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ABSTRACT
THE GEOMETRY OF SHEAVES ON SITES

Pejman Parsizadeh
M.S. in Mathematics
Advisor: Ozgiin Unlii

January 2021

In this work, we study doing geometry on sheaves on sites. Categories of our sites
consist of objects that are building blocks for a given geometry. Generalized spaces then
will be sheaves on these sort of sites. Next we introduce the notion of varieties, and show
the relationship between certain class of varieties known as diffeologies with the category
of smooth manifolds. Along the way, the notion of schemes will be generalized as a variety
on symmetric monoidal categories. And we show how a differential geometric construction

on a site can be translated to a construction on generalized spaces.

Keywords: Sheaves, Sites, Geometry.
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OZET
SITELERDEKI SEAFLERIN GEOMETRISI

Pejman Parsizadeh
Matematik, Yiiksek Lisans
Tez Danigmani: Ozgﬁn Unlii
Ocak 2021

Bu caligmada, sitelerdeki seafler iizerinde geometri yapmay1 inceliyoruz. Sitelerimizin
kategorileri belirli bir geometri i¢in yap1 taglar1 olan nesnelerden olusur. Genellestirilmis
uzaylar o zaman bu tiir sitelerde sheafler olacak. Daha sonra varyete kavramini tanitiyoruz
ve diffeolojiler olarak bilinen belirli varyetelerin kategorisi ile piirtizsiiz manifoldlar kate-
gorisinin iligkisini inceliyoruz. Yol boyunca, schemeler de simetrik monodyal kategoriler
tizerinde varyeteler olarak genellegtirilecektir. Ayrica, bazi iyi bilinen geometrik yapilarin
genellegtirilmis uzaylar tizerine yapilara nasil ¢evrilebilecegini gosterecegiz.

Anahtar sézcikler: Seafler, Siteler, Geometri.
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Chapter O

Introduction

The usual categories where we do geometry on, lack enough (co)limits. Intuitively speak-
ing, they lack enough solutions spaces for equations, fiber products etc. The category

Openge is an important example of such categories.

The remedy for the aforementioned problem is to use the Yoneda embedding functor,
and fully faithful embed our category C into the category of presheaves on C| i.e. C. We

know that the category C has all limits and colimits.

Yet, another problem occurs. the embedding functor doesn’t preserve finite colimits.
An example of such situation is given in Chapter 6. This is exactly the reason why the
notion of sheaf on site was invented, to deal with the colimit problem. As soon as the
category C' is equipped with a Grothendieck topology, we will be able to form nerves of
the coverings and then, The Yoneda embedding of C' into the category of sheaves on site
Sh(C,T), C — Sh(C,7), will preserve the colimits that is taken along the nerves. This

makes the category Sh(C,7) to be a very good environment for doing geometry.

In this work, we will take the first steps toward studying geometry on the category of
sheaves on sites(a.k.a. topoi) in a systematic way. We have adopted and closely follow

the approach taken in [Paul.

In the first chapter, We will introduce the notion of (pre)sheaf and some important



notions related to it which will be used on later chapters.

Second chapter is the second step towards understanding the notion of sheaves on a

site, namely the notion of sites. Sites will be discussed with some nice examples there.

In Chapter 3, we will mention basics of monoidal categories which specifically play an

important role in generalization of schemes.

Chapter 4 is devoted to categorical approach to calculus which is based on the notion

of tangent category, and was introduced by Daniel Quillen [Paul.

In Chapter 5, we will show how categorical calculus combined with Monoidal category,

can be used in the differential geometric context.

And finally, in Chapter 6, we begin studying the notion of sheaves on sites in a geometric
context. we will call an object of the category Sh(C,T), a generalized space. Certain
objects of this category which are called varieties will be introduced, and finally we will

make a connection between diffeologies and the category of smooth manifolds.



Chapter 1

Sheaves

1.1 Definitions and Examples

Definition 1.1.1. A presheaf is a contravariant functor ' : C°? — M from an arbitrary

category C to a category M.

Notation: In what follows Openx stands for the category of open subsets of topological

space X, and inclusions i.e.

U=V HfUucCcVv
Homopeny (U, V) =
0 otherwise

In this chapter, we will restrict ourselves to the following specific presheaves:

Definition 1.1.2. Suppose that X is a topological space and C' is a category. A presheaf

F of C on X is a contravariant functor Openy — C.
The above definition means that F' is an assignment such that

1. For every open set U C X, F(U) € Ob(C).
3



2. For every inclusion i : U < V in X, a morphism res}; := F(i) : F(V) — F(U) is

called a restriction map exists and satisfies two conditions:

(a) resy = idp) for every open set U C V.

(b) For inclusions of open sets U < V — W in X, the composition of restriction

maps exists i.e. resy = res}; o resy .

Elements of F'(U) are called sections over U. When U = X, the elements of F/(X) are
called global sections. As a convention, for opens U C V in X, and
se€ F(V), sy :=res)(s).

FExample 1.1.3. 1. Presheaf of functions: Let E be a set. For every open subset U C X
of topological space X, we define Mapg(U) to be the set of all functions from U to E.
Then Mapg(—) : Open¥ — E with restriction maps res); : Mapp(U) — Mapg(V)
being the usual restriction of maps from U to V' (V' C U) is a presheaf.

2. Presheaf of smooth functions on topological space X: This presheaf is defined as
F : Open¥ — k — algebras

Uw— C*(U)

where £ = R or C, and restriction maps being the natural restriction functions i.e.
for opens V. C U C X,
F(U)— F(V)

= fiv

3. E—valued constant presheaf: Let E be a set. A constant presheaf with value F, is
defined as F(U) = E, ¥ U C X and restriction maps resy =idp V'V C U C X.

4. Presheaf of bounded functions: This sheaf is defined as F' : Openy — Set such
that for every open U C X, F(U) is the set of bounded R (or C) valued functions on

U, and restrictions maps are (like previous examples) natural restriction functions.

For any two presheaves F' and G, Hom/(F,G) is not empty. This fact turns presheaves
into a category. A morphism f € Hom(F,G) is actually a family of morphisms:



Definition 1.1.4. For any two presheaves, F,G on X, their morphisms Hom(F,G) is
the set of natural transformations i.e. every f € Hom(F,G), f: F — G is a family
of maps fy : F(U) = G(U) (for all opens U C V') such that V. C U C X, the following

diagram commutes:

U
resv

FU) 2% (V)

o |

(V) —G(V)

Definition 1.1.5. A presheaf F' on topological space X is a called a sheaf iff it satisfies

the following two axioms:

1. Uniqueness axiom: For open set U C X and an open covering U = |JU; of U, if

s,s' € F(U) such that s, = s, Vi € I, then s = 5.

2. Gluing axiom: For every open set U C X and every open covering U = |JU;,
if s; € F(U;) (Vi € I) such that syuy,rv; = sjjunu; (Vi,j € I), then there exist
s € F(U) such that sy, = s for all ¢ € I.

Remark 1.1.6. [Wed] The category of presheaves of C' on topological space X will be
denoted by Psh / x. The category of sheaves of C' on X is going to be denoted by Sh /X
Sh /x is a full subcategory of Psh /x . Both Psh /x and Sh/x are (co)complete i.e.
limits and colimits always exist.

f
Definition 1.1.7. For a pair of morphisms A = B (where A, B € Ob(C)), an equalizer of
g

(f,g)is a pair (Eq(f,g),h), where Eq(f, g) is an object, h is a monomorphism Eq(f, g) LN
A such that foh = goh, and (Fq(f,g),h) is subject to the universality condition. This
means that for every map h' : X — A, there exist a unique map A\ : X — FEq(f, g) such

that A’ = X o h, i.e. the following diagram is commutative:

f
Eq(f,g)bA?B.

f
Definition 1.1.8. A diagram K 2 A = B is called exact iff K Eq(f,9).
9
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There is a relationship between presheaf F' being a sheaf, and exactness of a certain

diagram:

Theorem 1.1.9. [Kai] Let F' be a presheaf on X, U C X an open subset of X, and
X = U; an open covering of X such that U; C X are open subsets; F is a sheaf on

X iff the following diagram is exact: F(U) = 1 F(U;) % N FU;NUj). Here,
iel B (LJ)eIxI

() = (rest, (), a((s00) = (res¥ig, (50) g perers Bsidier) = (reswog () wrernr

1.2 Stalks, Sheafification and Etalé Spaces

Let Open, := {U, C X : x € X and U, open neighbourhood of z in X}, ordered by
inclusion. Open, is full subcategory of Openy. For F' € P, F € Ob(Psh/x), its

restriction to Open,, F : Open?’ — Set is a presheaf. Also Open? is a filtered category.

Now we will focus on local strusture of sheaves:

Definition 1.2.1. The stalk of F' at x, denoted by F), is defined as F, := lz_>m F(U,).

U, €0peny
Remark 1.2.2. F, has the following explicit construction: F, = {(U,, s) | U, € Open,, s €
F(U,)}/~ such that (U,,s) ~ (V,,t) iff 3 W, C U, NV, such that s, = tjw,.

Remark 1.2.3. For every open U, € Open,, there exist a canonical map
FU,) — F,

S S,

where s, := [(Uy, s)] € F, (the class of (Uy,s) in F}). s, is called the germ of s at x.

Proposition 1.2.4. For a sheaf F' on a topological space X, and any open U C X, if
s,s € F(U), then s =s" iff s, = s, Ve € U.

Proof. If s = &' then clearly s, = s/. Conversely, if s, = s/, Vo € U, then there exist an

open z € Open, such that resj (s) = resy (s') Vo € U. Applying the uniqueness axiom,

we get s = 5. ]



Remark 1.2.5. For every natural transformation n : FF — F’ we get an induced map of

stalks 7, := ll_ﬂg U, »
Uz
77Uz . Fz‘ — Fé

Sp > S,

where s, := [(Uy, )] and s, := [(Uy, nu,(5))], 8" :== nu,(s).
Remark 1.2.6. Combining the results of Note 1.4 and Note 1.5, for every fixed x € X, we
get a functor

¢:Psh/x — Set
F— F,
such that the following diagram is commutative:

FU)E22F,

a jnz

FU)sr B

Every presheaf F' can be attached to a sheaf F:

Proposition 1.2.7. [Wed] For F' € Ob(Psh / x), 3 a pair (}N7 lp) where Fe Ob(Sh /x)
and lp € Hom(F, F) such that (F ly) is universal i.e. the following diagram is commu-
tative for every G € Ob(Sh / x) and any ¢ € Hom(F,G):

Fi»ﬁ

Y
2

G

/ald}

F is called the sheafification of F'.

Definition 1.2.8. For every E, X € Ob(Top) and a continuous P : E — X there exist
a sheaf of sections that is defined as follows: V U € Openy, I'(U,E) := F(U) = {s :
U — E | s is continuous and Pos =idy}. For opens V C U C X, the restriction map is
defined as

ress, . F(U) — F(V)

7



S S|
Remark 1.2.9. [Ten] I'(—, E) satisfies both axioms of sheaves.

Definition 1.2.10. Let X € Ob(Top). A pair (E, P) consists of a £ € Ob(Top) and
P € Homr,(E, X) is called an étalé space over X (or sheaf space over X) iff P is a local

homeomorphism.

Definition 1.2.11. A morphism of étalé spaces (£, P) and (£’, P') is a continuous map
f: E — E'such that P = P' o f i.e. diagram F !

N

étalé spaces over X form a category is denoted by £t / x .

E’ is commutative. So,

Remark 1.2.12. V (E,p) € Lt /X the functor I'E :=T'(—, ),
I'(—, E) : Open¥ — Set

U—T(UE)

is a sheaf and for any morphism of étalé spaces f : E — FE’, the map I'f : I'(—, F) —
['(—, £'), pointwise defined as

Tfy:T(U,E)— (U E)

s— fos

(for every open U C X)) is a morphism of sheaves I'f : 'W — I'E'.

Remark 1.2.13. [Ten] For every G € Psh /x| there exist an étalé space (LF, P) such that
LF := UF, and P : LF — X is the natural projection i.e. P~'(z) = F,. Here LF is

reX
topologised as follows: for every open set U € X, and s € F(U), the map §: U — LF is

defined by x + s, € F,. And finally we define the open set in LF to be 5(U) =: {s,| z €
U}.

Remark 1.2.14. F = ['(LF) i.e. sheafification of F' is isomorphic to the composition of

the two functors

F+— LF — T(—,LF)
8



1.3 Direct And Inverse Image of Presheaves

Definition 1.3.1. Let X,Y € Ob(Top), f : X — Y a continuous map and F €
Ob(Psh / x) then a presheaf f,F on Y is defined as (f,F)(U) = F(f~'(U)) YU € Openy,
and is called the direct image of F' under f (aka pushforward sheaf). Restriction maps
then will be resf, = resijggg for opens V C U CY.

Remark 1.3.2. For I, I, € Ob(PSh /X ) and a natural transformation n : Fy — Fy, f
induces a natural transformation fi(n) : fiF% — fiFs (fi(mu = np-1@y) where
foFy, foFy € Ob(Psh [/ x). So we get a functor f, : Psh /xy —s Psh [y

Psh/X > F, —L~ f.F, € Psh)Y
Til lF*(n)
Psh/X > Fy—L~ f.F, € Psh/Y

The dual notion of direct image of F' is not exact, it is an approximation:

Definition 1.3.3. For a continuous map f : X — Y and F € Ob(Psh /y), the inverse
image of F' under f (aka the pullback sheaf) is defined as the sheafification of the presheaf

J~F : Open¥ — Set

U lim F(V)
fHcv

(V € Openy) the sheafified f~F is denoted by f*F or f~1F.

1.4 (Co)kernel Presheaves

In this section, we exclusively consider the category of presheaves of abelian groups on
topological space X, which we will be denoted it by AbPsh /X

Definition 1.4.1. [Ten] Let F,G € AbPsh/x  f ¢ HomAsth/X (F,G). For open
subset U C X, define (kerf)(U) := {s € F(U) | fu(s) = Ogw)} < F(U). Since f is a

9



natural transformation, then for opens V. C U C X and s € kerf(U), fy(resi(s)) =
resy (fu(s)) = 0, which means that resy(s) € ker f(V)). So kerf and resy,;,, s define a
presheaf over X which is called the kernel (presheaf) of f and is denoted by kerf.

kerf : Open¥ — Ab

U kerf(U)

Remark 1.4.2. The composition kerf — F Iy G is zero.

Remark 1.4.3. [Ten]The Relation Between kerf and f: If F,G € Ob(AbPsh /x) and
f € Hom(F,G), then we will have the following : (kerf = 0) iff (V open U C X, fu
is injective) iff (f is monomorphism i.e. V presheaf £ and morphisms £ = F Iy G st

B
foa= fof, wewill have a = 3).

Having the same assumptions as above, we can define the cokernel presheatf:

Definition 1.4.4.
coker f : Openy — Ab
G(U)
im(fu)
(im(fy) = fu(F(U)) < G(U)) for opens V. C U C X, if s € F(U), then res¥(fy(s)) =
fv(rest(s)) € im(fy). Hence the map G(U) — -2 nullifies im(fy) and induces a

im(fv)
v Zgg;) zgg}?) So coker f and Tesy actually a presheaf.

Uw—

restriction map 7es

Remark 1.4.5. [Ten] Cokernel sheaf is sheafification of the cokernel presheaf.
Remark 1.4.6. The composition F ENVeIN coker f is zero.

Remark 1.4.7. [Ten] The relation between cokerf and f: If F,G € Ob(AbPsh /)
and f € Hom(F,G), then the following is true: (cokerf = 0) iff (¥ open U C
X, fu is surjective) iff (f is an epimorphism i.e. V presheaf £ and morphisms F' Le=E

such that ao f = fFo f; a=[). ’

10



1.5 The Yoneda Lemma

Definition 1.5.1. Let C be a category. We wil define C := Psh /C = Fct(C,Set) and

~

h:C—C

X = hx := Homg(—, X)
The Yoneda Lemma: [KS]For F € C and X € C; Homg(hx, F) =2 F(X).

Corollary: The functor h is fully faithful (i.e. the category C' can fully faithfully

embed in the category of presheaves over C').

Proof. Choosing hy for F' and then applying the Yoneda lemma, we get VX,Y &
C, Homg(hx, hy) = hy(X) = Home(X,Y). So h is a fully faithfully functor. O

Definition 1.5.2. Due to above property, the functor A is called the Yoneda embedding

functor.

Definition 1.5.3. A presheaf F': C'P — Set is called representable iff 3X € C such that

F=hyxin C. X is called a representative of F'.

Ezxample 1.5.4. [KS| For commutative ring k, let A be k—algebra, N a right A—module,
M aleft A—module and L a k—module. By Bil(N x M, L) we mean the set of A—Dbilinear
maps from N x M to L. Since Bil(N x M,L) = Homg(N §> M, L), then the functor
Bil(N x M,—) : Module(k) — Set is representable and N (% M is its representative.

11



Chapter 2

Sites

2.1 Grothendieck Topologies, Sites, and Topos

Definition 2.1.1. Let C be a category. A Grothendieck topology T on C' is an assignment
to each object X € C, coverings of X denoted by Cov(X) which is a collection of sets of
morphisms {X; — X };c; that satisfies the following axioms:

i. Isomorphism axiom: If Y = X, then {Y — X} € Cov(X).
ii. Change of base axiom: If {X; = X},er € Cov(X) and Y — X is a morphism, then

the fibred products X; x Y exist for all i, and {X; X Y — Y}ie; € Cov(Y).
X X
iii. Refinement axiom: If {X; LN tier € Cov(X) and for any fixed ¢, the covering
; fiof},

75,
{X;; =% X;}jey, exist, then the compositions {X;; — X bierjes, € Cov(X).

Remark 2.1.2. In Grothendieck topology, open sets of a space X are replaced by maps
into space X. Instead of intersections, we have fibred products, and union play no role at
all.

Remark 2.1.3. The axioms describe the coverings of an object.

Definition 2.1.4. A category C' that is equipped with a Grothendieck topology 7, (C, 1),

is called a (commutative) site.

Remark 2.1.5. Applying the second and third axioms, if {X; — X}; € Cov(X) and

12



{Y; = X}; € Cov(X), then {X, X Y, = X} € Cou(X).

Definition 2.1.6. A set of functions or morphisms {U; EINY }i on topological spaces,
schemes etc, is called jointly surjective if and only if the (set-theoratic) union of their

images be equal to U.

2.2 Examples

Ezample 2.2.1. The site of usual topology. Let X € Ob(Top) and Openx be the category
of open subsets of X. ThenV U € Ob(Openx ), T will assign the coverings C'ov(U), consist

of set of open coverings of U. Here U; x Uy and U; N Us coincide.
U

Fxample 2.2.2. The site of global topology. Let C'= Top. If X € Top, then any covering
of Cov(X) is a jointly surjective family of open embeddings {X; — X};. Note that by
open embedding, we mean an open continuous injective map, not the inclusion because
otherwise, the isomorphism axiom will be violated.

Example 2.2.3. [FGIT| The site of global étalé topology. Let C' = Top and X € Ob(C). A

covering of X then will be a jointly surjective family of local homeomorphism { X EINS hie

The last two examples which are going to be introduced, are two of the most common
sites in algebraic geometry. But before we proceed to those examples, we need to review

some notions from algebraic geometry.

Definition 2.2.4. Let X be a topological space. The structure sheaf of X, denoted by

Oy, is a sheaf of commutative rings on X.

Definition 2.2.5. [Gat] A morphism f: X — Y of schemes is called a closed immersion

(embedding) if and only if

1. X = f(X) CY, where f(X) is a closed subset.
2. The induced morphism Oy — f.Ox is a surjection (Ox and Oy are structure

sheaves on X and Y respectively).

Definition 2.2.6. [Gat] The kernel sheaf of the morphism Oy — f,Ox is called the ideal
sheaf of the embedding and is denoted by Ix/,y.

13



Definition 2.2.7. A morphism of commutative rings f : S — R (which makes R to be an
S — algebra) is said to be of finite type if and only if 3 n € N and a surjective S-algebras

morphism S[zy,...,x,] = R.

Definition 2.2.8. |Gat] Let R and S be commutative rings, and f : S — R a ring
homomorphism . Then the R-module of Kéhler differentials (a.k.a module of relative
differentials) is defined to be the free R-module, generated by formal differentials {dr|r €
R} mod out the relations d(ry + o) = dry + drg, Vri,79 € R, d(ri7r9) = ridry + rodry,
Vri,7m2 € R, and ds = o, Vs € S. This module is denoted by Qz/s.

Definition 2.2.9. A commutative ring morphism f : S — R is called unramified if and
only if
1. f is of finite type,

2. Qs = 0.

Definition 2.2.10. A morphism of schemes f : X — Y is called unramified at x € X if
and only if 3 U an open neighbourhood of z, Spec(R) = U C X and an open Spec(S) =
V C Y, such that f(U) C V, and the corresponding induced ring morphism S — R is

unramified.
Definition 2.2.11. f: X — Y is unramified if and only if it is unramified Vx € X.

Definition 2.2.12. A scheme (X, O,) is called regular if and only if for every x € X,
Ox . (stalk of O, at z) is regular local ring, i.e., a Noetherian local ring whose maximal

ideal has the minimal number of generators, equal to its Krull dimension.

Definition 2.2.13. A morphism of schemes f : X — Y is called smooth if and only if

1. f is locally of finite presentation, i.e., for every x € X, 4 an affine neighbourhood
U, C X and Vi) C Y such that O,(U,) = 2@t “ypere [ g finitely

generated.
2. fis flat, i.e. for every x € X, the local ring Ox is a flat module over Oy, ().

3. For every geometric point Speck (k is an algebraically closed field), and morphism

Speck — Y, the fiber product X x Speck is regular (scheme).
1%

14



Definition 2.2.14. f: X — Y is called étalé if and only if f is unramified and smooth.

FExample 2.2.15. Zariski Site. Let C' = Scheme, the category of schemes, and X € Scheme.
A (Zariski) covering for X is a family of morphisms of schemes {f; : X; — X}, such that
fis are open embeddings and |Jf;(X;) = X (i.e. fi’s are jointly surjective).

Ezample 2.2.16. Etale Site. Let X € Ob(Scheme). An étale covering of X, is a family of
étale morphisms of schemes {f; : X; — X};, such that X = |Jf;(x;).

Definition 2.2.17. [Kat] A morphism of two sites (C,7) and (C’,7'), h, is a functor h :
C' — C" such that for {X; LN X}i € Cov(X), we have {h(X;) " h(x)}; € Cov(h(X)),
and for Y — X, h(X; X Y) = h(X;) x h(Y) is an isomorphism.

b h(X)

o~

Remark 2.2.18. [Kat] A presheaf F' € Ob(C) is said to be a sheaf on (C, 7) if and only if

the following diagram is exact for all ¢ and j:
F(X)—= || F(X; F(X; x X;
0= [TP06) = TL#( 3 X0
Applying the Yoneda lemma, the diagram can be written as

Homg(hx, F) = [ [ Homa(hx,, F) = [ | Homg(hx,cx,. F).

,L'7j

Definition 2.2.19. The full subcategory Sh(C,7) of Psh(C,7) (the subcategory of

sheaves on sites) is called a topos.

Definition 2.2.20. Topology 7 is called sub-canonical if and only if VX € (|
Hom(—,X) : C? — Set is a sheaf for the given topology.

From now on, we will always assume that the topology 7 is sub-canonical.

2.3 Nerves

Definition 2.3.1. [Pau] Let (C,7) be a site, and ® := {f; : X; — Y}, €Cov(Y). Then
the nerve of ®, denoted by N(®), is the simplicial object in Build, with n-vertices defined
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as
N((I))n: I_I‘Xilx...xXin.
Y Y

2] 4eeey in

Restrictions and inclusions will be faces and degeneracies respectively.

Proposition 2.3.2. [Pau/ Let (Build, T) be a site. F': Build®® — Set is a sheaf if and

only if F' commutes with colimits along nerves of coverings, i.e.,

F(U) 2 F(Colimpjes N(®),)  lim F(N(®).) ¥& € Cov(U)),

A is a Simplex category.

Theorem 2.3.3. [Pau] Let (C,7) be a site where T is sub-canonical. The Yoneda em-
bedding C — Sh(C,T) preserve limits, and preserve colimits that has been taken along
nerves of coverings. So in contrast to embedding C' — é, the embedding C — Sh(C, 1)

preserve COUGT‘iTLgS.
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Chapter 3

Monoidal Categories

Monoidal categories are somehow generalization of the algebraic structures which behave

like modules.

3.1 Modoidal Categories

Definition 3.1.1. A monoidal category (C,®) is a tuple (C,®,1,Un",Un!, as) consists

of following datum:

1. A category C,
2. A functor ® : C' x C' — C called tensor product,
3. A unit object 1 in C',

4. VX € Ob(C) two natural isomorphisms Un’y : X ® 1 = X and Unk :1® X = X

called right and left unitors respectively,

5. VX,Y,Z € Ob(C) a natural isomorphism asxyz : X @ (Y ® Z) = (X ®Y)® Z

called a associator, such that the following diagrams commute:

17



(a) Associators’ diagram

(Xe(¥ezew)
(XeY)®2)aW Xo(Y®Z)eW)

asX@Y,Z,Wj idx ®asy,z,w

(XY)®(ZaoW) XY oZoW))

ASXY,ZQW

(b) Compatibility of unitors and associator

asx,1,y

(Xol)eY X® (1Y)
U’m w;
X®Y

Definition 3.1.2. For two objects X,Y € Ob(C), if Hom(X,Y) € Ob(C) as well, then
we call this object a hom-object and denote it by Hom(X,Y).

Definition 3.1.3. A monoidal category is said to be

1. Closed iff it has inner homomorphism i.e. if VX, Y € Ob(C), the functor (Hom(—®
X7 Y)) = hHﬂ(x,y) = HO?TL(—, Hom(X, Y))

2. Strict iff associator and unitors are equalities.

Ezxample 3.1.4. 1. For commutative (unital) ring k& , the category of modules over k,

Mod(k) is a closed monoidal category.
2. Any category C' with finite products is monoidal where product is the tensor product.
3. The category of categories with their usual product is a monoidal category.

Definition 3.1.5. A monoid in a monoidal category (C,®) is a triple (X, u, 1) consists
of:

1. An object X € Ob(C),
2. A multiplication morphism p: X ® X — X,

18



3. A unit morphism 1: 1 — X satisfying:

(a) Associativity condition

X@XoX)—% (XeX)®X
X®X a X a X®X
(b) Unit condition
X122 X o X2 1 X
X
X

Definition 3.1.6. A (left) module over a monoid (X, i, 1) in C' is a pair (M, ) such
that M € Ob(C) and pyy is a scalar multiplication map gy : X ® M — M and pyy is

compatible with p and 1 i.e. we have the following two commutative diagrams:

X @ X @ MEE% ¢
n®idar j 15Y;

X ® MMM M

Ezxample 3.1.7. 1. Monoid objects in the monoidal category (Set, x) (the tensor prod-
uct is the Cartesian product, ant the unit object 1 is a set with one element) are

just ordinary monoids.

2. A monoid A in the monoidal category (Mod(k),®) is a k—algebra.
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3.2 Symmetric Monoidal Category

Definition 3.2.1. [Pau] A braided monoidal category is a monoidal category
(C,®,1,Un", Un!,as) that is equipped with a natural isomorphism Comxy : X @ Y =
Y ® X, VX,Y € C that is called a commutator (aka a braiding) such that the following

diagrams commute:

1. Compatibility of commutator and associator:

Xo Yoz T (ve 7)o X

(XeY)®Z Y ®(Z®X)
YeoX)oZ —2Y®(X®Z)

2. Compatibility of unitors and associator: Un" o Com = Un/

Comy, x

10X X®1
X

Definition 3.2.2. A braided monoidal category that satisfies the condition Comx y ©

Comy x =idygx (VX,Y € Ob(C)) is called a symmetric monoidal category.
Ezxample 3.2.3. 1. Categories that accept finite products are symmetric monoidal.

2. The category of modules over (unital) rings, (Mod(k), ®) is also a closed symmetric

monoidal.

3. |Fai] The category of graded modules (or Z—graded modules) over a commutative
(unital) ring & is denoted by gMod(k) (orMody(k)). VV € Ob(gMod(k)); V = iéeZV;
where Vi € Z, V; € Ob(Mod(k)). Also YV, W € Ob(gMod(k)); T € Hom(V,W)
such that T'(V;) C W; Vi every element = € V; is called a homogeneous element of
degree i (deg(x) := |x| = 1).

VYV, W € Ob(gMod(k)), their tensor product defined as V&@W such that (VW) =
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@ (V; ® W;). ® is associative. The unit object of gMod(k) is 1 = k, and is of
i+j=k
degree zero. The commutator defined as

Comyw :VOW =V =W

VoW (—)VIViy o v

gMod(k) admits inner homomorphism  objects. v VW €

Ob(gMod(k), Hom(V,W) := Hom,qu(V,W) (i.e. the module of all linear

maps from V to W) with the grading Hom(V,W) = & Hom;(V,W) where
i€z

YV fi € Hom;(V,W) and V; € V; fi(Vk) C Vigg. So the category gMod(k) is a

closed symmetric monoidal.

4. [CCEF] A special case of the above example which is the main category of study in
super geometry, is the category of super modules (or Zy;— graded modules ) over k
and is denoted by SMod(k) (or Mods(k)). Here V'V € Ob(SMod(k)); V = @ V; =

i€ZL2
Vo @ Vi, with the same tensor product as gMod(k) .
Definition 3.2.4. [Pau| In a symmetric monoidal category (C, ®), a commutative monoid

(aka a commutative algebras) is a monoid (X, p, 1) that satisfies the commutativity con-

dition p o Comx x = p, i.e. we have the following commutative diagram:

The category of monoids (algebras) and commutative monoids ( commutative algebras)
in (C,®) denoted by ALG¢ and CALG¢ respectively.

Ezxample 3.2.5. 1. In the symmetric monoidal category (Mod(Z),®), commutative

monoids are usual commutative rings.

2. In the the symmetric monoidal category (gMod(k),®), commutative monoids are

graded commutative k—algebras.

3. In the the symmetric monoidal category (Set, X ), usual commutative monoids are

commutative monoids.
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Chapter 4

Categorical Calculus

4.1 Abelian Group Objects and Torsors

Before we start our main topics, we give a brief introduction to the notion of torsors in

the context of sheaves.

Definition 4.1.1. [Wed] Let X € Ob(Top) and H : Open¥ — Grp an H-sheaf on X
is a pair (F,h) where F' : Open?¥ — Set and h : H x F — F (natural transformation
of sheaves of sets) such that YU € Openx;hy : H{U) x F(U) — F(U) is a group H(U)
action on the set F'(U).

For two H-sheaves F' and G, a morphism f : F — (' is a natural transformation such
that V U € Openx the map fy : F(U) — G(U) is H(U)-equvariant (i.e. ¥t € H(U) and
x € F(U), fu(te) =tfu(z)). So H-sheaves on X form a category which is denoted by
H—Sh;x.

Definition 4.1.2. [Wed| If for T € Ob(H — Sh;y ) and every U € Openy the ac-
tion H(U) x T(U) — T(U) is simply transitive (i.e. a transitive action that V z,y €
T(U), 3! g € H(U) such that gz = y) then T is called and H—Pseduotorsor.
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Definition 4.1.3. If there exist an open covering X = | JU; such that an H—Pseduotorsor
T, T(U;) # () Vi, then T is called an H—torsor.

Ezxample 4.1.4. [Wed] For all holomorphic functions f : W — C on open W C C,
define the sheaf [ f : Openj;; — C such that for U ¢ W [f(U) = {F : U —
C | F holomorphic and F’ = fiy} then the constant sheaf W¢, defined as W¢(U) =
{k:U — C | k is locally constant} acts simply transitively on [ f by addition i.e.

we(w) x [ 1)~ [ 1)

(k,F)—k+F

and therefore [ f is a We—Pseudotorsor and since we can cover W by convex opens
Ui, C C such that [ f(U;) #0 Vi, [ f is a We—torsor.

Remark 4.1.5. H— torsors form a full subcategory of H — Sh,y which is denoted by

H —torsors.

Categorical calculus is heavily rely on the notion of tangent categories, which will be the
subject of our study in Section 2. In order to define this category, we need to know what

abelian group objects and torsors are, in categorical context.

For any category C' with terminal object Pts we have the following definitions:

Definition 4.1.6. [Pau] A triple (X, u,0) composed of an object X, a multiplication
morphism p: X X X — X and an identity morphism 0 : Pt — X, such that X induces
a functor Hom(—, X) : C' — Ab is called an abelian group object. Here Ab denotes the

category of abelian groups.

The collection of all abelian group objects in C' will be denoted by Ab(C).

Definition 4.1.7. [Pau| For an abelian group object (X, p,0) a pair (Y, p) made of Y €
Ob(C') and action morphism p : X x Y — Y that induces an action Hom(—, X) X
Hom(—,Y) — Hom(—,Y) x Hom(—,Y) is a set isomorphism which is called a torsor
over (X, u,0).
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Remark 4.1.8. In the above definition, Hom(—, X) : C — Ab, Hom(—,Y) : C — Set,
and the map is defined by pair (p,id) where p denotes the morphism induced by p, and
td, the morphism induced by idy .

4.2 Tangent Categories

Let I be the category with two objects and an arrow between them, and C' any category

with pullbacks.

Definition 4.2.1. The arrow category which is denoted by [I, C], consists of Ob([I, C]) =
{((X > Y]| X,Y €0b(C)} and ¥V [X L Y], [X' L Y] € Ob([I,C)) ;

X —Y

Definition 4.2.2. The tangent category which is denoted by T'C) is the category whose

objects are abelian group objects in the arrow category [/, C], i.e. Ob(TC) = {(Y —

X, Y XY = Y,0: X —Y)}, and whose morphisms are commutative diagrams, such that
X

the arrow Y — X X Y is a morphism between abelian group objects in the over category
X

Y —— X xY’
X/
CX ie. \O /
X

Definition 4.2.3. [Pau] For object A in C, the category of modules over A (a.k.a Beck
modules) which is denoted by Mod(A), is the fiber of TC at A, i.e. Ob(Mod(A)) ={[B —
Al € Ab(CL)}.

Definition 4.2.4. [Pau| For the domain functor

dom : TC = C

24



Y - X|—Y
a left adjoint functor Q' : C' — T'C is called a cotangent functor.

Definition 4.2.5. Let R € Ob(C'Ring), and A be an R—algebra. A square-zero extension
of A is a pair (A, P) where P : A" — A is an R—algebra surjection whose kernel ideal
ker(P) =: I is nilpotent of degree two i.e. I? = 0.

Definition 4.2.6. A morphism between two square-zero extensions (A’, P) and (A”,q)

of R—algebra A is an R—algebras morphism ¢ : A" — A” such that diagram

A ¢ A" is commutative.
N A
A
Definition 4.2.7. Let R be a commutative ring, A an R—algebra and J a A—module.

A square-zero extension of A by J is a triple (A’, P,o) where (A’, P) is a square-zero

extension of A and o : ker(P) — J is an isomorphism.

A morphism of two square-zero extensions of A by J (A’, P,o) and (A", P',p) is a
o : (A", P") — (A", P") such that po = p

Ker(p") = Ker(p') = J ¢ A.

\ P//

Definition 4.2.8. [Pau] A symmetric monoidal category (C, ®) is called pre-additive iff
C' has zero object 0, finite (co)products, and for every X,Y € Ob(C), X &Y = X xY

such that the monoidal structure commutes with (finite direct) sums.

Lemma 4.2.9. Let (C,®) be a pre-additive symmetric monoidal category, A €
(CALGe)(i.e. A is a commutative monoid), and M is a module over A. Then
A® M € CALG¢ and the projection A ® M — A is a monoid morphism.

Proof. The multiplication morphism on A & M is defined by ¢/ : (A M) ®@ (Ad M) =
AA)d(AM)®d(M®A) & (M M) — Ad® M where 1 is the combination of
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the following four morphisms: p®0: A A —- AOM, 0D ul, : AQM — Ad M,
Ouy MRA—->AdM,and 0: M ® M — M. The unit morphism 1: 1 — A& M
is going to be 14 ®0 (14 : 1T — A, and 0 : 1T — M). Both morphisms satisfy the
associativity and unit conditions therefore, A@d M € CALGc and Pri: A@& M — Aisa

monoid morphism.

]

Definition 4.2.10. Having the same assumptions as above, we will define A+¢eJ := {a+

ex|a € A, g€ J xe J}. Aringstructure can be defined on A+¢.J : 0 = 0+¢0, 1 = 140
(a+ex)+ (a +ex)=(a+d)+e(x+a)

(a+ex)(a +ex’) = (ad') + e(ax’ + d'x)

then
A+eJ = A

a+exr—a

andV z € J, o(x) =0+ ex = ker(P) so (A + eJ, P,0) becomes a square-zero extension

of A by J which is called the trivial square-zero extension of A by .J.

Definition 4.2.11. For monoidal category (C,®) and X € Ob(ALG¢) (i.e. X being a
monoidal object in ('), the category of (left) modules over X will be denoted by Modx
or XMod.

Definition 4.2.12. The category of modules over (all) monoidal objects which will de-
noted by Modarg,. or just Mod consist of Ob(Mod) = {(X,M) | X € ALG¢, M €
Modx} and ¥ (X, M), (X', M') € Ob(Mod), Homarea((X, M), (X', M')) = {(, £.) | f €
Homare. (X, X"), f. € Hompeay (M, f*(M'))}.

Ezample 4.2.13. For monoidal category of abelian group (Mod(Z),®), ALG oz =
CRing, Modcring = {(R,M) | R € Ob(CRing), M € Modg}. For a fixed ring R €
Ob(C'Ring), a module over R, M € Ob(Modg) is an abelian group equipped with linear
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map i : R® M — M, (r,m) — rm such that the following diagrams commute:

Ro Ro M ™M peo M

M®idML LMM

Ro®M M

12074

1o M—2 peoM

1 %
R
M

Proposition 4.2.14. Let R € Ob(C'Ring). Then Modg ~ Ab(CRingr) = Mod(R).

Un

Proof. Any R—module R — B is unit of the abelian group object C Ringg i.e. a diagram
R - B where e is the section of P.
NS
R
The unit diagram also identifies B with a ring such that its underlying abelian group is
R@ ker(P) =: R® M = B and P = Pry. The product of R & M — R with itself is the
fiber product over R. So, (R®& M) x (R&M)=R&S M & M.
R

The unit axiom of group objects on R & M = B i.e. the commutative diagram

(Re M) x R Mrone _(Rey M) x (R@ M)
- R@M//ﬂ//
((r,m), 1) ——22 (v, m), (1, 0))
N e

defines the morphism R& M & M R@& M to be idg ® (idy + idyy). Fi-

~.

R
nally, using both sided unit axiom of group objects we get Vr € R and m,m’ €

M; p((r,m), (r,m')) = (r,m+m') and po (e xidrgrr) = Pro = u(e X idrgn(r, (r,m))) =
p((r,0), (r;m)) = (r,m).
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The same way we get p((r,m), (r,0)) = (r,m') = Pri((r,m), (r,0)). So, for m € M, m =
(0,m) and p((r,0),(0,m)) = (0,m) = m. p((0,m'),(r,0)) = (0,m") = m'.

mm’ = (0,m)(0,m') = (0,0(m +m')) = (0,0) = 0 = (ker(Pr))> = M* =0 —
RoM % Risa square-zero extension of R. So every abelian group object related to

R—module B is a square-zero extension of R, and vice versa. O

Proposition 4.2.15. Modcring ~ TCRing.

Proof. The natural isomorphism map Ry & f*M, — R >< (Ry @ Ms) together with the
following diagram shows that Modcging >~ TCRing iff M odR ~ Ab(C'Ringg) for a fixed

R, which is what we showed in the previous proposition.

Mod £ » TCRing
(R, M) R, @ M,
[n \
(Ra, [*Msy) R, 69\ * M, > Ry & M,

N

Ry Xpg, (R & M)

1 / |

Ry > Ry

]

Remark 4.2.16. For ring homomorphism S — R and the map ¢ : R(}E} R— R, (ri®ry) —
rire, if I := kerd then [/[2 = QR/S'
Ezample 4.2.17. In the category C' = C'Ring, TC ~ Mod where every (R, M) € Ob(Mod)

corresponds to [R & M L R] € Ob(TC). Moreover [R & M — R] — LM R @ M, and
R Rl /2 — R).

Definition 4.2.18. [Pau| In category C, let [M — A] € Ob(Mod(A)). A section D :
A — M is usually called a (M —valued) derivation and the set of M —valued derivations
is denoted by Der(A, M).
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Remark 4.2.19. If there exist a cotangent module QY over A (i.e. the universal module over
A such that for every module M over A, M — A, there exist a unique map M — QY such
that the diagram M Q) commutes) then Der(A, M) = Hompoqay(Q4, M).

NV

Cotangent modules are very general objects in the sense that, some of the familiar

objects of study in differential and alegebraic geometry are just particular cotangent

modules. The following two examples will provide more clarification:

Ezample 4.2.20. In differential geometry, 2} usually appears as a cotangent bundle with
following construction: Take three copies of a smooth manifold M. Form the Cartesian
product M x M. Let the diagonal map M 2y M x M act on M. Define I to be the sheaf of
germs of smooth maps. f: A(M) — M x M which vanishes on A(M). Form the quotient
sheaf { /12 (i.e. the equivalence classes of smooth maps that vanish on diagonal modulo
all higher order terms). Pullback ! /2 along A ie. A*({/r2). A*({/r2) is smooth
section of the cotangent bundle 7% M which is isomorphic to the differential one-forms i.e.
QL = A  /12) =T(T*M) = QY (M).

Ezample 4.2.21. In algebraic geometry, Q) is a cotangent sheaf with following construc-
tion: Take schemes X and S and a morphism f : X — S. Form the fiber product X x X.
Act the diagonal map on X ie. A : X — X x X. Define I to be the ideal shegf of
A(X) (i-e. the kernel sheaf of the morphism Ox XSX — f:On(x) that is induced from mor-
phism A(X) — X X X). Form the quotient shezif I'/72. The pullback sheaf A*({ /12) is
the cotangent sheaf ) X/g If X and S are affine schemes, then €2 X/g is the module of
Kahler differentials.

4.3 Thickening and Jet Functors

Definition 4.3.1. [Pau] For category C, the first thickening category which is denoted

by Th'C is the category of torsos (X — Z, Y x X £ X) in the arrow category [I,C]
z

over abelian group objects (Y — Z, 11, 0) € Ob(TC).
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Definition 4.3.2. [Pau] The n—th thickening category, Th"C), is the category of objects
X' — Z in [I,C] such that there exist a sequence X' = X,, - X,, 1 — ... =2 Xo=2
where X; — X; 1 € Ob(Th'C).

Definition 4.3.3. [Pau| For X € Ob(C) and forgetful functor
forg : Th"C'x — Cx

X = X1 — .0 =2 Xo=X] = [X, = X]

a left adjoint functor to forg is called an infinitesimal functor and is denoted by Th™ :
CX — ThnCX
Definition 4.3.4. Let A* denotes the codiagonal map i.e. for every X €

Ob(C), A*(X) :=[XUX — X]. The functor Jet™ := Th"oA* : C — Th"C is called the
jet functor. We assume that the category C' accepts finite (co)products.

Proposition 4.3.5. Suppose that C' is a category that admits pullback and X € On(C).
Then there exist a natural isomorphism Jet'(X) = QY in the category Th'Cx.

Definition 4.3.6. Let X and Y be two generalized spaces (i.e. X,Y € SH(Build)—, )
where Build is a category of building blocks for a given geometry) and f a morphism
f: X — Y. Then the relative k—th jet space, Jet*(X /y) is defined as the space
Jet*(X Jy) == X x Jet*(Y).

Y
Definition 4.3.7. For every two objects U,V € Ob(Build), an infinitesimal thickening

object is a morphism U — V' is an object in Th" Build, for some n > 1.

Remark 4.3.8. The usual notion of Jets in differential geometry is the following: Let
C>(R",R™) denote the vector space of smooth functions f : R™ — R™ for £ > 0 and
peR" (f ~g)if (f—g=0tothe k—th order, i.e. f and g have the same value at p and
all their partial derivates agree at p up to k—th order derivations). The k—th order Jet
space of C°(R™,R™) is them defined as the set of equivalence classes of ~ and is denoted
by J>°(R™, R™).

FExample 4.3.9. In algebraic geometry, a thickening usually refers to a closed immersion

of schemes X — X'’ whose ideal is nilideal.

One of the prototype examples of thickenings which shows up in algebro-geometric

context, is the the formal spectrum:
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Ezample 4.3.10. [FGI"] Formal spectrum of an I—adic Noetherian ring A, SpfA, is an-
other geometric object whose construction relies on the concept pf thickening: an [—adic
Noetherian ring is a Noetherian ring A equipped with the powers I" (n > 0) of an ideal
I of A as a fundamental system of open neighbourhoods of zero in A. For n € N, let
X, := SpecA,, where A, = A /1. Affine schemes X, form an increasing sequence of

closed immersions.
Xo=Spec A > X1 =4/ = | <X, — ...

They all have the same underlying space, namely |X,| which will be denoted by X :
colim Spec A /1. The colimit is taken in the category of topologically ringed spaces, i.e.
ob}ects (X,O0x) where X € Ob(Top) and Oy is a sheaf of topological rings. The family
of structure sheaves {Ox,, } (each Oy, is the structure sheaf of X,,) is a projective system.

Hence we define Oy := lim Oy, . The formal spectrum of A then is defined to be the
—

(topological) ringed space SpfA := (X,0x). SpfA is an example of a formal scheme.

Definition 4.3.11. [Pau] A sheaf X € SH(Build, ) is called:

1. Formally smooth (resp. formally unramified, resp. formally étale) iff for every in-
finitesimal thickening U — V', the map X (V') — X (U) is surjective (resp. injective,

resp. bijective);
2. Locally finitely presented iff X commutes with directed limits;

3. Smooth (resp. unramified, resp. étale) iff it is locally finitely presented and formally

smooth. (resp. formally unramified, resp. formally étale).
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Chapter 5

Categorical Geometric Invariants

Equipped with some categorical calculus tools from the previous chapter, we are now able

to introduce some categorical differential geometric notions.

Theorem 5.0.1. [Pau/Let C' = (Mod(Z),®) be the monoidal category of abelian groups.
Then:

1. The category Th"CALG¢ is the subcategory of [I,C]| whose objects are quotient
morphisms [A — A /] ie. [A = A/ — Afpm-1 — . = AJ] where
A € CALG voqzy = CRing, with kernel being the nilpotent ideal J of order n + 1.

2. The jet functor Jet" : CALGc — Th"CALG is given by the jet algebra Jet"(X) =
X8X where X € Mod(Z) and J is the kernel of the multiplication map X @ X — X.

Jn+1
Definition 5.0.2. [Pau| Let A be a commutative monoid. Then the A—module of vector

fields is defined by 64 := Homy,,q, (24, A).

Definition 5.0.3. [Pau] The A-module of n-th order differential operators is defined by
D := Homy;oq, (Jet™(A), A).

The tensor structure on D'} is defined as follows: For every Dy, Dy € D', Dy ® Dy —
Dy 0 Dy := Dy o dy 0 Dy where dy : A — Jet"(A) is the section of Jet"(A) — A and
Jet(A) 25 A Ly Jetn(A) 2 A
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Definition 5.0.4. The A—module of differential operators is defined by Dy : lim D’.
—)

Definition 5.0.5. [Pau| Let M € Mods where A € CALG¢ for a category C. The

inner derivation object denoted by Der(A, M), is defines as the equilizer of morphisms
B

Hom(A, M) = Hom(A ® A, M) where a(D) = D o p and 3(D) = pi; o (ida @ D) +

phy o (D ®idy) for every Hom(A, M).

Note that in the above definition, yu: A® A — A, pY, : A®@ M — M and
Py M @A — M.

In what follows, we will assume that (C,®) = (Mod(K),®) where K is a commutative
(unital) ring and A € CALG¢.

Definition 5.0.6. A lie bracket on module 4 is defined by [—, —] : 042604 — 04, (f,g) —

[f,g] = fg—gf for f,g € 0a.

Note that Hom(QY, A) = Der(A, A) C Hom(A, A). So the above definition is

meaningful.

There is a natural action [—, —] : 4 ® A — A defined by (f,a) — [f,a] := f(a) for
a€ Aand f € 0,4.

Every f € 64 induces a derivation 9 € Der(A, A) defined by 0 := [f,—] : A — A.

Definition 5.0.7. A Lie algebroid over A is an A—module L equipped with a Lie bracket
[—,—] : L® L — L and an anchor map 7 : L — 64 such that for every z,y,z € L and

a € A, the following conditions are satisfied:

L. [z, [y, 2]] = [[z,y], 2] + [y, [z, z]] (Jacobi’s identity).
2. [z,y] = =y, x] (anti-commutativity).

3. [x,ay] = (7(x))(a)y + a[z,y] (compatibility of anchor with bracket).

33



Definition 5.0.8. For any Lie algebroid L, an L—module is defined as an A—module
M with an action L x A — A in the following sense: for every a € A, m € M and
xr € L; z(am) = xz(a)m + a(z(m)).

Remark 5.0.9. The Lie bracket [—, —] : 04 ® 04 — 04 defines a Lie algebroid structure on
04.

Definition 5.0.10. Commutative monoid A is called smooth if QY is a projective

A—module of finite type.

Proposition 5.0.11. [Pau] Let A be smooth. Then D, is the enveloping algebra of the
Lie algebroid 04 i.e. if B is an A—algebra in (C,®) equipped with and A—linear map
i:04 — B, then there exist a unique morphism D, — B that extends the map 1.

Definition 5.0.12. A left D s—module in (C,®) is an object M € C' that is equipped
with a left multiplication morphism pul, . Da® M — M which is compatible with

multiplication in D 4.

Definition 5.0.13. A graded A—module M equipped with a (D4—)linear morphism
d: M ® Dy — M ® Dy[1] is called a differential complex.

Proposition 5.0.14. [Pau] Let A € CALGc be smooth. Then the category of
(left) Da—modules is equipped with a symmetric monoidal structure defined by
M® N := M ® N and the Ds— module structure is induced by the action of derivations
0e M(A,A)Aby dm®@n)=0(m)®@n+m® Jd(n) for everym € M andn € N.

The symmetric monoidal category of differential complexes s denotes by
(Dif fMody(A), ®)

Definition 5.0.15. The algebra of differential forms on A is a free algebra in
(Dif fMod,(A),®) on the differential d : A — Q, given by the symmetric algebra
O = SyYmpispatod,a)([A 2 Q4]).

Proposition 5.0.16. [Pai] The natural map 04 — Hom(QY, A) extends to a morphism

i 204 — Hompigsarod,a) (S, V4[1]) which is called the inner product map. The map i

can be depicted diagrammatically as below:
A—s QL —= 520l — = 530 —— .
Q4 L A) — Lio lil jiz lis
0——A—— S0, —= 520}, —— ...
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Proposition 5.0.17. [Pau/ The natural map 04 — Hom(A, A) extends to a morphism
L : 04 — Hompigsrrod, ) (S, 2y) which is called the Lie derivative. The map L dia-

grammatically looks as follows:

A Q> S, — - SO,
(A i) A) — Eol ﬁll LQL Lgl

A—sQl — > S20L — > $BQL —

Definition 5.0.18. For k < oo, C* — AFF denotes the category whose objects are the
affine spaces R" (for varying n > 0), and morphisms being the C*—maps between them.
C* — AFF has finite products.

Definition 5.0.19. [Pau] A product-preserving functor F' : C¥ — AFF — Set is called
C*—algebra. The category of C¥—algebras is denoted by Algc.

Note that the category Opencr (the category of open subsets of R" for varying n with
C*—maps between them as morphisms) fully-faithfully embed into Algex by

Opengy, — Algen

U Hom(U,—) : C* — AFF — Set.

Definition 5.0.20. Let M be a smooth manifold. Then the smooth algebra of functions
on M is defined by C*(M) := C*(M,—) :

O — AFF — Set
R" — C°(M,R").

Theorem 5.0.21. [Pau/ C>(J"M,—) = Jet"(C>®(M,—)) where J*M is the jet space
(bundle) of smooth functions M, and Jet"(C*(M,—)) is the n—th jet functor on smooth

algebra of functions on M.
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Chapter 6

Geometry of Sheaves on Sites

6.1 Sheaves on Sites, and Varieties

By Build, we mean a category where its objects are building blocks for a given geometry
which we want to study. For example, for differential geometry, Ob( Build) = Ob(Openc)

with smooth maps as morphisms.

Some notations:

e (Build, T) denotes a site,

o Build = Pshpug = Fet(Build®, Set),

The category of Openc is neither complete nor cocomplete, i.e., it lacks enough limits
and colimits. The first step towards resolving this issue was to use the Yoneda embed-
ding, Build it Fct(Build®, Set) where the latter category is (co)complete. However,
Fect(Build®, Set) still has one drawback: The image of Yoneda embedding functor does
not preserve finite colimits. For example, in category Opence, V4 U Vo = Vi Uyny, Va
for Vi,Va € Openge~ but the morphism Vi Uy, Vo = Vi Uyiay, Vo in % is not an

isomorphism in general. The notion of sheaf on sites was invented to resolve this issue.

36



Definition 6.1.1. The category of sheaves on site (Build,7) which is denoted by
Sh(Build, T) is called a (Grothendieck) topos.

Definition 6.1.2. An object X € Ob(Sh(Build, 7)) is called a generalized space.

Let (Build,7) be asite, X, Y € Ob(Sh(Build, 7)), and f: X — Y a morphism between
them. Then:

Definition 6.1.3. [Pau] f is called an open embedding iff f is pointwise injective (i.e.
fv: X(U) — Y(U), VU € Ob(Build) ), and if X and Y are representable, then there
exists an open covering of Y, {U; LN Y} € Cou(Y) in 7 such that f is the image of
a morphism L;U; Yy Otherwise, if X is not representable or Y is not representable,
then for every map U — Y (U is representable), the fiber X é Ux is isomorphic to an
embedding W C U.

Diagrammatically the above definition can be seen as below when X and Y are

representable:

Now we introduce an important class of a topos Sh(Build, T), where its objects

correspond to objects of a usual category in which we do geometry:

Definition 6.1.4. [Pau| (Generalized) space X is called a variety iff X can be covered
by a family of open embeddings, i.e., there exists a family of open embeddings f; : U; —
X where U; € Sh(Build,T) are representable, and the map ¢ : U;U; — X is a sheaf

epimorphism (i.e., 1 can be canceled from the right).

The category of varieties is denoted by VAR(Buwild, ) C Sh(Build, T).
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Definition 6.1.5. If Build = Opencr for k < oo (i.e., the category of open subsets of
R" for varying n with C*-maps between as morphisms), and 7 is usual topology, then
VAR(Opencw, ) is called C*-manifolds.

Definition 6.1.6. If Build = C'Ring" (i.e., the category of affine schemes), and 7 is the
Zariski covering {Spec A; — Spec R}; € Cov(Spec R) where R € CRing, A; = R[r; '] for
ri € R, Spec R € CRing’, then VAR(CRing, T) is called schemes.

6.2 Generalized Spaces of Symmetric Monoidal Cat-

egories

We know that an affine scheme is an object in category CRing®”, and CRing is
the category of commutative monoids (algebras) in the symmetric monoidal category
(Mod(Z),®), i.e. CRing = CALG poq(z)- This fact can leads to an idea, which generalize

the notion of schemes for every symmetric monoidal category:

Definition 6.2.1. Let (C, ®) be a symmetric monoidal category, Buildc .= CALG and
X € Ob(CALGE). The spectrum of X, denoted by Spec(X) is a functor defined by

Spec(X) : Buildy =CALGc — Set
Y — Hom(X,Y).

Definition 6.2.2. [Pau] For X,Y € Ob(CALG¢), an algebra morphism f : X — Y or
its corresponding morphism Spec(f) : Spec(Y) — Spec(X) is called:

1. monomorphism iff VZ € Ob(CALG¢), Spec(Y)(Z) C Spec(X)(Z);

2. flat iff the base change functor —®xY : Modx — Mody is left exact, i.e., commutes

with finite limits;

3. finitely presented iff Spec (V') denotes Spec(Y') restricted to X-algebra commutes

with filtered colimits.

Definition 6.2.3. [Pau|] Morphism Spec(f) : Spec(Y) — Spec(X) is called Zariski open

iff it is a flat, finitely presented monomorphism.
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Definition 6.2.4. [Pau| A family of morphisms {Spec(X;) LN Spec(X)} is called a Zariski
covering iff f; is Zariski open for every i, and there exists a finite subset J C I such that

the functor Mje; — ®@xX; : Modx — Mjes;Modx, preserves isomorphisms.

Definition 6.2.5. The Grothendieck topology 7 that is generated by Zariski coverings
on Builde is called Zariski topology.

Definition 6.2.6. [Pau] VAR(CALGZ, 1) is called schemes.

Remark 6.2.7. [Pau] Usual schemes are schemes of the symmetic monoidal category
(Mod(Z),®), i.e., X € VAR(CRing®, ).

6.3 Diffeologies and Differential (Geometric Con-

structions

Definition 6.3.1. A usual smooth manifold is a topological space X, equipped with an
atlas (i.e., a family of open embeddings {f; : U; — X}; with U; C R"™ open subsets)
such that for every U;, Uj, the transition map Yy,y, := fj_l ofi 1 U;N it (fj(Uj)) —
U;N fj_l(fi(Ui)) is smooth (i.e., Yu,u; € Mor(Openge) ).

Each atlas is included a maximal one. A morphism of manifolds X and Y is a
continuous map which induces a morphism of maximal atlases as can be seen form the
following diagram:
U, L X
$i=g; 'O f; Lqﬁ.
Vi—Y

9gi

=

~

We will denote the category of (usual) smooth manifolds by Mfdge.

Definition 6.3.2. The topos Sh(Openc,7) is called diffeologies.

Now we show how a differential geometric construction on generalized spaces in

Sh(Build, T) can be derived from a construction on site (Build, ).
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Definition 6.3.3. Let C be a category and (Build, ) a site. A (differential geometric)

construction on Build is a sheaf of 2 on site (Build, ) with values in C', Q : Build®? — C.

Construction on Sh(Build, 7):[Pau] Let X € Ob(Sh(Build, T)) be a generalized space,
Buildx denotes the category whose objects are Ob(Buildy) = {z : U, — X|U, €
Ob(Build)}, and Q : Build® — C be a construction. Then the differential geometric
construction on Sh(Build, T) is defined as Q(—) : Sh(Build,7) — C, X — Q(X) =

lim Q(U,). We assumed that the limit exists.
x€Buildx

In general, if U — X is an open embedding of generalized spaces, Q(U) € C can be
defined.

Ezxample 6.3.4. Suppose (Build,7) = (Opencs,T) where 7 is the usual topology. Let
Q= Q": Opengc - R—Vect, U QYU) = {w : U — T*U} be the sheaf of differential
one-forms field (i.e., sections of P : T*U — U). For diffeology X € Ob(Sh(Opence,T)),
X : Openc= —Set, a differential one-form field on X is Q'(X) = lim Q'(U,), denoted

by x*w such that if f : x — y is a morphism in Buildy, then we have f*(y*w) = z*w. f

is shown in the following commutative diagram

f %
X

Us

Finally, there is a relationship between the category of smooth manifolds, and the

category of diffeologies.

Theorem 6.3.5. The category Mfd - fully faithfully embed into category Sh(Opencs, T)

via the map

Mfdsoe — Sh(Opencs,T)
M — Hom(—, M).

Moreover, this map induces an equivalence between categories Mfdqoo —and
VAR(Opencee,T).
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Proof. The category Mfde= is equipped with the global topology 7 and form the site
(Mfdge, 7). The Yoneda embedding functor h : Mfdee — Sh(Mfdee,7) embeds
Mfdgee fully faithfully into Sh(Mfdge,7). Let N € Ob(Mfdew), and & = {U; —
N} € Cov(N) where U; € Ob(Opencg=). We form the nerve N(®) and note that for
P = U, xn Ui, Xy -+ Xy Uiy j = (11, ,1n); Pj € Ob(Opencge) for all j. More-
over, colim;P; = N. The inclusion map Opence~ — Mfdce induces the natural functor
n : Sh(Mfdee, ) — Sh(Opence,7) given by X = Xopencoos Where Xiopenoo is the
restriction of sheaf X to Opence. Applying the Yoneda lemma and above facts, for every
N € Mfdee, we get X(N) =2 Hom(N,X) = Hom(colim;P;, X) = lim;jHom(P;, X) =
lim; X (P;). This means that X(N) is determined by values of X at P;, and n_is fully
faithful. The composition functor nh : Mfdee < Sh(Opencs, 7) is the required map.

For the second part of the proof, we first observe that the fact in both categories
Sh(Mfdes, ) and Sh(Openc,T), varieties are colimits of nerves for the same topol-
ogy with same covering objects, i.e., objects in Opence. Therefore, Sh(Mfdcs,7) D
VAR(Mfdee, ) ~ VAR(Opence,T) C Sh(Openc, ). Using the above equivalent of
categories and replace VAR(Opence,7) with VAR(Mfdge, ), we finish the proof by
showing that the map ¢ : (Mfdge,7) — VAR(Mfdee, 7) is an equivalent. We already

showed that ¢ is fully faithful. So it only remains to prove that v is essentially surjective.

Suppose that X € VAR(Mfdgw, 7). By definition of variety, there exists a family
{U; — X}, of open embeddings where U; € Openc~ and U;U; — X is a sheaf epimor-
phism. So X = colim;U; in VAR(Mfdee, 7). We define Y := colim;P; € Ob(Mfdce).
Using the fact that nerves of coverings in VAR(Mfdge, 7) correspond to the colimits in
the category Mfdge, we conclude that X will be correspond to Y, and ¥ = X. So ¢ is

essentially surjective.
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