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Abstract An integer is called y-rough if it is composed solely of primes > y. Let |.]
be the floor function. In this paper, we exhibit an asymptotic formula for the counting
function of integers n < x such that [n¢] is y-rough uniformly for a range of y that
depends on 1 < ¢ < 2229/1949.
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1 Introduction

Piatetski-Shapiro was the first to show that the primes in the sequences of the form
{Ln°]},en obeys an asymptotic law whenever 1 < ¢ < 12/11 (see [8]), hence the
name. Since then, the admissible range of such values of ¢ has been extended by many
authors, and currently the best known result is 1 < ¢ < 2817/2426 due to Rivat and
Sargos [9] (see also [10])

In this paper, our motivation is to study a slightly general problem: the distribu-
tion of rough values of Piatetski-Shapiro Sequences. We advertise this problem as a
generalization of counting primes in Piatetski-Shapiro sequences, because, there is a
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2 Y. Akbal

trivial one-to-one correspondence between integers 1 < [n¢| < x such that [n¢] is
x!/2-rough and those primes of the form |x¢] lying in the interval (x'/%, x].

To state the theorem, some notation is in order.

For ¢ > 1 non-integral and for |x¢] > y > 2 real numbers, we define

De(x,y) =#n <x: P (|n°]) >y},

where P~ (n) denotes the least prime divisor of n with the convention that P~ (1) = oo.
We let
W(x,y)=#n<x: P (n) <yl

where P (n) denotes the largest prime divisor of n with the convention that PT (1) =
0. Given ¢ > 0, we set

Hee={(x,y) 1 x > x0(e,¢), exp{(loglogx®)** T} <y < x¢}.

For u = (logx)/(logy) > 0, we let w(u) be the Buchstab’s function (see [12, Sect.
II1.6]), and let p (1) be the Dickman’s function (see [12, Sect. II1.5]). We let

e

_ yl/c H
Welx. y) = wlew) =y )iy, in Hee
;(fy)’ otherwise,

where y is the Euler—-Mascheroni constant and

cy= [l a-pH7"
p: prime
Py

We put H (1) = exp(u/log”(u + 2)).
In our setting, we first derive an asymptotic for ®.(x, y) holding uniformly for a
range of y depending on 1 < ¢ < 2229/1949 = 1.14366. ..

Theorem 1 For 1 < ¢ < 2229/1949 fixed, there are positive numbers p and n such
that for any 0 < ¢ < p the following asymptotic formula holds

D (x, y) = W(x, y) + O(max{x' ", R.(x, y)}) ey
uniformly for
2sy< ’ ;chlcéjéf‘%%)/zgo*e, XZEZ ;5<09C/2<22295 05??37229/1949, 2)
where
Ro(r.y) = [ xp(cu)(log y) ™ (H ()™ + exp(=(log y)*/74)), in He.,
logx (maxyes; >y 1710 (1, y)), otherwise.

for some absolute constant a > 0.
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Rough values of Piatetski-Shapiro sequences 3

Here we note that the error term in (1) is not sensitive to very small values of y.
To illustrate this, given 1 < ¢ < 2229/1949, we take y = log” (x¢), for A > ¢. Then
57 (r, y) « x871/A+00) (see [7]) uniformly for every x¢ >t > y, and for large x.

De(x,y) — <« max [xl_", xl_f‘“’(l)].

X
¢(1,y)

Picking A sufficiently close to ¢ and x large, we see that x' =" dominates the other
term in the maximum above.

We also remark that if ¢ > 2229/1949 one may use sieve methods. It is not hard
to show that

cl_ ]l 1
[n°] =0 (mod d) < [d]<d'

Thus by Erd6s—Turan inequality ([2, Theorem 2.1]), it follows that
#n<x:|n|=0 (modd)}= ;—C t E.(x,d)

where E.(x, d) satisfies

DB, d) < x'F

d<x®

for some o = «a(c) by either van-der Corput’s or Vinogradov’s exponential sum
estimates. Hence using Brun’s Sieve we obtain

X
De(x, y) < @

uniformly for 2 < y < x#, where g depends only on c. Furthermore with some work
it can be shown that, using for instance Heath-Brown’s recent kth derivative test (see
[4]), one has B ~ a/c? for some a > O fixed. Since this result is rather weak compared
to Theorem 1, we do not pursue this here.

Manuplating the Euler product of Dirichlet series of integers that are free of primes
< v, one arrives at the convolution identity

|1, it Pm(n) >y,
; uid) = {O, otherwise. G)
n
PHd)<y

By Lemmas 1 and 2, the proof of the theorem reduces to exponential sums over rough
numbers. Using the identity (3), one converts these exponential sums into exponential
sums over integers that are free of large prime factors, in turn by Lemma 4, creating
multinomial exponential sums of type (7). Treatment of these exponential sums differs
depending on the size of y; that is, when y is small, we use Lemma 9; when y is large,
we take into account the variation of the related parameters by combining Lemmas 9
and 10.
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4 Y. Akbal

1.1 Preliminaries and notation
1.1.1 Notation

Given a real number x, we write e(x) = ¢27*, {x} for the fractional part of x and |x]
for the greatest integer not exceeding x. The notation || x|| is used to denote the distance
from the real number x to the nearest integer. We write n ~ N to mean that n lies in
a specified subinterval of (N, 2N]. Furthermore, ¢ > 1 is a fixed real number and we
put § = 1/c. Throughout of this paper p always denotes a prime number. We recall
that for functions F and real nonnegative G the notations F < G and F = O(G)
are equivalent to the statement that the inequality |F| < oG holds for some constant
o > 0. Further we use F < G to indicate that both F > G and F < G hold. We put

Y =x—|x] —1/2, and AY(x) = P (—(x + D) — p(=x?).

In a slight departure from convention, we shall frequently use ¢ and 1 to mean small
positive numbers possibly not the same at each occurrence.

1.1.2 Preliminaries

In this section we state several lemmata that are to be used to reduce the proof of
Theorem 1 to exponential sums.

Lemma 1 Let ¢ > 1. Suppose {a,} is a sequence of complex numbers with norm at
most one. Then

ZaanJ = Z a,,éna_l + Z anAw(n) + 0(1)

n<x n<x® n<x©
where the implied constant depends only on c.

Proof The equality m = |n¢] holds precisely when m < n¢ < m + 1, or equivalently,
when —(m + 1)‘S < n < —m®. Hence,

ZaanJ = Z am ([=m® | = [=(m + D’]) + 0(1).

n<x m<ae

The desired result follows upon recalling the facts
m+1°—ml=sm® '+ 0m*?% m=>1)

and

z amm®2 = 0(1).

m<x’

To deal with the penultimate term in Lemma 1, we use the following Lemma.
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Rough values of Piatetski-Shapiro sequences 5

Lemma 2 Suppose 1| <y < z. Let Hy > 1 be a real number. Then

> anAym) < NHy' + HY?

N<n<N’

N°2 4+ Hy'log HyN'™

+ N1 max E
N<SN"<2N
ST I<h<HY

Z ane(hn®)

N<n<N"

forevery N < N’ < 2N, where the implied constant depends only on 8.
Proof The proof follows using standard arguments, see e.g. [5, Sect. 4]. O

Lemma3 For Hy > H > H| > 1, let
m n
L(H)=> A;H“ +> BjH™",
i=1 i=1
where A;, Bj, a; and b; are positive real numbers. Then
b 1/(ai+bj)
max  L(H AHO B;H," (AfB)
o 1% L )<<Z +Z ) +,21:,Z%
where the implied constants depends only on m and n.

Proof See [5, Lemma 2.4.]. O

The following lemma allows one to factorize friable numbers in a convenient
manner.

Lemma 4 Suppose that2 <y < R < n < x, with PT(n) < y. Then there is a
unique triple (p, u, v) with,

(i) n= puv
() p <
(iii) R/p <v < Rwith P~(v) > pand PT(v) <y
(iv) u < x/pvwith Pt(u) < p
Proof Seee.g. [13, Lemma 10.1.]. |

Lemma 5 For any integer k > 3, and every real number ¢ > 0, there is an exponent
pair given by

kD) = 2 p__ k=2
(’)_((K—l)z(K%-Z)’ kik — Dk —2) 8)

Proof See [6, Theorem 2]. O
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6 Y. Akbal

1.1.3 Exponential sums with monomials

For H, K and L positive integers, X > 0 a real number; moreover a(, n) and b(m)
complex numbers with norm at most one, we define

h
Z z a(h,n) Z b(m)e( Hﬂrll(;nLa).

H<h<2H K<n<2K L<m<2L

The following theorem is well-known result of Robert and Sargos (see e.g. [11]).

Lemma 6 Suppose «, B and y be real numbers such that a(e — 1)By # 0. Then for
everye > 0

e x \' 1 1 1
S (HEL) k) TwxA T e T xia|

where the implied constant depends only on o, B, y and ¢ > 0.

Lemma 7 Suppose «, B and y be real numbers such that (e — 1)By # 0. Further
suppose b(m) is an indicator function of a subinterval of (L, 2L]. Then

. X\ 1
S HKL) i —— — + =1,
< ( ) l(HKLZ) +L1/2+X]
where the implied constant depends only on o, B, y and ¢ > 0.

Proof See [11, Theorem 1]. O

The next result is a generalization of the method of estimating so called Type I sums in
[6]. This was later generalized by Roger Baker (see e.g. [1]) to arbitrary exponent pairs
under the assumption X > H K. Here we reprove his theorem in a slightly general
manner.

Lemma 8 Let (k, 1) be an exponent pair. Suppose a < 1, and afy # 0. Then

Xk )1/2(k+1) 1 1

S < HLKIlog(2HKL) [(W +W+W

1
+L(l+k—l)/2(k+l) }

where the implied constant depends only on «, B, y and (k,1).

k . o
Proof We may assume W < land X > 3, otherwise the result is trivial. By
Cauchy—Schwarz inequality one has

kL Z ' Z Z a(h, n)e( I}—;ﬁlz/:fa)

L<m<2L ' H<h<2H K<n<2K
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Rough values of Piatetski-Shapiro sequences 7

Bv
. . h B
We now use [9, Lemma 5] with the choices x; = W andz; = X ;’Iﬂ';(yy”fa
yielding
S2 L 2)/+/3+1XA ma
<% 2. |2 Iz
hi,ho~H 'm~L
ny,na~K
[Al<n
Wen? —nn? .
where A = SF7b—224> and 1/2 > n > 0 to be determined later. We next suppose

n > 1/X and estimate the innermost sum trivially by L whenever |A| < 1/X, which
by [3, Lemma 1] gives rise to a contribution

L?HK H?*KZ?L?
<« € :=10g(2HK) + .

nX

Applying the exponent pair (k, /) whenever % < |A] < 7, it follows that

L L
SP<= D AXNAILT  —+ E< T+ T + &
hi,hh~H X|A|

ny,np~K
x <lAl<n

where 7 and 75 denote the contribution of first and second terms in braces respectively.
It is not too hard to see that splitting up the interval % < JA] < pinto K log X <«
log(2H K L) dyadic intervals and applying [3, Lemma 1] on each such interval, one
has 7, « log(2H K L)E. Furthermore, by [3, Lemma 1], it follows that

Il 10g71 (ZHK) < nk71L1+lkakHK + nkLl+likaH2K2.
Choosing % < n < 1/2 optimally by Lemma 3, one gets

H?K?L?

S?log 2QHKL) < L’HK + + LR xR K 4+ LR R K

1+l+k 2+k 2+k

+ LT HTH K TR X T 4 H2K2L T 4 xR Rk

hence the claimed result follows on using the assumptions that were made in the
beginning.

The following result is useful when dealing with small y’s in Theorem 1.

Lemma 9 Suppose 1 < ¢ < 2229/1949. Then for every exponent pair (k,l) and
every ¢ > 0, there is a positive number n = n(c, ¢, (k, 1)) > 0 such that

> AYM) K Te(k.x, y)x© 4+ x' 7, “
1<n<x®
P~ (n)>y

@ Springer



8 Y. Akbal

where Z.(k,l, x,y) is defined in (13) and the implied constant depends only on c, &
and (k, ).

Proof Let 0 < k < /100 be a small constant to be determined. Fixing 1 < ¢ <
2229/1949, we may assume that y < x ¢+« , otherwise the result is trivial because of
the factorxl/zy inZ.(k,l,x,y).Let2 < y < M < xc+ be a parameter to be chosen.
Then

DAy = D> Ay + OMT), )
1<n<x¢ MK <px®
P~ (n)>y P~ (n)>y

We next divide the interval (M€, x¢] into intervals of the form (N, N’], where
N’ = max{2N, x°}. Let 0 < n < 1/1000 be a constant to be chosen. Using Lemma
2 with Hy = N'~%7 on each such interval, we end up with estimating

N1 max Z &n Z e(hn®) + N°~" 6)
N<N'<2N
ISh<Hy  N<n<N'
P~ (n)>y

for some complex numbers &;, not exceeding 1in modulus and forall M¢T* < N < x€.
To estimate the double sum above, we first use the convolution identity in (3) so as
to convert it into

SNy= D en D, ueh(df)’).
1<h<Hn df~N
PH)y

On splitting ranges of /1, d, f into < log® N dyadic intervals one has

SN < D> IS(K L, H)|

H=2F<Hy
K=2'<N
L=2"<N

KL=N

where

S(K,L,H)= D en D ndehdf)). (7

h~H d~K
f~L
df~N

PHDLy

Our first task is to show that, whenever 1 < ¢ < 2229/1949

S(K,L, H) < N'"2¢" provided that K < N°~5"

uniformly for every y.
Let ¢’ > 0 be a small number. A straightforward application of Lemma 7 yields

S(K,L,H) < N'"21¢" provided that K < N3~2-121 8)
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Rough values of Piatetski-Shapiro sequences 9

uniformly for all y. As for the case N°™7 > K > N3¥=27121: ysing the elementary
estimate

172
/_1/2

holding for any sub-interval of Iy C [N, 2N), it follows that for some complex
numbers a(h, f) and b(d) not exceeding 1 in modulus, one has

Z e(am)

mely

1/2 1
da <</ min{—,N]d(x Llog2N (N=21, ()
~12 [lex]

12
S(K,L,H):/ Z Za(h,f) Zb(d)e(—ad)e(h(df)‘s) z e(am)da

Y2y f~L d~K m~N/f

S 3 ath )Y bd)e(—ad)eh(df)’)

h~H f~L d~K

< log N sup
ae[—1/2,1/2]

(10)
Lemma 8 yields

S(K, L, H)10g72N < (HI{]/2N175/2 +H]1//2N1/2K1/2
+ Hy N K ~(Hk=D/Qk+1) 4 HNN(2+k(5+1))/(2(k+1))K*(l*1)/2((1+k)))7

where (k, /) is an exponent pair. Examining the worst scenario, we derive that
S(K,L,H) < N'™2"log’> N (11)
holds whenever

NU=9E+/A=D+6nk+D/(1=D) < g < NO=51,

In order that this last estimate is applicable whenever K > N3%=2712_we should
have
38 —2—12n>(1—-8)Kk+2)/A =D +6nk+1)/(1—1).

This is satisfied if 1 < ¢ < 1;:3”2 and that n sufficiently small. To get | < ¢ <
2229/1949, we pick (k,l) = B(1/162,359/378 + &) = (85/189 + ¢,41/81). Here
the exponent pair (1/162, 359/378 + ¢) is obtained by taking k = 7 in Lemma 5.

To handle the case K > N®~>", we choose k = 5nc/(8 — 51) so that the inequality
(6 — 5n)(c + k) = 1 is satisfied, yielding

y <M < MEHPDO=M < NS < K < g < 2K.
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10 Y. Akbal

It hence follows by Lemma 4 that

SK.LLH) =D en D > D> > wmlpuvyethuvpf)).

h~H  f~Lp<yM/p<v<M u~K/pv
Ptw)Ky u~N/pvf
P~w=p PTw<p

Here it is clear that the presence of the factor ( puv) makes the inequalities P (1) <
p and P~ (v) > p strict, allowing one to split the mobius function:

“SK.LHY = eny > D D, wp@elipf)®).

h~H  f~L p<y M/p<v<M u~K/pv
p+(u)<y u~N/puf
P~()>p PTw<p

On splitting the ranges of p, v, u into dyadic intervals, we are to estimate

S(K,L,H,U,V,P):= > epu) . a,pethuvpf)?).

h~H p~P

f~L v~V

u~U Pru)<p
uvfp~N
uvp~K

for some a(v, p) complex numbers not exceeding one in modulus. We next note that
S(K,L,H,U,V,P)is

12 1/2
/ / @) 3 aw. peChtuaps* +apy + )
—12 1/2 op
v~V
u~U

> e(—an) D e(—mp)dadp

nfu~N m~P
nu~K Pt (u)<m

for some a(v, p) complex numbers not exceeding one in modulus. Here the last expres-
sion, by (9), equals

< log2 N Z Z

h~H ' p~P
f~L y~v
u~U

for some la’(v, p)| < 1. Grouping the terms r = uf and r’ = pu, it follows that
S(K,L,H,U,V,P)is

< z c(r)

h~H
r=<LU

2

r'=PV
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Rough values of Piatetski-Shapiro sequences 11

for some |c(r)], |c’(r")| < d(r), where d(r) is the divisor function. Using the bound
d(r) <« r® and the relations LUPV < N, M/P < V <« M, Lemma 8 yields

k(@+1D42

S(K,L,H,U,V,P)N" > <« HN 2+0 M~ ) +H1/2N1/2P1/2M1/2
HNM™ %50 + gV2N102,

thus

k@+D+2

S(K. L. HYN™% « HN 5060 M3 4 512 N1/2pl/2 /2 (12)

HNM 20 4 gl/2N1-5/2

whenever K > N8-51,
Summing over K, L and H subject to the bounds in (8), (11), (12) and plugging
the resulting estimate into (6), finally summing over N, we get

Z AY(n) < x3s+n(x 2(k1+1)2[M WD + x!12p12 172
1<n<x®

P (n>y 4 M 4 MC) +xln

Choosing y < M < x e optlmally by Lemma 3 we get

4 k(c+1)+2c+1-1 ) _ (I+k=D) 262 (k+1)
z AY(n) < x*¥(x~ 2&D + xV y 4+ x5 D 4y 4 x TeRF DT
1<n<x®

P~ (n)>y c(k(c+1)+2¢) c(k+2)+k+1-1 1-1 1+k—14+2c(k+1) 1+k—1
X 2N o x " 2QFk-D y2FRD 4 x 0 202Dy 22E-D)
+x!n
= X" Tk, L x, y) +x'7. (13)
Replacing 4¢ by ¢ the desired result follows. O

Ify > x4/5 (say), Lemma 9 provides no usefull information. Hence, for large values
of y we use the following lemma.

Lemma 10 Suppose 1 < ¢ < 2. Then for every ¢ > 0, there is a positive real number

n = n(e, ¢) such that

Z AV () < xE T LA L N 1/2]+x
1<nxe
L<P~ (n)<y

uniformly for every 1 < L <y < x€.
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12 Y. Akbal

Proof We split the sum into < log x dyadic sums of the form (N, N'], where N’ =
max (2N, x€), then apply Lemma 2 with Hy = N!7%*"_ Thus for N > 2 we are to
estimate

SINy= > ) > ethn®)= > > > ehp’n)

I1<h<Hy ' N<n<N' ISh<HN  L<p<y N/p<n<N'/p
L<P~(n)<Ly P~ (m)=p

- T a X 3w

<h<Hpy L<p<R N/p<n<N'/p
P~ (n)=p

for some ¢; complex number with modulus at most 1. We next divide all the ranges
of i, p and n into dyadic intervals:

sy = > > > S(X,P.H)

H<Hy L<P<yN/P<X<2N'/P

H=2k P=2° xX=2m
where
S=S(X,P, H)= ZZ > ene(hn’p
Hn~X p~P
np~N
P~ (m)zp

The conditions P~ (n) > p and np ~ N may be omitted as before, yielding

z Z Z a(n, hye(ap)e(hn® p%)

h~H n~X p~P

S L log P sup
[—1/2,1/2]

for some complex number a(n, h) with modulus at most 1. Applying Lemma 6 together
with the relation PX =< N and summing over H, X and P yields

S(N)N‘S_l‘e/z < Na—l(HNN%ﬁL—l/zt + H,%,/4N3/4y1/4
+HyNL™'? + H,{/ZN‘—‘S/Z).
The desired result now follows by summing over N. O

1.2 Proof of Theorem 1

Proof Lemma 1 implies

Q.(x. )= D e+ D AYm) + 0.
n<n® n<x®
P=(n)>y P (n)>y
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Rough values of Piatetski-Shapiro sequences 13

We first obtain the main term. Combining [12, Theorem 7] and [12, Entry 51]
together with the partial summation formula, one obtains

. -1
Z snd~1 = g(l’y)—i-O(logx (xrgaé t \D(t,y))),

ngxc zr/t >y
P~ (n)>y

hence the desired result when (x, y) ¢ H; ..
For the case (x, y) € Hc ., we first record the following result.

Lemma 11 Suppose a > 0, and let 1 < ¢ < 2 be a fixed number. For every (x,y) €
H. ¢ the following estimate holds

x 8-l logt xp (cu)
d .
/y Ha(l )p(logy) P H“(cu)

ogt
log y

Proof We may assume that y < x¢/3_ otherwise, since p(v) and H (v) are uniformly
bounded, the result is trivial.
Let f(t) = Hta(fllo/gz’ ) 0 (fggg;) be defined for all x¢ > r > y. It is suffices to show
Togy
that the relation

f() <Cf(x) (14)

holds for some constant C independent of y. Assume x¢ >t > y3. Using [12, Lemma
8.1] and [12, Corollary 8.3], it follows that

/
£ =02 pyH ) |5 — 172 — 28WI0EY) (1 +0 (loglogv)) et ®) }
log y log? v H(v)logy

where v = log#/logy > 3. Thus for any fixed | < ¢ < 2, given ¢ > 0 and x large
f/(#) > 0is satisfied when (x, y) € H . This proves (14) uniformly in y, whenever
x>t > y3. As for the case: x¢ > y3 >t >y, (14) is satisfied uniformly, since
p(v) and H (v) are bounded, we have

f@0) <Cf(Y) <CCf(x)
for some constant C’, hence the result. |

Riemann-Stieltjes integration together with [12, Corollary 7.5] implies that

> el = ! /XCSIS_lw(IO—gt)dt
¢, y) Jy log y
|

n<n®
P=(m)>y

c

st logt x s—1
+—/ 5ot (1021 dt+/ 5= 1d[R (1, y)]
¢(1,y)logy J, log y y-

15)
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14 Y. Akbal

where

xp(logt/logy) _ _
Rt y) = #[H “(log1/log y) + expl(log y) 3/”6}]

Noting the upper bound w’ (1) < ,o(u)H_“, (u) for some a’ > 0 and for every u > 0
(see [12, Theorem 6])), partial summation and Merten’s theorem (see [12, Theorem
11]) yield

1 X logt eV
5191 (—g)dt: —
m,y)/y Y \logy Cewlen) =y 1)

1 x¢ t8—1 lOgl‘
(10 2 V/ H log? (10g ) t)‘
a (22L y
g y (0 y)

log

Lemma 11 now implies that,

ev xp(cu
z sn® 1 — (xw(cu) — y?) < p(2 ){H_“(cu)+exp{(logy)_3/2+8}}.
<n¢ ;‘(11 y) log y
nn
P~ (n)>y

Having derived the main term, we are now required to show that

DAY < x!T
n<x®
P=(n)>y

holds uniformly for aforementioned ranges of y depending on c. We shall do this in
two steps. In the first step, we use Lemma 9 with (k, /) = (85/189 4 ¢, 41/81) giving

1389c4+535 70 1644c+535 535
Z AV (n) <K x° (yf +x1/2y +x o o0 YT+ x 2714 yz714) 4yl
n<x©
P~ (n)>y

R 1389c2+255¢ 16442 926c—25 1644¢—535
+ x& | x 16441280 4 x T6d4c+535 4 x 1684 4 x 1644
(16)

uniformly for every y < x°. Here, the last four terms may be eliminated at the cost of
assuming 1 < ¢ < 1.1719.

If 2509/2229 < ¢ < 2229/1949, only the third term survives, thereby proving
Theorem 1 for the second range in (2).

To prove Theorem 1 for the first range in (2), we may assume that y >
[x3e=D+10n ] ‘otherwise it is easy to see that the left hand side of (16)is x'~" whenever
y < Lx3(c—1)+lOnJ_

@ Springer
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We note that

DAY= D AYm— D, AY®)

n<x’ n<x© n<x’
P~ (n)>y P~ (n)>L y=>P~(n)>L
= > Aym- D AYm+0oGa/L) (17
n<x® n<x®
P~ (n)>L y=2P~(n)>L

where the error is due to the possible sum >’ , < <K x°/L.
P~ (m)=L
We may choose L = [x3¢~D+107| making the first sum < x!'~". With this choice
of L, by Lemma 10, the second sum and the third term above is <« xl_”, provided
that y < x372¢~¢ and that 1 < ¢ < 2509/2229.

To get the range y < |x¢], we note that for x¢ > y > x¢/2

one has

DAY =0+ D AY(p) - D AY(p) Lx'TT, (18)
n<xe psx© Py
P~ (n)>y

by [9, Theorem 1] whenever 1 < ¢ < 2817/2426. Since 3 — 2¢ > c/2, the desired
result follows. |

References

—_

. Baker, R.C.: The square-free divisor problem. Q. J. Math. Oxf. Ser. (2) 45(179), 269-277 (1994)
2. Baker, R.C.: Diophantine inequalities. Lond. Math. Soc. Monogr. (N.S.) 1 (Clarendon Press, New
York) (1986)
3. Fouvry, E., Iwaniec, H.: Exponential sums with monomials. J. Number Theory 33(3), 311-333 (1989)
4. Heath-Brown, D.R.: A New k-th Derivative Estimate for Exponential Sums via Vinogradov’s Mean
Value. arXiv:1601.04493
5. Graham, S.W., Kolesnik, G.: van der Corput’s method of exponential sums. In: London Mathematical
Society Lecture Note Series, vol. 126. Cambridge University Press, Cambridge (1991) (ISBN 0-521-
33927-8)
6. Heath-Brown, D.R.: The Pjatecki—Sapiro prime number theorem. J. Number Theory 16(2), 242-266
(1983)
7. Hildebrand, A.: On the number of positive integers < x and free of prime factors y.J. Number Theory
22, 289-307 (1986)
8. Piatetski-Shapiro, I.I.: On the distribution of prime numbers in sequences of the form| f (n)] (Russian).
Mat. Sb. N.S. 33 (75), 559-566 (1953)
9. Rivat, J., Sargos, P.: Nombres premiers de la forme \_nCJ. Can. J. Math 53(2), 414-433 (2001)
10. Rivat, J., Wu, J.: Prime numbers of the form |_nCJ. Glasg. Math. J. 43(2), 237-254 (2001)
11. Robert, O., Sargos, P.: Three-dimensional exponential sums with monomials. J. Reine Angew. Math.
591, 1-20 (2006)
12. Tenenbaum, G.: Introduction to analytic and probabilistic number theory. In: Cambridge Studies in
Advanced Mathematics, vol. 46. Cambridge University Press, Cambridge (1995) (ISBN: 0-521-41261-
7)
13. Vaughan, R.C.: A new iterative method in Waring’s problem. Acta Math. 162(1-2), 1-71 (1989)

@ Springer


http://arxiv.org/abs/1601.04493

	Rough values of Piatetski-Shapiro sequences
	Abstract
	1 Introduction
	1.1 Preliminaries and notation
	1.1.1 Notation
	1.1.2 Preliminaries
	1.1.3 Exponential sums with monomials

	1.2 Proof of Theorem 1

	References




