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Abstract

It is customary to define the time—frequency plane such that time and frequency are mutually orthogonal coordinates.
Representations of a signal in these domains are related by the Fourier transform. We consider a continuum of
“fractional” domains making arbitrary angles with the time and frequency domains. Representations in these domains
are related by the fractional Fourier transform. We derive transformation, commutation, and uncertainty relations
among coordinate multiplication, differentiation, translation, and phase shift operators between domains making
arbitrary angles with each other. These results have a simple geometric interpretation in time-frequency space.

Zusammenfassung

Ublicherweise wird die Zeit-Frequenz-Ebene so definiert, daB Zeit und Frequenz orthogonale Koordinaten darstellen.
Signaldarstellungen in diesen Bereichen dngen iiber die Fouriertransformation zusammen. Wir betrachten ¢in Kon-
tinuum von “fraktionalen” Bereichen, die mit dem Zeitbereich und mit dem Frequenzbereich einen beliebigen Winkel
einschlieBen. Signaldarstellungen in diesen Bereichen sind durch die “fraktionale Fouriertransformation” verkniipft. Wir
zeigen Transformations-, Kommutations- und Unschirfebeziehungen von Koordinatenmultiplikations-, Differenti-
ations-, Verschiebungs- und Phasenverschiebungsoperatoren zwischen Bereichen, die beliebige Winkel einschlieBen.
Diese Ergebnisse erlauben eine einfache geometrische Interpretation im Zeit-Frequenz-Raum.

Resume

11 est habituel de définir le plan temps—fréquence de telle sorte que le temps et la fréquence soient des coordonnées
orthogonales. Les représentations d’un signal dans ces domaines sont reliées par la transformée de Fourier. Nous
considérons un continuum de domaines “fractionnaires” faisant des angles arbitraires avec les domaines temporels et
fréquentiels. Les représentations dans ces domaines sont reliées par la transformée de Fourier fractionnaire. Nous
dérivons les rélations de transformation, de commutation et d’incertitude parmi les opérateurs de déplacement de phase,
de translation, de différentiation, de multiplication de coordonnées entre des domaines faisant des angles arbitraires entre
eux. Ces résultats ont une interprétation géométrique simple dans I'espace temps—fréquence.
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The purpose of this paper is to consolidate the
concept of fractional Fourier domains suggested in
a recent paper [16]. The present discussion will be
framed in an operator formalism, whose power will
be evident in deriving and representing a number of
novel results.

Let ¢ denote a signal in the abstract, that is,
without reference to any particular domain. This
signal can be represented in the time domain by
¥,(t), or alternatively in the frequency domain by
We(f), where ¢ (f) is the Fourier transform of y,(t).
In this paper we discuss domains other than these
two, which we call fractional Fourier domains. The
representations of the signal in these domains are
related to each other by the fractional Fourier
transform.

The fractional Fourier transform [1, 9, 14, 15]
has many applications in the solution of differential
equations [9, 14], quantum mechanics [23-25, 27,
28], diffraction theory and optical propagation,
optical systems and signal processing [2, 3, 6, 12,
18-22], swept-frequency filters [1], time-variant
filtering and multiplexing [5,13,16] neural net-
works [26] and study of time-frequency distribu-
tions [4]. It can be optically realized much like the
usual Fourier transform, and has a fast digital algo-
rithm [5,15]. We elaborate on these in the follow-
ing paragraphs.

Linear differential equations with constant coef-
ficients are used to represent linear time-invariant
systems. These equations can be solved by taking
their Fourier (or Laplace) transform. Differential
equations representing time-variant systems, how-
ever, have nonconstant coefficients. At least certain
classes of such equations can be solved by virtue of
the additional degree of freedom afforded by the
fractional Fourier transform [9, 14].

In quantum mechanics and optics, measurement
of the phase of a signal is experimentally difficult.
Knowledge of the Wigner distribution yields com-
plete knowledge of the signal, but is difficult to
measure directly. It is known that the amplitude
squared fractional Fourier transform is the Radon
transform of the Wigner distribution. This makes it
possible to tomographically reconstruct the Wigner
distribution by making a series of intensity
measurements of the fractional transforms, if one
knows how to obtain the fractional transforms of

the signal [23-25]. This method should be general-
izable to other problems where it is difficult to
measure the phase of a signal, as is often the case
with optical systems.

The fractional Fourier transform describes the
propagation of optical wavefields through a rather
general class of optical systems. The order of the
fractional transform corresponds to the distance
along the axis of propagation. The wavefields
which are usually expressed in terms of complicated
diffraction integrals can be more simply expressed
in terms of the fractional Fourier transform
[19-22]. This allows efficient computation of dif-
fraction integrals and wavefields in optical systems.
Also, it allows the properties of the wavefields to be
deduced from the properties of the fractional
Fourier transform. Furthermore, since the frac-
tional Fourier transform can be implemented with
the same amount of optical hardware as the ordi-
nary Fourier transform [2, 3, 6, 10], the signal
processing techniques discussed in the follow-
ing paragraph can be implemented with optical
systems.

The fractional Fourier transform can be cal-
culated digitally in O(NlogN) time, just like
the ordinary Fourier transform [5,15]. Ordinary
Fourier domain filtering techniques are more
suitable for time-invariant signals and systems.
Filtering in fractional Fourier domains allows
one to reduce the minimum-mean-square error
in optimal filtering for the time-varying case
[5,16]. In a similar spirit, multiplexing in frac-
tional Fourier domains allows signals whose
time-requency distribution is irregular to be
packed more efficiently in a given channel
[16].

In conclusion, the new perspective and analytical
tools offered by the fractional Fourier transform
and the concept of fractional Fourier domains in
time-frequency space should prove fruitful for fun-
damental signal theory, and inspire many other
applications and generalizations of existing
methods wherever Fourier transforms are con-
cerned. The purpose of this paper is to serve as
a vehicle to this end.

Let # denote the Fourier transform operation so
that ,(-) = F [Yo(-)] is the Fourier transform of
the function ¥ (- ). The ath order fractional Fourier
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transform operation is denoted as #“ so that
Wa(-) = F°[Wo(:)] is the ath-order fractional
Fourier transform of the function (). # ! corres-
ponds to the ordinary Fourier operation #, and
F° is the identity operation. # 2 corresponds to
the coordinate reflection operation so that #*
1s also equivalent to the identity operation. We
also have Z9F% =" The fractional
Fourier transform can be defined for 0 < |a| < 2
as [16]

xX

Ba(x, x"Yro(x")dx',

%

wa(x) = j\

B,(x, x") (n
= A, exp[in(x2cot ¢ — 2xx"cscp + x> cot ¢)],
Ay = (Isin¢|)~'* exp[insgn(sin ¢p)/4 — i¢/2],

where ¢ = an/2. The kernel B.(x, x'} approaches
d(x — x")or &(x + x") when a approaches 0 or +2,
respectively. The definition is easily extended out-
side the interval [ —2, 2] by remembering that #*
is the identity operation [9].

The functions ¥, (-) for different values of a may
be considered as different representations of the
same signal . In particular, y4(xy) is the time
domain representation of the signal, and ¥, (x,) is
the frequency domain representation (¥o(-) = ¥, ()
and ¥, () = yy(-)). We refer to the x, axis as the ath
fractional Fourier domain, and associate xo and x,
with the conventional time and frequency axes
t and f, respectively.

There is nothing special about the a = 0 repres-
entation, it merely corresponds to the choice of
origin of the parameter a. We can transform from
the x, representation to the x, representation by
taking a fractional Fourier transform

l»ba’(xa') = fB(a' —a} (an xa) l//a(xa) dxa~ (2)

When a' = a + 1, this is just an ordinary Fourier
transformation.

We now introduce the family of coordinate-mul-
tiplication operators X, parameterized by a. The
operator X, is defined to be such that, when it acts
on the (abstract) signal y from the left, its effect in

the ath domain is

{Xat}a (Xa) = Xaalx,). (3)

Here {X,/}.(-) denotes the representation of the
signal X% in the ath domain. What is the effect of
such an operator in another domain? For instance,
what is the effect of the operator X, ., in the ath
domain? From the well known Fourier transform
property stating that coordinate multiplication in
the frequency domain corresponds to differenti-
ation in the time domain, we obtain

d

{Xu+ 1 w}n (xa) = % a;a ¢n(xa) = {Da'//}a (xa)v (4)
where the second equality defines the differentiation
operator D,, which is seen to be equal to X, ;.

We now wish to express the operator Xj, in terms
of the operators X,. and X, ., = D, for any given
value of a’. The fractional Fourier transform prop-
erty [9, 10]

F T [ Xala(xa)]

= Xa’(ya,Aa[wa(xa)])cos(d)’ _¢)

1 , .
 Feapuxdsiné’ — ¢ )

T i dx,

can be derived directly from Eq. (2). Using this, we
obtain

X, =X, cos(¢' — @) — X,y sin(¢p’ — ¢). (6)

Substituting a »>a + 1 in Eg. (6) (or by using
a property analogous to Eq. (5) for
F* [dy,(x,)/dx,]) we obtain an equation for
X, +;, which when combined with Eq. (6) gives

Xa _ |:COS(¢/ - d)) —Sin(¢' - ¢):| |: Xa' :I
l:Xa+1 - sin(¢’ — @)  cos(¢’ — ¢) Xoo1 |
(7

(We can replace X,,, =D, and X, ., = D, if we
wish). This equation suggests an analogy with basis
vectors in R2. Referring to Fig. |, we see that the
angle ¢ = an/2 may be interpreted as the angle the
ath domain makes with the Oth (position or space)
domain and (¢’ — ¢) = (@’ — a)n/2 may be inter-
preted as the angle between the ath and a'th
domains. In particular, domains whose indices
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Fig. 1.

differ by unity are orthogonal. (This is consistent
with the customary definition of phase space
such that t and f are mutually orthogonal coordi-
nates.)

The X, operator, which simply multiplies y,(x,)
by x, in the ath domain, results in a linear combina-
tion of multiplication by x, and differentation
with respect to x,. in the a’th domain. The X,
operator, which simply multiplies by x,. in the
{a + 1)th domain, and which differentiates with re-
spect to x, in the ath domain, results in a similar
linear combination. The coefficients of these linear
combinations are cosines and sines corresponding
to the ‘projection’ of these operators on the a'th
domain.

It is also possible to express X, in terms of any
two operators X,- and X, ., provided the latter
two are not collinear, and express any function of
an arbitrary number of operators F(X,, Xy, ...)
in the form F’(X,., X, ). Furthermore, it is possible
to define the space spanned by any two noncol-
linear operators X, and X,., and operations such as
inner products and norms. Although we do not
present these extensions here, we will further dis-
cuss the above geometrical interpretation at the
end of this paper in conjunction with Wigner distri-
butions.

The commutator between two arbitrary operators
X, and X, denoted by square brackets, is

X, X1 = XXy XX, = 5-sin@ =) (9

The first equality is the definition of the com-
mutator, and the second is derived using Eqgs. (4)
and (7) and the well known commutator
[Xo,X:] = [X,, X;] = i/2n. Now, using a standard
result which applies when the commutator of two
operators is a scalar quantity [8], this commuta-
tion relation between two nonorthogonal domains
implies the uncertainty relationship

var[Ya(x,) ] x var[Y, (xa))] = I_61P sin’(¢" — ¢) (9)

between representations in these two domains.
Here var denotes the variance of the functions. The
existence of such an uncertainty relationship was
previously conjectured in [16]. Of course, the
above simplifies to the well-known relationship be-
tween a function and its Fourier transform when
¢’ — ¢ is an odd multiple of /2.

We now define the linear phase operator
P,(&) = exp(iéX,). Its effect in the ath domain
is given simply by {exp(i{Xa)y }4 (Xa) = exp(i{x,) X
W.(x,), as can be verified by series expansion of the
exponential. On the other hand, the effect of the
exp(i¢X, +,) operator in the same domain is given
by

{eiéx"“!ﬁ}a (xa) = lpa(xa + é) = {Ta(é)‘lj}a (xa)- (10)

This is just the Fourier transform property stating
that multiplication by a phase factor in one domain
corresponds to translation in the orthogonal do-
main. The second equality defines the translation
operator T,(£), which is seen to be equal to
exp(i¢X, ) = exp(itD,). Using Eq. (7), the oper-
ator exp(iéX,) can be expressed in the a’th domain
as

gitke = g i€ sin(¢' — ¢) cos(g’ — ¢)/2
X eiéxa' cos(¢’ — @) e~ iEX, 41 sin(¢’ — @)
— @i¢’ sin(@ — ¢) cos(¢' — 9)/2

x g X+ sin(g’ ~4) eiéx.,r cos{¢’ — ¢)’ (1 1)
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where Glauber’s formula [8] exp(4 + B) = exp(4) x
exp(B)exp(—[A4, B]/2) for any two operators
A and B that commute with their commutator has
been used. Rewriting the same equation in terms of
the phase and translation operators we obtain

P =e" ie? sin(¢’ — @) cos (¢ — /2

x Py (Ccos(¢” — o)) T (— Esin(¢’ — )

= i’ sin(¢' — ) cos(¢' — ¢)/2

X Ty (—Esin(@” — @) Py (S cos(¢’ — ).
(12)

We see that the P,(¢) = exp(i£X,) operator, which
simply results in a phase shift in the ath domain,
results in a translation followed by a phase shift (or
a phase shift followed by a translation) in the a’th
domain. (The fact that translation and phase shift-
ing do not commute accounts for the additional
phase factor coming from Glauber’s formuia.) By
employing the substitution @ —a + 1, we can ob-
tain a second pair of equations similar to Eq. (11):

ei¥ar1 — @id”sin(¢’ ~ ¢) cos(¢ — ¢)/2
x @itXa Sin(¢’ — ) oidXa sy cos(¢' — )
— g & sin(¢’ ~ ) cost - #2

x @icXa +1 cosd’ — @) eitXesin(¢’ — d))’ (13)

or

T, (&) = gi€ sin(@ — 9 cos(’ - 9)/2

X Py (Esin(¢’ — ) T, (Ecos(¢’ — @)

= g~ i sin(¢’ — §) cos(@’ — ¢)/2

X Ty (§cos(¢’ — ) P (S sin(¢’ — ).
(14)

We see that T,(¢) = exp(ifX,.,) operator, which
simply results in a translation in the ath domain,
results in a translation followed by a phase shift (or
a phase shift followed by a translation) in the a'th
domain. As with Eq. (11), here also the amount
of translation and phase shift is given by cosine
and sine multipliers corresponding to the projec-
tion of the translation or phase shift on the new
set of axes. It is also worth noting that starting
from Egs. (11) and (13) we can obtain formulas
similar to Eq. (5) for #¢ ~*[exp(ifx)¥.(x,)] and

F Walx, — )] (These formulas can also be
derived directly from Eq. (1) 1, 9, 10].)

In passing we underline that all of the four differ-
ent operators X, D,, P,(¢) and T,(&) are expressible
in terms of the basic operator X,.

Everything derived until now strongly supports
the analogy depicted in Fig. 1. Finally, we discuss
how this is directly related to an important prop-
erty of fractional Fourier transforms. The Wigner
distribution W (t, f) of ¥ is given by [16]

Wt = | e+ epure- o)

x exp( — 2mift’)dt’. (15)

The Wigner distribution can be equally well de-
fined in terms of the representation Y,(x,) of the
signal { in any domain a.

It is possible to relate y,(x,) to the Wigner distri-
bution by [7,12,16]

R [ Wy (6, )] = [¥alxa)|?, (16)

where the Radon transform operation %, takes the
integral projection of the Wigner distribution on an
axis making angle ¢ with the x, =t axis. Two
widely known special cases are

f W f)df = la(0) 1 (17)

f W f)dt = ()P (18)

Eq. (16) means that the projection of the Wigner
distribution of y on an axis making angle ¢ = an/2
with the x, = ¢ axis gives the absolute square of the
representation of Y in the ath domain. This sup-
ports the idea of referring to the axis making an
angle ¢ with the x, axis as the x, axis (or the ath
domain), as depicted in Fig. 1 [16].

We now summarize. We speak of two representa-
tions which are related through a Fourier trans-
form as being orthogonal to each other. The oper-
ator X, is orthogonal to the operator X,., or
equivalently, the operation of multiplying by x, is
orthogonal to the operation d/dx,. Likewise, multi-
plication by a phase factor is orthogonal to a cor-
responding translation, and so forth. In general,
two representations that are related through a
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fractional Fourier transform of order a make an
angle ¢ = an/2 with each other. Coordinate multi-
plication or differentiation in one of these domains
results in a combination of these two operations in
the other domain, as given by Eq. (7). Likewise,
multiplication by a phase factor or a translation in
one of these domains resuits in a combination of
these two operations in the other domain, as given
by Egs. (11) and (13). The weighting factors appear-
ing in these equations are cosines and sines with
a direct interpretation as projections. The commu-
tator and uncertainty relation between nonortho-
gonal domains are also interpreted in terms of this
geometric picture.
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