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THE JOURNAL OF SyMmBoLIC Logic
Volume 60, Number 3, September 1995

SOME QUESTIONS CONCERNING THE COFINALITY OF Sym(x)

JAMES D. SHARP AND SIMON THOMAS

§1. Introduction. Suppose that G is a group that is not finitely generated. Then
the cofinality of G, written ¢(G), is defined to be the least cardinal A such that
G can be expressed as the union of a chain of 1 proper subgroups. If « is an
infinite cardinal, then Sym(x) denotes the group of all permutations of the set
k = {a|a < k}. In [1], Macpherson and Neumann proved that ¢(Sym(x)) > &
for all infinite cardinals . In [4], we proved that it is consistent that ¢(Sym(w))
and 2“ can be any two prescribed regular cardinals, subject only to the obvious
requirement that ¢(Sym(w)) < 2¢. Our first result in this paper is the analogous
result for regular uncountable cardinals .

THEOREM 1.1. Let V E GCH. Let k, 6, A € V be cardinals such that

(i) & and 0 are regular uncountable, and
(il) kK <6 <cf(4).

Then there exists a notion of forcing P, which preserves cofinalities and cardinal-
ities, such that if G is P-generic then V[G]F c(Sym(k)) = 0 < 1 = 2%,

Theorem 1.1 will be proved in §2. Our proof is based on a very powerful
uniformization principle, which was shown to be consistent for regular uncountable
cardinals in [2]. This approach does not seem suitable for proving an analogous
result for singular cardinals. (The particular uniformization principle which we
use is easily seen to be false for singular cardinals of countable cofinality. See
Proposition 2.6.)

Question 1.2. Let k be a singular cardinal. Is it consistent that ¢ (Sym(x)) > k*?

After proving Theorem 1.1., we had hoped to prove an Easton-type theorem.
This would say that the function x — ¢(Sym(k)), » regular, can be any function
which satisfies certain “obvious constraints”. Macpherson and Neumann [1] found
the first such constraint; namely

(1.3) k < c(Sym(k)) < cf(2%).

It is quite difficult to find any other constraints. For example, the following result
shows that there are no monotonicity constraints.

THEOREM 1.4. Let V E GCH. Let k, A € V be regular cardinals such that k < J.
Then there exists a notion of forcing P, which preserves cofinalities and cardinalities,
such that if G is P-generic then V[G]E c¢(Sym(x)) > c(Sym(2)).
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THE COFINALITY OF Sym(x) 893

For some time, we suspected that (1.3) was the only constraint on the function
k — ¢(Sym(k)). Then we were surprised to find that the following result holds.
THEOREM 1.5. Let « be an infinite cardinal. If c(Sym(k)) > k*, then

c(Sym(x™)) < c(Sym(x)).

Theorem 1.5 is an easy consequence of a more general result.
DEFINITION 1.6. Let k < A be infinite cardinals.
() [ = {S| S C 4,]8] = k).
(ii) cw(k,4) is the least cardinality |C| of an w-closed unbounded subset C
of [A]".

THEOREM 1.7. Let k < A be infinite cardinals. If ¢(Sym(k)) > c,(k, 1), then
c(Sym(2)) < ¢(Sym(k)).

Notice that Theorem 1.5 follows immediately from Theorem 1.7. Theorems
1.4 and 1.7 will be proved in §3. It is conceivable that a result even stronger than
Theorem 1.7 holds. For example, the following problem remains open.

Question 1.8. Is it consistent that 2 > | and ¢(Sym(w;)) > w,?

Proposition 2.6 shows that such a consistency result cannot be achieved using
the approach of §2.

Question 1.9. Whatis the Easton-type theorem for the function x — ¢ (Sym(x))?

Notation 1.10. Let k be an infinite cardinal and let 4 € [k]*. Let {a; | i <k}
be the increasing enumeration of A4.

(i) If = € Sym(k), then n* € Sym(A4) is defined by 7(c;) = a;) for all
i<kK.
(i) A4 € [r]" is a moiety if |k\A| = k.

§2. Uniformization principles. In this section, we shall prove Theorem 1.1.
DEFINITION 2.1. Let « be a regular uncountable cardinal and let & = (4; | i < A)
be a sequence of elements of [x]".
(i) A colouring of o/ is a sequence (c; | i < A) such that ¢; : 4; — & for each
i< A
(ii) The function g : |J,_; 4; — & uniformizes (c; | i < A) if for each i < 4
there exists f; < x such that g(a) = ¢;(«) for all §; < o € A4;.
(i) & has the uniformization property if every colouring of % can be uni-
formized.
LEMMA 2.2. Let k be a regular uncountable cardinal such that k<% = k. Let x
be a regular cardinal such that y > k, and suppose that & = (A; | i < x) is a
sequence of elements of [k]* with the uniformization property. Let m; € Sym(A;)
for each i < y. Then there exist I € [y)* and g € Sym(k) such that g | A; = n;
foralliel.
ProOF. Foreach i < y, define ¢; : 4; — & x & by ¢;(a) = (z;(a), 7; ' (a)). Since
& has the uniformization property, there exists a function 4 : |J,. Ai = kXK
such that for all i < y there exists f; < x such that h(a) = ¢;(«) for all f; <a € 4;.
Since k<* = k, there exist f < k and I € [y]* such that
(i) pi=pforalliel,and
(i) 4;iNnp=A;NPandc¢; | AiNP=c;A;NPforallijel.
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894 JAMES D. SHARP AND SIMON THOMAS

Thus & = U,.E, 7; is a function from (J,, 4; into x such that k [ 4; = =; for
all i € I. It is clear that range(k) = (J;; 4;. We claim that k is an injection.
For suppose that k(y) = k(d), where y € 4; and é € A; for some i, j € I. Then
a=k(y)=k(6) € 4;NA4;, and so c;(e) = c;(a). Hence y =n; (o) = nj_l () =46,
as required. Thus k € Sym({J;¢, 4;). Let kK C g € Sym(x). Then g satisfies our
requirements. O

DEermvITION 2.3 [2]. A notion of forcing P is k-strategically complete if for all
a < K, Player II has a winning strategy in the following game of length «. Players
I and II alternately choose a decreasing sequence py, f < «, of elements of P,
where Player I chooses at the even ordinals and Player II at the odd ordinals.
Player I wins either if for some f < « there is no legal move or if the sequence
Pp, B < a, has no lower bound.

In [2], it is noted that if P is x-strategically complete, then P does not adjoin
any new sets S of ordinals such that |S| < k. Also if we iterate x-strategically
closed notions of forcing with supports closed under the union of fewer than &
sets, then the resulting notion of forcing is also x-strategically complete.

The following result was proved in §2 of [2].

THEOREM 2.4. Let M = ZFC. Suppose that k, u € M are cardinals such that
k<" = Kk and u > k. Then there exists a k-strategically complete notion of forcing
Py, with the k*-c.c. such that if G is Py ,-generic, then in M[G] there exists a
sequence S/ = (A; | i < u) of elements of [k]* with the uniformization property.
Furthermore, |P, ,| = 2~ O

For the rest of this section, P, , denotes the actual notion of forcing which is
defined in §2 of [2].

Proor oF THEOREM 1.1. Let V' E GCH. Let k,6,A € V be cardinals such that
x and 6 are regular uncountable, and k < 6 < cf(4). Let R be the notion of
forcing consisting of all partial functions p : 4 — 2 such that |p| < k. Let H be
R-generic and let ¥, = V[H]. From now on, we will work in V. In particular, we
have that k<" = x and # = 4 for all k < u < cf(4). Define a sequence (u; | i < 8)
of cardinals as follows. If 8 is a limit cardinal, let (u; | i < 6) be an increasing
sequence of cardinals such that kK < u; < 6 and sup,_y u; =60. If 6 = utisa
successor cardinal, define 4; = u for all i < §. Now define a <x-support iteration
(P;, Qi | i < 0) as follows. Assume that P; has been defined. Then, working inside
VP set Qi = P,,,. Then P; is k-strategically complete for each i < 6. This
implies that ; does not adjoin any new sets S of ordinals such that |S| < k.
Hence, arguing as in the proofs Lemmas 1.1 and 1.2 of [2], it can be shown that
P; is kT-c.c. for each i < 6. Let G be Py-generic, and let G; = G NP; for each
i < 6. From now on, we will work inside V|[G]. (Note that V|[G] F k<F = k.
This will enable us to apply Lemma 2.2 later in the proof.)

For each i < 0, let I'; = Sym(k) N V1[G;]. Then each I'; is a proper subgroup of
Sym(k), and Sym(x) =J,, ;. Thus ¢(Sym(x)) < 6. Suppose that ¢(Sym(x)) =
% < 6. Then we can express Sym(x) = |, . Hi as the union of a chain of y proper
subgroups. Fix a moiety 4 of k. By Lemma 2.4 of [1], for each i < y there exists
n; € Sym(k) such that o [ 4 # n! for all p € H;. Let I1 = (m; | i < x).
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THE COFINALITY OF Sym(x) 895

Claim 2.5. Suppose that B is any moiety of k. Then there exists jp < x such
that if jp <i< y, then ¢ | B # n? for all p € H,.

Proof of Claim 2.5. There exists y € Sym(x) such that v | 4 is an order-
preserving bijection between 4 and B. Clearly jp = min{j | y € H;} satisfies
our- requirements. 0O

Let a < 6 be a successor ordinal such that IT € V1[G,] and x, > y. There exists
a sequence & = (A4; | i < uo) € V1[Go] of elements of []* with the uniformization
property. Note that each 4; must be a moiety of x. (For suppose that |\ 4| < &
for some j < uo. Then |4; N A;| = « for all i < u,. Define ¢; : 4; — k by
cjla) =1for all & € 4;. For each i < u, such that i # j, define ¢; : 4; — & by
ci(a) =0 for all o« € A4;. Then clearly (c; | i < u,) cannot be uniformized.) Let
(ja, | i< x) € V1[G] be the sequence of ordinals j4, < y given by Claim 2.5. Since
Py is k*-c.c., there exists a sequence (F (i) | i < x) € V) such that F(i) € [x]*
and j4, € F(i) for all i < y. For each i < x, let f(i) =sup F(i) > j4. Then
f €”%yNV,. Thus we can define the sequence (¢;" | i < x) € V1[Ga] by ¢/ = n,’\,‘f,
where k; = max{i, f(i)}. Note that for all i < y, ¢ | 4; # ;" for all € H;. By
Lemma 2.2, there exist g € Sym(x) N V1[G,] and I € []* such that g | 4; = "
for all i € I. By considering an i € I such that g € H;, we obtain a contradiction.
Thus ¢(Sym(x)) = 6. O

The following observation shows that a different approach is needed to answer
Question 1.2 for cardinals & such that cf(k) = w, and to answer Question 1.8.

PROPOSITION 2.6. Suppose that k is an uncountable cardinal such that k” > K.
If ¢ = (A; | i < k™) is a sequence of elements of [k]*, then & does not have the
uniformization property.

PrOOF. Suppose that & has the uniformization property. Let (f; | i < &™) be
a sequence of T distinct elements of “s. For each i < k™, let {a! | { < Kk} be
the increasing enumeration of A4;. For each i < k™, define ¢; : 4; — k X k by
cilal) = (al,,, fi(n)), where { = 1+ n for some limit ordinal A. Then there
exists a function 4 : (J,.,.. 4; — k X  such that for all i < ™ there exists f; < &
such that 4(a) = ¢;(a) for all §; < a € A;. There exist f < k and I € [*]*
such that §; = f for all i € 1. Let A be a limit ordinal such that § <1 <. Then
there exist distinct ordinals i, j € I such that af_ = a',{ . This implies that

(@l £i(0)) = ci(al) = c;(a]) = (al,, £;(0)).

Continuing in this fashion, we obtain that f; = f;, which is a contradiction. [

§3. Insearch of an Easton-type theorem. In this section, we shall prove Theorems
1.4 and 1.7.

LeMMA 3.1. Let V = GCH. Let k,A € V be regular cardinals such that k < A.
Then there exists a k™ -c.c. notion of forcing P, which preserves cofinalities and
cardinalities, such that if G is P-generic then V[G]F c(Sym(k)) = AT+,

Proor. For k > w, this was shown in the proof of Theorem 1.1. So suppose
that « = w. There exists a c.c.c. notion of forcing P such that if G is P-generic,
then V[G]F MA + 2% = A**. By [4], MA implies that ¢(Sym(w)) = 2. O
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896 JAMES D. SHARP AND SIMON THOMAS

DEerINITION 3.2, Let A be an infinite cardinal.
(i) If f,g € *4, then f <* g iff there exists a, € A such that £ (f) < g(B)
forall a, < g < A
(ii) A family F C “1 is dominating if for every g € *J, there exists f € F
such that g <* f.
(ili) d; is the minimal cardinality of a dominating family F of “A.
Lemma 3.3. ¢(Sym(A)) < d;.
ProOF. Let 4 =d; and let F = {f; | i < u} be a dominating family. We may
assume that each f; is strictly increasing. -For each 8 < u, define

Gy=(ge Sym(l)l There exist i, j < @ such that g <* f; and g~! <* fi)

Then Sym(4) = J,. x Go. Arguing as in the proof of Proposition 1.4 of [3], we
can easily see that each Gy is a proper subgroup. O

ProoF OF THEOREM 1.4. Let IP be the notion of forcing given by Lemma 3.1. Let
F =*ANV. Since V =GCH, |F|=A". Since Pis k*-c.c., for each 4 € “AN V[G]
there exists a sequence (H (i) | i < A) such that H (i) € [A]* and h(i) € H (i) for
all i < A. It follows that V[G] E F is a dominating family in 2. By Lemma 3.3,
V[G]E ¢(Sym(A)) < |F| < A** = ¢(Sym(k)). |

The rest of this section will be devoted to the proof of Theorem 1.7. Let x < A
be infinite cardinals, and suppose that ¢(Sym(k)) = 0 > ¢, (x,4). Let Sym(k) =
U;<p Gi, where each G; is a proper subgroup. From now on, let C be a fixed w-
closed unbounded subset of [4]* such that |C| = ¢, (k, ). Also, for each T € C,
fix a bijection fr: 7T — k.

Convention 3.4. If Q C J, then we identify Sym(Q) with the subgroup
{g € Sym(})|g(a) = a for all @ € 2\Q} of Sym(4). In particular, we regard
Sym(k) as a subgroup of Sym(A).

DEFINITION 3.5. For each ¢ € Sym(k) and T € C, we define o7 € Sym(T) by

or | T=f7'opofr.

DEFINITION 3.6. For each i < 8, H; is the set of all elements = € Sym(A) such

that for some w-closed unbounded subset D C C of [A]%, for all T € D,
(i) n[T]=T, and
(i) there exists ¢ € G; such that n | T = @7 | T.

LemMMA 3.7. For each i < 6, H; is a subgroup of Sym(24).

PrROOF. Left to the reader. O

LemMMA 3.8. For each n € Sym(A), there exists i < 0 such that n € H;.

PrOOF. There exists an w-closed unbounded subset D C C of [4]* such that
n[T] = T for al T € D. For each T € D, there exists ir < 6 such that
n | T =7 | T for some ¢ € G;,. Note that § = ¢(Sym(k)) is regular. Since
|D| = cu(k,A) < 8, it follows that sup;., it < 6. O

Clearly H; C H; for all i < j < 6. So the following lemma completes the proof
of Theorem 1.7.

LEMMA 3.9. For each i < 0, H; is a proper subgroup of Sym(2).

PrOOF. Suppose that H; = Sym(/) for some i < 6. Let

C*={TeC|kCT|T\k| =k}

This content downloaded from 139.179.72.99 on Thu, 07 Feb 2019 18:54:54 UTC
All use subject to https://about.jstor.org/terms



THE COFINALITY OF Sym(k) 897

For each T € C*, let X;r = fr[«]. For each pair of elements S, T € C*, there
exists 157 € Sym(k) such that

frofs' I Xs =gz | Xs.

In particular, 15[ Xs] = X7. Since |C*| < 6, we can assume that 151 € G; for
all §,T € C*.

Now fix some R € C*. Let ¢ € Sym(Xg). (Remember that we are using Con-
vention 3.4 during this proof. Thus ¢ € Sym(Xy) means that ¢ is a permutation
of A such that p(a) = « for all @ € A\ Xg.) We shall show that there exists o € G;
such that ¢ | Xg = ¢ | Xg. Let = = pg. Then = € Sym(x). Since = € H;, there
exist T € C* and w € G; such that n | T = yr | T. Clearly y € Sym(X7). Let
g = HT,R owyo H;’Ili Then

ol Xe=froff oyofrofg' | Xa=fromo fg' | Xz
:fRofglogoofRofEI [ Xr = [ Xr.

Thus we have shown that the setwise stabilizer of Xz in G; induces Sym(Xz) on
Xr. By Lemma 2.4 of [1], there exists g € Sym(x) such that Sym(x) = (G;,g).
Let g € G;, where i < j < 6. Then G; = Sym(k), which is a contradiction. O
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