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1. Introduction

In the present paper we are considering integrability of hyperbolic type semi-discrete equations.
There exist many different approaches to define and classify integrable equations: symmetry
approach, Peinlevé analysis, method of algebraic entropy and other methods. For classification of
hyperbolic type equations the approach based on the notions of characteristic rings turns out to be
very effective.
The notion of a characteristic ring was introduced by Shabat to classify hyperbolic systems of
exponential type
1

u :e(

- aju+api+---+diply) = 1’27'_‘,17 (11)

such system has a finite dimensional characteristic ring if and only if A = (g, ;) is a Cartan matrix of
a semi-simple Lie algebra, see [1]. Then in [2] it was shown that a system of hyperbolic equations

)

wy = fi(u,up,..ouy)  i=12,...n (1.2)

can be integrated in quadratures if its characteristic ring is finite dimensional.
Zhiber and his collaborators considered application of the characteristic ring to classification
problems of general hyperbolic equations

uxy :f(uauxa”y)' (13)
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In particular the classification of equations Eq(1.3) admitting two dimensional, three dimensional
or four dimensional (for some special form of function f) characteristic rings was considered in [3]-
[5]. For other classification results based on the notion of the characteristic ring see [6]- [9] and a
review paper [10].

Later Habibullin extended the notion of characteristic ring to semi-discrete and discrete equa-
tions and applied this notion to solve different classification problems for such equations (see [11]-
[19D.

Let us give necessary definitions. Consider a hyperbolic type semi-discrete equation

tie = f(x,1,11,1y), (1.4)

where the function #(n,x) depends on discrete variable n and continuous variable x. We use the
following notations #t, = <1, 1} = t(n+ 1 d 1y = 2et, where k € N and 1, = t(n + )

g v = 5t t =t(n+1,x), an W = 3.t where and t,, = t(n+m,x),
m € 7.

Definition 1.1. A function F(x,t,11,...,1) is called an x-integral of the equation Eq.(1.4) if
D, F(x,t,t,...,tr) =0

for all solutions of Eq.(1.4). The operator D, is the total derivative with respect to x.
A function G(x, 1,1, ..., 1)) is called an n-integral of the equation Eq.(1.4) if

DG(x, 1,1y, ) = G(X, 1,1, Hy))
for all solutions of Eq.(1.4).

The equation Eq.(1.4) is called Darboux integrable if it admits non trivial x- and n- integrals (see

[12]).
Example 1.1. For example the equation

e = ttﬂ (1.5)

. t . t t .. .
has an x-integral F' = 72 and an n-integral [ = - + 7)6 Hence the equation is Darboux integrable.
X

We note that a Darboux integrable equation can be reduced to a pair of ordinary equations:
ordinary differential equation and ordinary difference equation.
In [12] an effective criterion for the existence of x- and n-integrals was given.

Theorem 1.1. [12] An equation Eq.(1.4) admits a non-trivial x-integral if and only if its character-
istic x-ring is of finite dimension.

An equation Eq.(1.4) admits a non-trivial n-integral if and only if its characteristic n-ring is of finite
dimension.

It is generally believed that a finite dimensional characteristic x-ring can not have dimension
larger than five. The examples of Darboux integrable semi-discrete equations known to us support
this hypothesis. On the other hand one can construct examples of Darboux integrable semi-discrete
equations with characteristic n-ring of an arbitrary large finite dimension. So we study semi-discrete
equation Eq.(1.4) with five dimensional characteristic x-ring. The case of three and four dimensional
rings were considered in [15] and [21] respectively.
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In general it is not easy to determined the dimension of the characteristic ring. In our paper
we give the necessary and sufficient conditions for the characteristic x-ring to be five dimensional.
The derived conditions are checked by straightforward calculations and can be effectively used
to determine if the the characteristic x-ring is five dimensional. We also present two examples of
equations that have five dimensional characteristic x-ring.

The paper is organized as follows. In Section 2 we introduce the characteristic x-ring for a
general equation Eq.(1.4). In Section 3 we derive necessary and sufficient conditions for the char-
acteristic x-ring to be five dimensional and give two example of an equation with five dimensional
x-ring. Equation Eq.(3.23) was introduced in [20]. The second equation Eq.(3.25) we believe to be
new. Note that equation Eq.(1.5) possesses four dimensional characteristic x-ring.

2. Characteristic ring of a hyperbolic type equation
The characteristic x-ring L, of the equation Eq.(1.4) is generated by two vector fields (see [12])

d

X ==
ot,’

and

K—i+z3+fi+ i+fi+
“ox  or M on 8o T T

where function g is determined by

o1 =g(x,t1,1,1). 2.1

To obtain above equality we apply D~! to Eq.(1.4) and then solve the resulting equation for ¢_1,.
Let us introduce some vector fields from L,.

C,=[X,K] and C,=[X,C,—1] n=2,3,... (2.2)
and
Z1=[K,Ci] and Z,=[K,Z,-1] n=2,3,... (2.3)

To write this vector fields it is convenient to define the following quantities

i+
p= M, v=f +ﬁxﬁl y W= fxtx + txﬁx[ +fftxl1 , h= f’xlxtxftx B 3f;§’x' (2.4)

.
‘We have
0 0
C=— —_— T
: aﬁﬁ*azﬁg&az_ﬁ
6
2= txzxatl gtxtxaLl
0
Z = (w—v)a—tl—i-....
and so on.

Let us determine what vectors can form a basis of L, assuming that dim L, = 5.
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First assume that f; , # 0. We have that vector fields X, K, C; and C; are linearly independent.
Also, as was shown in [21], if C3 and Z; belong to the linear span of X, K, C| and C, then L, is four
dimensional algebra. To have a five dimensional algebra one of the vectors C3, Z; must be linearly
independent of X, K, C; and C,. Hence if f; ;. # O the five dimensional algebra L, is generated either
by X, K, Cy,C; and Z; or by X, K, C;, C; and Cs.

If fi;, =0then C, = 0,n=2,3... and the algebra is spanned by X, K, Ci, Z; and Z,.

To check that a vector admits the expansion with respect to a particular basis we use the follow-
ing Remark.

Remark 2.1. One can check equalities between vector fields using the automorphism D( )D~!.

Direct calculations show that

1
DXD '=—X, DKD '=K-pX.
Jus
The images of other vector fields under this automorphism can be obtained by commuting DXD~!
and DKD™!.

3. Five dimensional characteristic x-rings
3.1. Case 1

Let us find conditions for the characteristic algebra L, to be generated by linearly independent vector
fields X, K, Cy, C; and Z;. (We assume that f; , # 0.)

As the next lemma shows to check that vector fields X, K, C;, C; and Z; form a basis of L, it
is enough to check that the vectors fields C3, [K,C»] and [K,Z;| have unique expansions. Also we
note that if C3, [K,C>] and [K,Z,] can be expended with respect to X, K, Cy, C; and Z; then they are
linear combinations of C, and Z; only

Cs = oGy + BZi, (3.1)
K,Co| = yCy + 1y, (3.2)
K,Zi] =nCy+ 02, (3.3)

for some functions o, B3, v, 1,  and o. This follows from the fact that

d d d d

but vector fields C3, [K,C>] and [K,Z;] do not contain %, % and % in their representations.
Lemma 3.1. The vector fields X, K, C1, C; and Z; form a basis of the characteristic x-ring L, if
and only if vectors fields Cs, [K,C,] and [K,Z,| admit a unique linear representations with respect
to the basis vector fields.

Proof. We need to prove that if vectors fields C3, [K,C>] and [K,Z;] admit a unique linear represen-
tations with respect to the basis then all other commutators of the basis vector fields, in particular
[Z1,X], [C1,C3)], [C1,Z;] and [C2,Z;], also admit unique linear representations. Assume that Cs,
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[K,C,] and [K,Z;] have unique linear representation with respect to the basis vector fields. That is
equalities Eq(3.1)-Eq(3.3) hold.

Let us show that vector field [Z;,X], has unique expansion with respect to the basis. Using
definitions of vector fields Z;, C;, C, and Jacobi identity we can write

[Zle} - [[K,C]],X] - _([[C17X]7K] + [[X,K],C]]) - [C27K] - [C],C]] = _[K7C2]'
Thus from Eq(3.2) it follows that
21,X] = ~[K,Cs] = —YC> — uz,. (3.4)

Let us show that the vector field [C}, ;] has unique expansion with respect to the basis.
Using the definition of vector fields C;, C; and Jacobi identity we can write

[C],Cz] = HX7K]7C2] = _(HK7C2]7X] + HC27X]7K]) = [Xv [C27KH + [C37K]

Then from Eq(3.1) and Eq(3.3) it follows that

[C1,C] = [X,YCo + uZi |+ [0Cr + BZ; K]
=X(V)C2a+YCs + X (U)Z1 + p[X, Zi]
—K(a)G+ oG, K] = K(B)Z1 + B[Z1,K]
=X(VC+Y(aC+PBZ1) + X (1) Z1 + p(YCo + 1)
—K(0)C, — a(yCo + uZy) — K(B)Z1 — B(nC2+ 0Z1).

Hence,
[Clacﬂ = ec2+qZ17 (35)

where e = (X(y) + ya+uy—K(o) —ay—fn) and
q=(vB+X(n)+u*>—ap—K(B)—po).

Let us show that the vector field [C},Z;] has unique expansion with respect to the basis. Using
the definition of C; and Jacobi identity we can write

[Chzl} - HX7K]721] = —([[K,Zl],X] + [[Zle]vK])

Using equalities Eq(3.3) and Eq(3.4) we have

[C1,Z1] = [X,nC2+ 0Zi] + [yCo + UZy, K]

=X(M)C2+nCs+X(0)Z1 +0[X,Zi]

—K(1)C+Y(Co, K] = K(1)Zy + p[Z1, K]
=X(N)C+n(aCr+BZ)+X(0)Z) +0(yCr+uZy)
—K(7)C = Y(YCa+1uZ1) — K(1)Z1 — p(nCr + 0Z1)

Hence,

[Cl,Zl] :}’C2+Szl, (36)

where r = (X(n) + an +yo — K(y) — > — un) and
s=(ap+X(o)+uoc—yu—K(u)—po).
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Let us show that the vector field [C,,Z;] has unique expansion with respect to the basis. Using

the definition of C> and Jacobi identity we can write
(G2, 2] = [[X,C1),Z1] = = ([[C1, 1], X] + [[21, X1, G )

Using definition of C3 and equalities Eq(3.1) and Eq(3.4)-Eq(3.6) we have

[Cz,Zl} = [X,rCz +SZl] + [Ycz +,UZl,C1]
=X(r)C+rC3+X(s)Z) +5[X,Z]

—C(NC+YC,C] = Ci(1)Z1 + 1 [Z,,C1]
= X(F)CQ + I‘(OCCQ +[3Z1) —|—X(S)Zl —|—s(}/C2 + [.LZl)

—Ci1(y)Cr —y(eCr+qZi) — Ci1 (1) Z

Hence,
[Cz,Zl] = mC2 +I’lZ1,

where m = (X(r) + ar+sy—Ci(y) — ye — ur) and
n=(rf+X(s)+su—yg—Ci(u)—ps).

Now let us find under what conditions the equalities Eq(3.1)- Eq(3.3) hold.

—[,L(FCQ +SZl)

3.7

Remark 3.1. Each of the equalities Eq.(3.1), Eq.(3.2) and Eq.(3.3) leads to a certain system for the
coefficients and one obtains the coefficients by solving the corresponding system. Hence the vector
fields X, K, C1, C; and Z; form a basis if and only if the solutions of the systems, that determine

coefficients, exist and unique.

This remark holds for other cases as well.

Let us write the systems corresponding to equalities Eq.(3.1), Eq.(3.2) and Eq.(3.3).

Lemma 3.2. The equality Eq.(3.1) holds if and only if the coefficients o and B satisfy the following

system
EWB + Ef?(DB) 1 = Ff?
Eé%)(Dﬁ) + E§3)(x + Eéi;)(Da) = Fz(l)
Ey (DB) + EY (Da) = F
where
W=l g0 g W, g0l pm__1
11 ft% ’ 12 ) ’ 22 ) 23 ftx ) 24 ftx )
, h
By =w—v—pfu, Ey = ij V=2
A f
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Proof. Applying the automorphism D(-)D~! to Eq.(3.1) we get
DC;D~!' = (Da)DC,D™! + (DB)DZ, D™

Direct calculations show that

DC,D! ic —f’*’*c +f%fz X,
I 7 fi
1
DGD ™' = —C5— 3f’*”‘cz— L <C1 - f’X) ;
i fi i Ju

1 _
DpZD"! =%~ f—C2+ <Vw;pf”> (C1 - f’X> .
Iy Ix ty

(3.9)

Substituting these expressions for DC3D~!, DC,D~!, DZ,D~! into Eq.(3.9) and comparing coeffi-

cients of C, C; and Z; we obtain Eq.(3.8).

O]

Lemma 3.3. The equality Eq.(3.2) holds if and only if the coefficients vy and W satisfy the following

system
R B
Ez% (Du) + Exy + E2421 (Dy) = F22
E3(2) (Du) + E3(4) (Dy) = F3( )
where
@ _ 1 ) @ _ Jur.  PB @) @ 1
E = 7 E = 717 F = + — E =p, E = —,
11 7 12 1 ftx £ 2 =P 23 1.
1 2w —p (3fis. — fr.0
R T e e B
@ =3fraw fifra, — PR fua, i, + S fra
B = +

1 fi
Proof. Applying the automorphism D(-)D~! to Eq.(3.2) we get
DIK,C))D™! = (Dy)DC,D~! + (Du)DZ, D!

Direct calculations show that

3pfia, — p

1
DIK,G))D™ ' = < [K,C] + Cz — Ly —thkg,
12 f 7o
3 - h t
I < Jra W J{thxft +prh faa + xf;tgx +fft1txtx) Crt.X
Iy Iy

Juut,

fio

(3.10)

3.11)

Substituting the expressions for D[K,C,]D~!, DC,D~!, DZ;D~! into Eq.(3.11) and comparing coef-

ficients of Cy, C; and Z; we obtain Eq.(3.10).
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Lemma 3.4. The equality Eq.(3.3) holds if and only if the coefficients 1 and o satisfy the following

system
EYo + El(? (Do) 3 3 _ Fl(z)
Ey (Do) + Ex)n + By, /(D) = G.12)
E?EZ)(DG) + E3(4)(Dn) _ Fg( )
where
EX =1, ED=-1, FP=p <2u B 2f,xtx> . 2wfv7
fr. fi
3 3 3 1
E2(2):p7 Eé:},):l, E§4):_f7’
3p%fir —3
FY = p(2y—pa) +K(p)+ M, EQ=—f,p—viw ED= foa,

34 =
. fi’

2w—fir —2pfuu,
Ji

V= (K= pX){furp+v—w}+ (furp+v—w)

F}
Proof. Applying the automorphism D(-)D~! to Eq.(3.3) we get
DIK,Z,|D~" = (Dn)DC,D™! 4 (Do)DZ; D!

Direct calculations show that

D[K,Z]]D1:<G PH+P[3+ Pfis, +V W>Zl

fi 2

2
n <_(K_px) {p}+ n-2py+pia _p(pf;xzx—kv—w))Cz

£ f fi
Fv—w +v—w
+((K—pX){pr‘ > }Jrff(pff*”‘3 ))c1+...x
Vi i
Substituting the expressions for D[K,Zl]D*I, DC,D~ ', DZ;D~! and comparing coefficients of Cj,
C; and Z; we obtain Eq.(3.12). ]

All the systems in the above lemmas have similar form, in particular,

E11M+E12(DM) =F
Ezz(Du) +E23V+E24(DV) :F2 (3.13)
E32(Du) + E34(DV) =F

where u, v are unknowns.
We need conditions for existence of a unique solution for such systems. The conditions are given
in the following lemma.
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Lemma 3.5. The system Eq.(3.13) has a unique solution if E\1, E2, E2, E»3, Ez, E3p, E3q and Fy,
F,, F3 satisfy

(—E 1ExE3y(D ' Esg) + E11EasE3o (D™ E3y) — Ele23E34(D71E32)) #0 (3.14)
and
(DH)= -1 =g (3.15)

where

H = ((FiEEsy — FiEnE3y — BEnEsy — FE1nEy) (D7 Esy) + (D7 F)E1nEx Esy)
(—E11ExnEsq(D ™ E3y) + E11EsEsy (D™ Esy) — ElnEasEza(D7'E3)) ™' (3.16)

Proof. In the system Eq.(3.13) the coefficients and variables depend on the discrete variable n € Z.
So we can rewrite the system as follows

Eyi(n)u(n) + Erp(n)u(n+1) = Fi(n)
Ezg(n)u(l’lJr 1) + Egg(n)v(n) + E24(n)v(n+ 1) = Fz(n) (3.17)
Ex(n)u(n+1) + Ess(n)v(n+1) = F(n)

The above equalities must hold for all values of n. Applying D~! to the last equation above we
obtain

Ex(n—1u(n)+Es(n—1)v(n) = F3(n—1).

Now we have a linear system to find u(n), v(n), u(n+ 1) and v(n+ 1) independently. The system
has a unique solution if condition Eq.(3.14) holds. Solving the system we find

F En

u(n)=H, u(n—{—l):E—lz—E—le (3.18)

and

D 'F D 'E F;  EpF  EpE
V(I’l): ( 1 3) _( 1 32)1_17 V(I’l—i—]):i}— 321071 + 32 llH (319)
(D7'E34) (D7 'Ez) E3zs  EsaErn EnEp

The condition Eq.(3.14) shows that Du(n) = u(n+ 1) and Dv(n) = v(n+ 1). Hence the system
Eq.(3.17) has a unique solution. 0

Now we can give necessary and sufficient conditions for the algebra to be generated by vector
fields X, K, Cy, C; and Z;.

Theorem 3.1. The characteristic x-ring of Eq.(1.4) is generated by vector fields X, K, Ci, C, and
Z1 if and only if the following conditions are satisfied
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(0 ) + B0 ) - EESE0 ED) 20 )
and
(i) ()
. F, E .
(DHY) = 5= l(l.l)H(’), (3.21)
Ey; Ep
where

10— ((ROE8ES RO ESES - OB - FOEED) (0 D+ 0 F)E e ES)
P . P . N N
(—EfEQES 07 B + ENERED (07 EY) — ERERES (07 EY))  322)
where i =1,2,3.

Proof. By Lemma 3.5 the conditions Eq.(3.20), Eq.(3.21) imply that the systems Eq.(3.8),
Eq.(3.10) and Eq.(3.12) have unique solutions. Hence equalities Eq.(3.1), Eq.(3.2) and Eq.(3.3)
hold and the characteristic ring L, is generated by vector fields X, K, Cy, C; and Z;. O

Example 3.1. Consider an equation
ity =1+ 1 (3.23)

introduced by Adler and Startsev in [20]. For this equation one can easily check that the conditions
of the Theorem 3.1 are satisfied. Hence the characteristic ring L, is five dimensional and generated
by vector fields X, K, Cy, C; and Z;. We have

3 1 1
C=—-C, [KGl=-+-7Z, [KZ]=-—Z. (3.24)
12 Iy x

The x-integral and n-integral for the above equation are

F:(u3—u1)(u2—u), I:(uxx_l)Z.
(2 +uy) ug
Example 3.2. Consider an equation
t1x = cosh(f] — t)t, +sinh(t; — 1)y /12 — 1 (3.25)

For this equation one can easily check that the conditions of the Theorem 3.1 are satisfied. Hence
the characteristic ring L, is five dimensional and generated by vector fields X, K, C;, C> and Z;. We
have

3t Ix
chv [K7C2] - _tz_

X X

Cy=— Zi, K.z =(2-1)2Z,. (3.26)

1

The x-integral and n-integral for the above equation are
@) e
F_(etz—et)(ets—etl)’ I=e hty—1).
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3.2. Case 2

Let us find conditions for the characteristic algebra L, to be generated by vector fields X, K, C;, C;
and C3. (We assume that f; ; #0.)

As the next lemma shows to check that vector fields X, K, C;, C; and C3 form a basis of L, it
is enough to check that the vectors fields Z;, [C},C,]| and C4 have unique expansions. Also we note
that if Z;, [C1,C>] and C4 can be expended with respect to X, K, Cy, C; and Cs then

71 =21C, (3.27)
[C1,C5] = &C + BCs, (3.28)
Cy = G +1Cs. (3.29)

for some functions 17 a, B, fi and 7). This follows from the form of Z;, [C},C;] and C4. Note that if
Z) = M Cy + A,C3 with A, # 0 we have the Case 1.

Lemma 3.6. The vector fields X, K, C, Cy and C3 form a basis of the characteristic x-ring Ly if
and only if vectors fields Z;, [C1,C,| and C4 admit unique linear representations with respect to the
basis vector fields.

The above Lemma is proved in the same way as Lemma 3.1.
Let us write the systems corresponding to equalities Eq.(3.28) and (3.29). The condition for the
equality Eq.(3.27) was obtained in [21].

Lemma 3.7. The equality Eq.(3.28) holds if and only if the coefficients & and B satisfy the following
system

B+ E) (D) ~ P
EY) (DP) + Ef & + EY)(D&) = Fy” (3.:30)
~(2 ~ 2 B oy
EQ(DB) + EP (pa) = F?
where
(2 ~(2 ~(2 v
El(l)zlv Ef2):—1, Fl():fT’
Eég) = 3.](})(1)57 Eéé) = i, ~£i) f— _1, sz(z) = 2<ﬁt" +2f‘txﬁlt’() — 3ﬁxtxv_3ﬁxtxﬁ’
ﬁx f;‘x ﬁx .ftx
T S IR 0 o X T T 0 T N 1 f,flet; v
T 2 I7 f?
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Proof. Applying the automorphism D(-)D~! to Eq.(3.28) we get
D[C1,G)D~! = (D&)DC,D~' + (DB)DC3D .

Direct calculations show that

1
D[C1,G)D 7" = —[C1,G] —

; %C} + <_2(ﬁfx + fifut) _ Sudi 3vﬁxtx> C

_|_
£ r I

ﬁxtx-ftltx 1 ﬁxtx ftxtx fttx +ftxft1t_x ftfzxft h
+<fz4 _J‘txq(ﬁ)_ ( = )4 5 +;t6>cl+...x

Substituting the expressions for D[C1,C,]D~!, DC;D~!, DC3D~! and comparing coefficients of Cj,
C; and C; we obtain Eq.(3.30). ]

Lemma 3.8. The equality Eq.(3.29) holds if and only if the coefficients [i and 7} satisfy the following

system
BV Eyon =R
By (D7) + B+ By, (D) = 7 (331)
E) (D7) + EX(Dp) = EP
where
~(3) 1 ~(3) ~(3) 6ffxlx
E = 3l E == _17 F fry ,
50 _ 3 -0 _ 1 & 432
. BN A=
Iy I 4
E’:g;) = %? Eéi) = ﬁ-l 9 F3(2) frd ﬁxt«‘ftxtx-ﬂx _35ﬁxtxﬁxtxtx _ S‘ftxixh
f - XX f A f :
t 3 4

Proof. Applying the automorphism D(-)D~! to Eq.(3.29) we get
DC,D™' = (DA)DC,D ™! + (DR)DC;D ™.

Direct calculations show that

1 6 3 — 47 h 1 h
DC4D_1 — 7C4 _ ﬁ;fx C3 _ (ﬁxtx[xﬁXG f;xl‘x) _|_ 76 C2 _ 7X <5> Cl + X
Jie 1 I I fo \f2

Substituting the expressions for DC,D~', DC,D~!, DC3;D~! and comparing coefficients of Cy, C>
and C; we obtain Eq.(3.31). L]
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Theorem 3.2. The characteristic x-ring of Eq.1.4 is generated by vector fields X, K, C1, Cy and Cs
if and only if the following conditions are satisfied

D <ﬁxlxlx> — ﬁxtxtx-ftx _23-fl%lx7 (332)
Ju, Jea S
(~ENEREL (07 ) + ENEQEQ (07 B — EJEREL (0T ED) ) A0 (333)
and
) m0)
~ (s F E/ .
(DAY = j(l.) - j(})H(’), (3.34)
Ey, Ep
where

fori=23.

Proof. The condition Eq.3.32 implies that the equality Eq.(3.27) holds , see [21]. By Lemma 3.5
the conditions Eq.(3.33) and Eq.(3.34) imply that the systems Eq.(3.30) and Eq.(3.31) have unique
solutions. Hence equalities Eq.(3.27), Eq.(3.28) and Eq.(3.29) hold and the characteristic ring L, is
generated by vector fields X, K, Cy, C and Cs. ]

3.3. Case 3

Let us find conditions for the characteristic algebra L, to be generated by vector fields X, K, Cy, Z;
and Z,. (We assume that f; ; =0.)

As in the previous cases to check that X, K, C1, Z; and Z, form a basis it is enough to check that
[C1,Z,] and [K,Z,] have unique expansion. Also we note that if [Cy,Z;] and [K,Z5] can be expended
with respect to X, K, Cy, Z; and Z; then

[C1,2Zi] = 0z, (3.36)

K,Z) = AZ, + iz, (3.37)

for some functions &, A and fi. This follows from the form of [C1,Z] and [K,Z;]. In general one
should write [C1,Z;] = @Z; + Z, but we show that 3 is zero in the next lemma.

Lemma 3.9. Let f,, = O then if the vector field [Ci,Z,] admits linear representation with respect
to vector fields X, K, C1, Z, and Z; then equality Eq(3.36) holds.
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Proof. From the form of [C,Z;] it follows that [C},Z;] = &Z;, + BZ. Let us show that f is zero.
We have f;; =0 and f;; = 01if and only if

G =0. (3.38)
Using definition of Z;, Z, and Jacobi identity we have
X.z1] = [X,[K,C1]] = —[K,[C1,X]] - [C1, [X.K]] = [K,C5] - [C1,C1] = 0 (3.39)
and
X, 2] = [X,[K,Z1]] = = [K, [Z1,X]] = [Z1,[X, K]] = [C1, 4] (3.40)

Since f; ; = 0 then f;, does not depend on ¢, and coefficients of vector field

0 0 0
C]ZE—Ffzxaftl-i-gtxaTl-&-...

do not depend on .. The equality [X,Z1] = 0 implies that the coefficients of Z; also do not depend
on ty. Thus if [C1,Z] = &Z, + BZ, then functions & and  do not depend on t,, that is X (&) = 0

and X () = 0. Consider [X,[C},Z,]], from one hand, by Eq(3.38) and Eq.(3.39)
X, [C1, Z1]] = =, [Z0,X]] = [21,[X, C1]] = = [y, [21,X]] = [21,G2] = 0,
from the other hand,
X, [Cr,21]] = [X, 0z, + BZa] = (X(0) + aB)Zi + (X(B) + B*) 22 = apZ1 + B2
Therefore, @BZ; + B2Z, =0 or B = 0. O

The next lemma shows that equalities Eq.(3.36) and Eq.(3.37) imply that vector fields X, K, Cy,
Z, and Z, form a basis of L,.

Lemma 3.10. The vector fields X, K, C1, Z| and Z, form a basis of the characteristic x-ring L, if
and only if vectors fields [Cy,Z,| and [K,Z;] admit a unique linear representations with respect to
the basis vector fields.

The above Lemma is proved in the same way as Lemma 3.1.
Let us write the systems corresponding to equalities Eq.(3.36) and Eq.(3.37).

Lemma 3.11. The equality Eq.(3.36) holds if and only if the & and (D) satisfy the following

system
1 _ N %
f:a_ (D&) = % (3.41)
(v—w)(Dax) = W(W—VH;CI(V—Wy (3.42)
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Proof. Applying the automorphism D(-)D~! to Eq.(3.36) we get
D[Cy,Z;]D™' = (D&)DZ, D",
Direct calculations show that if f; ; = 0 then

e,z = Licyz) - St S L (fnJrfftfm
Ix

1 f 7

(W—V)—I-CI(V—W)) Ci+..X

Substituting the expressions for D[Cy,Z;]D~", DZ;D~" and comparing coefficients before C; and

Z, we obtain Eq.(3.41) and Eq.(3.42) .

O]

Lemma 3.12. The equality Eq.(3.37) holds if and only if the coefficients fi and A satisfy the follow-

ing system
Enp+Ep(Dp) =F
Epn (D) + Exd + Ex(DA) = B
En(Dp) + Eu(DA) = F3
where
En=1, Ep=-1, F1_3W_v,
.
_ 2w—v _ _
Exp = , Exn=1, Ey=-1,
i,
_ _ v—2w K(v—w) 2ww-v) filv=w) p
F - a_ XK - - - e ‘c+ xJ bx )
2mret ( 2) . 72 7 gy nt i)
_ Kv—w 2w(v—w V—w _ V—w
py = KO 20w) G vew
ﬁx ﬁx ﬁx ﬁx
_ Kv—w) 2wlw—v) 2f(v— Kw—v) 2w(v—
F3:K< (V2W)+ W(W3 V)+ fz(V3 W)>+px< (W2 v) W(v3 w)
f;‘r ﬁx ﬁx Iy f;‘x

| 2Pfu (W =) — JuZi(p) + fi(w=v)Ci(p) + filv —w)X(p)

3
fi.
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Proof. Applying the automorphism D(-)D~! to Eq.(3.37) we get
DIK,Z,)D™' = (DA)DZ,D~' + (Dji)DZ,D~".

Direct calculations show that if f; ; = 0 then

1 v —2w 1

DZD ' = —Z+ ——Zi+ — (L, K(v—w) =2w(v—w)+ fi(v—w))C +..X
i Ii; I
and
1 -3
DIK, 2D = — K, Z|+ 22, +TZ — L[x, 2]+ RC, + . X,
i i Ju
where
v—"2w 1
Tr=K 7 + ]Tg,(fth(v —w) =2w(v—w)+ fi (v =w) + pfi,(fu, + fr. frr1))
I X
1
R= (K~ p0){ S5 (KO =) =200 =)+ 26 v-w) |
X
1 w—v fi
——=Z1(p) + —=Ci(p) + 75 (v —w)X(p).
Ji. i i
Note that [X,Z,] = [C},Z;]. Substituting the expressions for D[K,Z,|D~!, DZ;D~!, DZ,D~' and
comparing coefficients of C;, Z; and Z, we obtain Eq.(3.43). O

Theorem 3.3. The characteristic x-ring of Eq.1.4 is generated by vector fields X, K, Cy, Z| and Z»
if and only if the following conditions are satisfied

Q=) _ it Qo)

vew 1 Si(v=w)’

D <—f;x,x + (3.45)

(=E11EnEss(D ™" Ess) + E\\EsaExp (D' Ess) — EnExsEsa(D™'E3)) #0 (3.46)
and
R B

DH)= -~ g (3.47)
(DH) Ein Epp

where

H = ((FExEx — FlEnEsy — BEREsy — BEpEy) (D' Esy) + (D' FB)EnnExnEsy)
_ o = _ = _ o - = —1
(—EnExEzs(D™"Ess) + E1ExaExp (D' Esy) — EnnEnsEsa (D 'Exp)) (3.48)
Proof. In Lemma 3.11 we can easily find & and (D&) independently. The condition that (D) is
the shift of & leads to Eq.(3.45). By Lemma 3.5 the conditions Eq.(3.46) and Eq.(3.47) imply that
the system Eq.(3.43) have unique solution. Hence equalities Eq.(3.36) and Eq.(3.37) hold and the
characteristic ring L, is generated by vector fields X, K, Cy, Z; and Z;,. O]
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