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ABSTRACT

GROUND STATE ENERGY OF THE FROHLICH
POLARON AS A FUNCTION OF DIMENSIONALITY
AND THE PHONON COUPLING STRENGTH

Hamdi Burak Bayrak
M.S. in Physics
Advisor: Zeki Atilla Ergelebi
September 2018

We use the trial polaron wave function introduced by Devreese et al. [1] to
estimate the ground state energies of the Frohlich polaron over a broad range of
the phonon coupling strength by a variational approach. We calculate the binding
energy of the polaron as a function of dimensionality interpolating between two
and three dimensions. We compare these results with the outcomes obtained by
the Strong and Weak Coupling Theories and conclude that in the strong coupling
regime, the present work leads to a significantly improved upper bound for the

ground state energy.

Keywords: Frohlich, polaron, weak coupling, strong coupling .
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OZET

BOYUTUN VE PHONON BAGLANMA KUVVETININ
FONKSIYONU OLARAK FROHLICH POLARONUN
TEMEL DURUM ENERJISI

Hamdi Burak Bayrak
Fizik, Yiiksek Lisans
Tez Danmigmani: Zeki Atilla Ercelebi
Eylil 2018

Frohlich polaronun temel durum enerjisini, Devresee ve digerlerinin one siirdiigi
polaron deneme dalga fonksiyonunu kullanarak [1], phonon baglanma kuvve-
tinin oldukca cesitli degerleri icin, varyasyonel bir yaklagim ile tahmin ediyoruz.
Boyutu iki ile 1i¢ arasinda degisen bir polaronun baglanma enerjisini hesapliyoruz.
Elde ettigimiz sonuclar1t Kuvvetli ve Zayif Baglanma kuramlar ile kiyasliyoruz.
Sonug olarak, kuvvetli baglanma rejiminde, mevcut galigmanin temel durum en-
erjisinin ust smirini dikkate deger bir bicimde gelistirdigini gozlemliyoruz.

Anahtar sézcikler: Frohlich, polaron, zayif baglanma, kuvvetli baglanma .
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Chapter 1

Introduction

The first appearance of the polaron concept in the literature is often attributed to
the paper proposed by Landau[2].The basic rationale behind the polaron concept
can be described as follows: When a charge carrier has a sufficiently slow motion
in an ionic crystal, the equilibrium positions of the surrounding ions are shifted.
This change in the positions of the ions creates a potential well for such carrier.
If the energy required to remove the carrier from this well is greater than the
phonons characteristic energy, the potential well can be considered almost static.
Consequently, it is said that the carrier is self-trapped; that is, its existence

induces a potential well so that it cannot escape beyond the well.

Such a structure described above(i.e. the carrier which is self-trapped and the
surrounding ions) is called with a specific name: strong-coupling polaron. How-
ever, for every polaron formation, the self-trapping situation may not necessarily
occur; that is, if the interaction between the charge carrier and the ions is weak,
a potential well that traps the carrier is not established. Nevertheless, the carrier
and the surrounding ions still have an appearance of a composite quasi-particle;

and this structure is termed as a weak-coupling polaron.

Among these two types of polarons (i.e. strong and weak-coupling polarons),

the strong-coupling polaron is considered under two titles: Large polaron and



small polaron. Large polaron wave functions and the corresponding lattice dis-
tortions exceed the characteristic inner-site separation of the lattice. Such polaron
can be described as a free particle moving in an elastic continuum|[3]. On the other
hand, a small polaron is confined in a single structural unit. The carrier’s motion
in this polaron is generally described by the successive random phonon-assisted

jumps between the adjacent sites[4].

Motivation behind working on the polaron problem can be summarized as
follows: The interaction between electron and phonons leads to phase transfor-
mations such as superconductivity, and dominates the transport properties of
many metals and semiconductors[3],[5],[6]. Second, despite of the simplicity of
the formulation of the problem, the exact solution has not been formulated yet[7];
hence, such a problem becomes a reference problem to test the various methods

of approximations|[8].

To bring a solution to the polaron problem, there are many models that de-
scribe the interaction between the carrier and phonons. Among them, one of the
most important models is the Frohlich’s interaction[9] (i.e.the interaction between

the electron and the phonon reservoirs).

Based on the Frohlich’s polaron, it turns out that the strength of the in-
teraction between the electron and the phonons determines the validity of the
approximation methods. For example, for the weak coupling case, Frohlich’s
himself employed the perturbation theory to estimate the ground state energy of

the complex[9)].

For the strong-coupling polaron, the perturbation theory is regarded not a
reliable method to calculate the energy values of the polaron[10],[11]. In such a
strong interaction situation, the adiabatic approximation is generally used; that
is, it is assumed that there is no correlation between the instantaneous position of
the electron and the induced polarization field[5]. With this approach, the energy
of the polaron is calculated by the variational principle[2],[12],[10]. Without using
the adiabatic approach, based on the variational principle, it is possible to find

some other methods in the literature which is applied to the strong-coupling



regime([11].

In this thesis, we calculate the ground state energies of the Frohlich polaron for
all coupling regimes(i.e. weak, intermediate and strong couplings) for three cases:
two and three dimensional polarons(2D and 3D polarons) and a polaron with one
dimensional confinement (2-3 D polaron). Throughout our work, we use the
variational principle to estimate the (ground state) energy values of the polarons
and we employ the polaron trial wave function |¢) introduced by Devreese et al.

[1] having the form:

) = cl0) [én) + > gV (e7™ = pi)agt 0} ) -
k

To calculate the energy values of the nD polaron (n = 2,3) and 2-3 D polaron,
we adapt the generalized polaron Hamiltonian which was introduced by Peeters

and Smondyrev [13] to our problem.

For this purpose, the rest of the thesis is organized as the following: In the
next section, we derive the Frohlich Hamiltonian and generalize this Hamiltonian
according to the reference [13]. In the second chapter, we introduce two approxi-
mation methods, namely, the perturbation theory and the variational approxima-
tion. Using these techniques, we verify the validity of such a generalization. In
Chapter three, based on the wave function given above, we present our analytical
calculations and give the numerical results. Moreover, we compare these results
with the outcomes obtained from the strong and weak coupling theories. In the

last chapter, we give a brief summary and conclusions of our work.



1.1 The Frohlich Polaron Hamiltonian

In this section, we derive an expression for the Hamiltonian of a Frohlich polaron
in which a single electron exists; it interacts with (longitudinal) optical bulk
phonon modes and is confined by an external potential. In other words, we
introduce three different Hamiltonians,namely Hamiltonians of the electron, the
phonons and the interaction between the electron and the phonon modes where
the last one is the so-called Frohlich Hamiltonian, and their sum is equivalent to
the polaron’s Hamiltonian. Even though there are three major Hamiltonians, our
main focus will be on the interaction Hamiltonian. For a more detailed derivation

of Frohlich Hamiltonian one can see the article [9] and the book [14].

1.1.1 Preliminaries

When a linear atomic chain consisting of N point particles with mass M is
treated quantum mechanically, the Hamiltonian resulting from the vibrations

of the atoms is expressed as:
1
H = Ek ﬁwkazak + 5 Ek ﬁwk, (1.1)

where az and a; and wy are the creation and annihilation operators and the
oscillation frequency of the particle with the wave number k, respectively. Note
that the second term in the equation above stands for the energy of the zero point
vibrations and with the appropriate choice of the zero energy, this term might be

omitted. Thus, the Schoredinger equation for such a system becomes:
(Z hwgai ay)® = E® (1.2)
k

where ® is the phonon wave function and F is the corresponding eigenvalue.

Furthermore, these operators satisfy the following commutation relations:
lak, i) = Ok, (1.3)

lay, ap] = 0, (1.4)

4



and
0 af] = 0. (L5)

Moreover, the displacement operator ¢; for the Ith atom is given in terms of the

raising and lowering operators as:

[__h + ikl
§ + wila 1.6
@ - 2M N wy, (a2, + a)e™, (1.6)

where a is the distance between two successive atoms.
Note that taking into consideration (1.2) and (1.6), it may be interpreted that in
the stationary state the lattice waves with the wave number k are occupied by

ny quasi-particles, which are termed as phonons.

1.1.2 The Hamiltonian of the Polaron

In this subsection, we shall give an expression for the Hamiltonian of the specific
case of the Frohlich polaron, where a single electron is in a polar crystal and it
interacts with vibrating dipoles. Before starting our derivation, we make some
assumptions which simplify our system: The electron’s Bloch function has a
small k-vector; thus its wavelength is large compared with the lattice constant.
Furthermore, the lattice vibrations are important only for the interaction with
the electron. Then, with these assumptions, we can ignore the detailed lattice
structure and consider our the lattice as a dielectric continuum. Besides, we take
into consideration the effective mass approximation. Moreover, the frequency wy
of the phonon modes is independent of k, i.e. wyx = w, which is approximately
the case for optical lattice vibrations.

Then the total Hamiltonian of the polaron is
H=H+H,+ H,.,, (1.7)

where H., H, represent the Hamiltonians of the electron and phonons, respec-
tively; and H,._, stands for the electron — phonon interaction Hamiltonian that

is called Frohlich Hamiltonian.



The Hamiltonian of the electron is written as

2

o, =L
2m*

+ Veony (1), (1.8)

where p and r are the momentum and position operators of the electron, m*
is the effective mass of the electron and Vs represents the external potential
within which electron is confined. Later, we will see that this term will be used
in our work as either zero or an infinite potential barrier.

Next, we handle the Hamiltonian of the phonons. At this point, we introduce the

Hamiltonian of phonons in continuum by the analogy with equation (1.1) as [14]:

H, = Z hway ay (1.9)
k
The creation and annihilation operators in (1.9) satisfy the following commutation
relations:
[ak, alﬂ = 51(71(/, (1.10)
lax, aw] = [a)f, 0] = 0. (1.11)

Furthermore, the number operator is given as:
nk = a; a. (1.12)

Note that when the number operator in (1.12) is applied the phonon wave function
®, the resulting eigenvalue is the number of phonons with the wave vector k.
Moreover, the position operator ¢(r) is expressed by the analogy with (1.6) in

terms of the raising and lowering operators in the following form:

q(r) = Zk: %, / 2I.%w(eik'”ak +e gl (1.13)

where V is the volume of the lattice and p is the mass density.

Finally, we focus on the interaction Hamiltonian H,_,. The total energy of an

individual dipole resulting from the existence of the electron is given as:

my, .
G+ whar), (11



where m is the vibrating mass of the dipole w is the characteristic frequency and
q; is the displacement vector. Here, we consider that the dipoles are located at
the sites of the crystal and the dipoles are not coupled. To move on from this

discrete case to the continuum, we replace dipole moments by dipole densities as:
e'qq — P(r) (1.15)

where e* is the effective charge of the dipole moment and P(r) is the polarization

of the medium. Moreover, one can express the mass m; in terms of the mass

density p:
my = p(r)d°r (1.16)
If we introduce the equation
my . 3
7 = ydor (1.17)

then we can express the kinetic energy K and potential energy U of a vibrating

lattice as:

K = / %Pz(r)d3r (1.18)
and )

U:/%P%r)d%, (1.19)

where v is a constant and w is the frequency of the optical lattice vibrations as
it is mentioned in the assumptions. Note that so far we have not described the
vibration of the dipole densities as longitudinal. However, it will shortly turn out

that the vibration is necessarily longitudinal.

It is a known fact, in classical electrodynamics, that the interaction energy

between an electric charge e located at r and dipole density P (1) at 1’ is:

r—r

e—
o —1'f?

P(r")d*r. (1.20)

Eint =

Therefore, total interaction energy E;,; of the polarization field P and the charge

e is obtained by integrating (1.20) over all volume as:

o
By = / elr—rP(r')dSr'. (1.21)

r—r|’
The Lagrangian for such a system is given as
L=K-U-—-E;; (1.22)

7



and Lagrangian equations are:

d éL oL
T 0 (1.23)

where 1 = x, v, 2.

dq(x) __
dq(a’) J

and obtain the equation of motion as:

(x — 2’) and gg(% = d(z — '), one can solve (1.23)

Using the relations

r—r

Y(P(r') +W?P(r)) = —em.

(1.24)
Notice that the right-hand side in (1.24) is nothing but the dielectric displacement
D(r’) that results from the electric charge e. When we consider the static case,

equation (1.24) becomes
WP (r') = D(r'). (1.25)

Here, we employ the connection between the field strength and the electric dis-
placement:
D =E +47P;,; = ¢oE, (1.26)

where ¢ is the static dielectric constant.
Thus,

4Py = (1 - %)D. (1.27)

Note that P;, is expressed as P;; = P. + P where P, is the polarization of
the electrons in the ionic shells and P is the polarization of the ionic displace-
ment. However, our main interest is on the polarization coming from the ionic
displacement; so we need to express P, in terms of the known variables. To do
this, we expose the system to a quick appearance of an external field. Since only
the electrons (not ions) can respond to such a sudden switch-on of the field, we

have the relation:
1
47P, = <1 — —)D (1.28)

€oo
where e4, is the high frequency dielectric constant. Therefore, by using (1.27)
and (1.28), we obtain the polarization due to the ionic displacement

4P = (i - l)D. (1.29)

€ €0



Hence, to find the value of the constant ~, it is sufficient to solve equations (1.25)

and (1.29) together:
A 1 1 1\-1
SEE/AREI 130

w?\ey &0

Now, we are tempted Fj,; in the operator format to lead to H._,. Before this,

we may express Fj,; in more convenient form if we make the following observation:

PO = V() - P()

e (1.31)
=V (35) - () Ve PO,
Therefore, equation (1.21) becomes:
3 e
Em:‘/dﬂu_ﬂva@U (1.32)

Note that when the plane wave expansion of P is performed equation (1.32) allows
only the longitudinal vibrations to contribute to the interaction energy. So, it
can be assumed at the very beginning that the lattice vibrations are longitudinal.
Using equations (1.13),(1.16) and (1.17), we can express the polarization P in

terms of the creation and annihilation operators as:

P(r') = \/_17 ; \/ %iw%eik'r/(ak —at)). (1.33)

If we substitute (1.33) into (1.32), we have the electron-phonon interaction Hamil-
tonian H._:
He pp = Z(Vkakeik'r + Virafe ) (1.34)
K
where the factor Vj is given as

e’h )(1/2) 1

Vi = _4m<2’wa k’

(1.35)
and the magnitude of V}, with the explicit expression of v is

1 e 1 1
Vil = —=— /27w | — — — ). 1.36
Vil \/Vk:\/ T (eoo 60) ( )

h

2m*w

At this point, we introduce the unit of length as u = and making those

scaling transformations:



r — ru, V — Vu? and k — k/u. Keeping these transformations in mind, we

introduce a constant «, namely, dimensionless electron-phonon coupling constant

as: L X )
e
= (— - =)—. L.
“ 2 (500 50) hwu (1.37)
Thus, equation (1.36) has the form:
dra 1

One remark is that some authors prefer to use v’ = \/E for the unit of length.
So if this unit is used and « is expressed as in equation (1.37), there occurs a
relation between Vj,, and Vj ./ (i.e. the term Vj, represents the expression of V
where the unit of length is chosen as u; similarly, V} . stands for the expression

of Vi, where the unit of length is chosen as u’ ) as
Vil = 24 Vi |. (1.39)

Note that, in this paper, we always use u for the unit of length.

So, the Hamiltonian of the polaron is given as:

p2

2m*

H =

+ Vaons (1) + D hwafare + Y (Veaxe™™ + Vigfe ™). (1.40)
k k

So far, we considered the three dimensional(3D) polaron and equation (1.40) rep-
resents the Hamiltonian for the 3D polaron. However, Peeters and Smondyrev
[13] propose a general Hamiltonian for the nD polaron (i.e. by the nD polaron
we mean electron is allowed to move in n dimensions where n=1,2,3 and interacts
with n dimensional lattice). They do such a generalization by generalizing the in-
teraction amplitude V}, and the dimensionless electron-phonon coupling constant

« as the following:
/

2 on [ on 21 @
Va2 = () rb]z i (1.41)
where the generalized coupling constant o' is
[e=t
o =aym 5] (1.42)

2[5
So, for example, if one wishes to study the polaron in two dimensions, one has

to insert n=2 into equation (1.41); and the result turns out in terms of the

10



generalized coupling constant o’. Furthermore, to express the outcome in terms
of standard coupling constant «, one has to use the transformation given in (1.42)
by choosing n=2.

The explicit expression for |Vi|” is:

4”70‘/1%2 itn =
Viel? = q 4/l ifp =9, (1.43)
QTO‘/ itn=

One important property of equation (1.43) is that for an arbitrary function f,

the sum Y, |Vi|*f transforms to the same integral for all n; that is:

) 20/ (3]
E Vil f = — fdk , n=123. (1.44)
™ Jo
Kk

Furthermore, we need to underline the fact that equation (1.42) is divergent at
n=1. The reason for such a divergence is the Coulomb nature of the problem[13].
Accordingly, with this formalism of the Hamiltonian, we may calculate the po-
laron’s energy in 1D in terms of the generalized coupling-constant «o'; however,
we are not allowed to express the result in terms of the standard electron-phonon

coupling constant a.

According to equation (1.42), the explicit form of the relation between o and
o is:
a if n =3,

o = Za if n =2, (1.45)

not applicable if n = 1.
One remark about equation (1.41) is that the authors in their paper use v’

for the unit of length[15]. So, we transformed their expression by using equation
(1.39).

11



In the next chapter, we will consider the approximation methods for the po-
laron problem. Specifically, our focus will be on the perturbation theory and the
variational principle. Note that in all calculations we shall use the generalized

form of the Hamiltonian of the polaron.

12



Chapter 2

Approximation Methods

In this chapter, we shall take into consideration mainly two approximation meth-
ods: (1)Perturbation theory and (2) Variational approach. The first one among
these methods is appropriate for the weak-coupling regimes(i.e. a << 1) and
in this method, the electron-phonon interaction is considered as the perturbed

Hamiltonian.

The second method is, on the contrary, available to use in strong-coupling limit
(i.e. @ >> 1) and this method basically contains three steps: first finding a trial
wave function with one (or more ) variational parameters, second calculating the
expectation value of the intended observable with respect to this wave function,
third calculating the minimum value of this expectation value which is a function
of the variational parameter(s). Therefore, this minimum value gives an upper

bound for the observable.

The main purpose in this chapter is to verify that the generalized Frohlich
Hamiltonian introduced in the previous chapter is valid. To do this we shall
calculate the ground state energy values of the polaron in asymptotic limits and

show that these results are compatible with the values given in the literature.

In the rest of this chapter our strategy is to focus on the weak-coupling case by

the perturbation theory; next we will handle the strong-coupling polaron with the

13



Material‘ o ‘

KCI 5.6
NaCl 5.5
AgBr | 1.56
CdTe | 0.40

InP 0.11
GaAs | 0.07
InAs 0.05

Table 2.1: Coupling constants of some (bulk) materials

variational principle. To simplify the expressions, we shall consider the polaron

dimensionless by letting 2m* = h =w = 1.

14



2.1 Perturbation Theory

The polaron’s Hamiltonian can be expressed as (see equation (1.7))
H=H"+H', (2.1)

where HY = H, + H, and H' = H,_,.
Then the time independent Schorenidger equation for the polaron is expressed

as:

where 1, is the wave function of the polaron in nth state and FE,, is the corre-
sponding energy value of the polaron.

If the coupling constant « is sufficiently small, one can consider the term H° as
the unperturbed Hamiltonian and H'! as the perturbed Hamiltonian. Then the

unperturbed Hamiltonian HY satisfies the following relation:
HO[0) = BP [02) . (2.3)

If we expand the variables |¢,,) and E,, as a perturbation series, we have

W) = [0D) + ) + |9P) + ... (2.4)

and
E,=EY +EWD 4+ E® 1 (2.5)
where ¢7g1)> ,Efll) are first-order corrections to the nth eigenfunction and eigen-
value, 1/1,(12)> , Eff) are second-order corrections to the nth eigenfunction and eigen-

value, respectively, and so on.
Now, we can start to calculate the corrections (up to 2nd order) to ground state

energy eigenvalue for the nD polaron where n=1,2,3.

2.1.1 3D Polaron

For 3D polaron, the unperturbed Hamiltonian H is given as

-2 g (2.6)
- 2m* P '

15



Note that by definition of 3D polaron(actually nD polaron) V..,; = 0. However,
we can use the following trick:
2

1
Qil* + §m*92r2 + H, (2.7)

HY =

where 72 = (2% + y* + 2?) and Q2 — 0. Notice that we have just added an
harmonic oscillatory potential to equation (2.6) as a confining for the electron.
The underlying reason to use a harmonic potential is to be able to apply the well-
known operator formalism (for the electron) to our problem. Then, for such a

Hamiltonian given in (2.7), the wave function [¢)?) in the nth state is given as:
¥0) = [ng, ny, . > |0 > (2.8)

where |n,,n,,n, > is the wave function of the electron and |Z > is the phonon
wave function. Accordingly, the ground state wave function [1/J) of the polaron
is:

|40) =10,0,0 > |0 > . (2.9)
Therefore, clearly, first-order correction to the ground state eigenvalue Eél) is

= (gl 4) = 0 210

So, the contribution coming from the first order correction for the ground state
energy is zero. However, we shall see that this situation is not valid for the second

. 2 . . .
order correction E((] ) which is given as:

2
Z‘¢0|H |¢0 } 211
EO _ gD (2.11)
m
In more explicit form:
o ‘< 7 < ng,ny,n. | H®[0,0,0 > |0 >’
Ey’ = (2.12)
(0) (0)
nz,ny,nz,z EO ,0,0 0 o Enz,ny,nz,ﬂ_‘

Note that

H®[0,0,0 > |0 >= H,_,[0,0,0 > |0 >=> (Vg e ™7)[0,0,0 > |0 > . (2.13)
k

16



At that point we choose the vector k in the Z direction, i.e. k = kz. Therefore,
the product k - r becomes k - r = kx. Thus, (2.12) becomes

)< 0 < na) S (Viade ®)[0 > |0 >
EP =% - , (2.14)
. 0 _ O

Nl 0,0,0,0 n2,0,0,¢

We may reexpress [ > as [ >= |v > |myx >. Then, [0 >= [0 > |0 >.

Accordingly,

> (Viaie ™ )]0 > [0 >=> (Ve ™)[0 > L > [0 > . (2.15)
k k

Hence, equation (2.14) has the following form:

< nx e~ >
§ kaF ‘ | 0|) ) : (2.16)
0000 EnzO()Olk

Note that Evg?()),o,o,1k (i.e. we have just changed the notation as n, — n) satisfies

the following relation:
HO1,0,0 >0 > [1 >= B 101, 7,0,0 > [0 > [1jc > (2.17)
Since
©n,0,0 > [0 > [1x >= [(n + 3/2)AQ + hw]|n, 0,0 > |0 > |1) >,

it follows that

E\3 o0, = (n+3/2)hQ + hw. (2.18)
Similarly, ;
0 _
En006_ §hQ (2.19)

Now, we shall handle the numerator in (2.16). To do this, we use the formalism
for the harmonic oscillatory potential. Then we can express x in terms of the

creation and annihilation operators b and b, as:

h s
= 2.2
x 2m*Q(b +0) (2.20)
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If we let A = 2m* = 1 the expression e~** becomes
e~the _ oBTHb) _ o87/2,Bb Bb (2.21)
where § = —ik;\/i6 and we use the identity
eATB — AeBea(BAl (2.22)
Notice that
ekr|0 > = /26770 >
:eﬁ2/2(1+5b++(ﬁg—,+)2+...)|0 > (2.23)

— P21+ 61> +/62\/_|2 > 4.+ Bn\/_|

+...).

Therefore,
—k2 /Q

(g) . (2.24)

Hence, equation (2.16) (with the dimensionless units i.e. h = 2m* = w = 1)

|< nle=*)0 >|* = —Iﬁ"l =

becomes

EO — Ny ooy L E/ 2.25
0 > IVil%e Z (2.25)

- n!l 14+ Qn

If we employ the following identity

1 n 1 [ “to
> L/ 1 / aMem T (2.26)
0

n! (a +bn)m+t  m!
n
we have

__Z’Vk‘Q/O k2 (L) (2.27)
k

Considering free electron case i.e. V,,,r = 0 or @ — 0, we have:

o 2 1
- 2 —eH) gy = — 2 . 2.2
S [ et = S (2.28)

Finally, we apply the result we have observed in equation (1.44) to get the second

order correction to the ground state energy E(()Q):

) 1 20/ & dk ’
_ - = = —d. 2.2
;Ml 1+ k2 ™ Jo 1+k? “ (2:29)

18



To express this result in terms of standard dimensionless coupling constant «a, we

use the transformation given in equation (1.42). Hence, we conclude that
EY® = —a. (2.30)

Note that this result exactly matches with the results in reference [10] and [6].

So, we draw the conclusion that the generalized Hamiltonian is valid for n=3.

2.1.2 2D Polaron

Similar to the 3D case, we consider the electron-phonon interaction Hamilto-
nian H._, as the perturbed Hamiltonian H (1), Furthermore, we consider the
unperturbed Hamiltonian H® as the sum of H, and H,. One difference from the
preceding case is the form of external potential V... In 2D case, we introduce
this potential as:

Vions = 3020 +17). (2.31)

Recalling that electronic wave function is defined in two dimensional space, the

(unperturbed) polaron’s wave function in nth state is given as:
[05) = [ng,my > 0> (2.32)

The first-order correction given as (2.10) to the ground state energy in 2D case
again vanishes;i.e.
EY =o. (2.33)

If we choose the direction of the k vector as in the x direction i.e. k = kZ and
follow the procedures within (2.12)-(2.16), we obtain the second-order correction

to the ground state eigenvalue as:

< nle-ik7)0 >
Z|V,€|2‘ 5 0 ) . (2.34)
000_ nOOlk

Note that when we perform the similar operations in equations (2.17)-(2.19) the

energies in the denominator of equation (2.34) turn out as:

(0)
E 0,0,0

19
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and
EQ) o1 = (n+1)Q+1. (2.36)

Notice that the value of the denominator does not change;that is, we can fol-
low exactly the same steps between (2.20)-(2.29) to calculate the second-order
correction in 2D. Hence, we have

(2) ) 1 QQ//OO dk ’
B ==Y = — = —a. 2.
0 - Vel 7 T )y 14k © (237)

Note that in (2.37) we have used our observation given in the previous section in
equation (1.44).

So, in 2D polaron case, we obtain exactly the same energy value with the one
calculated in 3D case. Using the relation (1.42) we can express our result in terms

of standard coupling constant «:

E® = —ga. (2.38)

This result is also (as the previous one) identical with the values given in our
references [10],[6],[16] and [17]. So, we conclude that the generalized Hamiltonian
given in (1.40) together with the expressions (1.41) and (1.42) is valid for n=2

case.

2.1.3 1D Polaron

Just as the previous 2 cases, we introduce the variables as the following: The

perturbed Hamiltonian is

H'=H,
The unperturbed Hamiltonian is:
H° = H,+ H,.

At that point we define our external potential as a parabolic potential in one
dimension:
1
‘/conf = ZQQIE2.

20



Then, the polaron’s wave function (associated with unperturbed Hamiltonian) in

nth state is given as:
YY) = [n, > | > .

Accordingly, the first-order correction to the ground state energy is zero,i.e.
B = 0.

Again, if we choose k = kz, and follow the steps within (2.11)-(2.16),we have

|< nle=*|0 >|
Z A e (2.39)
ORI
Since
1
0 _
E0,6 - §Q’
and )
0
Elos, = (n+ 5)0.

Notice that the denominator in (2.39) does not change; hence, performing the
procedures (2.17-2.29), we calculate the second-order correction to the ground

state eigenvalue (with the fact given in (1.44)) as

(2) 2a/ *©dk ’
= —— = —a. 2.40

Z|’“‘1+k2 m Jo 1+ k2 (240)
As mentioned in Chapter 1, even though we are not allowed to express the result in
terms of o, we obtain an energy value for 1D polaron. One important observation,
as a result of such a generalization, is that we obtain exactly the same energy in

all three cases: —a’'.
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2.2 Strong Coupling Theory

In this section, we consider the situation where the electron-phonon interaction
is sufficiently strong. Then, the force due to present of the electron can no longer
be omitted from the equation of the lattice vibration. Because of this reason, we

perform the displaced oscillatory transformation.

2.2.1 Displaced Oscillator Transformation

The transformed Hamiltonian H’ is given as the following canonical

transformation|[18]:
H =eSHeS (2.41)

where S = >, ui(ar, — af) and the Hamiltonian H is given in (1.40). Note that
uy is the lattice variational (real) parameter . Furthermore for convenience we

consider the Hamiltonian H,._, as

Hep =Y [Vil(axe™™ + age™™"). (2.42)
k

Note that if H._, is taken as in equation (1.34), one has to consider S =
Sop(afup — agu}) where uy is no longer a real parameter[11]. To calculate the

transformed Hamiltonian H’, we employ the following identity:

e*Be ™ = B+ [A, B] + %[A, [A, B]] + %[A, [A [A, B]]] + ... . (2.43)

Thus, equation (2.41) becomes:
1
H’:H+[H,S]+5[[H,S],S}+.... (2.44)

After certain series of computations, it turns out that only first three terms survive

in the equation above; hence, the transformed Hamiltonian H’ has its final form:

H =H - Zuk(ak +af) — Z |Vie|ug (6T + e7T) 4 Zui (2.45)
k k k
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2.2.2 Variational Principle

In this subsection, we apply the variational procedure to the Hamiltonian H’
given in (2.45). We assume that the ground state polaron trial wave function |¢)

is separable i.e.

[0) = |¢) ‘5> (2.46)

where |¢) and ’6> are the electron and phonon wave functions respectively. Fur-
thermore, we assume that the electronic (trial) wave function |¢) is of Gaussian
type. Then, the expectation value of H' with respect to the trial wave function

given in (2.46) is:

(WL H' ) = (6 Hel@) = D [Valui(pw + o) + Y ui (247)
k k

where p, = (g] " [g).

Now, we start to calculate the energy values of the nD polaron by the variational

approach.

2.2.2.1 3D Polaron

For the three dimensional case, we consider V,,, ;=0 and k = kz.

Moreover, we choose our trial wave function as

2

|p) = Ae™ " = Agce_‘”zAye_az”QAze_‘“’2 (2.48)
where a is the variational parameter, A = A, A, A, is the normalization constant
with

2a
A2 = A% = A% = /=, 2.49
x Yy z T ( )

Thus,
X 2
Pr = pp =€ 5. (2.50)

First, we minimize equation (2.47) with respect the variable uy; that is

O (W H'[¢)

G O (2.51)
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If one performs the operation in (2.51), it turns out that
Therefore, equation (2.47) becomes:

(WL H [) = (@] He|8) = > Vil (2.53)
k
The first term above the equation is simply (¢| H, |¢)=— (¢| V?|¢) and one may

calculate it as:
(9| He |9) = 3a. (2.54)

Using the fact given in equation (1.44), the second term is obtained as

a
AV 20/\/; (2.55)
k

Therefore, minimizing equation(2.53) with respect to variational paramater a, we
obtain the ground state energy of the polaron Esp in terms of the generalized

coupling constant o' as:

0/2

Esp = ——. 2.56
e (2:56)

By using the relation between the standard and generalized coupling constant(see

equation 1.45), we may express this result in terms of a:
2

E=——
3

(2.57)

Note that this result given in (2.57) is exactly the value found by Das Sarma and
Mason [10].

2.2.2.2 2D Polaron

Similar to the previous case we determine V., = 0 and k = kz.Furthermore,
we choose the trial wave function for electronic part as two dimensional Gaussian
function:

) = Ape™® Ayem (2.58)
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where

2a
2 2
Al = Ay =4/ —. (2.59)

T
Furthermore,the value of the expression (¢|e’® ™ |¢) does not change, i.e.
L2

Pe=pj =€ 5. (2.60)
If we follow the same steps (2.51) and (2.52), we obtain equation (2.53). Since py
is the same with the one calculated in 3D, by the property (1.44) the value of the
second term is given as (2.55). However, we cannot propose the same reasoning
for the first term since the wave function has changed. When the first term is

calculated, its explicit expression turns out as:

(¢| H |¢) = 2a. (2.61)

If equation (2.53) is minimized with respect to the variational parameter a, (an
upper bound for )the ground state energy of 2D polaron Esp is given as:

04/2

Eorp = —— 2.62
20 =~ 5 (2:62)

Using the relation given in (1.45), one can express the energy in terms of the

standard electron-phonon coupling constant « as:

= —Sa” (2.63)

Note that this result is also what the strong-coupling theory predicts in two

dimensional case [10], [17].

2.2.2.3 1D Polaron

As in the previous two cases, we choose V,,,; = 0 and k = kz. Furthermore, we

assume that the trial wave function has the 1D Gaussian form, i.e.

2

|¢) = Aze (2.64)

where A2 = /2% If we follow the same procedures in 3D case, we obtain
(I H' [g) = (3] Helo) - Z [Vil*p (2.65)
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where the second term on the right hand side of the equation above is given as
(2.53) and the first term is of the form:

(¢| He |§) = a. (2.66)

Thus, minimization operation on (2.65) with respect to the variational parameter
a leads to the following ground state energy value of 1D polaron in terms of the
generalized coupling constant:

Oé/2

Eip=—— 2.
o= -2 (2.67)

Note that because of the definition of o/, we are not allowed to transform o' into
a.

Another point we emphasize about overall energies is that these three energies
(i.e. Eip, Fap and E3p ) can be written in more general form in terms of o as:

E.p=——. 2.68
b nm ( )

2.2.2.4 ”2-3” D Polaron

In this subsection, we consider a polaron whose dimension is continuously varied
to two dimensions from three dimensions where the electron interacts with the
bulk phonon modes of the polar lattice, and we calculate the ground state energy
of such a polaron. To do this, we consider the following confinement potential for

the electron:

Nl

v oo, |z| >
conf —
0, otherwise.

Furthermore, we use following ground state trial wave function |¢) for the elec-

tron:
™

lp) = Axe_axQAye_“yQAze_“ZQcos(zZ), (2.70)

where

2a
2 2
A2 =A== (2.71)

™
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and

L2 s 2 !
A? = (/ cosQ(Ez)e’%z dz) : (2.72)

L/2
As usual, we determine k = k2. Thus,

12

P = pp =€ 5. (2.73)

Applying equation (2.51) we have
([ H' [¥) = (¢| He |8) = > Vil (2.74)
k
Now, we calculate the second term in the right hand side of equation (2.74). At
this point we assume that for all values of L the electron-phonon interaction is
described either by the electron-phonon interaction of (strict) 3D polaron or the

interaction of (strict) 2D polaron. Then, the second term on the RHS of equation

(2.74) becomes
> VilPoi = 20/\/%. (2.75)

k
Notice that when L is sufficiently large, o/ transforms « according to equation

(1.45). Similarly, when L is sufficiently small o’ maps to Ja. For the case that L

s

2
since we do not have a rule that determines to which value o’ transfroms in that

is neither sufficiently large nor small, o’ transforms to either a or Za. However,
interval of L (i.e. the intermediate values of L), we express our results in terms

of o.

On the other hand, the first terms in equation (2.74) might be written as:

7w 4ra Tz
(6] Ho16) = 20+ (20 + T5) — T (gl ztan " [9) — da? (9] 2[6) . (276)
Therefore, by minimizing equation (2.74) with respect to the variational parame-
ter a, one can obtain the ground state energy of the free polaron(i.e. the subband
energy m2/L? coming from the potential barrier must be subtracted from (2.76))
for an arbitrary squeezing length L (i.e. the distance between potential barriers).

In our work, we handle this minimization process via numerical methods.

Our first observation from Fig. 2.1 that while the coupling constant o’ increases
the polaron’s energy decreases, as expected, since simply the weaker coupling be-

tween the electron and phonons leads to the lower binding energy. Secondly, we

27



1D
A4

w 8- .
105 1
o)
12F —d/=4 i
(Xl=
o=
14 F /=10 | -
O -%/37)
O _o%)2n)
-16 ‘ L
0 5 10 15

L

Figure 2.1: E vs L for various «'.

notice that while the squeezing length L increases, the polaron’s energy converges
to the energy of 3D polaron (i.e. —a/?/(37)). This result is also expected because
greater values of L implies the free electron case in all space dimensions. Fur-
thermore, for the case L — 0 we observe that the polaron’s energy converges to

the energy of 2D polaron (i.e. —a’?/(27)).

Moreover, from Fig. 2.2 we see that for the values of L which are greater than
a certain value of L, say critical length L., the (”2-3” D) polaron behaves like
(strict) 3D polaron in terms of energy. Similarly, for those values of L which
are less than a critical length L., the (72-3” D) polaron might be considered as
(strict) 2D polaron.
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Figure 2.2: Energy change of the polaron for different L.
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To be more precise, suppose the energy E,.q is the energy we may neglect in

our system. Then, the critical length L. is defined as:
Ifo< L < LC R then |E2—3D — E2D| < Eneg- (277)

Notice that the expression in (2.77) indicates that when L is less than the critical
length L., the ("2-3" D) polaron acts like 2D polaron. Similar expression can be

written for 3D case just by replacing Esp with E5p and the interval of L; that is,
|Eo_3p — Esp| < Epey whenever L, < L < 0. (2.78)

Note that, similar to the previous case, equation (2.78) means that the polaron
restricted by the plates where the distance between them is L behaves like (strict)

3D polaron when L is greater than a critical distance L..

Based on the definition of critical length L. and considering Fig. 2.2, we
propose that the length L. is correlated to the coupling constant «'. In fact,
this statement can be supported by regarding the specific case of the negligible
energy Ep.,: If we assume that E,., = 0.1(7w), the critical lengths turn out as
in Fig. 2.3. We observe from Fig. 2.3. (a) that for increasing values of coupling
constant, we must consider the smaller values of L. to be able to regard the (”2-
3”D) polaron as 2D polaron. On the other hand, from Fig. 2.3 (b) we see that
to consider the polaron as 3D polaron, we have to take greater values of L. for

increasing values of /.
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Next chapter, we shall give the ground state energy of the nD (n = 1,2, 3) and
72-3”7 D polaron for full range of couplings (i.e. 0 < o’ < 12) and compare the

results with the ones obtained by the weak-coupling and strong coupling theories.
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Chapter 3

Improved Strong Coupling
Theory

In this chapter, we calculate the ground state energy of of the Frohlich Polaron
for all coupling constant values. Our work is based on the approach Devreese et
al. [1] introduced. Their work is basically to improve Strong Coupling Theory by
introducing a trial wave function which has been corrected by the perturbation

theory having the form
[) = [0} |én) + D giVic (7™ = pi)ay. [0) [én) (3.1)
Kk

In this thesis, we will not discuss how to obtain such a wave function. Instead,
we shall take into consideration the application of the trial wave function (3.1).

For more detail, one can check the relevant paper.
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3.1 Analytical Calculations

Considering the normalization condition of (3.1), if the expectation value of
the polaron’s Hamiltonian given in equation (1.40) with respect to the (ground

state)trial wave function in (3.1) is calculated, the result turns out[1]

B = (9| H ) = (6] Hulé) + 5 (32

where
Hy = 9"+ Vaons + > Vil loel® = D P (0™ + pee™™7)  (3.3)
k k

and X satisfies the following integral equation:

X o [ 1= |l2)? )
SR D1 (k) + Dall) — (1 — o2y X" =" (34)

with
Dy = (] (™" — pr) Hu(e ™™ — p}) |9) (3.5)
and

Dy = (1= |pul*)(1 = (¢] Hu 9)). (3.6)

Note that we use the same definition for py which is given in strong coupling

theory; that is, pp = (¢] %7 |¢).

Notice that to obtain the ground state energy for the polaron, we have to
minimize equation (3.2) with respect to the variational parameter,say a, which is
embedded in the electronic wave function |¢). However, our standard way (i.e.
differentiating £ with respect to the variational parameter, letting the resulting
expression be zero, finding the parameter; so the minimum value of E) to find
the minimum value of (3.2) is not readily available since X is a transcendental
function of the variational parameter a (i.e. X cannot be expressed in terms of
known functions of a) by equation (3.4). One candidate solution (and we use in
our work) for this problem is to solve the integral equation for certain value of a
numerically and to find the minimum value of E. Before doing this, we give the
explicit form of the other variables (i.e. (¢| H, |¢), Dy and py, ).
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3.1.1 3D Polaron

For the three dimensional polaron case, we consider V,,,s = 0. Furthermore, we
choose the electronic trial (ground state) wave function in the form of Gaussian
le.

) = Age " Aye W Ae (3.7)
where a is the variational paramater and the normalization constants are given

by equation (2.49). Furthermore we determine k = kz. Thus,

12

Pe = pp =€ . (3.8)

Now, we consider the term D;. Note that one can express D, as

Dy = (9] e Hue ™" |6) — (@] ™" Hy |0) + (&| Hue ™ [6)) + pic (6] Hu|0) -

(3.9)
After certain amount of algebra one can show that
(@] ™ Hue™ ™ |¢) = k* + (9] Hu|0) (3.10)
Furthermore, the term (¢| H,e ™7 |¢) can be written as
ik 0?0 ik 0 ik ik
(9| Hue ™" [¢) = (9] (_8_y2 — 520 10+l (=55)em o) + (] € o) .
(3.11)
where
&= Z|Vk|2pi—QZ|Vk|2kaOSkx. (3.12)
Kk Kk
Using equation (2.61), the first term can be calculated as:
82 82 —ikx
(9] (_8_y2 - @)6 |9) = pr2a. (3.13)
Moreover, after some efforts one might show that the second term is
82 —ikx k2
(6] (~ 530 16) = pula+ 0. (3.14)

Also, the last term in (3.11) can be expressed as:

(6l € |g) = za/\/gpk - 4af\/§p,1/2. (3.15)
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Finally, carrying out more or less similar (in fact comparably easier) integrals in
(3.13)-(3.15), one can obtain

(6| Hy |6) = 30 — 20/\/2 (3.16)
T
Thus, the energy expression F in (3.2) which has to be minimized becomes

X
E =3a—2d %Jr? (3.17)

where py is given by (3.8), X satisfies the integral equation (3.4), and the terms

Dy and D, are given as:

D1:k2+(1+pi)(3a—2a\/7>—2pk((3a+ pk+2a\/>pk—4(x\/71/2
(3.18)

and
Dy = (1—p2) (1 — [3a— Qa’\/§]>. (3.19)

3

3.1.2 nD Polaron

In fact, if one uses the two and one dimensional Gaussian trial wave functions
(having the form of (2.58) and (2.64)) for the wave function of electron and carry
out the procedures within (3.8)-(3.16), the results given in (3.17)-(3.19) can be
generalized for the nD polaron (n = 1,2, 3) as the following:

X
E, = na — 2d/ % 5 (3.20)

where py, is given by (3.8), X satisfies the integral equation (3.4), and the terms

D, and D, are given as:

D1:k2+(1+pi)(na—20¢\/7>—2pk<(na+ pk+2a\/7pk—4a\/71/2
(3.21)

and
Dy =(1—p2) (1 — [na — 20/\/%). (3.22)
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3.1.3 7”2-3” D Polaron

In this case, we consider exactly the same problem expressed in Strong-Coupling

Theory in the third chapter. So, we choose the external potential as:

Nl

v 00, |z] =
conf —
0, otherwise.

Furthermore, we use following ground state trial wave function |¢) for the elec-

tron:
s

¢) = Aye= ™ Aye_“y2 Aze_‘“Qcos(zz). (3.24)

Moreover, we consider k = kz. Then, the term D; may be expressed as:

Dy =k + (1+ pi) (6| Hu |9) — pi((¢] € Ho |6) + (6] Hue™™ |¢)).  (3.25)

Note that

—ikx 82 —ikx 82 —ikx —ikx
(0| Hue™™ ) = pra + (¢| — 7.2° “16) + (¢ (=52)¢ " |g) + (o] €7 |9)
(3.26)
where ¢ is defined by (3.12). The second term in (3.26) can be written by using

(2.76) as

92 24
(8= 550" 16) = pu((2a+T3) == (6] ztan T2 0) —da? (6] 22[0) ). (327)
Notice that the third has already been calculated in equations (3.14). At that
point we assume (as we did in Strong-Coupling Theory) that for an arbitrary
squeezing length L the electron-phonon interaction can be considered as the same
with the interaction of (strict) 3D polaron or the interaction of (strict) 2D polaron.

With this assumption, then the fourth term in (3.26) is given by equation (3.15).

Finally, (using the same assumption made in the preceding paragraph) the
term (| H, |¢) is calculated as

2 4ra

(91 Hul6) = 20+ (20 1) =72 (o] ztan 2 [0)—4a? 0] 2 )20/ [ . (3.29)
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Therefore, the ground state energy E which must be minimized with respect

to the variational parameter a has the final form:
X
B = (6 Hal6) + 5 (329)

where (¢| H, |¢) is given by (3.28), X satisfies the integral equation (3.14) in

which the terms D; and D, are
Dy =k + (1+ p}) (8] Hy [6) — 2k (] Hue ™ |9) (3.30)

and
Dy = (1= pp)(1— (¢ Hy|9)) (3.31)

where (¢| H,e~* |¢) is given by equation (3.26).
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3.2 Numerical Results and Discussion

If we minimize equation (3.20) with respect to the variational parameter a for

n = 3, the results turn out as the following:

_10'2 T T T
— — — Present(3D)
— WCT(3D)
SCT(3D)
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o

Figure 3.1: E vs « for the 3D polaron.

From Fig. 3.1 we observe that the present work(i.e. improved strong coupling
theory(ISCT)) provides better energy estimations compared to Strong Coupling
Theory(SCT) in strong coupling regime (i.e. a >> 1) for 3D polaron. Fur-
thermore, the present work calculates the energies in the intermediate-coupling
regime in which neither SCT nor Weak Coupling Theory(WCT) is valid. In the
weak-coupling regime (i.e. a << 1), we observe that the energy calculated by
the present work converges to the energy obtained by WCT for small coupling
constants. However, in such limit, the energy of WCT is smaller than the energy

the present work estimates. One possible explanation for this situation could be
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the fact that the Gaussian type trial wave function is not an appropriate wave

function for weak coupling regime.

If we perform the minimization procedure in equation (3.20) with n = 2, we

have the energies for all coupling regimes for the 2D polaron as seen in Fig. 3.2.
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Figure 3.2: F vs a for the 2D polaron

From Fig. 3.2 we observe some facts similar to the 3D case. That is, in the
strong coupling regime, the present work gives us an upper bound for the ground
state energy of the 2D polaron which is smaller than the one obtained by SCT.
Moreover, in the intermediate-coupling regime (i.e. a > 1), present work gives
some data for the energy of 2D polaron which are more valid compared to other
two theories (i.e. WCT and SCT). On the other hand, in the weak-coupling
regime, the energy of the present work converges to the energy of WCT but it is

bounded below as opposite to the situation in the strong coupling regime.

40



102 . . .
***** Present(2D)
——— WCT(2D)
SCT(2D)
N\ “ — — — Present(3D)
101 F O\ ————WCT@ED) | ]
D\ SCT(3D)
AN
N
N
w100 Q0 7
\\ N
AN\
AN
AN
\\\ N
1E N i
-10 o\
\\
\\
\
A 02 L L L
1072 107 100 10° 102
«

(a) Energies obtained by the present work for both (strict)

2D and 3D polarons vs standard coupling constant a.
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Figure 3.3: Energies of the 2D and 3D polaron.
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One may observe some interesting properties when these two cases are plotted

in one graph as in Fig. 3.3.

From this graph (i.e. Fig. 3.3 (a)), we observe that for an arbitrary value
of a the energy of 2D polaron is less than the energy of 3D polaron; that is,
when the dimension decreases, the energy also decreases. Moreover, the same
figure shows that for a certain coupling constant value in the strong coupling
regime, the difference between energies calculated by Present (2D) and SCT(2D)
is smaller than the difference gained by Present (3D) and SCT(3D). However, the
same situation cannot be proposed in the weak-coupling regime; the differences

in this regime are approximately the same.

One can also express these results in terms of the generalized coupling constant
o' as seen in Fig. 3.3 (b). From this figure we see that for both polarons,
the corresponding energies obtained by the present work lesser than the ones
calculated by SCT in the strong coupling regime. Moreover, in weak coupling
regimes, both energies obtained by ISCT in 2D and 3D converge to the energy —o/
that is exactly the energy obtained by WCT(2D) and WCT(3D) (see equations
(2.30) and (2.37)). And these energies are greater than —a’; that is, no energy
improvement occurs in this regime as it has been observed in previous three

graphs.

Now, we consider the confined polaron(i.e. 72-3” D polaron) case. If one
minimizes equation (3.29), one may obtain a graph of the energy of the polaron vs
L for various o' (see Fig. 3.4) . We observe that for increasing value of the distance
between the slabs (i.e. L) the energy converges to the energy improved strong
coupling(ISCT) predicts for (strict) 3D polaron(circles). Similary, on the opposite
limit, i.e. L — 0, the energy converges to the value ISCT provides for 2D
polaron case (i.e. squares). Note that this situation might be considered that the
formalism in (3.29) is correct. Furthermore, we observe that for increasing value
of the (generalized) coupling constant o/, the energy of the polaron decreases, as

expected, since stronger interaction leads to higher binding energy.
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Figure 3.4: Energy E (ISCT predicts) vs L for various «'.

To compare the (”2-3”D) energies obtained by SCT to ones calculated by the
present work (i.e. ISCT), one may plot the results in one graph (see Fig. 3.5).
From Fig. 3.5 (a) and (b) we observe that for an arbitrary coupling constant
o’ the present work predicts lesser energy compared to the energy calculated via

SCT for every possible slab distance L.

If we take into consideration the extreme cases of L (i.e. L < 0.5 and L > 2),
we may suggest some values about the critical length L. as performed in Strong-
Coupling Theory. Based on the definitions of the critical length L. given in (2.77)
and (2.78), if we assume the negligible energy E,., = 0.1, the critical lengths L.
resulting from the present work turn out as in Fig 3.6. We observe from Fig. 3.6
(a) that to consider the polaron as a strict 2D polaron, we must decrease the slab
distance for increasing value of the coupling constant. On the other hand, from
Fig. 3.6 (b) we see that for increasing o, the greater values of L are need to be

able to consider (72-3"D) polaron as strict 3D polaron.
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Figure 3.5: E (calculated by ISCT and SCT) vs L.
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Figure 3.6: L. (obtained by ISCT) vs /.
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One interesting question could be whether there is any difference between the
critical lengths obtained by SCT and ISCT. To find out, we combine two data
given in Fig. 2.3 and Fig. 3.6 (see Fig 3.7).

We observe from Fig. 3.7 (a) that for o/ = 4, the length L. obtained by present
calculation is greater than L. SCT gives. For the coupling constant o/ = 6, L.
the present calculation gives is (with a small magnitude) greater compared to the
L. of SCT. For the other values of the coupling constant (i.e. o/ = 8,10) both
theories give the same critical length value. On the other hand, the subfigure
(b) shows that for o/ = 4, to be able to consider the polaron as 3D polaron, it
is sufficient to have a slab length L which is greater than 6.3 according to ISCT
while this value is calculated as 6.7 by SCT. For o/ = 6, L. obtained by the
present work is smaller than the one SCT predicts but the magnitude of their
difference is small. For o/ = 8,10, we obtain the same critical lengths by the two

theories.
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Chapter 4

Summary and Conclusion

In this thesis, first, using Weak-Coupling Theory, we calculated the ground state
energies of the nD polaron in the weak-coupling regimes in terms of the gen-
eralized coupling constant o/, and found that the energy for all n is equal to
o

Furthermore, using Strong Coupling Theory, we obtained the (ground state)
energies of the nD polaron in strong-coupling regime in terms of o and we found
that there is a relation between the dimension n and the energy; which is, E, =
—a'?/(nm). Moreover, using the same theory, we have taken into consideration a
polaron which is confined in one dimension. In this case, we calculated the energy
of the confined polaron (”2-3” D polaron) as a function of the slab length L for
the certain values of /. We observed that in the limits of the slab length L (i.e.
L — 0 and L. — o0) the energy converges to the energy of strict polaron (i.e.
Esp or Esp). Next, we introduced the critical length L. concept and calculated
the such lengths in both 2D and 3D limits. Furthermore, we showed that L. is

dependent on «'.

After completing the analysis of WCT and SCT, we introduced Improved
Strong Coupling Theory (ISCT), which is based on the variational principle and

the trial wave function Devreese et al [1] proposed. By using this theory, we
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calculated the energies of the nD polaron in all coupling limits (weak, interme-
diate, strong coupling). And we demonstrated that in the strong-coupling limit,
ISCT predicts better energy values than SCT. Furthermore, we proposed ener-
gies in intermediate-coupling limit where WCT and SCT are not very reliable. In
the weak-coupling regime, we have observed that the energy calculated by ISCT
converges to the energy of WCT while the coupling constant becomes smaller;
however, the energy of ISCT was bounded below. Using ISCT, we also considered
72-3” D polaron and calculated the energies as a function of L for various o/. At
the limits of L we observed that the energy converges to the energy of the 2D
or 3D polaron that ISCT predicts. Furthermore, we also analyzed the critical
length concept in ISCT and showed that L. is dependent on coupling constant
in this theory as well. Moreover, we compared the L.’s obtained by two different
theories (i.e. SCT and ISCT) and conclude that the difference in L.’s coming

from the different theories disappears when the coupling constant increases.

We note that although we gave the analytical expression for the 1D polaron
in the thesis, we preferred not to demonstrate the result of 1D since the result is

not convertible to standard coupling constant «.

As a final comment, we underline the fact that even though ISCT is superior to
SCT in strong coupling regime, it may not necessarily mean that ISCT is the most
powerful method to estimate the energy in such regime. In fact, in the reference
3] it is mentioned that Feynman’s formalism is the one of the strongest estimator
of the energy. However, since we restrict ourselves to only WCT and SCT to test

the success of ISCT, we do not make any comment about the Feynman’s method.
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