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Ladder approximation in coupled quantum-well systems
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We study the contact values of the interlayer pair-correlation function in electron-electron and electron-hole
double-layer systems. For this purpose the ladder approximation as generalized to multicomponent systems is
used. The ladder approximation yields positive values for the intertayf0d) andg.0) for all values of the
density parameterg and layer spacingl. This allows us to infer possible instabilities in the system more
reliably compared to other approaches. We also investigate the effects of quantum-well width and screening on
the interlayer pair-correlation functions.
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[. INTRODUCTION and electron-hole systems and particularly calculate the con-
tact values of the pair-correlation function for these systems.
Double-layer electron-electron and electron-hole systemdhe divergence in the interlayer(0) may be used to un-
are under extensive theoretical and experimental study in redlerstand the excitonic instability building in a spatially sepa-
cent years. Advances in growth techniques in semiconduc-rated electron-hole system.
tors have led to the detailed investigations of multilayer The rest of this paper is organized as follows. In Sec. Il
structures. It is generally believed that in these systems thwe introduce the formalism of ladder approximation for
effects of interparticle interactions are enhanced because @puble-layer systems. In Sec. Il we present our results for
reduced dimensionality and an extra degree of freedom prcglectron-electron and electron-hole double-layers consider-

vided by the layer index. Study of manybody effédtslow-  ing also the effects of screening. Our results are discussed in
dimensional electronic systems, thus, became amenable fglation to other theoretical approaches in the same section.
experimental observations. Finally, we conclude with a brief summary in Sec. IV.

In this work we apply the ladder theory to double-layer
electron-electron and electron-hole systems. Our broad aim
is to see how the effective interactions treated within the
ladder approximation compare with other theoretical ap- We choose a simple model of double-layer system in the
proaches, such as the self-consistent field approach. In pafierm of a pair of quantum-wells separated by an infinite bar-
ticular, we are motivated by the recent work of Liu, rier. The intra- and inter-layer Coulomb interactions are
Swierkowski, and Neilsohwho studied the exciton forma- given by V,4(q) =2me’e 9%~ %p)/(¢yq), in which €, is
tion in spatially separated electron-hole liquids based on théne background dielectric constant,3=1,2 are the layer
Singwi, Tosi, Land, and Sjander(STLS) formalism? It has  indices, andd is the distance between the quantum wells.
been known that the self-consistent field method of STLSrhe effective interaction between two charge carriers within
applied to multicomponent systems yields pair-correlationthe ladder approximation is given by
functions that are at quantitative and qualitative variance
with other theoretical approach&$Therefore, our aim is to
study the interlayer pair-correlation functions at contact ‘q)= _

Jed0) and g.{0) for electron-electron and electron-hole as(ks kai) Vaﬂ(qHEk Vas(~k)
double-layer systems.
The ladder approximation was introduced for the purpose

Il. MODEL AND THEORY

L Fa(kt RO Tplko )]

of studying the pair-correlation function in electron gas €k, 0" €k +kaT €k, 7 €ky—k,B
systems. There has been many detailed studies in a variety _
of contexts and dimensionalities making use of the particle- Xl apky kz3K), @)

particle ladder vertex function in the pdst® Freemart

studied the correlation energy and antiparallel spin pairwheref (k) is the zero-temperature Fermi distribution func-
correlation function of the two-dimensional electron gastion and ek'a=k2/2ma is the single-particle energy for spe-
within the particle-particle approximation of the coupled- ciesa. When the short-range correlations are assumed to be
cluster equations making contact to the ladder approximamost important, we can neglect the dependence of
tion. Recently, an extension of the ladder theory to multi- ,4(kq,k2;9) on k; and kj, and consider I ,4(q)
component systems were given in a series of papers byl ,5(0,0,q), which is a large momentum transfer ap-
Vericat and Melgarejo> Pugnaloni, Melgarejo, and proximation. Such an approximation was shown to be rea-
Vericat® and Melgarejcet all’ in connection with photoex- sonable by full numerical solutiotfs*® of the integral equa-
cited electron-hole systems in quantum wells and quanturtion given in Eq.(1). Within this short-range approximation
wires. We employ the multicomponent generalization of theand for a double-layer system, the above integral equation
ladder theory in application to double-layer electron-electrorsimplifies to
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e~ V2ad(1-8,0)/agrs 2r. 0.0
lop(Q)/V11(ke) = q - \/%
v FL(a.k) 0.40
ap
XJ:[ dk k(q+ k) Iaﬂ(k)/vll(kF)y
(2) 0.30
where i

0.20
@~ V2d[1-4kqsir’6/(q+k)?] V21— 6,p)/a5Ts

/2
F, ,sz do
sak)= | [1—4kqsirto/(q+k)2]Y2

(3) 0.10
In the case of intralayer correlations € 8), F,.(q,k) re-
duces toK(2\/qk/(q+k)), whereK(x) is the complete el- 000, o

liptic integral of the first kind. In the above expression we
have scaled wave vectors with the Fermi wave ve&or
=/27°n, wheren is the layer density. A convenient way of FIG. 1. The interlayer pair-correlation function at contgg{0)
expressing the density is through the dimensionless parangs a function of the layer density parameterfor a double-layer
eterry=1/\/wna4Z, where the effective Bohr radius is de- €lectron system. The distance between the layérsand the
fined asa’é :hz/Maﬁez- In the definition ofa’g we have used quantum-well thicknesk are indicated in the legend.

the reduced mass d};=1/m,+ 1/m;. ./ All bhvsical bodied i
The quantity of interest in detecting exciton formation in Mass ratiane/my . All physical parameters are embodied in

electron-hole systems is the interlayer contact pairiN€ definition of the effective Bohr radiug; . We also note
correlation functiorge(0). In aparamagnetic systegy(r) that in the examples given below, equal carrier densities are
is an arithmetic average of the spin-para@él(r) and spin- assumed for the layers.

antiparallelglﬁ(r) pair-distribution functions. For the inter-

layer pair-correlation function at contact we hagg,0) A. Electron-electron and electron-hole double layers
=glh(0). The expression forg);(0) is obtained from the In Fig. 1 we display the value of interlayer pair-
Goldstone formula for the energy shift, and within our ap-correlation function at contagf.{0) for a double-layer elec-
proximation scheme it is given by tron system as a function of the density parameterWe
observe that for a given interlayer separatigr(0) de-
glL(r=0)=| 1 Map dquaﬁ(q) creases as the interaction strendtheasured byry) in-
ap T 2 creases. Unlike some other approximate theories, the ladder

approximation results foged0) always remains positive.
2 Another noteworthy point here is that interlayer pair-
X 0(q—Kea) e(q_kFﬁ)l : (49 correlation functiong.{0) is practically unaffected by the
finite width of the layers. We have modeled the finite extent
The pair-correlation functions also satisfy the the multicom-of the quantum wells using infinite square well model yield-

ponent versiortapplied to double-layer systeinsf the Kim-  ing a form factor
ball relatiort®
R F L) 64msint?(x/2) ©
et~ %ap 12AD)= 55
limgls(r)=— lim q2 —[SL(a) = 8ag. X*(X*+4m%)?
r—0 a—q 4T€ tap(NaNp)

(5 Wherex=qL, L being the width of the quantum wells. Thus
the bare Coulomb interactions are modified so taiq)
—V1(q)F15(q), and similarly for the intralayer interaction
with corresponding form factor. In the case of intralayer in-

The integral equation for the interlayer effective interac-teractions, finite width effects reduce the correlation effects
tionl,4(q) can be classified as the Fredholm equation of theandg(0) increase’s with quantum-well widthL_. It turns out
second kind. We solve Eq2) for electron-electron and that the exponential facta 99 in the interlayer interaction
electron-hole double-layer systems at equal density usinglready limits theg-integration in Eq.(3) so that the finite
matrix  inversion techniques. In the  previous width effects embodied iff1,(q) are not very important. We
application*%*8the bare Coulomb interaction appearing in shall see below that the situation somewhat changes when
the kernel was further approximated to obtain an analyticascreening effects are considered.

solution to the integral equation. Using the scaled quantities, Figure 2 shows the inverse of interlayer pair-correlation

our results will appear as independent of the electron-holéunction at contacig,(0), for double-layer electron-hole

IIl. RESULTS AND DISCUSSION
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FIG. 2. The inverse of the interlayer pair-correlation function at  F|G. 4. The inverse of the contact pair-correlation function
-1

contactgey, (0) as a function of the layer density parametgfora  ¢-1(0) for a double-layer electron-hole system as a function of the

double-layer electron-hole system. The distance between the layefgyer separationl. The values of the density parametgrare indi-
d, and the quantum-well thicknessare indicated in the legend.  cated in the legend.

systems as a function of. We find thatg.(0) diverges at

larger for a given layer separatioth It is interesting, how- 0.:1(0) arises from a smatj divergence in o{(q) at a criti-
ever, to note thag;hl(O) vanishes at some criticak in a g density(i.e. rs~2.75). Figure 3 also shows thig{(q)
smooth way within_the ladder approximation. In the esti-changes its sign beyond the critiegl. The critical behavior
mates given by Liu, Bierkowski, and Neilsor,the critical of ge(0) is also seen in Fig. 4 where we displg,y]l(O) as
value ofrg at which en goes to zero was determined by j fynction ofd for various values of . The results shown in
extrapolation, and the density indicating an excitonic instagig_ 4 verify that for a fixed carrier density, the electron-hole

bility is sharply defined. In the Iaddfalr approximation, on thepajr-correlation function diverges as the layer separation is
other hand, we are able to calculaig; (0) for any value of  {ecreased.

d andrg for a more reliable prediction. We also find that
0er(0) is slightly affected by the finite thickness of the quan-
tum wells, as indicated in Fig. 2. To better understand the
transition to the excitonic state within the ladder approxima- We have seen in the previous section tlgaf(0) and
tion, we plot in Fig. 3 theq dependence of the effective g.(0) are hardly affected by the finite size of the quantum-
interlayer interactionl o(q) around the criticalrs. For a  wells. When static screening effects are taken into effect the
situation changes considerably. This is because in the screen-
20.0 - - - - ing function both the intralayer and interlayer bare Coulomb
interactions come into play. Since the intralayer interactions
are affected more by the finite width effects, we observe
P _ noticeable differences. Even in the case of zero-thickness

T e layers because of the presence of intralayer interactions,
screening effects modify the pair-correlation functions at
,» contact. This was noted by Pugnaloni, Melgarejo, and
g ] Vericatt® where they replace the bare interactidp,(q) by

/ =25 Vi(q)/e(q) in the kernel of the integral equation. In fact,

; —— - r= they introduce a phenomenological momentum cutoff to
; . - modify the integral equation to account for screening. In this
-40.0 ¢ ! T work we treat the screening effects within the static random-
; phase approximation and replade,(q) by Vix(q)/e(q) in
/ both the kernel and the inhomogeneous term in(Eg.Here
600 e(q) is the static screening function of a double-layer

0.0 2.0 40 6.0 8.0 100 electron-electron or electron-hole system given by
ok,

layer separatiord=aj , we observe that the vanishing of

B. Effects of screening
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FIG. 3. The effective interactioh,y(q) as a function of for a e(q)=[1— xor(DV1(A)[1— xo0xAA) V()]
double-layer electron-hole system at layer separatieray and 5
various values of . = V1a) x01(A) X0 9). (7)
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FIG. 5. The interlayer pair-correlation functigRd0) as a func- FIG. 6. The inverse of interlayer pair-correlation function
tion of ry, at d=5a%. Thin solid and thick solid lines are for g, (0) as a function of 5, atd=>5aj . Thin solid and thick solid
unscreened and screened ladder approximation results, respectivelipies are for unscreened and screened ladder approximation results,
If the screening is introduced only in the kernel the dot-dashed lingespectively. If the screening is introduced only in the kernel the
results. dot-dashed line results. Dotted line indicates screened result with

quantum-well widthL =af .
where xq,(q) are the static response functions for the non- . ) ]
interacting system in the layer. contact pair-correlation functioge{0). Although the self-

In Fig. 5 we show the interlayer pair-correlation function consistent field method of STLS has been analffz€dto
in a double-layer electron systega{0) at contact for vari- include multiple scattering effects and therefore, leading to a
ous approximations as a function of. When the static bound state instability, the positivity condition for the pair-
screening effects are only introduced in the kernel of theeorrelation functions within this formalism is usually hard to
integral equation[Eq. (1)] g.{0) shows some departure fqu|II_. In the various applications of the_ Iaqlder theo@y_l-
from the unscreened case. In particular, thealue at which ~ cluding the multicomponent generalizatipnshe  pair-
9.{0) becomes zero decreases. On the other hand, when tf@'relation function remains positive for a large range of
screening is taken into account in both the kernel and thdensities. We thus believe that the determination of instabili-
inhomogeneous term in the integral equation the interlayefi€S Such as exciton formation may be more reliably achieved
pair-correlation functiorg.{0) shows a markedly different Within the ladder approximation.
behavior. This latter way of including the screening effects is
similar to the Lippmann-Schwinger equation treatment for IV. SUMMARY
the T-matrix in which the screened Coulomb interaction

0121 . . . . . . _

enters. S_|m|lar res_ults are _d|sp_lfi1yed n Fig. 6 for the in zation of the ladder approximation to study the correlation
terlayer pair-correlation fun.ctloge'h (0) ina dquble—layer _effects in double-layer electron-electron and electron-hole
electron-hole ;ystem. Theﬁ |lnclu5|on of screening effects '%ystems. Our short-range approximation regarding the effec-
the kernel mainly affectg,, (0) at largers values and a e interaction to be a local function of the momentum
sharp divergence iger(0) at a criticalrs is blurred. When a yie|ds positive interlayer pair-correlation functiomg{0)
statically screened interaction in both the kernel and the inzq ger(0). This is an improvement over certain other ap-
homogeneous term is used, the resultg(0) does not  yroximate theories. Using the density dependenag.gD),
appear to show any instability in the rangergfvalues we \ye have estimated the stability of the system against exciton
investigate. Including the finite width effects only slightly formation. We have found that the static screening effects
lowers the curvege;; (0), as can beeen in Fig. 6. significantly modify the contact values of interlayer pair-

~ Multicomponent generalization of the ladder approxima-correlation functions in the ladder approximation.
tion [in its local-approximation variant, i.el,,g(q)] has

found useful appll_catl_ons. For instance, the enhancement fac- ACKNOWLEDGMENTS
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In summary, we have used the multicomponent generali-
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