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Abstract
We investigate the effects of exchange and correlation on the quasiparticle properties such as the self-energy, the many-
body effective mass and the renormalization constant in a two-dimensional system of ultracold dipolar fermions with dipole
moments aligned in the perpendicular direction to the plane. We use the G0W approximation along with the generalized
random phase approximation, where the many-body effects have been incorporated in the effective interaction W through
the Hubbard local-field factor. The many-body effective mass and the renormalization constant are reduced with the increase
of coupling strength. We also study the effect of dipole-dipole interaction on the single-particle spectral function of the two
dimensional dipolar Fermi liquid. We observe composite hole-zero sound excitation which is a bound state of quasiparticles
with the collective mode (i.e. zero-sound) at intermediate and high coupling constants. These composite excitations are
undamped at small wave vectors. Due to repulsion between quasiparticle and composite excitation resonances, we find a
gap-like feature between quasiparticle and composite excitation dispersions at long wavelengths.

Keywords Dipolar Fermi liquid · G0W · Effective mass · Renormalization constant · Spectral function ·
Composite quasiparticles

1 Introduction

Ultracold atomic gases are classified as a member of
relatively strongly correlated systems due to their long-
range and anisotropic interactions [1, 2]. They have many
interesting applications in chemical reactions, quantum
information and novel quantum phase transitions [3–
6]. Instabilities occur in dipolar quantum gases when
interactions are sufficiently strong and attractive [7–9].
The long-range interaction leads to the emergence of a
variety of quantum phases [2, 10, 11]. The many-body

� B. Tanatar
tanatar@fen.bilkent.edu.tr

1 Department of Physics, Institute for Advanced Studies
in Basic Sciences (IASBS), Zanjan, 45137-66731, Iran

2 School of Nano Science, Institute for Research
in Fundamental Sciences (IPM), Tehran, 19395-5531, Iran

3 School of Physics, Institute for Research in Fundamental
Sciences (IPM), Tehran, 19395-5531, Iran

4 Department of Physics, Bilkent University, Bilkent, 06800,
Ankara, Turkey

effects in these quantum gases have been investigated by
various groups. In this respect, Fermi liquid properties
in the two-dimensional (2D) polar molecules have been
studied by many-body perturbation theory [12], quantum
Monte Carlo [13] and G0W [14, 15] methods. Also, the
ground-state properties and density wave instability [16–
18] in a two-dimensional (2D) dipolar Fermi gas have been
studied in the framework of Hartree-Fock [19], improved
Sigwi-Tosi-Land-Sjölander [20] and Fermi-hypernetted-
chain (FHNC) [21] approximations.

Low-energy dynamical properties of a Fermi system is
phenomenologically described by means of the Landau’s
Fermi-liquid theory [22, 23]. Polar particles in a dipo-
lar Fermi gas exhibit dipole-dipole interactions, in which
independent particles are replaced by quasiparticles (QP)
interacting via dynamically screened dipole-dipole inter-
action. Screened interactions lead to the modification of
band energy. This modification is extracted from the self-
energy function. In this paper, we study the effect of
dipole-dipole interaction on the quasiparticle properties of
a 2D dipolar Fermi liquid within the G0W approximation
to the self-energy while using the Hubbard local-field fac-
tor (LFF) [23] to account for the exchange effects in the
effective interaction.
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Band structure and single-particle excitations in a
correlated quantum fluid are obtained from the single-
particle spectral function. Dynamics of quantum systems
have been studied extensively over the past decades.
Dynamical properties have been investigated in the electron
gas [24, 25] and graphene [26–31], and the observation of
plasmaron excitations has been reported in graphene [32].
Composite hole-acoustic plasmon satellite bands have been
predicted for a graphene sheet on a metallic gate [33].
Godfrin and coworkers studied the dynamical properties
of a monolayer of liquid 3He by means of inelastic
neutron scattering measurements and they reported the
observation of a roton-like excitation [34]. The dynamical
properties of 2D dipolar Fermi gases have been studied in
our recent work and we have reported the formation of
composite quasiparticles [15] using FHNC results for the
static structure factor to extract the many-body effective
interaction.

In this work, we aim to test the effects of using a
much simple form of the effective interaction, i.e. using the
Hubbard approximation for the LFF, on the QP properties
and the single-particle spectral function in a 2D dipolar
Fermi liquid. The main advantage of this method is that it
does not rely on any input from other more sophisticated
calculations, such as quantum Monte-Carlo (QMC) or
FHNC for the ground state properties. Therefore, it is easily
applicable for other systems with other forms of interactions
where such input is not available.

The rest of the paper is organized as follows. In Section
2, we introduce our model and give the details of the method
we use to calculate the QP properties and single-particle
spectral function. In Section 3, we illustrate our numerical
results for QP properties and spectral function. Finally, in
Section 4, we give a summary and conclude our results.

2 Theory

We consider a 2D single-layer gas of spin-polarized
dipolar fermions with their dipole moments aligned in the
perpendicular direction to the 2D plane. The isotropic bare
dipole-dipole interaction between particles reads

vdd(r) = Cdd

4π

1

r3
. (1)

Here, Cdd is the dipole-dipole coupling constant, which
is d2/ε0 for molecules with permanent electric dipole d

and μ0M
2 for atoms with permanent magnetic dipole M ,

where ε0 and μ0 are the permittivity and permeability of
vacuum, respectively. At zero temperature, all the properties
of this dipolar system will depend on a single dimensionless
coupling constant λ = kFr0, where r0 = mCdd/(4π�2) is a
characteristic length of dipolar interaction and kF = √

4πn

is the Fermi wave vector with n being the 2D density.
Note that here m is the bare (i.e., non-interacting) mass of
dipoles, and the system is spin polarized. We assume low-
lying excitations and resort to the G0W approximation for
the self-energy [23]

Σ(k, E) = i

∫
d2q d(�ω)

(2π)3
G0(k−q, E −�ω)W(q, ω). (2)

In order to account for the exchange and correlation effects,
W(q, ω) is approximated by the Kukkonen-Over- hauser
(KO) effective interaction [23]

W(q, ω) = v(q) + w2(q, ω)χ(q, ω), (3)

where v(q) is the Fourier transform of bare interaction
vdd(r), and χ(q, ω) is the density-density linear response
function. Within a generalized random-phase approxima-
tion (RPA), the density-density response function could be
expressed as [23]

χ(q, ω) = χ0(q, ω)

1 − w(q, ω)χ0(q, ω)
, (4)

where χ0(q, ω) is the density-density response function
of an ideal (i.e., non-interacting) 2D Fermi gas. The
statically screened interaction w(q) is defined through
(4); however, in any practical application, it should be
approximated. In the RPA, one normally replaces it with
the bare interaction but in the case of dipolar interaction,
this leads to an unphysical cutoff dependance of the
interaction [15]. An accurate knowledge of the static
structure factor of the interacting system through QMC or
FHNC combined with the fluctuation-dissipation theorem
leads to more accurate static approximations for the
screened interaction [14, 15]. In the present work, we adopt
an analytic approximation for the many-body LFF, namely
the Hubbard approximation [23], which partially takes into
account the effects of exchange hole

wH(q) = v(q) − v

(√
k2F + q2

)
. (5)

The simplest approximation for obtaining the self-energy
is the Hartree-Fock (HF) approximation in which only the
exchange effect is included by keeping the first term on the
right-hand-side of (3)

ΣHF(k) =
∫

d2q
(2π)2

[v(0) − v(k − q)]nFD[ε(q)]. (6)

Here, nFD(ε) is the Fermi-Dirac distribution function and
ε(k) = �

2k2/(2m) is the non-interacting dispersion of
particles. Note that v(0) which has been included in (6)
accounts for the Hartree contribution to the self-energy.
This term is absent in the jellium model of the electron
gas [23] due to the charge neutrality, and is a trivial constant
shift in the energy in other homogeneous systems. Here,
while it has a constant k-independent value, its inclusion
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is essential for canceling out a similar cutoff-dependent
constant contribution from the exchange term.

The full self-energy in the framework of G0W reads
[15, 23]

Σ(k, E) = ΣHF(k) + Σ(ρ)(k, E), (7)

which is split into two terms: the static mean-field,
i.e. “Hartree-Fock” term ΣHF(k), and the dynamic term
Σ(ρ)(k, E), which originates from density fluctuations.
With the stated approximations, the excitation spectrum for
quasiparticles is written as

εQP(k) = ξ(k) + �eΣ̃(k, E)|E=εQP(k). (8)

Here, ξ(k) = ε(k) − μ0 and �eΣ̃(k, E) = �eΣ(k, E) −
�eΣ(kF, 0), where μ0 is the chemical potential of the
non-interacting system. In the numerical calculations, we
will use the “on-shell approximation” (OSA), replacing
εQP(k) → ξ(k) in the self-energy [23, 35, 36]:

εOSAQP (k) � ξ(k) + �eΣ̃(k, E)|E=ξ(k). (9)

In the presence of interactions, discontinuity of the
momentum distribution at the Fermi level, that is measured
by the renormalization constant, is less then unity [23]

Z = 1

1 − ∂E�eΣ(k, E)|k=kF,E=0
. (10)

The many-body effective mass at the Fermi level is obtained
from the slope of interacting excitation spectrum [23]

1

m∗ = 1

�2kF

dεQP (k)

dk

∣∣∣∣
k→kF

. (11)

As the quasiparticle energy could be calculated either by
solving the self-consistent Dyson (8) or by using the OSA,
there are two corresponding expressions for the many-
body effective mass: The effective mass m∗

D is obtained by
self-consistently solving the Dyson equation [23, 35]

m

m∗
D

= Z

[
1 + m

�2kF
∂k�eΣ(k, E)|k=kF,E=0

]
, (12)

while the many-body effective mass within the on-shell
approximation could be written as [23, 35]

m

m∗
OSA

= 1 + m

�2kF
∂k�eΣ(k, E)|k=kF,E=0

+ ∂E�eΣ(k, E)|k=kF,E=0. (13)

The spectral function A(k, E), which plays a central role
in the investigation of QP properties, is a useful physical
quantity which is capable of providing information on band
dispersion and Fermi surface. A(k, E) is the probability
of finding a particle with momentum k and energy E.
For a non-interacting system, the spectral function has
a Dirac δ-function form. Interactions modify the single
particle Green functionG−1(k, E) = G−1

0 (k, E)−Σ(k, E),
and the spectral function broadens to read A(k, E) =

−�mGret (k, E)/π . The renormalized spectral function is
related to the self-energy and the non-interacting energy
ξ(k) through the equation [23, 37]

A(k, E) = −�mΣ(k, E)/π[
E − ξ(k) − �eΣ̃(k, E)

]2 + [�mΣ(k, E)]2
.

(14)

The spectral function above has a Lorentzian shape where
�eΣ̃(k, E) specifying the location of the peak of the
distribution and the imaginary part of the self energy is
the line-width. A(k, E) is a positive-definite quantity and
satisfies the sum rule

∫ ∞
−∞ A(k, E)dE = 1. A fraction Z

of the total spectral weight is absorbed by the QP peak and
remaining 1 − Z is distributed over the background [23].

3 Numerical Results

We now turn to the presentation of our numerical results
for the self-energy, renormalization constant and many-
body effective mass. In Section 3.1, we present the results
of the calculation of quasiparticle excitation energy and
lifetime. In Section 3.2 ,we present the numerical results
of the renormalization constant and many-body effective
mass for two dimensional dipolar Fermi liquid and finally,
in Section 3.3, we show the numerical results of the single-
particle spectral function.

3.1 The Quasiparticle Self-Energy and Lifetime

The interaction between the particles in Fermi liquids,
which leads to the quasiparticles have two important effects.
First, the dynamical properties of quasiparticles such as
energy dispersion relation and their mass are renormalized.
Renormalized QP energy is determined by the real part
of the self-energy. Second, the quasiparticles decay due to
inelastic scatterings from other quasiparticles which leads
to a finite lifetime. This QP lifetime is defined by the
imaginary part of the self-energy. Figure 1 (top panel) shows
the QP energy as a function of k obtained by on-shell
approximation at different values of the coupling strength
λ. For small coupling strengths, the system behaves very
much like a non-interacting system because of the large
cancellation between the static and dynamical contributions
to the self-energy. In the intermediate and large coupling
regimes, for k < kF, the QP self-energy is slightly changed
but for k > kF and at the kc where the collective mode
(i.e. zero-sound) emission occurs, the self-energy is abruptly
decreased as the QP is allowed to emit collective modes.
It then looses its energy and comes back near the Fermi
surface. A strong dip in the real part of the self-energy is
the zero-sound dip and it depends on the coupling strength
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Fig. 1 Top: Quasiparticle energy (in units of εF) as a function of k at
various coupling strengths. Bottom: The inverse of the quasiparticle
lifetime (in units of �k2F/m) as a function of k at different values of λ

λ. The position of zero-sound dip moves to larger k with
increasing coupling strength. This zero-sound dip, which is
similar to maxon-like dip reported in 2D 3He [38, 39], and
plasmon dip in 2D electron gas [35, 36] originates from the
decay of particle-hole pair into a plasmon with conserved
momentum and energy.

Two mechanisms exist for the scattering of a quasipar-
ticle: excitation of particle-hole pairs, which is dominated
at long wavelengths, and the excitation of zero-sound that
turns on at a threshold wave vector kc, where the collective
mode dispersion enters the particle-hole continuum [24, 27].
In the bottom panel of Fig. 1, we present the inverse of the
quasiparticle lifetime τ−1 = 2|�mΣ(k, ξk))|/� as a func-
tion of k for various values of λ evaluated in the OSA. The
inverse of the quasiparticle lifetime vanishes at k = kF, indi-
cating that quasiparticles are well defined at the Fermi level,
and the quasiparticle decay rate vanishes as |k − kF|2 for
k → kF that is one of the main features of the Fermi liquid
theory [23]. A finite jump in the inverse lifetime takes place
at the wave vector of zero-sound dip because at this wave
vector the scattering rate is drastically increased. This jump

has also been reported for 2D electron gas [35] and there it
arises from the non-zero oscillator strength of the plasmon
pole at the wave number of plasmon dip. There is no zero-
sound jump for small couplings (see, the inset in Fig. 1) but
by increasing the coupling constant, the jump appears at kc
and by further increasing the coupling constant, the magni-
tude of the scattering rate and the wave vector at which the
jump occurs change.

3.2 Renormalization Constant andMany-Body
Effective Mass

The renormalization constant is the probability of removing
or adding a particle at the Fermi energy without exciting the
medium. Therefore, it is sensitive to the interaction strength.
In Fig. 2 (top panel), we compare our numerical result for
the renormalization constant with QMC results [13]. In the

Fig. 2 Top: The renormalization constant of a 2D dipolar Fermi liquid
as a function of the dimensionless coupling constant λ, calculated
within the G0W approximation and is compared with the QMC results
of Ref. [13]. Bottom: The relative effective mass of a 2D dipolar
Fermi liquid as a function of the dimensionless coupling constant λ,
calculated within the on-shell and Dyson approximations for the G0W

formalism compared with the QMC results of Ref. [13]

2372 J Supercond Nov Magn (2020) 33:2369–2374



weak coupling regime, the self-energy is dominated by the
exchange effects. Because the Hartree-Fock self-energy is
independent of energy, we expect in this regime Z to be
close to its non-interacting value, i.e. Z = 1. As coupling
constant increases, the effects of correlations become
important and this leads to the reduction of renormalization
constant. A large suppression of renormalization constant
occurs at strong coupling, but Z never reaches zero. It
could be taken as an indication of the Fermi liquid picture
being maintained for this system as the Landau Fermi liquid
theory implies 0 < Z ≤ 1.

A consequence of the electron-electron interaction is an
effective mass renormalization from the backflow of the
fluid around a moving particle. In the bottom panel of Fig. 2,
we present our numerical results for the relative effective
mass m∗/m and compare them with the QMC results [13].
Our calculations show the reduction of the effective mass
in the entire range of coupling constants investigated. The
Hartree-Fock contribution to the self-energy has a positive
slope at kF and hence decreases the effective mass, whereas
the dynamic contribution to self-energy has a negative
slope and tends to enhance the effective mass [14]. In the
whole range of coupling strengths, the Hartree-Fock term
dominates over the dynamical term hence the effective mass
decreases. Evidently, the effective mass within the Dyson
scheme is in very good agreement with the QMC results
over the whole range of coupling strengths.

3.3 The Spectral Function

In this subsection, we present our numerical results for the
many-body quasiparticle spectral function obtained from
Eq. (14). When the first term in the denominator of Eq.
(14) becomes zero, a resonance emerges in the spectral
function that represents quasiparticles with a finite energy
and lifetime. Figure 3 shows the spectral function versus
energy for a 2D dipolar Fermi liquid at two different
coupling constants and for several values of momenta. The
spectral functions are slightly broadened (up to 0.005) to
make the undamped delta-function like peaks visible.

For λ = 1, the spectral function has a single peak
identified as the quasiparticle peak. This peak is broadened
in comparison with a non-interacting system which has a
delta-function peak. At λ = 8 and for small values of
the wave vector, the spectral function features at least two
pronounced peaks. If we account these peaks according to
increasing distance from E = 0, the first peak is associated
to the quasiparticle solution (i.e., a bare particle screened
by a cloud of particle-hole excitations and collective
modes) which is shifted from its non-interacting value
and these peaks have finite widths corresponding to the
non-zero damping rate that in turn results from the non-
zero imaginary part of the many-body self-energy. The

Fig. 3 The spectral function A(k, E) as a function of the energy E at
λ = 1 (top) and λ = 8 (bottom) and for six different values of the wave
vector, k = 0.02, 0.2, 0.4, 0.6, 0.8 and 1.0 kF. Note that each curve of
the spectral function has been shifted upwards by 0.2, with respect to
the previous curve, for a better visibility

second peak results from the coupling of quasiparticles
and collective modes. At long wavelengths, this composite
quasiparticle become undamped and it gives rise to a δ-
function peak in the spectral function. At larger values
of wave vectors, when the dispersion of collective mode
enters the particle-hole continuum and becomes vulnerable
to the Landau damping, the composite quasiparticle peak
eventually merges with the single particle peak and
disappears.

4 Summary and Conclusions

We have calculated the quasiparticle properties such as
the quasiparticle self-energy, quasiparticle lifetime, many-
body effective mass and the renormalization constant of
a spin-polarized 2D dipolar Fermi liquid. We have used
G0W approximation with a screened effective interaction
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within the Hubbard approximation for the many-body local-
field factor. Our effective mass results show reduction in
the entire range of coupling strengths we have studied. A
strong suppression of the renormalization constant occurs
at strong couplings, but Z never reaches zero. It could be
taken as an indication of the Fermi liquid picture being
maintained in this system as the Landau Fermi liquid theory
implies 0 < Z ≤ 1. We have also calculated the spectral
function and we have observed composite quasiparticles
consisting of a hole and zero-sound in the intermediate and
high coupling regimes. Our theoretical results convincingly
affirm the normal Fermi liquid nature of the 2D dipolar
Fermi gas.
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