod fb and that « is totally positive.
Define a linear transformation 7' from L to the Minkowski space Ly :=
{(#r) € Lc : zr = %=} by
To= (1o, ...,7q,®)

where Lc := [[, C and 71,..., 74, are the embeddings of L with the first r
embeddings being real and the first r; + 2 corresponding to the different
archimedean valuations of L.

Note that o, 8 € bN L1 generate the same ideal if and only if they differ
by a unit u € OF N L; ;. Since OF N L; ;1 is of finite index in O7F , its free part
is of rank r = r; + 1o — 1. Let &1,...,& be a system of fundamental units

for ©O7 N Lj 1, and E the invertible r x 7 matrix whose rows are given by
UT&), ..., 0T ) where £ : L = [[, C* — R" is defined by

Uz1,...,2q4,) = (log|z1],...,log|z|).

If L contains exactly w roots of unity, then for any ¢ € R*, (T (tar)) =
L(T'(tB)) holds for exactly w associates « of a given 3 € L*. Thus, in order
to pick a representative o € b N Ls; for the ideal ca € K that is unique
up to multiplication by roots of unity in L, we impose the condition that
{(Ta)E~' €[0,1)". At this point, we define the set

Ty:={z€Li:1<N2< N'/N,L(=z)E ' e[0,1), 21,...,2, >0}

for the norm Nz = N(z1,...,24,) = [, zi- Recalling the definition of Sg
above and noting that MT'a = Ny, jgo(a) for a € L*, we see that

wSp= > e(h(M(aa))’).

acap+fb
TacPlIy

Fix a Z-basis {a1,...,aq, } for the integral ideal fb that satisfies (1.1
and let M be the invertible matrix whose rows are given by T, ..., Tayq, .
Since for a € ag + fb, T'a can be written as Tag + nM for some unique
n € 74 we see that wSg = Y nezdr f(n), where f R — R is given by

e(D(M(xo +xM))°) if xg +xM € PIy,
fx) = .
0 otherwise,

xg = Tag, and D = h(M(ad))?. Partitioning R into a disjoint union of
translates B of [0,Y)?, where Y > 1 is an integer to be chosen later, we

obtain
Y. fm=> > [
B

nezdr neBNZ4L
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Note that the condition £(z) E~! € [0,1)" in the definition of Iy above im-
plies the existence of positive constants ¢; = ¢1(dr, Ar) and ¢ = cao(dr, Ar)
such that for any o € L* with Ta € PIj and any embedding 7 of L, we
have

aP <|ra| < P

Let R be the region {(21,...,24,) € Lr : 1P < |z;| < c2P}. Suppose that
f is not identically zero on B N Z% for some B. If xq + BM is partially
contained in R then it must intersect the boundary of R. Thus, we see that
the contribution of such B to the sum > f(n) is O(Y P4 ~1). For the rest
of the boxes B for which f(BNZ) # 0, we necessarily have xo+ BM C R.
From now on, we assume that B is such a box.

By the arguments in there exist constants C; = C1(k,dr, Ar) and
Cy = Co(k,dr, Ar) and a matrix U € SL(dp,Z) such that for N > Cf,
1 <Y < 9P and any x = (x1,...,24,) € BU™!, we have
" ON;
ax’f gU(X) 81:1

where gy is given by (2.13)), A;’s are determined by the condition ¢(xo+xU M)
= (AM1(x),...,\(x))E, and the implied constants depend on k (only if rel-
evant) and on dy, and Ay. After a change of variable we obtain

(2.8) Yo fm= Y fl)

(2.7) = pYL=k and (x) > P!

neBNZL neBU-1NZ4L
= g g E f(mU)
(n2,...nay JEZIL ! n1€Z

neBU1nzdL

where n = (ni,...,ng, ). Since f(BNZ%) # 0 there is at least one tuple
(n2,...,n4,) such that f(nU) # 0 for ny € Z and n € BU~' N Z%. Fix
such a tuple. It follows from with k& = 1 that both \;’s and the norm
function are monotonic and thus there is an interval I = I(ng,...,ng, ) of
length at most O(Y) such that f(z,ng,...,nq,) # 0 for z € I. We are
now ready to estimate . We shall do so in what follows using different
methods according to the size of the degree dy, of the extension L/Q.

2.4. Vinogradov’s method—Ilarge degree. Assume that d;, > 11. It
follows from (2.7]) that there exist positive constants C5 = C3(dr, Ar) and
Cy = C4(dL, AL) such that

1 L+l Cy
— <X (D <4
Ao — (%‘fﬁl( )| = Ao
where
PdL(1—6)+1 N1—§+1/dL

CsD  Csh(M(ad))+1/de”

Ay =



Piatetski-Shapiro meets Chebotarev 315

Using (2.1)) and (2.3) we see that
NL/dp—e—(141/dp) (n+5-1) pdr(1-6)+1
<A< Sy
C3(N(a))+1/de C3(N(a))
Therefore, assuming that n < 1/(1+4dy) and ¢ is sufficiently small it follows
from Lemma [7] that for sufficiently large N, we have Ag > 1. Set p =
1/(3d% log(125dy)) and take

(2.9) Y = A(l)/((“?/dL)(l—p))‘

Using equation ([2.4]), the upper bound for Ay above and the inequality
(1+1/dr)(1 —p) > 1, we deduce for sufficiently large N that

(2.10) AY @A) oy < min(Cy P, Ay).
If the interval I in (2.8)) satisfies
A(l)/(2+2/dL) < |1,

we derive from (2.10) and [I5, Theorem 2a, p. 109] that

Y. elDgu(m) < 1] <Y
niel
neBU " 1nZ4L

For smaller intervals I, trivially estimating the sum yields a contribution
< Y7 due to the choice of Y in (2.9). Since the number of tuples
(n2,...,nq,) € Z%~! such that n € BU~' N Z% is O(Y9: 1) we obtain

Y fm) <y,

neBNZAL

So, the contribution to the sum in (2.8) of those B for which f(B N Z%)
# 0 and xg + BM C Ris < P¥Y ", and this is already larger than the
contribution from the rest of the boxes B.

Using (2.6) and partial summation and then summing over the ray
classes K we see that the sum

> x(c)e(h(Ned)’) log Ne
N/‘JID<‘ﬂcc§N’/‘ﬂD
N/ Nl-o+1/ds *Wbu—ml N
< 5o \ h(ot0) T+ /e *

1_p(A=d+1/dp) b _q p
= N~ @+2/7d)0-p) (ma)Q(l—p) h 2+2/dp)(1—p) log N.

Finally, summing over ideals ? with 910 < v using the fact that Zgndg 1L
(see for example [0, Ch. IV, Statement 2.15]) and then summing over h with
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h < H we deduce from (2.1)) and (2.3 that

(1—8+1/dy)
Z 52| < N s i gt ey log N « Nl+a+2e
h<H

where

- P (1-8)2—3p)+
50—\ dr 11 prvpn -
Thus, assuming (2.4) and choosing
1
(2.11) L —

3 2(dr+1)  6(dg+ 1)d2 log(125dy)

we see that both (2.5)) and the inequality ¢ < 0 hold. Hence for sufficiently
large N and sufficiently small € > 0,

Z S5 < N exp(—D|Ag|~/?\/log N)
h<H
provided that dj, > 11.

2.5. Van der Corput’s method—small degree. By [4, Theorem 2.8]
and ([2.7) we obtain

Z e(Dgy(n)) < YAV/@12-2) 4 yi-1/280
ni
neBU1nziL n Y171/2k71+1/22k>\71/2k+1

where \ := DP?9~(k+2) Note that this bound is no better than the trivial
estimate unless A < 1. Therefore, we shall require that n < 1/(dr +1). With
this assumption, we deduce that for & > dy, — 1, for sufficiently large N and
sufficiently small € > 0, both of the inequalities kK +2 > drd and A < 1 hold,

since by (2.1), (2.3) and we have

h(9(av))° . HN
(N/(Nav))(k+2=drd)/de = (N /v)k+2)/de
L+5E2 (545-2)+e

A = DPdL(S_(k+2) _

<N

We derive as before that the contribution from the boxes B for which
f(BNZ9%)#0and xg + BM C R is

< PdL(Al/(2k+2—2) Lyt Y—1/2k*1+1/22’“)\—1/2’“+1)

9

while that from the rest of the boxes B is O(Y P9 ~1). Combining these
estimates yields the bound Sg < P (A/(2?=2) L G(Y)) where

G(Y) _ Y_1/2k+1 + Y_1/2k71+1/22k:)\_1/2k+1 + YP_I.
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By [4, Lemma 2.4] it follows that for some Y € [1,CyP],
G(Y) < p1/(1+2k) 4 (P_1/2k*1+1/22k)\—1/2k+1)1/(1+1/2k*1—1/2%)

+pt +P—1/2k+1 + N\~L/2E po1/2k ety o2k

< P*I/(HQHI) + (P71/2k—1+1/22’€)\71/2’€+1)1/(1+1/2k—171/22k)'

Note that in order to have P_1/2k71+1/22k>\_1/2k+1 < 1 one needs that k£ <

dr, + 2, which can be seen usmg , , , , and that n <
1/(dr, +1). Using equation (2.6)), the fact that A= DPL_(k+2) and partial

summation we derive that the sum

(log N)~* > x(c)e(h(Mcd)°) log Ne
N/‘J?D<‘ﬂcc§N’ /9o
is

dyo—(k+2
k+2 +4L (k+2)

< hl/(2’“+2*2)sn(a)dL(2k+2_z>’1N1 a7 (2F+22)

1428~ L (k—2—-dy 5) R L) 1 _ 1
+N dy (22k 42k+1_1) (mb) dr (22K 2k+T_7) h~ 2R FTra—2l—k

+ (N/9W) " m

Summing over ideals 0 with 910 < v, and then over h < H, we see that

-1
(logN)~' ) |S|
h<H
1+1/(2k+272) 12122 dL&k-(s—k;Z) . E+1 ! E+1
< H dp (2k2-2) N7 T dp (2 2) —I—HN T dp (2R L) g dp (142RFT)

1428~ (k—2-dy 5) 1
—|—N dy (22k f2k+1_1) H T okl _ol—k

< N1+q1(k)+2<€ +N1+Q2( )+e _|_N1+(I3(k)+€

where, assuming (2.5]), it follows that the exponents ¢;(k) satisfy

B 1 k+2 dpd — (k+2)
() = (1-0)(14 gy ) + 6 1eay g o + S0 O
L (g, ok b
<dL(2k+2_2)<3(dL(2 2)+2k+4)+d, —k—2),
1
) = g O T g

1

< PRI (g(dL(l 42k 19y — 1>,
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and
1+ 254k —2—dpo) 1
k) = 1-6)(1-
as(k) dr(2%F + 2k+1 — 1) ( ) 2k+1 4 — 21—k
1+2Yk—2—dp) n

A% 25 1) 3

Thus, for sufficiently small €, the estimate
Z |S5] < N exp(—D|Ag|™2y/log N)
h
holds provided that for 1 < dp — 1 <k <dp +1,

n . 1 k+2—dj
2.12) - =
(2.12) 3 mm<3(dL+1)+s’dL(2k+2—2)+2k+4’
1 2P Ndp+2—k)—1
dr(1+2k+1) 427 dp(22k 4 2k+1 — 1)

2.6. Conclusion of the proof of Theorem [2| Upon comparing
and we conclude that for 2 < dj < 11, the maximum value for 1/3
(hence the widest range for ) is obtained via van der Corput’s method when
k = dj, — 1 is substituted into the function

k+2—dp
dp(2F+2 —2) + 2k + 4’

while for dy, > 11 one needs to use Vinogradov’s method, in which case we
obtain

n_ 1
3 6(dy +1)d2 log(125dy) "
With the above choice of 7, the claimed range for ¢ in Theorem [2] follows

easily from (2.4).

REMARK 12. To estimate Sy, one may also use [I4, Lemma 6.12] for
dr, > 7, but the result is worse than what we have already obtained.

2.7. Derivative of the norm function. In this section we prove some
auxiliary lemmas used in the estimate of Ss.

LEMMA 13. Let V € GL(dp,R), n € Z% and x,u € R% . Set
(213)  gv() = ko + XV, Gu(t) = [M(xo + nM + tudd)]?,
Then, for any k > 1,
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akgv dk
2.14 =—0g1;(0
e ZH| -
= ZZD“ ---DikF(X0+nM)Ui1 Cr Vg
(SRTPe 7
1<i;<dy,

where F(z1,...,2q4,) = do 8 D; = 0/0z;, v; is the ith component of the

i=1%5>

vector ViM, and V1 is the first row of V.
Proof. Use induction and the chain rule for derivatives. =

LEMMA 14. Given a € R, there exists v = v(a) € R and a positive
constant ¢; = ¢é1(k,dr, Ar) such that for any k > 1,
dk
‘dtkgm)‘ > & Pk where  §(t) = |MN(a+ tvM)|°.
Proof. Assume first that L has no real embeddings and that the first

two coordinates in Ly correspond to conjugate embeddings. Write a =
(a1,a2,...,aq,) and take v(a) = ( o420, ,O)M‘l. Note that a1 = a»

la1]’ Jaz]’

since a € LR Using Lemma (13| with V] = v and xg + nM = a we see that
dtkg = Y Di...DyF(a, v,
7/17 77'k
1<z]<dL

k:!F a 4] d E'F(a) (2
- 92(-)( »): P o)
jar)® NG/ \k = lar|” \6
where (f) is the coefficient of 27 in the Taylor series expansion of (1 4 z)?

and the last equality follows by writing (1 + 2)2° = (1 +2)%(1 + 2)° in two
ways as series and comparing the coefficients of z*. Since a € R, we have
c1 P < |a;| < coP for each i. We thus obtain

dr 8dr, —k pody—k | [ 20
‘dtkg(())‘zcchz PO Ll )1

If L has at least one real embedding, take v = (1,0,...,0)M !, In this
case, Lemma [T3] gives
)
dtkg(o)‘ =66 — 1)+ (6 — k+ 1) F(a)ar¥| > ey " POl—Fp <k> ‘

i
Since 0 € (1/2,1) and is fixed, we obtain the claimed lower bound. =
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LEMMA 15. Given a = xg + nM € R where n € Z%, there exists a
matriz U € SL(dr,Z) such that for any k > 1,
8ng(nU_1) > P(;dL_k (9)\1(nU_1)
8m’f ’ 81’1
where gy is given by (2.13)) and the implied constants depend on dy, and Ar,
with the first one also depending on k.

Proof. Using Lemma 14| we find a vector v = (1,...,7q,) € R¥. Set
v = VM = (v1,...,94,). Suppose that for some @ > 0, there exists u =
.,udL) € Z% such that |i;—Q?;| < 1. Setu = aM and w = u—Qv =
.,wq, ). By Lemma [13| we see that

dk
tkgu Z Dll e ik H Qvll + wll)
=1

015000k

>Pt (i=1,...,r)

A/_\

1<i;<dr,
k
= Z Dil e ik ( )(Q ’Ull e vik + Z Qk_lAl(v7 W))
(SN =1
1<i;<dr,

dtkg" +ZQ’” S Dy ... Dy Fa)A(v.w).

U15eenylk
1<, <dj,

Write D, ... D;, F(a) by grouping the same indices as Déll . .Dl-:F(a) with
Ji’s distinct and ), l; = k. Since a € R, we have ¢; P < ]aif < ¢9P for
each ¢. Thus,

I b |6(8 (6 =lLi+1)|
D} ... DY F(a)| = |F(a |H Iall

5d 6(6 —1)--- (0 —1; +1)| Sdy—k
(coP) LH (@ P) < c3 POt

for some constant ¢ = c3(k,dr, A L) > 0. Owing to the way v is constructed
in Lemma |v;] <1 for each i. Furthermore, each w; is bounded only in
terms of dy, and Ar. Therefore, there exists a constant ¢y = c4(k,dr, Ar)
such that |4;(v,w)| < cs. We thus conclude from Lemma [14] that

dr _ dr _
0] 2 Q| z000)| - Z@’“ | Dy Dy P AW
Gy
> PPk (5 QR — O QF T — - — 01Q — C)

for some constants C; = C;(k,dr, Ar) > 0.
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Next, let Gy (x) = £(xo + xUM)E~!. Note that \;(x) is the ith coor-
dinate of this function. Writing a = (a1,...,aq,) and u = (uy,...,uq, ) we
0Gy(x)

get
= <Re<u1>,...,Re<ur>)E_l
ox1 xenlU~1 a1 Q.

where Re(z) denotes the real part of z. Recalling that u; = Qu; + w; we

conclude as before that

o\; (HU_l)
8%1

for some positive constants él and C’o that depend only on dy, and Ay,.

It follows that there exists a constant Qo = Qo(k,dr, Ar) > 0 such that
both polynomials in Q) above are positive for Q > Qq. If all the components
of v are equal we fix some @ > Qo and let 4y = [Q?; | and @; = [Qv1] (if any
@; turns out to be zero, we can instead choose all 4; = 1). Otherwise, find
the first index g such that |0;,| = max; |0;| and choose @ = (p — 1/2)/|0;,]
where p is the smallest prime > Q|¥;,|. Choose ;, = +p depending on the
sign of v;,, and the rest of the ;s as either the ceiling or the floor of Qv;
so that 0 < |@;| < |@;,| = p for j # ip. In either case, we can find a vector
0 € Z% that satisfies |@; — Q| < 1 and ged(dy, . .., g, ) = 1. It follows from
[11l Corollary I1.1] that @ can then be completed to a matrix U € SL(dy,7Z)
with @ as the first row. Thus, the claimed lower bound follows by noting

that
OFguy(mU~1)  dF p
—ar = a
Oxk dtk
Suppose now that xg+nM € PIy for some n € BNZ4 . Tt follows from

Lemma with a = xg + nM that there exists a matrix U such that the
inequality

> P1(C1Q — Cy)

(0) > pPoir=Fk o

k
‘ 9 > C;;P(Sd/Lilc

—gu(x
Ok 9u(x)
holds for some positive constant c3 = c3(k,dr, Ar) where x = nU L. If x/
is any other point in BU™! it follows from the Mean Value Theorem for
integrals, Lemma [13| and the inclusion x¢ + BM C R that

ok Bl ord [ oF

— (%) — —gu(x) =\ = [ = gutx+ (1 — )X | dt < Y Podr—k-1

o)~ v = G (ot (1-10%) )
where the implied constant, say c4, depends on k, dr, and Ay. In partic-
ular, it does not depend on the choice of x’ € BU~!. Thus, for any point

x' € BU™!, the lower bound
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holds provided that 1 <Y < ¢3P/(2c4). This condition imposes a further
restriction on N, namely N279=7 > 9a(2cy/c3)% . Assuming n < 1/d, and
that Dta is bounded (which follows from Lemma [7)), we deduce that for
sufficiently large N, and all x’ € BU ™!,
0" / odr,—k
—gu(x') < P~
where the implied constants depend only on k, d;, and Ay provided 1 <
Y « P. Using the same argument we can also show that \;’s are monotonic
in the first variable on BU !,

3. Proof of Theorem (1. By the definition of the conductor (cf. [10]
Ch. VI, (6.3) and (6.4)]), K'/K is the smallest ray class field containing
the abelian extension K/Q. Furthermore, every ray class field over Q corre-
sponds to a cyclotomic extension. In particular, it follows from [10, Ch. VI,
Proposition (6.7)] that there is an integer ¢ such that § = (¢) and K7 is the
qth cyclotomic extension of Q.

Fix o9 € G and set Ag = {0 € Gal(L/Q) : o|,, = 0o} where 0|, is the
restriction of o to K. Then it follows from [6, Ch. III, Property 2.4] that
the set w(K,{oo}) is the disjoint union of the sets (L, {c}) for o € A.
Therefore,

me(K, {oo}, ) = > me(L,{o},x).

o€Ap
Since each o € Ay corresponds to some a, € (Z/qZ)* we have n.(L,{c},z)
= 7.(z;q,as), where the latter counts the Piatetski-Shapiro primes not ex-
ceeding x that are congruent to a, modulo q.
By [9, Corollary 11.21] there exists an absolute constant D > 0 and a
constant zo(f) such that for z > z¢(f) we have

Y (+1)°=p") = (p?q) li(z°) + O(2° exp(—D+/log z))

p<z
p=as mod q

where the implied constant is absolute. Furthermore, as in the proof of
Theorem [2, choosing H = N'~%+¢ we derive that

7['0(1"; q’ao’) - Z ((p + 1)5 - pé)

p<z
p=as mod q
< Z N1 Z _max Z e(hn®)A(n)| + z° exp(—D+/log x)
1<N<z 7 Ve N<n<N'
N=2k n=a, mod q

where D is the same constant as above. Thus, to finish the proof it suffices
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to show that for any N’ € (N, Ny],

Z ’ Z e(hn®)A(n)| < N exp(—D+/log N).

h<H N<n<N’
n=as mod q

Applying Vaughan’s identity (see, e.g., [5, Proposition 13.4]) and assuming
that v = u < N we obtain

> e(hn®)A(n) = Sy + Sy + Ss

N<n<N’
n=as mod q

Si=— 3 eln®) Y A0 Y ud)

where

N<n<N' n=cd d=ab
n=a, mod q c,d>v b<v
Sp= Y e(hn’) ) p(b)loga,
N<n<N’ n=ab
n=as, mod q <v
Ss=— Y e(n®) > u(b)A),
N<n<N' n=abc
n=ay mod ¢ b,c<v

Using Dirichlet characters x modulo ¢ we obtain

Si=-— 3 X Y (X u®)x@ACe(hled).
4,0((]) x mod q N<fidSNl c%):<%b

where ¢ is Euler’s totient function. By [4, Lemma 4.13] we conclude as in
the non-abelian case that

N—4a/32|51| <« N2-1/12-8 | N2-6,-1/2
h

For S5, we use additive characters modulo ¢ to obtain

11
Sy = 526(_]{7610/(]) dou®) D e(f(a)loga
k=0 bsv N/b<a<N'/b
where f(x) = hb?2 + kba/q. Since |f"(x)| < hb2N°=2 for N/b < 2 < N'/b
we conclude from [4, Theorem 2.2] that
> e(h(ab)’ + kab/q) < NO/2p}? 4 p=1/2p= I N1=0/2,
N/b<a<N'/b

Using partial summation and then summing over b < v followed by h < H,
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we obtain

Z ’SQ| < (N5/2H3/2,U + H1/2N1—5/2) 10g2N < N3/2_6+2€U.
h
Write 53 as —54 — 55, where

Si= S umA@) Y elh(ad))

d<v d=bc N/d<a<N'/d
ad=as mod q

< logN Z‘ S e(h(ad))
d<v N/d<a<N'/d
ad=as mod q

)

and

Ss= S elhlad)®) 3 p(b)Ac).
N<ad<N’ d=bc
ad=a, mod q b,c<v
u<d<v?
Applying [4, Lemma 4.13] once again we conclude as we did for S; above
that

N74e/3z 1S5 < N2-0-1/12 | N2-6,-1/2 | N3/2-6,
h
Finally, we note that S4 can be handled exactly the same way as S3. Choos-
ing v = N9~1/2-3¢ with a sufficiently small € and combining all the estimates
obtained above we see that

Z ‘ Z e(hn‘s)/l(n)‘ < Nexp(—D+/log N),
h<H N<n<N’
n=a, mod q
as desired, provided that ¢ € (1,12/11).
The proof of Theorem [1]is thus completed by noting that the number of
elements in Ag equals |Gal(L/K)| = ¢(q)|Ax| ™ .
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