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On the Strain Feedback Control of a Flexible Robot Arm

Omer Morgiil

Abstract— We consider a flexible robot arm modeled as a
rigid hub which rotates in an inertial space; a light flexible
link is clamped to the rigid body at one end and is free at the
other. We assume that the flexible link performs only planar
motion. We assume that the strain of the flexible link at the
clamped end is measurable. We show that suitable control
torques applied to the rigid hub stabilizes the system and
achieves orientation under certain conditions. The proposed
torque contains derivative, proportional and integral terms of
the strain. The stability proofs depend on the passivity of the
controller transfer function.

Keywords : Flexible robot arm, Boundary control, flexible
structures, distributed parameter systems, Lyapunov functions,
semigroup theory, direct strain control.

I. INTRODUCTION

The progress in space exploration and in fast rotating
robot arms have resulted in the use of lightweight materials
in similar mechanical structures. Such mechanical systems
contain parts which can adequately be represented by partial
differential equations due to flexibility. To achieve high
performance requirements for such systems one has to take
the effect of flexibility into account. Therefore in the last
two decades there has been great interest in the modeling
and control of such flexible structures.

Most of the flexible structures mentioned above contain
both flexible and rigid parts. Hence, their motion is usually
described by a set of coupled partial and ordinary differential
equations. To analyze such systems, the common engineering
approach is to obtain a finite dimensional model and to
design a controller based on this model. Although such an
approach simplifies the analysis, having established a control
law based on such models does not always guarantee that the
same control law will work on the original set of equations,
e.g. due to the ignored “high frequency” dynamics, one
might encounter the so-called “spillover” effects. Also, to
represent the original dynamics adequately, the order of the
finite dimensional model should be sufficiently large, and
this increases the order of the controller.

In recent years, the boundary control of flexible systems,
(i.e., controls applied to the boundaries of the flexible parts
as opposed to the controls distributed over the flexible parts),
has become an important research area. This idea was applied
to the Euler-Bernoulli beam equation and it has been proven
that, in a cantilever beam, a single actuator applied at the
free end of the beam is sufficient to uniformly stabilize
the beam deflections, [3]. Recently, the boundary control
techniques has been applied to the stabilization of a flexible

spacecraft performing planar motion, [17], [19], and three
dimensional motion [16]. In the works cited above, the
boundary controller is placed at the free end of the beam,
which may not be easy in some applications. For rotating
systems which consist of a rigid body and a flexible link
clamped to it, an alternate approach would be to measure the
strain of the flexible link at the clamped end and to apply
a related control torque to the rigid body. This approach is
called direct strain feedback, its implementation is quite easy
and experimental results based on this approach are quite
satisfactory, see e.g. [9], [10], [11], [14].For similar schemes,
see e.g. [12], [13], [15], and the references therein .

In this paper we study the motion of a flexible robot arm
clamped to a rigid hub at one end and is free at the other end.
To control this structure, we assume that a control torque is
applied to the rigid hub. Such a structure was investigated by
many researchers, see e.g. [2], [5], [8], [9], [21], [23], [24].
Our approach here is closely related to that of the [9]. We
apply various forms of direct strain feedback some of which
were proposed in [9], and give stability results, which were
not given in [9]. Our approach is based on the passivity of
the proposed controller, see e.g. [18].

This paper is organized as follows. In the section 2, we
give the equations of motion. For this system we pose certain
problems related to the orientation and stabilization of the
considered structure. To solve these problems, we propose
a control law for the torque applied to the rigid hub, which
is related to the strain of the link at the clamped end. This
control law contains various strain terms, and depending on
the coefficients multiplying these terms, the transfer function
from the strain input to the torque generated will be positive
real. By exploiting this property, in section 3 we prove
various stability results. Finally we give some concluding
remarks.

II. PROBLEM STATEMENT

We consider a system which consists of a flexible link
clamped to a rigid hub at one end and is free at the other
end. For simplicity we assume that the center of mass of
the rigid hub is fixed in an inertial frame and that the whole
system performs planar motion. We assume that the link is
initially straight and this configuration of the link is referred
to as the reference configuration. Let L be the length of
the link , Q be the point where the link is clamped to the
rigid hub, P be a link element whose distance from Q in the
reference configuration is x, u be the vertical displacement of
P. We assume that the link is inextensible and we use Euler-
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the dimension of the hub, the relevant equations of motion
are :

puts + Eltge +pOx =0 O<x<L , (I
IrO = Elu(0,t) +N(t) )
u(0,t) =0 , u(0,6) =0 3)

Eluyy(L,it) =0 , Elu,(L,t)=0 , (4)

where a subscript letter denotes the partial differential with
respect to the corresponding variable, a dot denotes time
derivative, p is the mass per unit length of the link, ET is
the flexural rigidity of the link, 6 is the rotation angle of the
rigid hub, I is the moment of inertia of the rigid hub, N(7)
is the control torque applied to the rigid hub.

The equations (1)-(4) may model a robot arm with single
flexible link, or a satellite with a flexible antenna, and have
been studied in the past, see e.g. [2], [8], [9], [17] [24], etc. In
[2], these equations are discretized and then a noncolocated
control law is developed to control the structure and some
experimental results are presented. In [8], a similar structure
is considered and a control law based on LQR approach
is given. In [17], simple feedback laws are proposed to
control the structure. For further theoretical developments
and experimental results, see e.g. [9], [23].

For the system given by (1)-(4) we now pose the following
problems :

orientation problem : Consider the system given by
(1)-(4). Let an angle 6y € [0,27) be given. Find appropriate
control law for N(¢) such that the solutions u(x,?),u(x,?)
and 0(z) of (1)-(4) satisfy the following asymptotic relations

limy oo u(x,) =0 ,
limy ooty (x,2) =0 ,
lim; e G(I) =6y ,
lim . 0(t) =0

where the angle 6 is the desired orientation angle. [

stabilization problem : Consider the system given by
(1)-(4). Find appropriate control law for N(z) such that
the solutions u(x,),u,(x,t) and O(¢) of (1)-(4) satisfy the
following asymptotic relations :

0<x<L ,
0<x<L ,

0<x<L
0<x<L

lim; e u(x,) =0 ,
limy e 1y (x,1) = 0 ,

)

)

d

We note that by definition, any solution to the orientation
problem is also a solution to the stabilization problem,
however the converse of this statement is not true. Hence,
if our aim is only to solve the stabilization, but not the
orientation problem, then a simpler control law may solve
the problem.

The orientation problem stated above can be solved by
using boundary controllers at the free end of the beam in
addition to the torque control input N(¢). In [17], instead of
(4), the following boundary controllers

EIMXXX(Lat):aul(Lat) ) _EIMXX(L7t):ﬁMXI(L7t) 7(5)

and the following torque control laws were proposed :

N(t) = Lawu(L,t)+ Buy(L,t) —k0(1) (6)
—k2(6(z) — 60)

It was shown that for the system (1)-(3), (5),(6) and for
a>0, >0, k; >0, ky > 0, the orientation problem stated
above is solved. If we set, k, = 0 then this control law solves
the stabilization problem as well. This control law requires
the use of boundary controllers at the free end of the beam.
A more practical control law would be the use of the torque
control only (i.e. o = 8 = 0). It could be shown that for the
system (1)-(4), (6) with o = 8 = 0, the orientation problem
is solved and the solutions decay to zero asymptotically;
moreover if one assumes a damping for the beam (e.g.
Kelvin-Voight damping), this decay is exponential. In this
paper we consider a different torque control law which uses
the direct strain feedback.

III. STABILITY RESULTS

For the system given by (1)-(4), we propose the following
control law :

N(1) = kgt (0,0) + (kp — ED)ue(0,1) %)
+ k; f(; um(O,s)ds — kle(t) — kz(@(l‘) — 90) ,

where ky, kp, ki, ki, ko are positive constants. The term
ux(0,1) is called the strain and could be measured by using
strain gauges. For the application of this type of control laws,
see [9], [10], [13], [15].

We define the error angle 6, and, following [10], a new
variable y(-,#) as follows :

0.(1)=0(t)— 6 , y(-,t) =un(t) . (8)

Note that since 6y is a costant, we have § = 6, and 6 = 6,.
Let us define a new variable r = L —x. Then, assuming that u
is sufficiently differentiable, (1)-(4) and (7) could be written
as :

Py (rt) + Elyprr(r,t) =0 9

y0,6)=0 , »(0,6)=0 , yu(Lit)=0 , (10)
Elypr(L,t) = pBe(t) (11)

IR0, = kyy,(L,t) +kpy(L,t) (12)

+k; fé e (0,5)ds — k1, — k26,

For details of derivation, see e.g. [10]. If our aim is not to
control the orientation angle, but only to stabilize the beam
deflections we could choose k, = k; = ki = kp = 0 in (12).
Then by using (12) in (11), the latter becomes :

EIyrrr(L7t) :pkd/IRyt(L’t) ’

which is the standard boundary velocity feedback law, and
it is known that the solutions of (9), (10) and (13) decay
exponentially to zero, see [3], [18]. However, in the general
case the relation between y,.(L,t) and y;(L,t) is not as
simple as (13). Following [18], we obtain this relation in
frequency domain. By taking the Laplace transforms of (11)-
(12), using zero initial conditions, we obtain

El$(L,s) = h(s)$:(L,s)

13)

(14)
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where a hat denotes the Laplace transform of the correspond-

ing variable, s is a complex variable and the transfer function
h(s) is :

kas® + kps +k;

h(s) = pw

= 15
Ips? 4+ ks + ko (as)

The stability of the closed loop system may be guaranteed
if h(s) is positive real (PR) or strictly positive real (SPR).
Recall that a rational function A(s) with real coefficients is
said to be PR if

He{h(s)} >0 Vs, Xe{s}>0 |,

and is said to be SPR if i(s—¢€) is PR for some € > 0. For
details, see e.g. [22]. If h(s) is SPR with Ze{h(j®)} >v>0,
Vo € R, then by a result of [18] it follows that the solutions
of (9) exponentially decay to zero. Following this argument,
we first find the conditions under which A(s) is PR or SPR.
By imposing the condition Ze{h(jw)} >0, Vo € R, we find
that for the case k; >0, k, >0, k; >0, h(s) is SPR if one
of the following two conditions are satisfied :

(16)

k]kp—kiIR—kzkd>0 N (17)

(kiky — kilg — kokg)? < 4kikgkolr (18)

We note that for k; =0, h(s) could be at most PR provided
that (17) is satisfied.

Note that we could analyze the system given by (9)-(12)
directly, however finding an appropriate Lyapunov function
turns out to be somehow complicated. An alternative ap-
proach would be to use the PR or SPR property of the
transfer function A(s) given by (15) and use the approach
presented in [18]. The latter approach is natural since due
to SPR property it will yield a natural Lyapunov function,
see (29)-(31). Also note that since the controller given by
(15) is finite dimensional, the results obtained by using this
approach will be valid for the system given by (9)-(12), see
e.g. [7]. Following the latter approach, now let us consider
the system given by (9)-(10), (14)-(15). Let (A,b,c,d) be a
minimal realization of A(s) given by (15), i.e. we have :

w=Aw+by,(L,t) (19)
f=c"wtdy(Lt) (20)
Elyrrr(Lat) =f , (21)

where w € R" is the actuator state, A € R"*" is a constant
matrix, b,c € R" are constant column vectors, d € R is
a constant real number, the superscript 7 stands for the
transpose and h(s) = d + T (sT—A)~'b. Since h(s) is of
second order, we have n = 2. Now consider the system given
by (9), (10), (19)-(21). To analyze this system we first define
the following spaces

Ho={uv) ueHdvel?} |, (22)
where the spaces L? and H’é are defined as follows :
L
L>={f:[0,L] — R|/ frdx <o} | (23)
0

H = {fel?|f,f . f",....f0ecl?} | (24)
Hf={fecH'| £(0)=r'(0)=0} (25)

Let 4 = S x R". Then the equations (9), (10), (19)-(21)
could be written in the following form :

:=dz , z(0)esfq

where z = (y y; w)! € 4, the operator & : 8 — I is
a linear unbounded operator defined as :

(26)

u v
gl v | = — % Uprer , (27)
w Aw+bv(L)

and the domain D(¢/) of & is defined as :
D()={(uvw)|lucH]), veH}, weR"
—Eluy (L) +c"w+dv(L) =0;  u,(L) =0}

If h(s) is SPR, then by Kalman-Yakubovich lemma there
exist symmetric, positive definite matrices P,Q € R**" and
a vector g € R" and a constant £ > 0 such that the following
holds :

(28)

ATP+PA=—g¢" —€0 (29)
Pb—c=/2dqg (30)

In case d =0, one can take € =1 and g = 0; moreover if
h(s) is only PR, then Q in (29) is only semi-definite, see e.g.
[22, p. 132-133].

Let P be the solution of (29)-(30). In .77 we define the
following “energy” norm :

2 L
E(t) = |lz(0)|" = 3 Jo pyidx
+ L FERdx+ wTPw

€1V

We note that one can define an “energy” inner product
which induces the norm given by (31). Hence, without loss
of generality we assume that 7] is a Hilbert space.

Remark 1 : In analogy with the PID type controllers,
we can associate k, with P, k; with I and k; with D type
controllers. In the following theorem, we will consider PID
and PI type controllers separately, since in these cases the
transfer function /(s) will be an SPR function, provided that
(17) or (18) is satisfied. [J

Theorem 1 : Consider the system given by (26). Let
ki1 >0, kr > 0 and let the nonnegative coefficients k4, kp, k;
satisfy (17) or (18).

i : The operator <7 generates a Cy semigroup of contrac-
tions 7'(¢) in 4 for the PID (kg >0, k, >0, k; > 0) and
the PI (kg =0, k, >0, k; > 0) controller cases.

ii : For the PID controller case, the semigroup 7 () is
exponentially decaying, i.e. for some M > 0 and 0 > 0 the
following holds

T (t)|| < Me™® Vi >0 (32)

For the PI controller case, the system is asymptotically
stable, hence the solutions z(r) of (26) asymptotically decay
to zero, i.e. lim;_ ||z(z)|| = 0.

Proof :
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i : For the PID controller case, the transfer function /(s)
is SPR with Ze{h(jw)} > y> 0, Vo € R, for some y >
0. That o/ generates a Cy semigroup of contractions now
follows from [18]. For the PI controller case, by comparing
(15) and (19), (20) we see that d = 0. Hence we can take
d=0, ¢g=0, e=1 in (29), (30); moreover, A(s) is SPR ,
hence Q in (29) is positive definite.

By differentiating (31), integrating by parts and by using
9), (10), (19)-(21), (29), (30) we obtain

E=—wlow |, (33)

see [18] for similar calculations. This shows that &7 is
dissipative. It is known that A — &/ : 54 — 4 is onto for
A >0, see [18]. Hence by Lumer-Phillips theorem it follows
that the operator .o/ generates a Cy semigroup of contractions
T(t) in J# for these cases, see [15].

ii : For the PID controller case, the results follows from
[18] since we have Y > 0. Now consider the PI controller
case. It is known that the operator (AI—.7)~': 7 —
J#A is a compact operator for A > 0, see [18]. Since by
(33) the solutions of (26) are bounded in .77, it follows
from LaSalle’s invariance theorem that all solutions of (26)
asymptotically tend to the maximal invariant subset of the
following set :

where E is given by (33), see [15].

Since the matrix Q in (33) is positive definite, it follows
from E =0 that we have w = 0. From (19) and (20) it follows
that y;(L,t) =0 and f = 0. By using separation of variables,
it can easily be shown that with these boundary conditions,
the only possible solution of (9), (10) and (21) is the zero
solution. Therefore the set . given by (34) contains only
the zero solution, and by LaSalle’s invariance theorem, all
solutions of (26) asymptotically tend to zero. [J

Remark 2 : For the P controller (kg =0, k; =0, k, > 0)
and the PD controller (kg > 0, k; =0, k, > 0) cases, the
approach given above could be still used in the same way.
However, in these cases, since A(s) is only PR, the matrix Q
in (33) is only positive semi-definite. Therefore, to determine
the set E = 0 given by (33), we need the structure of Q. This
could be done by using a particular realization of &(s) given
by (15) for P and PD controller cases. Note that this will
not change the generality of the results, since all minimal
realizations are equivalent, see e.g. [7]. U

Remark 3 : It is well known that A(s) is PR if and only
if it is an impedance function of a passive RLC electrical
circuit. In the realizations for the P and PD controller cases
given below, we considered y;(L,t) as the input current, f
as the input voltage and obtained a passive RLC circuit
realization of A(s). The state space realizations which will be
given in the following Theorem are the state equations for
the corresponding “equivalent” electrical circuit. For details,
see e.g. [4]. Accordingly, in Theorem 2, both the actuator
realizations and the various coefficients actually obtained
by constructing an electrical equivalent circuit whose input
impedance function is equal to A(s) and then by obtaining

(34)

the state equations of the resulting electrical circuit. The co-
efficients L, R, C, etc., actually refers to various inductance,
resistance and capacitance values in that circuit, see e.g. (39)-
44). 0

Now we consider the P and PD controller cases mentioned
in Remark 2.

Theorem 2 : Consider the system given by (26). Let
ki1 >0, kr > 0 and let the nonnegative coefficients kg, k,, k;
satisfy (17) or (18).

i : The operator </ generates a Cy semigroup of contrac-
tions T'(t) in 4 for the P (ks =0, k, >0, k; =0) and the
PD (kg >0, kp >0, k; =0) controller cases.

ii : For the P and PD controller cases, the system
is asymptotically stable, hence the solutions z(¢) of (26)
asymptotically decay to zero, i.e. lim;_o ||2(¢)]| = 0.

Proof :

i : Note that since h(s) is PR, (29)-(30) still holds, but
Q is only positive semi-definite. By following the proof of
Theorem 1, it follows that (33) also holds. Hence, following
the arguments made in Theorem 1, it follows the operator
&/ generates a C semigroup of contractions 7'(¢) in s# for
the considered cases as well.

ii : Since Q in (33) is only positive semi-definite, to
conclude asymptotic stability by using LaSalle’s invariance
theorem, we need the structure of Q. For this, we need a
special representation for 4(s). Note that this will not change
the generality of the results, see Remark 2.

First we consider the P controller case. Such a special
representation can be given as follows:

W1 = wp 5 (35)
ko
Wy =——w;——wa+y(Lt) , (36)
I Ir
k
f=ppw (37)
R

For this case, simple calculations show that (29) and
(30) are satisfied by diagonal matrices P = diag{ci,c2}
and Q = diag{0,c3} where ¢| = pkyka /I3, c2 = pk,/Ir and
3= 2pk1kp/11%. Hence from (33) we have w, =0 for E =0.
It follows from (35)-(37) that f =0, w; = wy(eo), y;(L,t) =
kp /Igwi (o) where wy(eo) is a constant. By using separation
of variables, it follows from (9), (10), (21) that only possible
solution is zero solution. Hence it follows that y,(L,7) = 0,
and from (36) that w; (o) = 0 as well. Therefore .# contains
only the zero solution, and by LaSalle’s invariance theorem
all solutions of (26) asymptotically tend to zero for the P
controller case.

Next, we consider the PD controller case. This case is
considered in [9], however our approach is different than the
one used in there. Similar to the argument given above, we
first give a special realization of for /(s). Note that this will
not change the generality of the results, see Remark 2. For
this aim, we first define the following constants :

_ aky —koky ,_ ko

- 38
= , v (38)
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It follows from (17) that a > 0. We consider the following
cases :

1 : a>b. In this case, we first define the following
quantities :

pkp pka
L =—-2% Ly=—"— 39
=% 0 P ha-p) (39)
Pka pkab
Ry =— Rp=——"7"7- . 40
=7, 0 R Tela—b) (40)
Then a minimal realization of (19)-(21) is the following
. Rl R1 R1
=——w— — —y(L,t 41
Wi=—pwi ot yi(Lit) (41)
. Rl R] +R2 Rl
=——w— —y:(L,t 42
W2 " I wa + Lzy[( 1), (42)
f=—Riwi —Riwy+ Ry (L,1) (43)

In this case, we choose the energy function E(¢) given by
(31) with a diagonal matrix P as P =diag{L,L,}, where L,
and L, are given by (39). By differentiating (31), using (9),
(10), (21), (41)-(43), and integrating by parts we obtain :

E=—Ri0(Li)—wi—w)’—Rowd , (44

where R; and R, are given by (40). Note that E = 0 implies
that wy, =0, y,(L,t) = wy. It follows from (43) that f =0 and
from (41) that w; = 0, hence w; is constant. Similar to the
theorem 1, it can be shown that the only possible solution
of (9)-(10), (21) with these boundary conditions is the zero
solution. Hence wy; =0 as well and the set . contains only
the zero solution.

2 : b > a. In this case, we first define the following
quantities :

IR IRa
CG=——— Gy=———— 45)
pka(b—a) pka(b—a)
Then a minimal realization of (19)-(21) is the following :

. R 1 R
=—— — —v(L,t 46
Wi L1W1+L1W2+L1y’( 1), (46)

1 G, 1
V)= ——w) — — —vy(L,t 47
L arox W2+C2yz( 1), (47)
f=—Riwi+wa+Riy(L,1) (48)

In this case we choose the energy function E(¢) given by (31)
with a diagonal matrix P as P = diag{L,C,}, where L, and
C, are given by (39) and (45), respectively. By differentiating
(31), using (9), (10), (21), (46)-(48), and integrating by parts
we obtain :

E=—Ri(y(L1t)—wi)?>—Gawd (49)

where R and G, are given by (39) and (45), respectively. by
using similar arguments it can easily be shown that the set
. contains only the zero solution. Therefore, from LaSalle’s
invariance theorem it follows that in all cases, the solutions
of (26) asymptotically decay to zero.

Case 3 : b = a. This case can be treated similar to the
ones given above and we obtain similar results. For brevity,
it will not be included here. [

Remark 4 : The stability results given above are valid
for the system (9)-(12). The original system (1)-(4) and (7)
is related to this system by (8). It can easily be shown that
similar results hold for the original system as well. However,
since y = iy, and it is required that (y(-,0), y(-,0))" € #,
it follows that u# should be twice many differentiable in space
variables, more precisely we require (u(-,0), u/(-,0))" € 2,
where A is

A ={(uv) luecH,veH?} |

and the results of the theorems 1, 2 and the corollaries
1,2 will be valid for the original system provided that the
function spaces are changed accordingly. [

Remark 5 : Theorems 1 and 2 show that for PID, PD, Pl
and P controller cases, the flexible vibrations for the system
given by (9), (10), (19)-(21), hence for the original system
given by (9)-(12), decay at least asymptotically to zero.
However, from these results we cannot directly deduce the
asymptotic behaviour of 8, and 6,. This will be done in the
sequel. Note that D controller case (i.e. kg >0, k, =k; = 0)
cannot be analyzed with our approach, since in this case the
transfer function A(s) is not SPR or PR, see (17)-(18). O

Before analyzing the asymptotic behaviour of , and 6,,
we first give the following simple corollary.

Corollary 1 : Consider the system given by (26). Let
k1 >0, ko > 0 and let the nonnegative coefficients k4, kp, k;
satisfy (17) or (18). Let z(0) € 74, and z(t) € 4 be the
corresponding solution of (18). For the PID, PD, PI and P
controller cases we have the following :

/ 2(t)dt € D(7). (50)
0
Hence x(e0) defined by the following limit exists :
1 o
x(o0) = tlim/ y(L,s)ds :/ y(L,t)dt < oo (51)

Proof : This result follows easily from Theorem 1, 2, and
from the fact that the resulting systems are asymptotically
stable, see e.g. [20]. UJ

The next result is on the asymptotic behaviour of 6, and
0.

Corollary 2 : Consider the system given by (9)-(12). Let
the conditions in Theorem 1 and 2 be satisfied. Then :

i : For PID and PI controller cases, 0,(t) converges to
zero and 6,(¢) converges to a constant.

ii : For the P and PD controller cases, both 6, (¢) and 6,(z)
converges to zero.

Proof : Note that due to Theorem 1 and 2, we have
yi(L,t) — 0 and y(L,t) — 0 as t — . From (12) and (51),
one can easily show that in all cases 6, (t) converges to zero
and 6,(¢) converges to a constant. Moreover, we have

kix(o0) = ky0,(o0) (52)

In particular, when k; = 0 (i.e. I control is not present), then
from the same analysis we conclude that 6,(¢) converges to
zero as well. [J

Remark 6 : From the above analysis we conclude that the
asymptotical relation (52) holds as long as k; > 0. Note that
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from (52) we expect that by choosing k; and k, appropriately,
we may reduce | 0,(c) |. From Theorem 1, we see that
PID controller case is the only one among the controllers
considered here which guarantees exponential decay. On
the other hand, in all our simulations we observed that
x(e0) = 6,(e0) = 0. Whether this is always true or not remains
as an interesting question. Also note that in P control case,
if we choose k, = EI, it follows from (7) that the strain
term does not appear in the expression of the control torque,
i.e. it may be possible to asymptotically stabilize the system
without measuring the strain and by using only orientation
angle and angular velocity as feedback terms.

Finally we note that the coefficients have to satisfy the
positive real conditions (17) or (18). U

IV. CONCLUSION

In this paper we study the motion of a flexible robot arm
modeled as a flexible link clamped to a rotating rigid hub
at one end and is free at the other end. For simplicity we
assumed that the system performs only planar motion. The
system is controlled by a torque applied to the rigid hub.
For this system we considered orientation and stabilization
problems. To solve these problems we assumed that the strain
of the flexible link at the clamped end can be measured
and we apply a torque to the rigid hub which is related to
the strain. Our approach is closely related to that of [9].
We considered various forms of strain feedback and proved
various stability results. The stability proofs depends on the
passivity of the controller used, see [18]. We note that such
stability proofs are not given in [9]. The proposed control
torque contains the derivative, proportional and integral terms
of the strain of the link at the clamped end. The parameters
multiplying these terms have to be positive and should satisfy
some inequalities to ensure that the corresponding controller
transfer function is positive real. We showed that if the
integral term is not included then the orientation problem
is asymptotically solved. However, if the integral term is
present, then a steady state error for the orientation angle
may occur. This may look like a disadvantage, but with the
integral term it may be possible to prove the exponential
stability for the flexible link (i.e. the energy of the flexible
vibrations exponentially decay to zero). Also it may be
possible to make the steady state error as small as desired by
choosing the coefficient multiplying integral term sufficiently
small. We also note that in our simulations this steady state
error appears to be zero. Whether this is always true or not
remains as an interesting question.
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