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Dwell Time Optimization in Switching Control
of Parameter Varying Time Delay Systems

Peng Yan

Abstract— 1t has been shown that parameter varying systems
with time delays can be robustly stabilized by switching control,
provided that the plant’s parameter varies slowly enough such
that the dwell time conditions of the switched controllers can
be satisfied. In this paper, the minimization of dwell time is
considered, where an iterative search algorithm is developed
from the singular value perspectives. The local minimal dwell
time obtained in this paper can be used to estimate the upper
bound on how fast the plant’s parameters can vary. Meanwhile,
the switching controller synthesis with optimal dwell time is also
discussed, where robust stabilizer design algorithm is presented
to achieve robust stability at certain operating range, as well
as the local minimal dwell time for controller switching. A
numerical example is given to illustrate the proposed algorithm.

I. INTRODUCTION

The control of time delay systems has many important
applications in various engineering fields such as chemical
processes, aerodynamics, and communication networks [4],
[15]. Due to infinite dimensionality of the state space, delay
systems pose challenging control problems [8], [7], [9], [15].
Furthermore, many time delay systems are time varying and
parameter dependent, where system parameters are scheduled
along a measurable parameter trajectory [20], [24], [28]. An
example of parameter varying time delay systems is the data
congestion control model for TCP networks, where all the
parameters of the dynamical model, including the time delay
RTT(round trip time), are dependent on instantaneous queue
length at the bottleneck network node [14], [29].

The analysis and control of LPV (Linear Parameter Vary-
ing) delay free systems have been discussed widely [1], [20],
[24], among which an important method is switching control,
which employs multiple candidate controllers at different
operating ranges and use switching logic to select the active
controller at each instant of time. We refer to [5], [6], [11],
[12], [19], [30] and references therein for hybrid system
stability analysis and switching control synthesis for systems
without time delays. It is worth noting that the approach of
switching control is extended to LPV systems with unknown
time-varying parameters in a recent result [27], where the
model being considered is linear time-varying without time
delays.
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There are also various recent results on LPV time delay
systems [17], [21], [28]. In [21] stability and stabilization
were discussed for discrete time switched time delay sys-
tems; [17] considered similar stability problem in continuous
time domain. Note that [21] and [17] are trajectory depen-
dent results without taking admissible switching signals into
considerations. Meanwhile, trajectory independent switching
was discussed in [32], which showed that robust stabilization
can be achieved using switching control for LPV time delay
systems if the plant’s parameter varies slow enough to
meet the dwell time conditions. An open problem is the
minimization of the dwell time in the synthesis of switching
controllers, such that faster switching can be allowed in
control applications.

We present in this paper a numerical algorithm to mini-
mize the dwell time between switching instants, and to de-
sign the corresponding controllers. Compared to the switch-
ing dwell time for delay free systems [10], [19], the dwell
time conditions derived for time delay systems are more
conservative [31]. Therefore the minimization of the dwell
time in switching controller synthesis is of particular impor-
tance from application perspectives. The stability conditions
derived in [2], [31], [32] are taken as the basis here. Hence
the present work complements these papers.

The paper is organized as follows. Some preliminaries
are given in Section II, where robust stabilization problem
is defined for parameter varying time delay systems with
switched controllers. In Section III, a numerical algorithm
is presented to minimize the dwell time, with which the
stabilizer synthesis is also considered to meet the minimal
dwell time requirements, besides robust stability conditions.
Numerical example is given in Section IV, followed by
concluding remarks in Section V.

II. PRELIMINARIES

Consider the following linear parameter varying time delay
system X for ¢t > 0:

o { w(t) = A@)z(t) + AO)x(t —7(0)) + B(O)u(t)
. $o(f) = (Zs(f)a V€ € [_Tmaxao] n

where x(t) € R™ is the state vector, u(t) € R™ is control
input, 7(0) denotes the parameter varying time-delay satis-
fying 0 < 7(0) < Tqg. and d7/dt = dr/df « df/dt < 1.
The LPV time delay system Yy depends on a parameter 6(¢),
where 6(t) € R is assumed to be continuously differentiable
and 0 € © where O is a compact set.
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signed for operating points § = 6;, which robustly stabilizes
the LPV time delay systems for

o€, :=[0,0]]. (2)
o K
Switching

Logic

> K, i
6
x(t)

2y >
> ](l Switch
Fig. 1. The switched feedback control system

The feedback system equation can be written as:

. {:c(t) = A% (0)2(t) + A(0)x(t — 7(0)),t > 0
. 1'0(5) = ¢<£)’ V€ € [*Tmamo} 3)
where AY, (0) = A(0) + B(0) Ky and q(t) is a piecewise
switching signal taking values on the set F := {1,2,...,1},
i.e. q(t) = kj, kj € F, for Vt € [tj,tj+1), where tj, j S
Z* U {0}, is the j** switching time instant which applies
controller K, u = Ky, x for € O;.
The notation used in this paper is the same as [32]: || - ||
denotes the Euclidean norm in R™, and for a continuous
function f € C([t — r,t],R™) we define

‘f|[t—r,t] = sup [[f(O)].
t—r<0<t
The switched time-delay system 3, described by (3) is
stable if there exists a continuous strictly increasing function
a : Rt = R* with &(0) = 0 such that

[z@)] < a(|zf; VE>t >0, (4

t0—Tmaz,to] )s

along the trajectory of (3). Furthermore, 3, is asymptotically
stable when X, is stable and lim;_, ;o (t) = 0.

For a given positive constant 7p, the switching signal set
based on the dwell time 7p is denoted by S[rp], where for
any switching signal ¢(t) € S[rp], the distance between any
consecutive discontinuities of ¢(t), ¢;4+1 —t;, j € ZT U{0},
is larger than 7p [10], [22].

Recall the main results of [32]. Consider the trajectory of
(3) in an arbitrary switching interval ¢ € [t;,t;41):

() = (Af, + DAL (9)(t)

ij : + (/ij + AA(@)).%‘(t — Tk, (9))
x;(§) = ¢;(8), V&€ [-Tk,,0],

)

where 0 < T,
as:

= max 7y, (0), for § € Oy,, ¢;(§) is defined

z(t; + &)
?;(&) = { limy,_,o- z(t; + h),

—Tk, <§<0
sy ©
Construct the Lyapunov-Razumikhin function
Vk'j (I’j,t) = osf(t)Phxj(t), te [tj7tj+1] (7)
for (5), then we have
fay |25 (11> < Vi, (8 25) < R lla; (1)]%, Yy € R™,(8)
where kg, = Omin[Pr;] > 0 denotes the smallest singular
value of Py, and Ry, := Opmae[Px;] > 0 the largest singular
value of Py, .
As in [32], assuming existence of a constant pg, > 1
satisfying Vi, (t +, z;(t +¢)) < pr,; Vi, (t,7;(t)) for Vo €
[—27%,,0], we obtain

Vi, (t, ) < =] (1) Sk, 25 (1), ©)
with
Sk, = — {S" + 5% + 5%+, P, Dy, Df Py, (10)
+ %Pk,-ijngij +7;;.1E;€Ekj + 27, Pk, P,
+ Tk, P, (Ar, (Qr, + ij)[lfj + €ijijij)ij},
where
St = P, (A, + B, Ki, + Ag,)
+(Ay, + By, Ki, + Ay,)" Py,
S? = 3 (B, + B Ky) ' (By, + Ejf Ky,)
S% = Tk, P, Ak, (Qr, + Qu, ) EL (e, T — Ey; (Qu,

+ij)E;€)_1Ekj (Qr,; + ij)x‘igjpkj
and v, > 0, Y, > 0, €x; > 0 are free scalars, and Qy; >
0, Qk,; > 0 are chosen such that
(A%, + AAL (0+9)" Q1 (AL, +A4E (0+¢) < Py

J

(Ak; + AA0 + )" Q) (A, + AAO +¢)) < P,

J

The following result can be obtained by defining Xy, =
Pk_j ! and employing Schur complement and Razumikhin
theorem [2], [32]:

Lemma 2.1: The time varying time delay system (5) is
robustly stable if there exist X, > 0, Qr; > 0, Qr; > 0,
Yi,, and scalars v, > 0, Jx, > 0, ¢, > 0, pp; > 0,
pr; > 0, such that

Xi;, X AL, +Yi B, Xi,Ep, + Y (EZ)T
* ij - ,ij ij ij 0 Z 0
* * pkjf
an
X, Xe AL X Ep
*  Qu; — pr; Di; Dy 0 >0 (12)
* * ﬁkjf
My, Rz X, E;{] Ria
* =yl 0 0
0 13
* *x  —m,l 0 |° (13)
* * * N,

J
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where

Ry =
Ry, =

Xi, BL + V(BT
T, Ak, (Qr, + Q) E}

My, = (A, + Ar,) X, + Xk, (Ax, + Akj)T

+ Vk.kajD;fj +'_Y’f.7ijD;€J + Bi; Y, +Y,§§B;;’;

+ Tk €r, ij Dij + T Akj (Qx; + Qk])flfj + 27k, Pk, Xk
Ny, = —7,(en; 1 — Ex; (Qx; + Qx;)EL,),

and % denotes the transpose of the symmetric term in
symmetric matrices. We refer to [32] for the definitions
of Dy, Dy, Ex,, FEy,, E,fj,. Furthermore, the state feedback
controller
_ —1
Ky, =Y, X K

is robustly stabilizing >, (5). U

The stability of the switched LPV time delay system (3)
can be guaranteed with the following dwell time condition
[32]:

Lemma 2.2: Consider switched LPV time delay system
(3) with [ state feedback controllers designed for § € O,,
i € F as described by (2), where each controller K kj» k; €
F, is a robustly stabilizing controller derived from Lemma
2.1. Let the dwell time be defined by

0 = T" + 270z (14)
where N—1
T == )\uLil +1], (15)

with p := ming, e7{pr,} > 1, [-] being the floor integer

function, and B
R .

A = max —~, (16)
kjEJ: Klkj
and _
= max 2 (17)
o= kjeF w
where
Wy, = Umin[Skj] >0 (18)

Then system (3) is asymptotically stable for any switching
rule ¢(t) € S[tp].

III. DWELL TIME MINIMIZATION

Due to the free parameters of p;, X;, Q;, Ql Y, Yis Vi €is
pis pi in Lemma 2.1, the candidate stabilizer design is not
unique. As illustrated by the numerical example discussed
in [32], the dwell time computation depends heavily on the
selection of the free parameters. It is a very challenging
question to optimize the design of the stabilizers such that
the minimal dwell time can be achieved to tolerate faster
parameter variations of LPV time delays systems Yy. In this
section, we will provide a search algorithm for numerical
optimization of the dwell time, (14)

Consider an arbitrary switching time instant j**, j € Z+U
{0}, where controller K}, is applied for Vt € [t;,;41).

Define H "3 for the LMIs of (11-13) in Lemma 2.1. Using
the same arguments in Lemma 2.1, we denote

M} Ry Xy BE Ru Xy
* il 0 0 0
== % kw00 | (9
* * * Ng;, 0
* * * * —z/
where
M/fj = (Ag, + Akj)ij + X, (Ag; + Ak]‘)T

+ ’ijDk-ngj + Y, D, ng + By, Yk, + kang
+ Ty ex, Di, ng + 7y Ay (Q, + Qk.f)AZ«; + 27, X -

J

For Vz > 0, we claim that Hi Py < 0 is necessary and

sufficient to guarantee S; > 2~11. Note that

Sk, > 27
= S, —2'1>0
= X (Sk, - ZﬁlI)ij >0
= X, (=S, ) X, +Xk.7.zlekj <0 (20

Recall (10), we can derive the following inequalities from
Schur complements:

(zvpk )

Xy (=Sk,) Xy + Xi,2 7' X, <0 = B <0.

Now we are ready to state the numerical search algorithm
to minimize the dwell time 7p given in (14). In the following
search algorithm, we assume the ex1stence of the dwell time,
i.e. feasible solutions of LMIs of H "

Step 1. Initialize the search with p =po > 1, and z* =
zo > 0, where a sufficiently small py > 1 and a sufficiently
large zp > 0 can be chosen as a feasible initial condition.

Step 2.Let py; = p*, solve the following LMIs:

0 < =z
z < zZF
—(z,p")
kjp <
I < Xk

J

and
Hz; are satisfied, Vk; € F

It is worth noting that the LMI condition of Xy, > [
normalizes the search. If feasible solutions exist, go to step
3, otherwise skip to step 4.

Step 3. Let p* = p* 4+ dp and z* = 2z, go to step 1 to
find a smaller z, where Jp is the step size to search p*
incrementally.

Step 4. Iterate step 2 and 3 until the LMI solver could not
find feasible solutions. We denote z* = min z* and p* =
max p*.

Step 5. For Vk; € F, deploy the following optimization
subject to LMI conditions:
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: +
min ij

st. 0< V,jj is a scalar
:(Z*,P*)
Er, <0
1< ij
+
ij < ijI

Hlk): are satisfied (21)

Denote 7, = min{r; }, and solve the following LMI
optimization problem:

max Vs,
s.t. 0 <y, is a scalar
J

:(Z*,P*) <0

=5

l/k_JI < ij
—

ij < ij‘[

Hg; are satisfied (22)

We denote Dk_j = Inax{yk_j }, and p*, X,;“j, Q;;j, Q,’;J Yk*j,
Vi Vi, €., Pr.» Pr., the corresponding solution of LMI
sef (22)1. AnJuppeJr bound of the minimal dwell time can be
derived:

Theorem 3.1: Follow the above search algorithm step 1 to
5; the resulting minimal dwell time 7 is bounded by:

Nz* N\ —1
¥ o= — 1 2Tmaz 23
< Thi= Sl 23)
where N
V. .
A* := max 2 (24)
kjEJ: ij
and
7™ := min Uy, (25)

k]' EF
Meanwhile corresponding robust stabilizers are derived from:
Ky = Y (X)) 26)
Proof. Recall that P, = X ,; ! and observe D,;j < Xg, <
17,;'; We have:

(7)™ < Py < ()7

The singular value ratio A\ in (16) can be bounded by:

From the definition of y in (17) and the fact that (z*)~! <
Tmin[Sk,;], we have:
< z"maxRi
K k; G.};'- K/kj
< z¥ g )7t
4 er ;)
1

mink]. = ﬁk:

= Z*

Z*

= - (27)
n

which implies (23) and completes the proof. ]

Note that the search of an optimal free parameter p*
can not be deployed from LMI optimization perspectives
due to the term of 27 p* Xy, in E,(Cip ). Meanwhile, it is
worth mentioning that the conservatism of the above search
algorithm is mainly due to the assumption of py, = p* for the
convenience of computation. It is possible to generate better
results with optimization over multi-dimensional space of
(p1,p2,- - ,p1)- The above algorithm can be deployed using
Matlab®and its Robust Control ToolBox.

IV. NUMERICAL EXAMPLE

In this part of the paper, the example of [32] is considered
to illustrate the algorithm discussed in Section III. The
parameters of (1) be given as

—-2.5—-16

A(0) = { I —0.75 - 0.50 ]

—1.95+0.16
1"

A(0) = { -1

0
0.2 0.5 1] B) =1

7(0#) = 0.15 — 0.050 and 0(t) = cos(w,t), Note that 6 €
[-1, 1] = O, and w, determines the speed of parameter
variations.

Similar to [32], we define 61 = 0.5, #; = —0.5 and two
parameter intervals

0, =[-01,1 ©y=][-1,0.1]

for which two separate controllers K7 and K, are to be
designed and switched according to hysteresis switching
logic with the hysteresis range ©; N O defined as |d; 2| =
0.2. The two nominal systems are defined as:

-3 -1 - -1 0
A= [ -1 -19 ] A= [ —045 -1 ]

-2 05 . -1
Az_[—1 —2] AQ_{O.OS

0.6 0.3 . 00
EIZEQZ[ 0 0.06] El:EQ:{o.s 0]

D1 = DQ = Dl = D2 = I, with T = maXgeo, = 0.155
sec., T = maxpeco, = 0.20 sec.

We now pick up arbitrary initial conditions py = 2.4 and
zo = 4 in step 1 and perform the iterative search of step 2
and 3. We have z* = 3.145 and p* = 2.700.

By further deploying the LMI optimization (21) and (22)
in step 5 with the achieved z*, and p*, we can synthesize
the two stabilizers:

K, =[0.9681 0.0465] K, =[-0.2708 0.3715]

and
A= max{f%l/m, /%2/;‘4,2,} = 1.3807

@ = max{R/wy, Ra/wa, } = 0.3772
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The dwell time can be calculated from (15) and (14):

A—1
= 2Tnas A —— 1
D T, + M|_p_1+ J

1.3807 — 1

= 0.92
Meanwhile, we have:
N = max{w; /v, vy /vy } = 1.3858
n* = min{v; ,7; } = 0.9996

s0, from Theorem 3.1, an upper bound for the minimal dwell
time can be given as:
Arz* L)\* -1

nopr—1
The level of conservatism in Theorem 3.1 is illustrated by
the amount of deviation of 77, from 7p.

For comparison purpose, we also use the above parameters

in the approach of the earlier paper [32], which generates the
controllers

* —_—

D

+ 1] 4+ 27mas = 4.76

K, =[1.2651 0.8975] K, =[0.2122  0.4232]
and gives the corresponding dwell time as
A—1
T = 2Tnaa A —— 1
D T, + /J|_p ] + J
1.7308 — 1
= 2x%x0.241.7308 x0.5843| —— +1
F02 * Szo0—1 U
= 141 (28)
In view of 0.92 < 1.41, clearly the algorithm proposed in

the present paper can derive a smaller dwell time. Recall
Corollary 3.3 in [32], we can guarantee switching stability
with

0] < 0.2/0.92 ~0.2174 ,

which implies that w, € (0, 0.2174). However, the dwell
time 7p derived from [32] only allows much slower param-
eter variations:

0] < 0.2/1.41 ~ 0.1418 ,

ie. w, € (0, 0.1418).

We should also indicate that the above results can be
further improved by a selection of a suitable initial values
po and zp as shown in Table I, which includes a summary
of the above results.

V. CONCLUSIONS

This paper considered the minimization of dwell time in
robust stabilization of time varying time delay systems with
switched controllers. Compared to the earlier results [31]
and [32], the algorithm obtained in the present paper allows
for faster parameter variation and therefore faster switchings.
An iterative search algorithm is proposed based on the
optimization of matrix singular values using LMIs. This
procedure is guaranteed to minimize an upper bound of the
dwell time, 77,, but the actual dwell time 7p obtained by the
switching robust controllers designed using the parameters
of this optimization can be much lower as illustrated by the
numerical example.

In conclusion, this paper provides a methodology for the
design of switching robust controllers with the objective of
making the dwell time as small as possible. Although there
is still room for improvement in the controller design for the
minimal achievable dwell time, the present paper provides
a basis on which new methods can be built and compared
with.
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