Int. J. Geom. Methods Mod. Phys. 2016.13. Downloaded from www.worldscientific.com
by BILKENT UNIVERSITY on 05/29/18. For personal use only.

International Journal of Geometric Methods in Modern Physics \\’e World Scientific
Vol. 13, No. 7 (2016) 1650099 (14 pages) B> www.worldscientific.com

© World Scientific Publishing Company
DOI: 10.1142/50219887816500997

The Wa-curvature tensor on warped product
manifolds and applications

Sameh Shenawy

Basic Science Department
Modern Academy for Engineering and Technology
Maadi, Egypt
drssshenawy@eng.modern-academy.edu.eg;
drshenawy@mail.com

Biilent Unal

Department of Mathematics
Bilkent University, Bilkent, 06800 Ankara, Turkey
bulentunal@mail.com

Received 2 August 2015
Accepted 27 April 2016
Published 7 June 2016

The purpose of this paper is to study the Wa-curvature tensor on (singly) warped product
manifolds as well as on generalized Robertson-Walker and standard static space-times.
Some different expressions of the Wa-curvature tensor on a warped product manifold
in terms of its relation with Wa-curvature tensor on the base and fiber manifolds are
obtained. Furthermore, we investigate Wa-curvature flat warped product manifolds.
Many interesting results describing the geometry of the base and fiber manifolds of
a Wa-curvature flat warped product manifold are derived. Finally, we study the Ws-
curvature tensor on generalized Robertson-Walker and standard static space-times; we
explore the geometry of the fiber of these warped product space-time models that are
Wa-curvature flat.
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1. Introduction

In [1], Pokhariyal and Mishra first defined the Wa-curvature tensor and they studied
its physical and geometrical properties. Since then the concept of the Ws-curvature
tensor has been studied as a research topic by mathematicians and physicists (see
[2-5]). Pokhariyal defined many symmetric and skew-symmetric curvature tensors
on the same line of the Wa-curvature tensor and studied various geometrical and
physical properties of manifolds admitting these tensors in [3]. Among many of
his results, we would like to mention that he proved that the vanishing of one of
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these curvature tensors in an electromagnetic field implies a purely electric field.
Another study to establish applications of the Ws-curvature in the theory of general
relativity was carried in [6] where the authors particularly prove that a space-time
with vanishing Ws-curvature tensor is an Einstein manifold. They also consider the
case of vanishing Ws-curvature tensor in relation with a perfect fluid space-time.
In [2, 5], the authors study the properties of flat space-time under some conditions
regarding the Ws-curvature tensor and Ws-flat space-times. Moreover, there are
many studies regarding the geometrical meaning of the Ws-curvature tensor in
different types of manifolds (see [7—10] and references therein).

The main aim of this paper is to study and explore the Ws-curvature tensor on
warped product manifolds as well as on well-known warped product space-times.
The concept of the Ws-curvature tensor has never been studied on warped products
before this paper in which we intent to fill this gap in the literature by providing a
complete study of the Ws-curvature tensor on such spaces.

This paper is organized as follows. In Sec. 2, we state well-known curvature
related formulas of warped product manifolds and the Ws-curvature tensor prop-
erties on pseudo-Riemannian manifolds. We also define and study a new curvature
tensor, K(X,Y)Z, that will be used in the characterization of the Wa-curvature
tensor on pseudo-Riemannian manifolds. In Sec. 3, we explore the relation between
the Wh-curvature tensor of a warped product manifold and that of the fiber and
base manifolds. Section 4 is devoted to the study of the Ws-curvature tensor on
generalized Robertson—Walker space-time and standard static space-time.

2. Preliminaries

In this section, we will provide basic definitions and curvature formulas about
warped product manifolds.

Suppose that (M, g1, D1) and (Ma, ga, Do) are two C*°-pseudo-Riemannian
manifolds equipped with pseudo-Riemannian metric tensors g; where D, is the
Levi-Civita connection of the metric g; for ¢ = 1,2. Further suppose that m; :
My X My — My and mse : My X My — Ms are the natural projection maps of the
Cartesian product My x Ms onto M; and My, respectively. If f: My — (0,00) is a
positive real-valued smooth function, then the warped product manifold M; x ; Mo
is the product manifold M; x M, equipped with the metric tensor g = g1 ® f2go
defined by

g=mi(g1) ® (f om)?m3(g2),

where * denotes the pull-back operator on tensors [11, 12]. The function f is called
the warping function of the warped product manifold M; x s Ms. In particular, if
f =1, then My x1 My = M; x M, is the usual Cartesian product manifold. It is
clear that the submanifold M; x {¢} is isometric to M for every ¢ € Ms. Moreover,
{p} x My is homothetic to M. Throughout this paper we use the same notation
for a vector field and for its lift to the product manifold. Let D, R and Ric be the
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Levi—Civita connection, curvature tensor and Ricci curvature of the metric tensor g.
Their formulas are well-known (see [11, 12]).

The Ws-curvature tensor on a pseudo-Riemannian manifold (M, g, D) is defined
as follows [1]. Let XY, Z,T € X(M), then

Wo(X,Y,Z,T)=g(R(X,Y)Z,T)
+ ﬁ[g(X, Z)Ric(Y,T) — g(Y, Z)Ric(X, T)),

where R(X,Y)Z = Dy DxZ—Dx Dy Z+Dix y)Z is the Riemann curvature tensor.
It is clear that Wo(X,Y, Z,T) is skew-symmetric in the first two positions. More
explicitly, Wa(X,Y, Z,T) = —W»(Y, X, Z,T).

Now we redefine Wh-curvature tensor as follows. The Ws-curvature tensor, as
shown above, is also given by

Wo(X,Y,Z,T)=g(K(X,Y)T, 2),
where
KX, Y)T: =—-R(X,Y)T + ﬁ[Ric(Y, T)X — Rie(X, T)Y].
The study of the Ws-curvature tensor on warped product manifolds contains large

formulas and a huge amount of computations. Thus, this new tool will enable us to
minimize computations in our study.

Remark 1. Let M be a pseudo-Riemannian manifold. Then
KX, Y)W+ KT, X)Y+KY,T)X=0
for any vector fields X, Y, T € X(M).

The following proposition is a direct consequence of the new definition of the
Wa-curvature tensor.

Proposition 2. Let M be a pseudo-Riemannian manifold. Then the Ws-curvature
tensor vanishes if and only if the tensor K vanishes.

Now, we will note that the tensor K can be simplified if the last position is a
concurrent field. First, recall that a vector field ( is called a concurrent vector field
if

Dx( =X,

for any vector field X. It is clear that a concurrent vector field is a conformal vector
field with factor 2. Let ¢ be a concurrent vector field, then

R(X,Y)( =0.

Now suppose that ¢ is a concurrent vector field. Then

K(X,Y)( = %[Ric(Y, )X — Ric(X, Q)Y

-1
Finally, a Riemannian metric ¢ on a manifold M is said to be of Hessian type
metric if there are two smooth functions £ and o such that H? = kg where
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H? is the Hessian of o. This topic is closely related to the research of Shima on
Hessian manifolds (see [13, 14]) and its extension to pseudo-Riemannian manifolds
in [15, 16].

3. W5-Curvature Tensor on Warped Product Manifolds

In this section, we provide an extensive study of Wa-curvature tensor on (singly)
warped product manifolds. Throughout the section, (M, g, D) is a (singly) warped
product manifold of (M;, g;, D;),i = 1,2 with dimensions n; # 1 where n = nq +
na. R, R' denote the curvature tensor and Ric,Ric’ denote the Ricci curvature
tensor on M, M*, respectively. Moreover, V f denotes the gradient and A f denotes
Laplacian of f on M;, and also the Hessian of f on M; is denoted by H7. The
sharp of f is given by f# = fAf+(ny—1)g1(Vf, Vf). Finally, Wa-curvature tensor
and the tensor K on M and M; are denoted by Wa, K and Wi, K*, respectively
fori=1,2.

The following theorem provides a full description of the Ws-curvature tensor on
(singly) warped product manifolds. The proof contains long computations that can
be done using previous results on warped product manifolds (see Appendix A).

Theorem 3. Let M = M, xy My be a singly warped product manifold with the
metric tensor g = g1 ® f2gs. If X;,Y;,T; € X(M;) fori=1,2, then

KX, V)T = KX, 1)T}

- 1;1(2711 Y [Ric (Y1, T1) X1 — Ric! (Xy, Ty)V1]
1
o [%Hfm,Tl)Xl - %Hﬂxhﬂ)n} (1)
K(X1,Y1)T> = K(X2,Y2)T1 =0, (2)
1 —1
K(X1,Y2)Ty = — [n —Ric! (X1, T1) - %Hf(Xl,Tl)} Yao  (3)

.
K(X1,Y2)To = —fga(Yo, T2) D,V f + mRICQ(YmTﬁXl

_n_192(Y27T2)X1, (4)
K(Xo,Y2)Ty = K*(X5,Y5)Th
= (71—1;1(—1712—1)[%2%’ T3) X5 — Ric(Xa, T3)Ya]
!
(1914 L) e v - w6

In the following part we investigate the geometry of the base factor of the warped
product when the product is Ws-curvature flat.
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Theorem 4. Let M = My x; My be a Wa-curvature flat singly warped product
manifold with the metric tensor g = g1 @ f2g2. Then

2’/12

W21(X13Y17217T1) - m

[H! (Y1,T1)g1 (X1, Z1) — H (X1, Th)g1 (Y1, Z1)]

(6)
for any vector fields X1,Y1,Z1,T1 € X(My).

Proof. Suppose that M is Wa-curvature flat. Then Eqgs. (1) and (3) imply that
no
(n—1)(n1 — 1)

ni - %Hf(Yth)Xl - %Hf(xl,ﬂ)y1 :
1
n—1

0=K'(X,Y))T} — [Ric! (Y7, T1) X, — Ric' (X, T1)V1]

ny +2ngy — 1

S (-1f

Now, from the second equation we have

ni1 + 2ny — 1
f

Using this identity in the first equation which eventually turns out to be:

no niy+2ny — 1
(n—=1)(n1 —1) [ f
ni+2n9 —1

- fo(leTl)Yl]

n9 1 1
—Hf(vi, )X, - =H (X1, T))Y;
+n—1{f (Y1,T1) X1 7 (X1,Th) 1}

- 2n3 f g
= G o (X - B0 TN

0= Ric' (X1, Ty) — Hf(X,,T)).

Ric'(X1,T)) = HY (X1, T). (7)

KY (X1, YT, = HI (Y1, T1) X,

Thus

(nlz%)f[Hf(Yl,Tl)gl(Xl,Zl) - H (X1, T)gn (Y3, Z0))- -

W21(X1,Y1,Zl,T1> -
Theorem 5. Let M = My x5 My be a Wa-curvature flat singly warped product
manifold with the metric tensor g = g1 © f2g2. Then:

(1) My is Wo-curvature flat if and only if Hf(X1,Y1) = 0 for any vector fields
X, e :{(Ml)
(2) the scalar curvature Sy of My is given by
m +2no — 1

(3) the scalar curvature of My vanishes if My is Wa-curvature flat.
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Proof. The proof just follows from Egs. (6) and (7). O

Now, we study the geometry of the fiber factor of a warped product admitting
flat Ws-curvature.

Theorem 6. Let M = M; xf My be a singly warped product manifold with the
metric tensor g = g1 ® f2go. Assume that f satisfies Hf = 0. Then, M is Wo-
curvature flat if and only if both My and My are flat and V f = 0.

Proof. Suppose that M is Wa-curvature flat, then M; is flat due to Eq. (7) and
the first item of Theorem 5. Moreover, from Theorem 3 we have

fﬁ
192(Y2,T2)X1,

.
0= _f92(Y2,T2)D}(IVf + mRICQ(YQ,TQ)Xl —

0=K?*(X3,Ys)Ts — M—;Q_D[Ric2()@,TQ)X2 — Ric?(Xa, T5)Ya]
f
+ (”Vf% + %) [92(X2, T2) Y2 — g2(Ya, T2) X>).

Since HY(X1,Y1) = 0, the first equation becomes
RiCQ(YYQ7 T2) = fu.QQ(Yéa T2)7
where ff = fAf + (n2 — 1)gi(Vf,Vf) = (na — 1)c? where ¢ = g;(Vf,Vf), ie.
My is Einstein with factor y = (ny — 1)c? and
Ric?(Ya, Tb) = (n2 — 1)c?g2(Ya, T»).

The second equation becomes
2(TL2 — 1)62

(n—1)
Thus the Ws-curvature tensor of My is given by
2(TL2 — 1)62

(n—1)

K (X2, Y2)Ty = [92(Y2, T2) X2 — g2(X2, T2)Y5).

W3(X2,Ya, Z,Ts) = [92(Y2, T2)g2(X2, Za) — ga(Xa, T2)g2(Ya, Z2)].

But
W3 (X2,Y2, Z5, To) = R*(X2,Ya, Z3, T»)

+

1 . .
7192, Z2)Ric?(Ya, Tz) — go(Ya, Zo)Ric? (X2, Tb)]

= R*(X2,Ya, Z2,T5)
+ Pg2(X2, Z2)g2(Ya, To) — g2(Ya, Z2)g2(Xo, To)].

Therefore,

(ng —ny —1)c?

R*(Xo,Y2, Z2,Ts) = =1

[92(X2, Z2)g2 (Y2, T2) — g2(Ya, Z2)g2(X2, T2)],
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i.e. M5 has a constant sectional curvature

(ng —ng —1)c?

A )

But the Einstein factor should be (n2 — 1)k2 and hence
ni(ng — 1)c® = 0.

Thus M, is flat. The converse is straightforward. |

Theorem 7. Let M = My x; My be a Wa-curvature flat singly warped product
manifold with the metric tensor g = g1 ® f2go. If My is Ricci flat, then the Wo-
curvature of Ms is given by

W22(X27)/27T2a Z2)

f
= (HVf% + %) [92(X2,T2)g2(Y2, Z2) — g2(Y2, T2)g2(X2, Z2)]

and My s of Hessian type. Moreover, My is flat if no > 3.

Proof. Suppose that M is Ws-curvature flat, then from Theorem 3 we have

It
192()/23T2)X17

.
0= _fQQ()/QaTQ)D}(IVf + leC2()/2’T2)X1 — —
ni

0= KXWl - o=y, =1

[Ric?(Ya, Ty) X2 — Ric*(Xy, T2)Ya]

#
+ (Vf”% + %) [92(X2, T2)Ys — ga(Ya, T2) Xo].

Now suppose that M, is Ricci flat, then the first equation implies that

— 1t
DY Vf=—"—-X
R TR A
and so
_fﬁ
H = ———
(=D
i.e. My is of Hessian type. The second equation implies that
#
K2 (X2, Y2) T = (Wll% + %) [92(X, T2)Y = g2(V2, T) Xo]
and hence

W3 (Xa, Yo, Ts, Zs)

f
= (19184 L5 ) [ X a0 22) = a0, T (X, 220
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Moreover,

R? (X2,Ys, Ty, Zs)

#
= (HVf% + —nf_ 1) [92(X2, T2)g2(Y2, Z2) — 92(Y2, T2)92(X2, Z2)].
Thus M, has a pointwise constant sectional curvature given by
fﬁ
ke = VI + no1

If ny > 3, then by Schur’s Lemma, M has a vanishing constant sectional curvature
ko = 0 since Ms is Ricci flat. O

4. Wy-Curvature on Space-Times

The study of Wa-curvature tensor on space-times is of great interest since this
concept provides an access to several geometrical and physical properties of space-
times. Among such applications, we want to mention that a Wa-curvature flat 4-
dimensional space-time is an Einstein manifold [2, 5]. This section is subsequently
devoted to the study of the Wa-curvature tensor on generalized Robertson—Walker
space-times and standard static space-times. We will first consider some classical
space-times. Obtaining the Was-curvature tensor for these space-times contains long
computations, and hence we omitted them.

e The Minkowski space-time is Wh-curvature flat since it is flat.
e The Friedman—Robertson—Walker with metric
dn?
1—kn?
is Wa-curvature flat if a(t) = k = 0.
e The de Sitter space-time metric with cosmological constant A > 0 in conformally
flat coordinates reads

ds® = —c2dt* + a(t) + r%(d6?* + sin® 0d¢?)

2
ds? = i‘—z[—d# +dr? + r2(d6? + sin® 0d¢?)], (8)

where o2 = (3/A). This metric is Einstein with factor 2 and has a constant sec-
tional curvature -;. The non-vanishing components of the Wa-curvature tensor

a?
are

1
W2(0i, 05,0, 0;) = R(0;, 0;,0:,05) + 5(9(3iaai)RiC(3j,3j))

1

= 2R(ai78j78i78j)7
WQ(aiaajaajaai) = _WQ(aiaajaaivaj)a

1650099-8
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where i # j. Direct computations show that the de Sitter space-time with metric
(8) is not Wa-curvature flat. Similarly, the anti-de Sitter is not Wa-curvature flat.
e Kasner space-time in (¢, x,y, z) coordinates is given by

ds® = —dt® + *M1da” + 12 dy® + 22 d2?,

where A1 + X2 + A3 = 1 and )\% + )\3 + )\g = 1. This space-time is Ws-curvature
flat if )\1 =1.
e The Schwarzschild metric is given by

ds? = — <1— r_s> c2dt2+<
r

where 75 is the Schwarzchild radius and c is the speed of light. The Ricci cur-
vatures are all identically zero and so the Ws-curvature tensor is equal to the

T ) dr® + 12 (df? + sin? 0d¢?),

Riemann tensor.
e A cylindrically symmetric static space-time in (¢, 7, 6, ¢) coordinates can be given
by

ds? = —eVdt? + dr? + e¥df? + e’dp?,

where v is a function of r. A cylindrically symmetric static space-time is Ws-
curvature flat if and only if v is constant. If v is a nontrivial function of r, 8, ¢
the situation is more complicated.

4.1. Wy-curvature on generalized Robertson—Walker space-times

We first define generalized Robertson-Walker space-times. Let (M, g) be an n-
dimensional Riemannian manifold and f : I — (0,00) be a smooth function. Then
(n + 1)-dimensional product manifold I x M furnished with the metric tensor

g=—dt’ & f?g

is called a generalized Robertson—Walker space-time and is denoted by M = I x M
where I is an open, connected subinterval of R and dt? is the Euclidean metric tensor
on I. This structure was introduced to the literature to extend Robertson—Walker
space-times [17-20].

From now on, we will denote % € X(I) by 0, to state our results in simpler
forms.

Theorem 8. Let M = I Xy M be a generalized Robertson—Walker space-time
equipped with the metric tensor § = —dt> @ f2g. Then the curvature tensor K
on M is given by

(3) K(X,0)Y = [%2g(X.Y)(ff — f*) - $Ric(X,Y)]d,

1650099-9
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4) K(X,Y)Z = —R(X,Y)Z + f*[9(Y,2)X — g(X,2)Y] ++[Ric(Y,Z)X —
Ric(X, 2)Y] +3[9(Y, 2)X — g(X, Z)Y|(ff + (n = 1)f?)
for any X,Y,Z € X(M).
Now we investigate the implications of a Whs-curvature flat generalized
Robertson—Walker space-time to its fiber.

Theorem 9. Let M = I Xy M be a generalized Robertson—Walker space-time
equipped with the metric tensor § = —dt* @& f2g. Then, M is Wa-curvature flat
if and only if M has a constant sectional curvature k = — f2.

Proof. Assume that M =T Xy M is Wa-curvature flat, then
0=—ffg(X,Y),
n—1

9(XY)(Ff = 12,

0= —f2R(X,Y,Z,T)—|—f2f2[g(Y,Z)g(X,T) _g(X7Z)g(Y7T)]

1
0 = —Ric(X,Y)
n

n

+ %Q[Ric(Y, Z)9(X,T) — Ric(X, Z)g(Y,T)]

+ L jo(v. 2)0(xX.T) — g(X. 2)g(V. D)1 F + (0= D)
The first equation implies that f = 0, i.e. f = ut + X and so the second equation
yields
Ric(X,Y) = —p*(n — 1)g(X,Y).
The third equation implies that
R(X,Y, 2,T) = u2lg(Y, 2)g(X, T) — g(X, Z)g(Y, )]

Thus the sectional curvature of M is

K= —p.

The converse is direct by using the fact that M is Einstein with factor (n — 1)x.
O

A 4-dimensional space-time is called Petrov type O if the Weyl conformal tensor
vanishes. There are many generalizations of Petrov classification for higher dimen-
sions (see for instance [21]) but type O still has the same definition. From the above
theorem, we conclude that M is flat and hence the Weyl conformal tensor vanishes.

4.2. Wy-curvature tensor on standard static space-times

We begin by defining standard static space-times. Let (M, g) be an n-dimensional
Riemannian manifold and f : M — (0,00) be a smooth function. Then

1650099-10
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(n + 1)-dimensional product manifold I x M furnished with the metric tensor
g=—fldt* &g

is called a standard static space-time and is denoted by M = I; x M where I is an
open, connected subinterval of R and dt? is the Euclidean metric tensor on I.
Note that standard static space-times can be considered as a generalization of
the Einstein static universe[22-25].
Now, we are ready to study both K and W, tensors on M =¢ I x M. The
following two theorems describe both tensors on M =; I x M.

Theorem 10. Let M =¢ I x M be a standard static space-time with the metric
tensor g = —f2dt> © g. If 0, € X(I) and X,Y,Z € X(M), then

(1) K(0%,0:)0: = K(d1,0,)X = K(X,Y)d; =0,

(2) K(0, X)0: = —f(DxVf + 4LX),

(3) K(9, X)Y = LRic(X,Y) — (n+ 1)LV g,

(4) K(X,Y)Z = —R(X,Y)Z + ;[Ric(Y, Z2)X — Ric(X, Z)Y] + ;5[-H/ (Y, Z)X +
HY(X,Z)Y].

Theorem 11. Let M =¢ I x M be a standard static space-time with the metric
tensor g = —f2dt?> @ g. Then, M is Wy-curvature flat if and only if M is flat and
Hf = _2&lg

n

Proof. Suppose that M =; I x M is Wa-curvature flat, then the second item of
Theorem 10 implies that

Af
n
Taking the trace of both sides implies A f = 0 and consequently H/ = 0. The third

item implies that

Af

DxVf=-—"2X, Hf:—Tg.

Ric(X,Y) =0
and so M is Ricci flat. The last item of Theorem 10 implies that
R(X,Y)Z = %[Ric(Y, Z)X — Ric(X, 2)Y] + %[—Hf (Y, 2)X + H' (X, 2)Y],
R(X,Y)Z =0.

Thus M is flat. The converse is straightforward. |

Appendix A. A Proof of Theorem 3

Let M = M, x s M> be a warped product manifold equipped with the metric tensor
g = g1 ® f2g2 where dim(M;) = n;,i = 1,2 and n = ny +na. Let X;,Y;, Z;, T; €

1650099-11
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X(M;) for i = 1,2. Then

1 . .
K(X1,Y1)Th = —R(X1, Y1)T1 + m[RIC(YlaTl)Xl — Ric(Xy, T)Y1]

1
= —RYX, )Ty +— (RIC (Y1, Ty) — 7Hf(yl,Tl)> X,

n —

! . <RIC (X1, Ty) — 7Hf(Xl,Tl)> Y

1
= —RYX1,V1)T1 + m[Ricl(yl,:rl)x1 — Ric* (X1, Th)Y1]

1
- {?H W1, Th) X1 — 7H (X17T1)Y1}
= K'(X1,V1)T)
—L 1 _nel
Ty R (1. T X - Rie (X0, T
1
-1 {%Hf(yl’Tl)Xl - %Hf(Xth)Yl}

The second case is
K(X1,Y1)Tr = —R(X1,Y1)T» + ﬁ[Ric(Yth)Xl — Ric(Xy,T2)Yq]
=0.
The third case is
K(X1,Y2)Th = —R(X1,Y2)T1 + ﬁ[Ric(Y%Tl)Xl — Ric(Xy,T1)Y2]

1 1 . ng
= _HI (X, T))Y, — Y Xy, T))Ys + ———Hf (X, T})Y-
7 (X1,Th)Ys n—lRlC( 1,11) 2+(n—1)f (X1,Th)Y,
n+no—1
= X, 1) — ——= —HN (X, T))]| Y.
— Rlc( 1, Th) ) (X1,T1)| Yz

The next case is

1 . .
K(Xl,YQ)TQ = —R(Xl,YQ)TQ + m[RIC()/Q,Tg)Xl — RIC(Xl,Tg)YQ}

.
= —f92(Y2, T2)Dx, V[ + — 1R1c2(Y2,T2)X1

#
-1

g2(Y2, T2) X 1.
Also,
1 . .
K(X27 ng)Tl = —R(X27 ng)Tl + m[RlC(}/é7T1)X2 — RIC(X27T]_)}/2}
=0.
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Wa-Curvature on warped products

Finally,
1 . .
K(XQ,)/Q)TQ = —R(XQ,)/Q)TQ + m[RlC(YQ,TQ)XQ — RIC(XQ,TQ))/Q]
= —R*(Xo,Y2)To + |V f|[1[92(X2, To) Y2 — ga(Ya2, T2) X

1 .
+ ——[Ric® (Y2, T2) — fig2(Y2, To)| X2

n—1
- %[RiCQ(X%Tﬁ — tg2(X2, T3)]Ya.
Then
K(X5,Y2)T» = —R*(X5,Y2)T> + - i 1Ric2(Y2,T2)X2 — ﬁRiC2(X2,T2))/2

+ IV fI[Flg2(X2, T2)Ya — ga(Ya2, T2) Xo]

#
- %(gz(yz,Tz)Xz - 92(X2, T2)Y2)

and so

1
K(X3,Y2)Ty = —R*(X5,Y5)Ts + m[RiCQ(Yg,Tg)XQ — Ric*(Xa, Th)Ya]

#
- (”Vf% + %) [g2(Ya, T5) X2 — g2(X2,T2)Y5]

1
= —R*(Xo,Yo)Ty + m[Ri<:2(Y2,:r2)X2 — Ric?(Xa, Ty)Ya]

fﬂ

n—1

+ (”Vf% + ) [92(X2, T2) Y2 — g2(Ya, T2) X>).

Thus
K(X2,Y2)T5
n
(n—=1)(ny—1)
fﬁ

n—1

= K*(X5,Y2)T — [Ric?(Ya, Ty) X5 — Ric?( Xy, T3)Yo]

+ (”Vf% + ) [92(X2, T2)Ys — g2(Ya, T5) Xo]

and the proof is now complete.
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