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Absence of Phase Transitions in
One-Dimensional Antiferromagnetic Models
with Long-Range Interactions

Azer Kerimov!'?
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The absence of phase transitions in a one-dimensional model with long-range
antiferromagnetic potential is established at low temperatures when the ground
states have a rational density. A description of the set of all ground states and
typical configurations is given.
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1. INTRODUCTION

We consider a classical lattice model of statistical mechanics on a one-
dimensional lattice, the spin variable ¢(x) at each point x taking the values
0 and 1. The interaction is specified by means of the Hamiltonian

Hp(x))= Y Ux—p)ox)o(y)—u ) olx) (1)
x,yeZlix>y xeZ!
where u is the external field. The following conditions are imposed on the
potential U(x):
1. U(x)>0at xeZ', x>0.
2. Yo Ulx)< oo,
3. Ux+y)+Ux—y)>2U(x); x, yeZ', x> y.
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4. The function U(x) can be extended to a twice continuously
differentiable function such that U(x)~Ax~?, U'~ —Ayx "~ and
U'(x)~Ay(y+1)x~7 "% at x - oo, where y> 1, and 4 is a strong positive
constant.

The first condition means that the model (1) is antiferromagnetic. The
natural second condition is necessary for the existence of the thermo-
dynamic limit. The third condition on the convexity of the interaction
function U(x) is essential for all further evaluations. The fourth condition
determines the character of the potential’s decrease at infinity.

The main purpose of the present paper is to investigate the structure
of the set of all Gibbs states") of the model (1).

The hypothesis on the uniqueness of the Gibbs states in the model (1)
was stated by Sinai in 1983 (see ref. 2, Problem 1).

It is well known that the condition ¥, i .., XxU(x) < oo automati-
cally implies the uniqueness of the Gibbs states.*™ Therefore, we
investigate the problem of the phase transitions in the model (1) for
potentials U(x)~ Ax~", where y=1+a, 0 <a < 1. The ferromagnetic case
[when the potential U(x) is negative] was considered by Dyson.®” He
considered a model with the following potential [the external field is
absent, spin variable ¢(x) takes the values +1, —117:

1. U(x)<0.

2. ZXGZI |U(x)| < Q0.
3. Ulx+1)>U(x).
4 erll,x>01n1n(x+4)_lx3U(x)_1<OO.

Note that all potentials decreasing as x~'~% 0<a<1, certainly
satisfy the above conditions.

Dyson established that in the ferromagnetic case one can find 8, such
that if f > f, then there exist at least two extremal Gibbs states P* and P~
corresponding to the ground states ¢(x)= +1 and ¢(x)= —1. This very
profound result is connected with the following fact. Let us consider the
boundary conditions @(x} =1, the segment [ —#», n], and the configuration
@_1(x) such that ¢ _,(x)=—1if xe[—nn], and ¢o_ (x)=1if xeZ'—
[—n,n]. Then the difference between the energies of the configurations
@ _(x) and.@(x) is of order »' ~* In other words, in the one-dimensional
case there arises an analog of the notion of the surface tension and this fact
leads to the existence of two extremal Gibbs states, as could be anticipated.

In the antiferromagnetic case we are faced with a quite different
situation. It will be shown that at arbitrary fixed boundary conditions
@(x), xeZ*— [ —n, n], a configuration ¢(x), xe [ —n, n], with maximal
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weight (or with minimal energy) almost does not differ from the special
ground state with the exception of some bounded zone and is stable in the
sense of Peierls (see Lemma 5). This fact has a decisive significance in
establishing all further results.

A series of papers has been devoted to the investigation of the ground
states of the model (1).®#-10-2.11-14)

Let us now briefly introduce necessary definitions and facts. Let @P*
denote the set of all periodic configurations. For every ¢ € & we define
g=>73I% . o(x)/p, where p is the period of ¢. It is obvious that g does
not depend on x. Therefore, the density of each periodic configuration is
K =gq/p. It is more convenient to work with the reciprocal of the density,
n(@(x)) = p/q, which represents the average distance between neighboring
points at which @(x)=1. For every configuration ¢ € @ we define the
mean energy h(p) as follows:

1 x+p
hlo() =2 Y o) Y Uiz e(y+2)
y=x+1 z>0

It is readily seen that this expression is independent of x.

The special definition of the ground state was formulated in ref. 2. This
definition does not coincide with the generally accepted one'") and is useful
for describing the phase diagram of the model (1) at zero temperature.

Let p/g be a fixed positive rational number.

Definition 1. A configuration ¢(x) e @ with n(g.(x)= p/q) is
called a special ground state if

h(o(x)) = inf h(p)

@ e PP n{e)=p/q

The following proposition readily follows from the convexity of the
potential U(x).

Hubbard’s Criterion.®*® Let ¢ € @ and let r,(x; ¢) denote the
distance between x € Z' and the ith particle on the right. If for each x and i

Linl<rix;o)<[in]+1

(the square brackets denote the integral part of the enclosed number) then
¢ is a special ground state.

The existence of a configuration satisfying Hubbard’s criterion (the
special ground state) is proved in ref 2. A remarkable short formula for
the special ground states was given by S. Aubry (see ref. 13). Here we
give the construction of the special ground state for each fixed rational
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value of the density x.* Special ground states for irrational densities are
investigated in refs. 13 and 14.

Every rational number p/q can be uniquely decomposed into a finite
continued fraction. We write it as p/g = [ng, #,,..., 1, |, which means

1

Ro + 1

n,+ i
ny+ - +—

The ground state for a configuration with x = [n,, n,,..., n,] will be
constructed by induction.

1. k=ny>=21, n, is an integer. It is then obvious that a periodic
configuration with equally distant x at which @(x)=1 satisfies Hubbard’s
criterion, i.e., is a special ground state. In this case r,(x; @) =in,, i>0.

2. k=ny+ 1/n,, where n, and n, are integers, ny > 1, n, > 1. Then the
(non, + 1)-periodic configuration
0..010..01..0..0t

no+1 ny np
\’\/“—/
n1— 1 times

also satisfies Hubbard’s criterion and is a special ground state.

3. k={[ny,ny,.,n,], where ny, n,,..., n, are integers, ng, ny,..., 1, = 1.
For s=0 and s=1 the required configurations are already constructed.
Suppose we have already constructed a ground state with s=m and
k= [ng, #y,. 1,,]. Then the following configuration with s=m+1 and
K= [Hg, Ay By 1] 18 constructed:

(p(noa"" Ry v 1) = (p(n()’"-’ nmfl) (P(nOa'--a nm) e q)(n();--': nm)

Ay +1 times

Here, ¢(ny,.., n;), j=m—1, m, m+1, are the blocks from which the
ground states for k = [n,,.., n;] are obtained by periodic continuations.

It can be verified‘® that the constructed configuration satisfies Hubbard’s
criterion and therefore is a special ground state for k = [n, ny,..., B, A, 1 ]-

Hubbard’s criterion aliows us to extract an explicit expression for the
mean energy of a special ground state®:

h.=x i Um)n,+Um;+1)1—m=,) (2)

i=1

where m;=[in], n;=1+m,—in.
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This formula shows that the function of mean energy is continuous on
the set of all rationals and can be extended to a continuous function
defined on the whole segment [0, + o).

Theorem 1.%'9 1. The function 4, is convex.

2. In each rational point the function 4, has a left-hand derivative
u. and a right-hand derivative p}, with ut >pu_.

3. The Lebesgue measure of the complement of the set (J, (u7, u.)
in the real line R is zero.

Theorem 2. Suppose that the value of the external field y of the
model (1) belongs to the interval (u._, u}) for some number k = ¢/p. Then
the special ground state of the model (1) is unique to within a translation.

In this paper we establish the validity of Sinai’s hypothesis at low
temperatures almost (with respect to the Lebesgue measure) for each value
of the external field. The main result of the present paper (and the solution
of Problem 1 of ref. 2 almost for each value of the external field) is the
following:

Theorem 3. Suppose that the value of the external field u of the
model (1) belongs to the interval (u_, u}) for some number k = ¢/p.

Then the model (1) has a unique Gibbs state at all sufficiently small
values of the temperature [~} < const(y, U(x))].

Suppose that the value of the external field u of the model (1) belongs
to the interval (u_, p}) for some number x = g/p.

Let us consider an arbitrary configuration ¢(x). We say that ¢(V),
VelZ', is a preregular phase if there exists a special ground state ¢, such
that a restriction of this configuration on V coincides with @(V). We say
that @(V’), V'eZ', is a regular phase if there exists a preregular phase
o(V), VeZ', such that both V' +d,p and V' —d, p belong to V.

Let us consider a set 4 =1, V;, where ¢(V;) is a regular phase and
supp PB is a complement of 4 in Z'. The connected components of
supp PB defined in such a way are called supports of precontours and are
denoted by supp PK.

The value of the constant d, will be defined later.

Definition. 2. The pair PK= (supp PK, ¢'(supp PK)) is called a
precontour. The set of all precontours is called a preboundary PB of
the configuration ¢’(x). Two precontours PK, and PK, are said to be
connected if dist(supp PK,, supp PK,)<N,. The set of precontours
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(PK;; iel) is called connected if for any two precontours PK, and PK,,
», q €I there exists a collection

(PK(],1)= PKp,..., PK(]-’I-),..., PK(j,n—l)’ PK(],n)z PKq)
(,iyel, i=1,.,n

such that any two precontours PK,;;, and PK ;. ), i=1,.,n—1, are
connected. Let J_, PK; be some maximal connected component of the
preboundary PB. Suppose that supp PK,=[a,, b,] and b;<a,,,,
i=1,.,n—1

The pair K= (supp K, ¢'(supp PK)), where supp K=[a,,b,] is
called a contour. The set of all contours is called a boundary B of the
configuration ¢’(x).

The value of the constant N, will be defined later.

Note that

supp K= ( O supp PK,-> U ([al, b,]— ( C) supp PK,-))

i=1 i=1

=supp' Kusupp* K

The sets supp' K and supp? K will be respectively called the essential
and regular parts of the support supp K.

Let the boundary conditions @(x)=[¢(x), xe(—cw, =V —-1]uU
[V+1,00)] be fixed. A set of all configurations ¢(x), xe[ =V, V], we
denote by @(V).

It is obvious that for each contour K such that supp Ke [-V+ (dy+ 1)p,
V—(dy+1)p] there exists a configuration ([ —V, V]) such that the
boundary of the configuration ([ — V, V]) includes the contour K only:

PB(Y([—V,V])=K (3)

This means that the configuration ([ —V, V']) contains one contour
K and two regular phases !(x) and y?(x). It is obvious that there exist
unique special ground states ¢(x) and ¢?2(x) such that restrictions of the
configurations ¢.(x) and ¢2(x) on the supports of the regular phases y!(x)
and ?(x) respectively coincide with the y'(x) and ¢?(x).

Definition 3. A contour K is called an interface contour if
@ u(x) # @2x).

Note that ¢L(x) can be obtained by some shifting of the configuration
2

D
An interface contour will be denoted as IK.
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Let K be the usual contour K and yYx(x)=y([-V,V]) if
xe[—V, V], and ¢(x) if xe(—o0, —V—1]u[V+1,o); let IK be an
interface contour and ¥ x(x)=y([—V, V]) if xe [V, V], and @(x) if
xe(—ow, —V—-1]Ju[V+1,00); ¢ x)=0,x)if xe[ -V, V], and @(x)
if xe(—o0, —V—1]Ju[V+1,©); and ¢ (x)=0p.(x)if xe [—V, V] and
pxyif xe(—oo, —V—-11U[V+1, ).

The weights of the usual contour K and interface contour /K will be
calculated by the following formulas:

P(K) = H(Y x(x)) — H(p(x)) (4)
YUK) = H(Y 1 (x)) — H( (x)) (5)

For establishing the uniqueness of the Gibbs states at low tem-
peratures in the model (1) we use the following strategy. First, we prove
that at low temperatures the typical configurations of the Gibbs state P'
corresponding to the boundary conditions ¢!(x) are small perturbations of
the special ground states separated by a possibly finite number of inter-
faces. Second, we consider an arbitrary configuration ¢'(I), with I being an
arbitrary segment, and a sufficiently large volume V, and establish that the
dependence of the expression P!(¢'(I)) : P*(¢’(I)) on the boundary condi-
tions ¢'(x) and @*(x) can be estimated through the sum of statistical
weights of unlikely clusters connecting the segment 7 with the boundary.
Finally, by using the Peierls estimation, we prove that the sum of weights
of these clusters is a finite number, not depending on ¢’(I), ¥, ¢'(x), and
¢*(x). Thus, two arbitrary extreme Gibbs states are relatively continuous
and hence coincide.

The contents of this paper are as follows. In Sections 2—4 we assume
that the density of the special ground state is 1/n,. In Section 2 the set of
all ground states of the model (1) is studied. In Section 3, Gibbs states
are investigated and the Peierls estimation is proved. In Section 4 the
uniqueness of Gibbs states is established. In Section 5 all obtained results
are generalized for all rational values of the density.

2. GROUND STATES. THE DENSITY « IS 1/n,

In this section we continue to study the set of all ground states and
give a description of this set for special values of the external field (when
the density of the special ground state is 1/n,). The general case will be
considered in Section 4.

Now we start to estimate the weight of a contour which contains only
one precontour.

822/72/3-4-11
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Lemma 1. Suppose that the value of the external field p of the
model (1) belongs to the interval (u, u,” ) for some number x = gq/p =1/n,.
Let ¢’(x) be an arbitrary finite perturbation of the special ground state
@,,(x) such that the boundary PB of the configuration ¢’(x) includes a
unique precontour PK. Then there exists a positive constant ¢ depending
only on the Hamiltonian (1) such that

H(g'(x)) — H(¢,(x)) =t |supp PB] (6)
where |supp PB| is the total area of the support of the boundary.

Proof. 1. Suppose that Y ..o (@' (x)—@,(x))=0. This means
that a perturbation ¢(x) is obtained by shifting of some particles only.

If the length of the support of a contour is |supp K|=L, then,
according to the definition of a contour, the contour XK contains at most
do(L + ng) : (dy+ 1) ny number of blocks

0,=0..01

no

Then the convexity of U(x) directly leads to the required estimation (6)
with®

t=1ty=(U{ng—1)+ Ulng+ 1) —2U(n,))0

(7
0 = (L—dyng) : 2L(do + 1) 1

2. Suppose that Y, _cppx (@'(x) — @(x)) #0. Let the density of the
configuration ¢’(x), xesupp K, be x and the reciprocal of the density
be 1. Now we divide the proof of this section into six cases.

Case 2a. ny+1<n.

Case 2b. np+1—e<np<ny+1.

Case 2¢. np<y<nyg+1—e

Case 2d. n<ny— 1.

Case 2e. no—1l<n<ng—1+90.

Case 2f. no—1+4+0<n<n,.

The constants ¢ and ¢ will be defined later.

Case 2a. ng+1<#n The density of the configuration ¢'(x) is
k =#~'. Note that
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H(¢'(x)) — H(,,(x))
= ) Ux — p)(@'(x) ¢'(3) = Py X) @ 1))

x,yeZl x> y;x, yesupp K

+ % Ulx—y)

x,yeZl, x> y;xesupp K, y ¢ supp K or x ¢ supp K, y e supp K

X(@'(x) @'(y) = @,,(X) @,,,(¥))
—u Y (@'(x) = @ny(x))

xeZl xesupp K

=A,+B,+C, (8)
A +B,>A,
+ Y. U(x—y)

x,veZl, x> y;xesupp K, y ¢ supp Kor x¢supp K, yesupp K

X(0"(x) @"(¥) — @ulx) ©1e(¥))

> > Ux = p)@(x) 0,(3) = @n(X) @)

x,yeZ x> v;x, yesupp K

+ Y Ulx—y)

S/

x,yeZ!l, x> y;x esupp K, y ¢ supp K or x ¢ supp K, v € supp K
X (0,4(%) @ (¥) = (X)) @, (¥))
=A}+B] (9)

Here the function ¢”(x)=¢,(x) if x¢supp K and ¢’(x) if xesupp K;
and the function ¢,(x) is a special ground state with the density k=7

The first inequality is valid due to the following fact:

Let ¢, (x), xe [N, 0], and ¢,, xe [N, oo ], be restrictions of special
ground states with the densities n, ' and «, respectively, on an arbitrary
segment [N, o], N>0 (4> n,). Then

Y U @u(x) = @,(x)) =0
.\*eZl;sz

The last inequality shows that the “influence” of the boundary
conditions ¢, (x) is stronger than the “influence” of the boundary
conditions ¢,(x).

The validity of the second inequality is a direct implication of the
convexity of U(x).?

Note that

Ci=p ) (9(x)=9,x)

xeZ) xesupp K

= Y (@,(x)=9,x)=C)

xeZ!,xesupp K
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Finally

A+B +C,2A+B +C]

= [ Z U(x = p)(@(X) 00(9) = () 0 ,o(¥))
—1 Y (@)= @a(x)=Q (10)

xeZl,xesupp K
By using the definition of the mean energy we get (k=#n"",
Ko=1, ' =q/p)
Q= (h,—hy) Isupp K| — p(k — ko) [supp K|
= (he — hi,— u(x — o)) |supp K] (11)

Let us consider the expression A, —h, — u(x —K,). According to
Theorem 2, the function k, is convex and has a left-hand derivative u_ at
the point k. Therefore,

=Ry 2t (10— 1) 2 plrc — 1) (12)

The last inequality is valid due to the assumption pe(u_, u,") (note
that x —x, is negative and less than one). Finally, the formulas (8)-(10)
lead to the required estimation with

1= tr]:uK(KO_K)_ (hko—'hx)

Therefore, taking into account the condition ny+ 1 <#, we see that in
Case 2a the required estimation (6) holds at

t=1f;= min anﬂK(Ko_(K(;l + 1)_1)_(hko_h(;¢gl+1)*l) (13)

no+ 1<y

The proof of Case 2a is completed.

Case 2b. ng+1—e<n<ng+1. The density of the configuration
o'(x)is k=5"". If ny+ 1 <5 (Case 2a), then [see (8)-(10)]

H(p'(x)) — H(¢,(x)) = Q
= (he = hiy— u(k — Ko)) [supp K| > 1, [supp K|

For a function of mean energy %, we have an explicit expression which
shows that 4, is continuous. Therefore the function s, — A, — p(k — x,) is
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continuous particularly at the point (x; '+ 1)"". Then there exists &, >0
such that for all x: [k — (k' +1) ! <¢,

(e — hy— u(x — x0)) |supp K| > 1,/2 |supp K| (14)

Finally, e=¢,, t,=1,/2.
The proof of Case 2b is completed.

Case 2¢. ny<n<ny+1—e¢ The density of the configuration ¢'(x)
is k=5 ""'. Similarly to Case 2a, we get [see (8)-(10)]

H(@'(x)) — H(@n(x)) =A +B, +C, {15)
A+B,+C,=(A,+B,—A—B))+ A +B +C; (16)
A+ B+ C
= ) U(x = y)(@,(x) 04(¥) = @(X) 9 ¥))
x,yeZl, x> y;xoryesupp K
- > (@q(x) = 9,(x))=Q (17)
xeZ!,xesupp K

By using the definition of the mean energy we get (k=#"", ko=

ny ' =q/p)
Q= (h,.—h.) [supp K| — u(x —x,) supp K]
= (M — hyy— u(k —x,)) |supp K] (18)

Let us consider the expression h,—h, —u(k—x,). According to
Theorem 2, the function 4, is convex and has a right-hand derivative p;
at the point . Therefore

e =iy 2 18 (K —10) 2 (K — ko) (19)

The last inequality is valid due to the assumption e (u_, uJ}).
Note that in Case 2c the inequality (13) does not give us the required
estimation (6) because

min (hk—_hxo".u(’c_’co)):o
np<n<nm+1l—s
Let us consider the expression (A; + B; — A} —B}).
If the length of the support of a precontour is |supp PK|= L, then
according to the definition of a precontour, the precontour PK contains at
most dy(L +ny) : (dy + 1) ny number of blocks

0,=0..01

no
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Then the convexity of U(x) directly leads to the estimation
A, +B,—A5—B,>1¢,0 [supp K| (20)
where
t,=12(1+no—n)(U(ng—1) + Ulng + 1)—2U(ngy))
0= (L—dyny):2L(dy+ 1) ng

(21)

Finally, the formulas (15)-(20) lead to the inequality (6) with r=1,.
Therefore, taking into account the condition ny <y <ny+ 1 —¢, we see
that in Case 2c the required estimation (6) holds at

=ty= minli 1/2(1 4 g =) (Ulng = 1)+ Ul + 1) = 2U(n5))
= 1/2(U(ng— 1) — 2U(ng) + U(ng + 1)) cB (22)

Case 2d. n<ny—1. The density of the configuration ¢'(x) is
x =#x"". Similarly to Case 2a, we get [see formula (8)]

H(o'(x))— H(¢,(x))=A,+B, +C, (23)
A, +B,>A,

+ Y U(x—y)

x,yeZl x> y;xesupp K, y ¢ supp K or x ¢ supp K, y € supp K

X(0"(x) @"(¥) = @up(X) @ ¥))
> Y Ulx~y)

x,yeZl, x> y;x, yesupp K

X (0,(x) @(¥) = @ y(X) @ e(¥))
+ ) Ux—y)

x,yeZl, x> y;xesupp K, y ¢ supp K or x ¢ supp K, yesupp K
X(@"(x) 9" (¥) = (X)) 0,(¥))
=A]+B] (24)

Here the function ¢”(x)=0 if x¢supp K, and ¢’(x) if xesupp K and
the function ¢”(x)=0if x¢supp K, and ¢,(x) if xesupp K.

The obvious first inequality shows that the “influence” of the
boundary conditions ¢,(x) is stronger than the “influence” of the empty
boundary conditions.

The validity of the second inequality is a direct implication of the
convexity of U(x).®
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Note that
Ci=p Y  (0'(x)=0,x))
xeZ), xesupp K
=1 ) (9"(x)—,(x)=C)
xeZl, xesupp K
Finally
A+B, +C,2A+Bi+C;
= > Ulx—y)
x,yeZl, x> y;x or yesupp K
X(@"(x) @"(¥) = @n(X) @y ¥))

—u X (0" (x) = 0,(x))=Q (25)

xeZ xesupp K

Now, as in Case 2a, we have to investigate the expression Q.

But in this case the situation is slightly more difficult (not symmetric
with Case 2a). The fact is that in Case 2d, instead of the desired inequality
(6) with the function ¢,(x) we have the inequality (6) with the function
¢"”(x). Below (Lemma 2) we shall prove that the difference between these
two functions is not so significant.

We introduce the following function:

he=p ) Ux =) ¢,(x) 0,(»)

x,veZl x> yix,ye[—L,L]

Lemma 2. The function A% is continuous and uniformly converges
to the function 4, when L tends to infinity.
The proof of Lemma 2 will be given later.
By using the definition of the A% we get
Q= (A — hy,) Isupp K| — pu(xc — 1) |supp K|
= (hf—he,— plx —xo)) [supp K| (26)
Now let us consider the expression &, — h, — u(i —x,). According to

Theorem 2, the function 4, is convex and has a right-hand derivative p}
at the point . Therefore

hye —h = 17 (K —Ko) 2 p(k — Ko) (27)

The last inequality is valid due to the assumption pe (g, ut) (note
that x — k, is positive and greater than unity).
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Let
&1 = (Ko — k) — (A — hy) (28)
According to Lemma 2, there exists L, such that if L > L,, then
he—ht>¢,
Finally, the formulas (23)—(28) lead to the required estimation with

t=1,= ((Ko—K) = (hey— h))/2

Therefore, taking into account the condition n < ny,— 1, we see that in
Case 2d the required estimation holds at

I=ty= min tn=(h(x(;l——l)’l_hxo_ﬂ((’co_l_1)_1_K0))/2» (29)

n<ng—1
The proof of Case 2d is completed.

Case 2e. ny—1<n<ny—1+40. The density of the configuration
@'(x)is k=n"" If no+ 1<y (Case 2d), then [see (25)-(29)]

H(o'(x))— H(9,,(x))=Q
= (hf—hy— p(k —x,)) |supp K|
=1, |supp K|

According to Lemma 2, the truncated function of the mean energy A%
is continuous. Therefore, the function hZ —h, — u(k —x,) is continuous in
particular at the point (x, ' —1)~'. Then there exists §, >0 such that for
all k: Jk— (k' —1)71 <6,

(he— hy— u(K — ko)) |supp K| >15/2 |supp K| (30)

Finally, 6 =90,, ts=1,/2.
The proof of Case 2e is completed.

Case 2f. ny—1+4+5<n<ny The density of the configuration ¢’(x)
is k =#"'. Similarly to Case 2d, we get [see (15)(17)]

H(g'(x)) — H(@n(x)) = A1+ B, +C, (31)
A +B,+C,=(A,+B,—A|—B{)+ A +B,+C; (32)

Lemma 3.
A+B+C; =0 (33)
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The proof of Lemma 3 will be given later.

Let us consider the expression (A, +B; — A} —B}).

If the length of the support of a contour is |supp K| =L, then,
according to the definition of a contour, the contour K contains at most
do(L + ng) : (dy + 1) ny number of blocks

©,=0..01

———

noy
Then the convexity of U(x)® directly yields the estimation
A +B,—~A;—B;>1t,0 |supp K| (34)
where
t,=12(14+n—n)(U(ng— 1)+ Ulng+ 1) — 2U(n,))0 (35)
0 = (L— dono) . 2L(d0 + 1) no

Finally, the formulas (31)—(35) yield the inequality (6) with = L,
Therefore, taking into account the condition ny— 1+ <y <n,, we
see that in Case 2f the required estimation (6) holds at

t=te= ( minl_él(l +n—no)(U(ng— 1)+ U(ng+1)—2U(ny))0
=12(U(ng— 1)+ Ung+1)—2U(n,)) 68 (36)

For the completing of the proof of Lemma 1 we only have to choose

t'= min ¢, 37)
i=0-6

So the inequality (6) holds at ¢t=1¢' if dyn,> L, (see Definition 2 and
the choosing of the L, in the Case 2d).
Lemma 1 is proved.

Note that (see the definition of 6)
t = t(d,) ~ const/d,n, (38)
Remark 1. We could prove the statement of Case2a by using

Lemma 2 (as in Case 2d), but in Case 2a we dispensed with Lemma 2 by
using a trick.

Proof of Lemma 2. For each given ¢ we have to find L, such that if
L>L,, then

b —hil <e

822/72/3-4-12
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1. Obviously,
|h —hgl < [he— byl

The function h, is continuous.®”> Therefore the function A% is also
continuous.

2. The function 4, is continuous. Therefore for each given ¢/3 there
exists & such that |k, —h, | <e&/2 if [k —x'] <.

3. Let |h,—h,| <6 and k" =gq/p. Let consider the restriction of
the special ground state ¢,. on the segment [ —Ip, [p], where [ is some

natural number. Obviously, for each given &/3 there exists / such that
|hE, —h,| <ef2 if L>Ip.

Now note that
lhe—hE < |he—he| + B — hil+ |hE —hE <ef3+¢/3+e3=¢

if L>Ip.
Hence, Lemma 2 is proved.

Proof of Lemma 3. Let the configuration ¢(x) with a unique
contour K be obtained from the special ground state with a density « by
some finite perturbation, and let the configuration ¢*(x) be a periodic
configuration with a period M, and with the unique contour K on the
period [so the density of the configuration ¢*(x) is equal to k’]. Then

F(M) = Y Ux — p)(@(X) 931(¥) = @e(X) @ 1))
—p Y (@4 (x) — @,(x)) (39)
x, ye Z), x esupp K
> Y U(x — y) (@ (x) @ (¥) — @ (X) @,,(¥))
x,yeZl,x>y;xorye[—M,M]
—u Y (@ (x) = @,4(x)) = Qum (40)

xeZ,xe[—M,M]

By using the definition of the mean energy we get (k'=n"""

Ko=ng ' =4q/p)
Qu=(he—hy) 2M — p(K' — ko) 2M = (h,o — h — p(K’ —14)) 2M

Let us consider the expression h, —h, — (k' —x,). According to
Theorem 2, the function 4, is convex and has a right-hand derivative u,’
at the point x. Therefore,

he = hoy> 17 (K = K0) > (' — 160
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The last inequality is valid due to the assumption pe (u_, u).

Therefore
FM)2Qyu=0
Now note that
A, +B+C}
= > U(x = y)(@(x) 9(3) = @l X) @,(¥))

x,yeZl, x> y;xor yesupp K

—p Y (@(x) — @,(x))

x,yeZl xesupp K

= lim F(M)>0 (41)

M — o

Lemma 3 is proved.

Remark 2. Lemma 1 shows that a special ground state is a ground
state. Below we shall prove that a special ground state is a stable {in the
sense of Peierls) ground state.

Now we define and investigate the notion of the interaction between
contours.

The contour model corresponding to the formulas (4) and (5) is an
interacting contour model since the potential is long range. Below we
improve the definition of a contour in order to estimate an interaction.
A similar approach was proposed in ref. 15. This method was also used in
ref. 16.

Now we estimate the interaction between two contours K, and K, the
interaction between two interface contours /K, and IK;, and the interaction
between contour K; and interface contour /K.

Suppose supp K, = [a,, b,] and supp IK,= [a,, b,]. Let

supp IK;" =[b,, a,, ] and supp IK7 =[b, ,,a;]

where b, = p if there exists Ke PB(¢’'(x)) such that supp K= [ — o, p] and
by= —oo otherwise; and a,,,,=q if there exists Ke PB(¢’(x)) such that
supp K=[g, ] and a,,, , = o0 otherwise.

1. The contour K;e PB(¢’'(x)) interacts with the contour K€ PB(¢'(x))
through all pairs (x, y) such that (x, y)elInt(K,, K;) and f'(x, y)#0,
where

Int(K;, K;)=[(x, y): x, ye Z'; xe supp K;, y e supp K;]
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The value of the interaction is

S5 y)=Ulx—y)o'(x) o'(y)
— Yk (X) Y () + @o(x) & p)
— Y, () Y (¥)+ @Ux) L)) (42)

2. The interface contour IK;c PB(¢'(x)) interacts with the interface
contour IK;e PB(¢'(x)) (let a;>b;) through all pairs (x, y) such that
(x, y)eInt(IK;, IK;) and f"(x, y) # 0, where

Int(IK,, IK;) = Int'(IK,, IK,) + Int*(IK,, IK))
+Int’(IK,, IK,) + Int*(IK,, IK;)
Int'(IK,, IK;) = [(x, y): x, ye Z"; x e supp IK, and y e supp IK;]
Int*(/K;, IK;) = [(x, y): x, ye Z*; x e supp IK, and y e supp IK}" ]
Int*(IK,, IK;) = [(x, y): x, ye Z"; x e supp IK; and y e supp IK;]
IntY(IK;, IK;) = [(x, y): x, ye Z'; xe supp IK; and y e supp IK" ]

The value of the interaction is

S y)=fi(x, y)=Ulx—y)¢'(x) ¢'(»)
— Yk, (%) Y i (¥) + (f’;(x) (/_’:C(J’)
— Yk, (X) Y1k, (¥) + @L(x) L)) (43)
if (x, y)eInt'(IK,, IK));
f(x, y)=713(x, y)=Ulx—=y)(¢'(x)¢'(y)
— Y15, (0) Y1, (1) + §U(X) §L(¥) (44)
if (x, y)eInt’(IK,, IK,);
fee y)=13i(x, y)=Ulx—y)e'(x) ¢'(y)
— 15, (X) Vi, (V) + D LX) @L(Y)) (45)
if (x, y)eInt’(IK,, IK;); and
f(x yy=filx, y)=Ulx—y)9'(x) ¢'(y)
—q")_,lg"(x) B (y)—o2(x) p27(»)) (46)

if (x, y)elInt*(IK,, IK,) [the configuration ¢}'(x) is defined in Defini-
tion 3.
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3. The contour K,e PB(¢’'(x)) interacts with the interface contour
IK; e PB(¢’(x)) through all pairs (x, y) such that (x, y)eInt(K,, IK;) and
JF"(x, y)#0, where
Int(K;, IK,) = Int'(K,, IK;) + Int*(K,, IK;)
Int'(K;, IK;)=[(x, y): x, ye Z'; x e supp K, and y e supp IK;]
Int*(K,, IK;) = [(x, y): x, ye Z'; x e supp K, and y e supp IK;" ]
if a,>b,, and
Int*(K,, IK;) = [(x, y): x, ye Z'; x e supp K, and y e supp IK;" ]
if a,>b;.
The value of the interaction is
S0 p)=fT(x, y)=Ulx—y)(¢'(x) ¢'(y)
— Y ()Y (¥)+ @x) §(y)
=Y 1 (%) ¥k (1)) + B2Ux) 7)) (47)

if (x, y)eInt'(K,, IK,), and

S y)=f3(x, y)
=Ulx=y)@'(x) ¢'(¥) =¥ (X) Y, (») + @,(x) D (»)) (48)

if (x, y)eInt*(K,, IK)).

By using the formulas (42)-(48) later we shall introduce and
investigate the noninteracting contour model.

The following lemma will be extremely useful for the further calcula-
tions.

Lemma 4. 1. Let us consider two contours (usual or interface),
say K; and K. Suppose supp K, = [a;, b1, supp K, = [a;, b,], or supp K, =
[a;, + o] and the distance between supp K; and supp K; is a,—b;=
R;;>0. Let supp K;=supp' K;usupp’ K, and supp K,=supp’ K,u
supp” K; (see the definition of the essential and regular parts of the support
of a contour), and N =min(|supp' K|, [supp’ K|). Then

IG(K;, K))| = > |/ YIS C RN (49)

(x, ¥) e Int(K;, K;)

where C, =1204n,.
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Proof. Part A. Let us consider two intervals [a, b] and [c, o)
such that b—a=N,, and ¢— b= R>0. Consider the following expression:

G(a, b, c)= Y 5U(x—y) (50)
x,veZl;ye[a,bland xe [c,o0]
Then
G(a, b, c)<C1R’°‘N17°‘; C,=304 (51)
In fact,
R+ N =}
G(a,b,c)= ) U@i—R+1)+(N,+1) Y  U())
i=R J=R+Nj+1
=8 +8S,

N,
S,<Si=UR)+| UR+2)z+1)dz
1

- U(R)+jN’ U(R+z)(R+z)dz—jN‘ UR+z)(R—1) dz

=U(R)+1,—-1, (52)
By using the condition U(x)~ Ax~'7% 0<a< 1, we have (R — o)
U(R)~ AR '~
L ~A(1—a) ' ((R+N)' " *— (R+ 1) =)~ ANI-*R™* (53)
I~Ae (R—1)((R+1) *—(R+N,)"*)~AN!"*R"*(R—1)/R
Therefore,
I,—I,~AN! "R *(1 —(R—1)/R)~ AN'~*R—1~* (54)
Finally, from (50)—(54) we get

S, <S|<C,R'"*N'-%  (,=34 (55)
Now note that
S;,=(N;+1) Y U(YKS;
j=R+N{+1
=(N1+1)U(R+N1+1)+(N1+1)J U(z) dz

z=R+N;+1

=(N;+1)UR+N,+1)+1, (56)
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By using the condition U(x)~Ax~'~% 0<a<1, we have (R— )

(Ny+ 1) U(R+Ny{+1)~AR N * (57)
I~ Ax(N,+1)(R+ N, +1)"*~AaR"*N |~ (58)

Finally, from (56)—(58) we get
S, <C,R*N;™% C,=34 (59)

Finally, the inequalities (55) and (59) yield the required inequality
(51).

Part B. Let us consider two segments [a, b] and [¢, 00) such that
b—a=M, and ¢— b= R>0. Suppose that K is an arbitrary contour with
supp K=[c, w); ¥ fl , and l,’/i , are two regular phases. Consider the
following expression:

G'(a,b,c)= > 5U(x — y)¥ra5(x) @(¥) = ¥2(x) 0(3))

x,yeZlxelabland ye[c, )
(60)

Then
G'(a,b,c)<C,R™ '™ % C,=304n, (61)

First, note that there exists a number p’<n, such that ¥ (x)=
+.s(x + p). Therefore

U(x — )WL 4(x) o(y) =¥ ,(x) 0(3))
S(U(y—x)=U(y—x+p)<CoU(x— p)/(x—y)

where Cy=ap’ <ongy. Then

1/CoG'(a, b, ¢) < Y Ulx— y)/(x—y)
x,yeZlxela,bland ye[c, )
R+ Ni el
= Y (—R+VHU@i+M+1)- Y U
i=R J=R+Mi+1
—S" 48]

S" < U(R)/R+fM‘ (z4+1) UR+2)/(R+z) dz

— U(R)/R + JMI UR +z) dz

—le (R—1) URR+2)/(R +2) dz

1

= U(R)/R+T1, =T, (62)
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By employing the condition U(x)~Ax'"% O<a<1, we have
(R—c0)

U(R)/R~ AR *~*
I'~Aa " Y((R+ 1) *—(R+M,)™®) (63)
IL~A(l+a) " (R—D((R+1)' 7 *—(R+ M) 7%
Therefore,
I''—1,~AR '~* (64)
Finally, from (62)-(64) we get
ST<C R C,=34 (65)

Now note that

o0

S;=M,+1) Y} UG

J=R+ M +1

SMi+1D)UR+M +1)/{(R+M,+1)

+M+1) [ UGz)z dz

z=R+M;+1

=M+ ) UR+M, +1)/(R+M,+1)+1; (66)
By using the condition U(x)~ Ax'~% 0<a<1, we have (R— o)

(M + 1) UR+M, +1)/(R+M,+1)<AR '* (67)
Iy~ Au(M + 1)(R+ M, +1) 1" *< AR~ '~ (68)

Finally, from (66)-(68) we get
S;<C,R™'™% C,=34 (69)

Finally, the inequalities (65) and (69) lead to the required inequality
(61).

We estimated the interaction between a finite contour and an infinite
contour in Part A and the interaction between a finite regular phase and an
infinite contour in Part B. Now we start directly to prove the statements of
Lemma 4. We divide the proof of the inequality (49) into three cases.

1. Suppose that we have two ordinary contours, say K, and K.
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The interaction between K, and K, can be estimated as [see (42)]
G(Ky, Ky)= > flx y)< ) 5U(x—y)
(x, y) e Int(K;, Kj) (x, y) € Int(K;, Kj)

Let supp K, =supp' K, U supp® K;, supp K,=supp' K, U supp” K;, and
N =min(|supp’ K|, [supp' K}|). The set of all pairs (x, y) € Int(X;, K;) such
that xesupp’ K, and yesupp' K, we denote by E. Then

G(K;, Ky) < Z 5U(?¢‘“J’)+ Z 6U(x—y)=5,+5,
(5 y)eE (x, y) e Int(K;, K))i(x, y) ¢ E
Now note that
S, <Gla, b, c)= Y 5U(x—y)

x,yeZl;yelabland xe[co0]
where b —a= N and ¢— b= R. According to the inequality (51),
S;<C,R *N'" % C, =304
In addition, because of the inequality (61) we may write
S,<C,R™'™% C,=1304n,

Hence in the first case the proof of the statement (49) is completed.

2. Suppose that we have one ordinary and one interface contour, say
K, and IK;.

The interaction between K, and K, can be estimated as [see (47),

(48)]:
G(K,, IK)= Y f(x, )

(x, y) e Int(K;, IK})

= > V(% y)+ > 2% »)

(x, y) € Inth(K;, IK)) (x, y) e IntX(K;, IK)
= y S5U(x—y)+ Y y(x, )
(x, y) e Int'(K;, IK}) (x, y)e Int2(K;, IK;)

As in the first case, we have
SISClfoNl_“; C1=30A

Now note that the formulas (47) and (48) allow us to apply the
inequality (61) and to get the following estimation:

S,<C,R™'™%  C,=604n,
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Therefore in the second case the proof of the statement (49) is
completed.

3. Suppose that we have two interface contours, say /K; and IK,.

The interactiopn between two interface contours /K, and 7K, can be
estimated as [see (43)—(47)]

GUK,, IK;) = Y J% )

(x, y) € Int(IK;, IK;)

=2 ) n(x, »)

n=1 (x,y)eInt"(IK;,1K})

< y 5U(x—y)+ ), D (X, )

(x, y) € Intl(IK;, IK)) n=1 (x,y)elnt"(IK;,IK;)

=S1+S2
As in the first case
S;<C,R™*N'™% C, =304

Now note that the formulas (43)-(47) allow us to apply the inequality
(61) and to get the following estimation:

S2<C1R714a; C1=90An0
The proof of Lemma 4 is completed.

Now we shall prove seven auxiliary lemmas. Suppose that the bound-
ary condition @{x)=[¢p(x), xe(—oc0, = V—1]JUu[V+1,00)] s fixed.
The set of all configurations ¢(x), xe [V, V], we denote by ®@(V). Let
@'(x)e®(V), and an ordinary contour X and an interface contour /K
belong to PB(¢’'(x)).

Lemma 5. There exists a positive constant ¢, depending only on the
Hamiltonian (1), such that the weight of an ordinary contour KX satisfies
the following inequality:

P(K) >t |supp' K|
where ¢ is the constant defined in Lemma 1.

Proof. Lemma 5 is a consequence of formula (4) and Lemma 1.
Indeed, let a contour K contain precontours PK,, i=1,.., m. This
implies that supp! K= 7, supp PK,.
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The function of interaction G(PK,,..., PK,,) is a decreasing function of
the distance between precontours. Therefore

WK) =} ¥(PK) G(PK,..., PK,)>y(K)

i=1

where the contour K is obtained by merging all neighboring precontours
(thus |supp K| =|supp' K| =37, [Z72, y(PK)| = Isupp' K]).
But according to Lemma 1, y(K) > ¢ |supp K]. Therefore,

(K)> 1 |supp’ K|
Lemma 5 is proved.

Let us consider an arbitrary configuration ¢'(x) e @(¥). The boundary
of the configuration ¢’(x) includes a finite number of ordinary contours K|,
i=1,..,n, and a finite number of interface contours IK;, i=n+1,.., n+m.
Let K;=K,, i=1,.,n and K,=1K,, i=n+ 1,.., n+m. The weights of the
K, (contours and interface contours) are defined by formulas (4) and (5).

Let K, be an arbitrary contour of the boundary B(p'(x)),
lsupp' K| =N;; Ky=d(K,), suppK,, where K,=(—o0, —V—1]u
[V +1, oo); the distance between supp K, and supp K, is R,.

Lemma 6. Suppose N,>6C,/t"* (N, is a constant introduced in
the definition of a contour). Then

WK)6>1GE) = S |G(Kn K, (71)

Jj=1j#1

Proof. Lemma 6 is a consequence of Lemmas 4 and 5. In fact,
according to Lemmas 4 and 5,

[G(K)I < Cy Ny *N;~*<IN,/6 <y(K,)/6
if N3 >6C,/t.
Lemma 6 is proved.

Lemma 7. Suppose R,>6C,/t"* Then
PK)/6>|G(K,, Ko)| (72)

Proof. Lemma7 is a consequence of Lemmas 4 and 5. In fact,
according to Lemmas 4 and 3,

|G(K), Ko)l <C{R*N;7* <IN, /6 <y(K))/6
if R*>6C,/t.
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Lemma 7 is proved.

Lemma 8. Suppose N,>6C,/t"*. Then
Y(K))/6 > |G(K,, Ko)l (73)

Proof. Lemma 8 is a consequence of Lemmas 4 and 5. In fact,
according to Lemmas 4 and 5,

|G(K,, Ko)l < C R "N ~* <tN,/6 <7(K))/6

if N7 >6C,/t.
Lemma 8 is proved.

Suppose IK is an interface contour. Let us consider the configuration
;¢ such that the boundary of the configuration y ;5 includes only the con-
tour IK (see Definition 3). Let the special ground states ¢, (x) and ¢} (x)
be defined as in Definition 3. The set of all configurations ¢'(x)e @ such
that PB(¢p’(x)) contains the only interface contour and the same special
ground states ¢} (x) and ¢, (x) we denote by &".

Lemma 9. Let the configurations ¢(x), ¢'(x)e @"? contain unique
interface contours IK and IK’, respectively, and two regular phases y'(x)
and ¥?(x). Moreover, let the restriction of the configuration ¢’(x) on
supp IK coincide with ¢(supp /K) and [supp IK'| — [supp K| > N,

There exists a positive constant ¢ depending on the Hamiltonian (1)
only, such that the weight of any interface contour IK satisfies the
following inequality:

y(IK") —y(IK) > t(|supp IK'| — [supp K| — N,)

Proof. Let the configurations ¢ and ¢’ be obtained, respectively,
from the configurations ¢(x) and ¢'(x) by substitution of y?(x) by ¥'(x).
In other words, the configurations ¢ and ¢’ are obtained by shifting of
the regular phase y*(x) for some p <n,. The configurations ¢(x) and ¢’
contain the usual contours K and /K. Then

Hlp(x))—H(p)< ) (U(x)—Ulx+p))x

xeZlix>0

< Z 2Ax{(x " *—(x+ p)™%)

xeZlix>0

< ) 2A4apx *<const

xeZix>0
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and

H(¢'(x))—H(p)< Y (Ux)—Ulx+p))x
xeZhx>0
< Y 2d4x(x*—(x+p)7%)
xeZlix>0
< ), 24apx~*<const
xeZx>0

Therefore,

YIK'Y—y(K)=H(¢'(x))— H{Y ' (x)) — (H(o(x)) — H{Y ' (x)))
= H(¢'(x))— H(p(x)) > H(¢') — H(p)— const

Now note that according to Lemma &
H(¢'(x)) — H(p(x)) = y(K') = 7(K) > t(|supp IK'| — |supp K| — N,)
Lemma 9 is proved.

Lemma 10. There exists a configuration @12 (x)e @'? such that

H(p"*(x)) — H(e(x)) >0

for each configuration ¢(x)e @2 Let IK.2 be a unique contour of the

configuration @12 . Then |supp IK.2| <3dyng+ N,.

Proof. Lemma 10 is a consequence of Lemma 9.

Indeed, let us consider the configuration ¢(x)e @*? with the unique
interface contour K such that [supp IK| <3dyn, [the existence of the
configuration ¢(x) is obvious]. Then according to Lemma 9

isupp IK 2| < |supp IK| + N, < 3dyny,+ N,

Lemma 11. Suppose ¢(x), @'(x)ed(V) and the restriction of
o(x) on some segment [a, b]e [ —V + N,, V— N,] coincides with a special
ground state ¢ ,‘,O(x). The configuration ¢’(x) is some perturbation of ¢(x)
on the segment [a, b]. The set PB(¢p'(x); [a, b]) is the set of all contours
(usual and interface) Ke PB(¢’(x)) and supp K;€ [a, b]. Suppose that
PB(pd'(x); [a, b])=U7_, K,. Then there exists a positive constant ¢
depending on the Hamiltonian (1) only, such that

n

Z YK >t Z |supp’ K|
i=1 i

i=1
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Proof. The proof coincides with the proof of Lemma 5.

Now we are ready to prove the following result.

Lemma 12. Suppose that the boundary conditions @(x)=[¢(x),
xe(—oo, —V—1]u[V+1, )] are fixed and N, > 6C,/t**. The set of all
configurations ¢(x), xe [ —V, V], we denote by &(V). Let ¢,,;.(x) e DP(K)
be a configuration with the minimal energy

H(pmn(x))= lim H(p(x)) (74)

p(x)e P(K)

Then the configuration ¢_,;,(x) has the following structure:

The restriction of the configuration ¢,(x) on the set [—V+ N,
V— N,] contains at most n,—1 contours; moreover, all of them are
interface contours IK;, i=1,..,m, where m<n,—1 and |supp IK,| <
3dyng+ Ny.

Proof. Let the boundary of the configuration ¢’(x) include a finite
number of ordinary contours K;, i=1,.., n, and a finite number of interface
contours IK;, i=n+1,..,n+m. The set of all contours of the boundary
conditions @(x) will be denoted by K,,.

The following equation is a direct consequence of the formulas (4)
and (5):

n+m n+m

H(p'(x))— H(g,(x))= Y, 7(K)+ Y G(Ko, Kyo, Koy ) (75)

i=1 Li=0i<j

where ¢, (x) coincides with a special ground state ¢.(x) (see Definition 3)
defined for the first from the left contour (ordinary or interface) K,
i=1,.,n+m, and the multiplier G(X,, K,,..., K, ,,) corresponds to the
interaction between contours (ordinary and interface) and with the
boundary conditions,

n+m
G(KOa Ky Kn+m): z G(Kia K_]) (76)
Lj=0ji<j
Let X;, i=i,,.., i,, be an arbitrary ordinary contour of the boundary
B. Then automatically a distance R; between supp K, and supp K is greater
than N,. Then according to Lemma 6

H(p'(x)) — H(p'(x)) =y(K) — |G(K;)| =0

where the configuration ¢‘(x) is obtained from the configuration ¢’(x) by
deleting of contour K.
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By continuing this procedure we get

by deleting of contours K,..., K, .
Let [K;, i=i,,,.1,4,] be a set of all interface contours of the
boundary B, such that the distance R, between supp K; and supp X is
greater than N,.
According to Lemma 11, upon deleting all interface contours except at
most ny— 1 (we have at most n, distinct regular phases which correspond

to n, distinct special ground states), we can obtain the configuration

del

(p :(pil ----- Ipyip 4 1semes ip+q,§(x)

such that
H(¢'(x))— H(e*")(x)>0

Further, let K, and K, be a contours with |[supp K,|>N,, i=1, 2,
such that supp Ky =1[a;,b,Julb,+1,¢,] and supp K,=[c;,a,—1]JuU
[a,,b,], where by = -~V + N, and a,=V—N,.

Then, according to Lemma 8§,

H(p*)— H(p*"")>0 (77)
where the configuration ¢%' is obtained from the configuration ¢
by deleting of contours K= (¢ ([h,+1,¢,], [by+1,¢,]) and K)=
(@*([er a2~ 11, [e3, a,—11).

The inequality (77) shows that a configuration with the minimal
energy contains at most ny—1 interface contours in the interval
[—V+ Ny, V—N,]. Let supp IK, be an interface contour of the configura-
tion @.,;,(x). According to Lemmas 10 and 6,

[supp IK,| < 3dyng+ N,

Therefore, there exists a configuration ¢9"? such that

H(g*"") — H(p*"?)>0 (78)
where the configuration ¢%"? is obtained from the configuration ¢! by
chopping of large interface contours (contour 7K, is said to be large if
[supp IK;| > 3dyn, + N,).

Lemma 12 is proved.
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By using Lemma 12 we shall give a full description of the set of all
ground states.

We know that each special ground state is a ground state (see
Remark 2).

Theorem 4. Let the value of the external field u of the model (1)
belong to the interval (u_, u}) for some number x = g/p=1/n,. Suppose
that ¢’'(x) is a ground state of the model (1). Then the configuration ¢’(x)
contains at most #,—1 interface contours IK; such that |supp IK;| <
3dyny+ N, < const.

Proof. Theorem 4 is a direct consequence of Lemma 12. Indeed, let
¢'(x) be a ground state of the model (1).

Let us consider an arbitrary segment [—V, V], and a boundary
condition §(x)=[@'(x), xe(—o0, —V—1]JU[V+1,w0)]. The set of
all configurations ¢(x), xe[—V, V], we denote by &(V). Suppose a
configuration ¢.,;,(x)e @(V) is a configuration with the minimal energy
[see (75)].

According to the definition of the ground state,) for each
xe[—V+N,, V=N,]

(pmin(x) = (D((X)

and the configuration ¢”(x) according to Lemma 12 has the required form
in the segment [ — V' + N,, VV— N, ]. Note that V' can be chosen arbitrarily
large. The proof of Theorem 4 is completed.

Theorem 4 shows that each ground state is a special ground state or
a combination of several special ground states.

3. GIBBS STATES. THE DENSITY k IS 1/n,

In this section we prove the uniqueness of the Gibbs states for special
values of the external field (when the density of the special ground state
is 1/ny). The general case will be considered in Section 4.

Suppose that the value of the external field u of the model (1) belongs
to the interval (u_, p.}) for some number x = ¢/p = 1/n,, and the boundary
conditions @(x)=[e(x), xe(—o0, —V—=1]JU[V+1, ov)] are fixed.

Let ¢p(x)e d(V) be an arbitrary configuration; the boundary of the
¢(x) includes a finite number of usual contours K,, i=1,..., n, and a finite
number of interface contours IK,, i=n+1,.,n+m. Let K;=K,, i=1,.., n,
and K;=1K;, i=n+1,.,n+m. The set of all contours of the boundary
conditions ¢(x) will be denoted by K.
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The statistical weights of contours and interface contours are

w(K;) =exp(—py(K;)) (79)
Let
H(p(x)| p(x))= —u Y o(x)
xeZlxel[—V,V]
+ Y Ulx—y) o(x) o(»)
x,yeZlix>yx,ye[— ¥V, V]
+ Y Ulx—y) o(x) ¢(»)
x,yeZlx> yxe [V, V];p¢ [~V V]
+ Y, U(x—y) ¢(x) o(y)

x,yeZlx>y;x¢[-V,V]ye [V, V]

The following equation is a direct consequence of the formulas (4),
(5), and (79):

n+m

exp{ ~BH(¢p(x)|(x))} = [] w(K)) exp{—BG(Ko, Ky,-.. K,i )} (80)

i=1

where the multiplier G(X,, K,,..., K, ,.) corresponds to the interaction
between contours [usual and interface; see (42)-(48)] and with the
boundary conditions @(x):

G(Ko, Kyor Kyom)= 3. G(Kyy K)
B D YRR (81)

Lii<j (x p)elnt(K;, K;)

For simplicity, K, i=1,.., n+m, will be denoted by K,, iel, where
the statistical weights are defined by the formulas (79), (4), and (5). Thus,
the formula (80) has the form

exp{ —BH(p(x)| (x))} =[] w(K,) exp{ —BG(Ko, Ky Ky )} (82)

iel
The set of all pairs (x, y) in the double sum (81) will be denoted
by G. Write (82) as follows:

exp{ —fH(p(x)| p(x))} = [T w(K)) I {1+exp(=Bf(x,y)—1)} (83)

iel (x,y)eG

From (83) we get
exp{ —BH(p(x)|p(x))} = } []w(K) I1 glx, y)  (84)

G'<=G iel (x, y)e G flx, y) #0

822/72/3-4-13
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where the summation is taken over all subsets G’ (including the empty set)
of the set G, and g(x, y)=exp(—Bf(x, y))— 1.

Consider an arbitrary term of the sum (84), which corresponds to the
subset G' = G. Let the bond (x, y)eG'. Below, contours and interface
contours will be called contours. Consider the set K of all contours such
that for each contour K< K, the set supp K (x v y) contains one point.
We call any two contours from K connected. The set of contours K’ is
called G’ connected if for any two contours K, and K, there exists a collec-
tion (K, =K,, K,,.., K,=K,) such that any two contours K; and K, ,,
i=1,.,n—1, are connected by some bond (x, y)e G".

Definition 4. The pair D= [(K,, i=1,.., 5); G'], where G’ is some
set of bonds, is called a cluster provided there exists a configuration ¢(x)
such that K;e PB(¢p(x)), i=1,.., 5s; G’ = G; and the set (K;, i=1,..,5) is G’
connected. The statistical weight of a cluster D is defined by the formula

5

wD)=[] wK) [] slx ) (85)

i=1 (x, y)e G’

Two clusters D, and D, are called compatible provided any two
contours K, and K, belonging to D, and D,, respectively, are compatible
and not connected. A set of clusters is called compatible provided any two
clusters of it are compatible.

If D=[(K;, i=1,..,5s); G'], then we say that K,e D, i=1,.., 5.

Lemma 13. Let boundary conditions p(x)=[¢(x), xe (—o0, -V -1]uU
[V+1, o0)] be fixed.

If [D,,.,D,] is a compatible set of clusters and |J7_, supp D;c
[ =V, V1, then there exists a configuration ¢(x) which contains this set of
clusters. For each configuration ¢(x) we have

exp{—BH(o(x)|(x))} = Y []w(D)

G =G

where the clusters D, are completely determined by the set G’. The
partition function is

E(@(x)) =2 w(Dy)---w(D,,)

where the summation is taken over all nonordered compatible collections
of clusters.

Proof. The proof of Lemma 13 follows immediately from the definitions.
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Fig. 1.

Lemma 13 shows that we come to noninteracting clusters from inter-
acting contours. Figure la shows contours K; and /K, of a configuration
¢o(x) and Fig. 1b shows a cluster (one of many) corresponding to these
contours.

Lemma 14. let D=[(K,, i=1,.,5); G'] be an arbitrary cluster.
Let supp’ D=Y35_, supp' K; and 1, = 5¢/6, where ¢ is the constant defined
in Lemma 5. Then

w(D) < exp(—pt, |supp' D)

Proof. This lemma follows from Lemmas 5 and 6. Indeed,

5

wD)=[] wk) [] g(x )

i=1 (x,y)eqG’
<[] exp(—Brisupp' Kil) [] &(x y)
i=1 (x,y)eG’
< [ exp(—ptlsupp' Kil) [T exp(IBf(x, »)I)
i=1 (x,y)eG’
<expl-f 3 tluwpp'KI+ T BIfn
i=1 (x,y)e G’

<exp(—S5pt |supp' D|/6)

Lemma 14 is proved.

Lemma 15. Suppose that the value of the external field p of the
model (1) belongs to the interval (u_, p}) for some number k = g/p = 1/n,
and boundary conditions @(x)=[¢(x), xe(—o, —V—-11U[V+1, c0)]
are fixed.

In the proof of Lemma 12 we have defined a configuration ¢ for
each configuration ¢(x)e @(V). Let us consider the set of all configurations
0%%(x). According to Lemma 12 (a boundary of each configuration
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@%?(x) contains at most n,—1 interface contours and two contours
around the boundary),

max |B((Pdel’2(x))| < (3dong+ Np)ne+1)=J,

Let J=J1+Nb(n0+ 1)
Let D be an arbitrary cluster, such that |supp D| > J.
Then the probability of the cluster D is given by

P(D)<w(D)exp(p1,J) <exp{—pt,(|supp D| — J)/3N, } (86)

Proof. We prove this lemma by using the method of the Peierls
argument.
According to the definition, the probability of D is

2 w(D) w(D,y) -+ w(Dy)

P(D)= Z0) (87)

where w(D)=TT%_, w(D,), and the summation in }.' is taken over all
nonordered compatible collections D, Dy,..., D, of clusters containing D.
The partition function is

E(V)=Y w(Dy)--w(D,)

where the summation is taken over all nonordered compatible collections
of clusters.

Let us consider an arbitrary term w(D) w(D,)---w(D,,)= Zj’. from the
numerator of (87).

According to Lemma 13, there exists a configuration ¢’(x) such that
De B(¢'(x)), D;e B(o(x)), i=1,..,m.

Let us consider the configuration ¢¢"*(x) corresponding to the
configuration ¢’(x) (see the proof of Lemma 12). Let

supp D = supp D n B(¢{*(x))
and

D = (¢'(supp D), supp D) (88)

In the denominator of (87) obviously there is the same term Z]l..
Consider the following expression:

Z;=w(D)w(D)---w(D,,) (89)
where w(D) is defined as (85).
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Figure 2a shows a collection of clusters corresponding to the term
zZ ‘-w(D)w(D )yw(D,), Fig.2b shows a contours of the configuration

qode‘z(x) and Fig. 2c shows a collection of clusters corresponding to the
term Z}.

Now consider the ratio
Z}/Z;=w(D) w(D;)---w(D,,)fw(D) w(D;)---w(D,,) = w(D)/w(D)
According to Lemmas 6-8 (note that |supp D| > [supp' D| 3N,),
w(D)/w(D) <exp{ —Bty(|supp D — | B(g{2(x))| = Ny(ro + 1))/3N,}
<exp{ ~Bt;(|supp D| —J, — Ny(no +1))/N, }
=exp{ —pt,(Isupp D| = J)/N, }
Finally,
Z}|Z; < exp{ —pt,(Isupp D| — J)/N,} (90)
Now we are ready to complete the proof. Indeed,
2 w(D) w(D,)---w(Dy)
E(V)

=ZETZ)1 Zzzl<exp{ — Bt,(Jsupp D| —J)}

P(D)=

where the last inequality is fulfilled due to the inequality (90).
Lemma 15 is proved.

Lemma 16. Suppose that the value of the external field u of the
model (1) belongs to the interval (u_, u ) for some number k = g/p = 1/n,,
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and boundary conditions ¢(x)={¢(x), xe(—o0, = V—-1]JU[V+1, w0)]
are fixed.

Then for any large enough f there exists N, = N,(f), such that, for an
arbitrary cluster D such that supp De[—V, V]

F(D)= ) w(D)<exp(—pt,|supp' D|) (91)

D:D=D
where ¢, =1,/3.

Proof. Let D be an arbitrary cluster containing K: Ke D. We say
that a contour K'e D is a neighbor of the first order of a contour K in a
cluster D and write K’ < K provided K’ and K are connected (see Defini-
tion 3). A contour K” is called a neighbor of the gth order for a contour
K provided K< K, < --- < K, ;> K" and there are no such diagrams
with fever arrows. Therefore, with a fixed contour Ke D, all the other con-
tours of a given cluster D are divided into nonintersecting classes indicated
by the integers 1,.., p of contours that are neighbors of the gth order for
the contour K, ¢ = 1,..., p(D, K). The number p(D, K} is called the order of
the cluster D with respect to the contour K. The contours that are
neighbors of gth order of a fixed contour K will be denoted by K (K).

Besides the weight w(K) [see (79)] we introduce the new weight

w.(K)=w(K) exp(fc |supp’ K1) (92)
According to Lemma 5,
w.(K) <exp{—pB(t, — c) supp' K}

First we prove the following inequality:

FY(K)= D wD)w (K') I g(x )

D:D=((K,K');G") (x,y)eG’
<exp{—p(t, —c)supp' K} (93)
It can be shown that

FYE)<wE) [T
where
M= TI {1+ ) Ig(x,y)l(1+Qc)}
xesupp K y: dist(y,supp K) > Ny

Q= Y wiK)

K:yesupp K
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Now note that

Q. <1 (94)
if
B(t, —¢)/3N,>2In2+1 (95)
In fact,
Q. <Y ) exp{ —B(t, — c)(Isupp’ K|)}

m=1 K:yesupp K;|supp K| =m

According to Definition 2, |supp’ K| = |supp K|/3N,, and

VAN
18

Q. m2™ exp{ — p(t, — c)(m/3N,)}

m=1

< Y exp{—(B(t;—¢)3N, — (In 2+ 1))m}

m=1

<2exp{—(p(t,—¢c)3N,—(In2+1))} <1

8

Now we estimate the product [T
By using (94), we have

M< 1 fiv T 2ten)

xesupp K y: dist( y,supp K) > Np

<exp{ Y 1n<1+ Y 2g(x, J’)|>}

xesupp K y:dist{ y,supp K) > Np

<exp{ Y Y 28|(X’J’)|}

xesupp K y:dist(y,supp K)> N,

Therefore,

Fl(K)sw(Kmlsw(D)exp{ Y, Y 2 g(x, y);}
xesupp K y:dist{y,supp K)> Np

Note that

|g(x, p)| =lexp{—Bf(x, y)} 11 <28 | f(x, y)]

when

Bl1flx y)<1 (96)



608 Kerimov

Finally.
PR <R ep] 3 S apiseo
xesupp K y:dist(y,supp D)> Ny

<w(K) exp(4f |G(D)I)
<exp(—pt, Isupp' K1/3)

The last inequality follows from Lemma 14.

Therefore inequality (93) is fulfilled with ¢ =2¢/3 when the conditions
(95) and (96) hold.

Let D=[(K;, i=1,.,5);G’]. Now by induction on the order of a
cluster and employing (93), we obtain the following inequality:

F(D)= % w(D)

5

<[Iwdk) [l s&lx )

i=1 {x,y)e G’
=exp(fec [supp' DI) [[ w(K)) [I &lx »)
i=1 (x, y)eG’
<exp(fc [supp’ D|) exp(—Bt; [supp' DI)
The last inequality follows from Lemma 14.
Finally,
F(D)<exp(—t,f |supp' D|/6)

Lemma 16 is proved.

Lemma 17. Suppose that the value of the external field u of the
model (1) belongs to the interval (u,, u ) for some number k = g/p = 1/n,,
and boundary conditions @(x)=[¢(x), xe(—o0, ~V—1]JU[V+1, w©)]
are fixed. '

Then for any B large enough there exists N, = N,(f) such that for an
arbitrary subset Y of the segment [ —V, V] such that |Y]>4J (J is a
constant defined in Lemma 15), we have the probability

P(A,)=P(Y does not contain any segment [a, b],
such that ¢([a, b]) is a regular phase
<exp{—pt;(1Y|/4—J)} (97)

where 1, =1¢,/6N,. |



Absence of Phase Transitions in 1D AF Models 609

Proof. According to the definitions,

P(Ay)= Y Plox)= 3 P(D)

@(x)e d(V) D:YcsuppDand D=D

Suppose that Y= Ji_, ¥,, where Y,, i= 1,..., 5, are segments such that
dist(Y,, Y,)> N,. Then

PAyS Y S'PD)= Y Sm,,.,m,)

where the sum ' is taken over all the clusters D: K, <D, i=1,.,s;
Y,c K;; [supp Ki| = | Y| +m,.
According to Lemma 15,

P(D) <w(D) exp(pt,J) <exp{ —Bt,(|supp D| — J)/3N,}
Therefore,
S(m, ..., my) < exp(Bt; J/3N,) Y w(D)
Now note that |supp’ D| > |supp D|/3N,, there are at most 2!Yi+m
contours with |supp K;| =|Y,| +m,, and the distance between the left end

of the contour K; and the set Y is not greater than m;. By using inequality
(91) from Lemma 16, we get

S(m, ..., my) <exp(Bt, J/3N,) [T 2™m; exp{ — Bto(| Y.l +m,)/3N,}
i=1

=exp(pt,J/3N,) exp{ —pt,(| Y] + m)/3N, + m(In 2 + 1)}

Finaily,

<exp(BIAN,) [T S 27m, exp{ —Bir(| ¥ +mp)/3N, )

i=1 m=1

<exp(Bt,J/3N,) [] exp(— Bty | Y|/3N, +3)

<exp(Bt;J/3N,) exp(—Bt, | Y|/3N, +3 | ¥])
<exp{—pt,(|Y|/4—J)/3N,} exp(—Bt, | Y|/6N, +3 | Y])
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if
Bto/3N,>1n2 +1
Finally,
P(Ay) <exp{—Bt,(|Y|/4—J)/3N,}
if
Bt,> 18N, (98)

Lemma 17 is proved.

Lemma 17 allows us to describe the set of all typical configurations of
the model (1) at low temperatures.

Now we have completed the proofs of all preliminary lemmas and
hence pass to the proof of the uniqueness of the Gibbs states.

4. UNIQUENESS OF THE GIBBS STATES.
THE DENSITY x IS 1/n,

In this section we prove the following result.

Theorem 5. Suppose that the value of the external field u of the
model (1) belongs to the interval (p_, u}) for some number k= g/p = 1/n,.

Then the model (1) has a unique Gibbs state at all sufficiently small
values of temperature [ ! < const(y, U(x))].

First we prove the following key lemma.

Let P! and P? be two Gibbs states of the model (1) corresponding to
the boundary conditions ¢'(x) and ¢*(x), respectively.

Lemma 18. Suppose that the value of the external field u of the
model (1) belongs to the interval (x4, u}) for some number k =g/p = 1/n,.

Then the measures P! and P? are absolutely continuous with respect
to each other.

Proof. Let I=[a,b] be an arbitrary segment and ¢’(J) be an
arbitrary configuration. In order to prove the lemma, we show that there
exist two positive constants s and S not depending on I and ¢’(f) such that

s<PU(e'(D) : PHo' (1)< S (99)

Let P., and P3% be Gibbs measures corresponding to the boundary
conditions ¢'(x) and ¢?*(x), xeZ' —1I, respectively, where Iy=(—o0,
—N—1JU[N+1, + )
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By assumption,

lim Py,=P'  and lim P%=P*

N—-w® N -

where we consider a weak convergence of probability measures.

In order to establish the inequality (99), it will be shown that for each
fixed interval I, /< [ — M, M], there exists number Ny(M), which depends
on M only, such that

s<Pu(e'(D) : Pi(o'(1)<S (100)
if N> N,.
Consider
o _Z¢(1N):<p(1)=zp'(1)exp{_ﬁH((P(INH(pl(x))}
P ) == exp (= BH (oI 9 ()]
_ E(Iy—119'(x), 9'(J))
pr"(n E(Iy—1I| Q’l(x), ¢"(I))

where Z(I,—I|@'(x), ¢"(I)) denotes the partition corresponding to the
boundary conditions ¢'(x), xe Z' — I, and ¢'(I), xe I

We can express P3(¢’'(I)) in just the same way.

In order to prove the inequality (100), it is enough to show that

IG(o(I), N, ¢'(x))| = ) |/, i<, i=1,2 (101)

(x, y)eInt(£,Z! — Iy)
and

1 _EUy—Ie'(x) @"(D) EUy—1¢*(x) ¢"())

ST E(Iy—Ilg'(x), (D) EIy—1I¢*(x), ¢'(])

for arbitrary ¢"(1).
If the inequalities (101) and (102) hold, then

Pr(e'(1) 1 Pi(e'(D)

_1- (Zwu) E(ly—Ile'(x), ¢"()) Tpriny Uy — 11 9*(x), q)”(l)))
N\ EUy-Ie'(x)L o' (D)) T Ely—119%(x), ¢'(]))

_ 1. Bew EUN 1] o'(x), ¢"(I))) E(Iy — 11 9*(x), ¢'(]))
(i Ely =11 9%(x), @' (1)) EIy — Il @'(x), ¢'(])

Therefore,

L)
S

1:1/s<PL(e'(D): PL(o'(I))<1:1/S
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since the quotient of >7_,a,:37_, b, lies between min(a,/b;) and
max(a,;/b,).

The inequality (101) easily follows from Lemma 4. Indeed, according
to Lemma 4,

|G(o(I), N, ¢'(x))| <C, |IN—-M|*M'~*

and hence for each fixed M there exists N, such that if N> N, then
|G(o(IK), N, ¢'(x))| <1.

Thus, for completing the proof of Lemma 18, we have to prove the
following inequality [which is just the transformed inequality (102)]:

LSy~ 110'(0), ¢"(1) Sy~ 11 9*(x), ¢'() _E+E> _1
/\s

ST E(Iy—1l9*(x), o' (D) E(Iy—1I1¢'(x), ¢'(D) E*"E*

(103)

Consider one of the four partition functions from the previous
inequality, say Z"’. According to Lemma 13,

b=Y WD) w(Dy)

[&]

where the summation in Y% is taken over all nonordered compatible
collections of clusters [P}’ ... DL, U™ supp D}’ = Iy—1I correspond-
ing to the boundary conditions ¢'(x), xeZ' — I, and ¢'(x), xe L

A cluster D=[(K;, i=1,.,r); G'] of the above sum is said to be
long if the diameter of the set (\J7_,supp D,)uG’ is greater than
(N—M—N,)/2 (N, is defined in Definition 2) and the set

«G SuPP Df) v G’) N ((Z =1y o)

is not empty.

Lemma 19. Let 4, and 4, be positive constants such that 0 <4, <
1 < h,. Then for each fixed interval I, I« [ — M, M], there exists a number
No(M), which depends on M only, such that if N> N,

El,/ — hl,/ Z W(Dll”) . W(Drln,/) =h1,15é,/
hy<hb'<h,
where the summation is taken over all nonlong, nonordered compatible

collections of clusters [D}'---DL'], U7, supp D}’ =Iy— I, correspond-
ing to the boundary conditions ¢'(x), xe Z' — I, and ¢'(x), xel.
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Proof. Let X(I, ¢'(x), N,M)=) w(D), where the summation is
taken over all long clusters D [hence the length of each cluster is greater
than (N— M — N,)/2]. We can repeat the arguments used in the proof of
Lemma 4 and prove the following inequality:

InX<|I|I'"*(N=M~N,)2)*

and by choosing sufficiently large N to prove Lemma 19.
But we prefer another way. From the proof of Lemma 16 [see (91)]
it is known that for each fixed M

nX(I @'(x), N, M) < const

IIMS

Therefore, imy 4y, o In X(Z, ¢'(x), N, M)=0 and hence for each
M and A, h, (0<h, <1 <h,) there exists N, such that

hl <X(15 (Pl(x)7 Na M) <h2
if N> N,.
Now we can complete the proof. In fact,

1,7 (EI,//EI/ hl /;71/

Fond
=
— =

Consider A" =Z""/57".

Note that if [D}'---D)’] is some term of the sum in the
denominator, then the sum of all terms from the numerator including
[D,---D,] is less than w(D,)---w(D,,) X(I, ¢'(x), N, M). Therefore,

hy <h“' <h,

Lemma 19 is proved.
According to Lemma 19,

El,rzhl,/gé,/, El,r/:hl,lrEI,u 52":}12”5%’,, =2t hz,/,E(;)z,//
where
1, 1, 2, 2,
hi<h>' <h,, h<h"'"<h,, hy<h™ < h,, h <h>"<h,

Therefore, the validity of inequality (103) with
Vs=Qyh3/hi,  1/S=Q hi/h;

directly follows from the following result.
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Lemma 20. For each fixed interval I, I« [ — M, M ] there exists a
number Ny(M) such that if N> Ny,(M)

fd 2,
0,1<Zm=5<0s
- 4]
where the two positive constants @, and @, do not depend on ¢'(I), ¢"(I),

@'(x), and @*(x).
Proof. Consider =

5 M

Z2’. By definition and according to Lemma 13,
=12 1Ln 2,1 ” ” ’ ’
ELrEa =Y Y w(DE") - w(Ds") WD) - w(DE)

where the summation in }.*” is taken over all nonlong, nonordered com-
patible collections of clusters [Dl”-.-D} ”] ur, supp Dl eIy -1,
corresponding to the boundary conditions ¢'(x), xe Z' — I, and ¢"(x),
xel, and the summation in Y%’ is taken over all nonlong, nonordered
compatible collections of clusters [D¥'---D2’], \U*_, supp D?' < 1,—1,
corresponding to the boundary conditions ¢?*(x), xe Z! — I, and ¢'(x),
xel
In just the same way we get

EZ,NEL,/ 222,/1 Zl,/ W(D%” W(DZ N) W(Dll,') . W(Dnl,/)

The sketch of the proof is the following. Let £%"E =33 w(D,) - - - w(D;)
and E2"EY =¥Y* w(D,)---w(D,), where 3° =317 Zz “and Y4=32%" 1,

We define a sub-sum 3° = Y'? and a sub-sum ¥ = 3 and put one-to-
one correspondence between 3° — 3° and 3 *— 3¢ and prove that 3° and
35 are negligible.

| e | ==
D_.; DG I DS
o s LN T — T\

| IR | me— 1 T —
] D, D
et et —
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A cluster D=[(K,, i=1,..,r); G'] is said to be basic if the set

<<G supp D,-> U G’) N(Z'-Iy)ul)

is not empty. In Fig. 3 all clusters are basic.
Let

U=w(Dy)- WD, }=w(Dy")---w(D,;") w(D}')-

be some term of Y. Consider W=7, D}"
the set of all clusters of the term w(D,)--

(D}

¥_. D}’ [note that W is
-w(D,)] and four subsets of W:

W = |iD’ =[(Kpyi=1,.,r);G'TeE?"

k
<< () supp D,-) U G’) n{is not empty}
i=1

W”=[D”=[(K,-,i—1 ;G leEL":

<< {J supp D,-) v G’) ~ Iis not empty]
i=1

Wl:l:D1=[(Kiai_1a ’r) GJEMIH‘

<< () supp D,-> U G’) N (Z'—1I,)is not empty]
i=1

W2=[:D2=[(K,-,i=1,. Lr);G'les?

(( {J supp D,-) U G’) N (Z'—1,)is not empty}
i=1

Note that the subsets W', W”, W', and W? contain only basic clusters

and their union contains all basic clusters of the term U.
Let

w(D,) - w(Dyy )= Aw(Dy") - w(D") w(DP") -

be some term of Y. Consider W ={J!_, Di" (J”_, D¥’ [note that W is the
set of all clusters of the term w(D,)---w(D,.,)]. In just the same way we
can define four subsets of W.

< w(DE")
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Consider a term U=w(D,)---w(D,)eY* containing only basic
clusters. By definition, (J*_, D, can be represented as (Ji_, D=
( ,_lD,)u(U, i1 D), where the clusters U7, D,=W'u W’ and

a1 D= WIOW"

From the definition of nonlong clusters and W', W”, W', and W? it
casily follows that there exists the same term U'=w(D,)---w(D,)e¥*
such that J*_, D,= (U7, D) v (Uf. m+lD) wheretheclusters U, D;=
wW'uW and Ut_,, . D,=W U W"

Figure 3 shows four collections of clusters, COL,= [Dl1 ”, Dy,
DL" D1, COL,=[D%',D%',D%,D3'], COL,=[D}",D}',D}", D} 1
COL,[D%",D?",D}",D3"]. Two coincident terms U=U'= 8_1 w(D;)
belonging to the sums >* and Y°* are constructed the by union of the
collections COL,, COL, and COL,, COL,, respectively.

We see that we easily can put a one-to-one correspondence between
terms UeY® and U’ e * containing only basic clusters.

Consider the term

U=w(D;)---w(Di) WDy 4 1) w(D,) €Y

containing basic clusters D, --- D, and not basic clusters D, _,---D,.
Now we have two cases:

1. There exists a term
U'=w(D,) - w(D) wDy ) w(D,) ey’

coinciding with the term UeY .
2. There is no term

U'=w(D,)--w(D) WDy, y)---w(D,) ey’

coinciding with the term Ue Y *.

Let 3°° be te set of all terms Ue Y* belonging to the second case. By
the same way we define the set Y=Y %

It can be easily shown that in the second case the union of supports
of all clusters contains at least a support of one long cluster (moreover, the
diameter of this cluster is greater than N — M).

Now note that

> Y-

Ql\zfl 24 26

<0,
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Proof of the last inequality almost coincides with the proof of
Lemma 19 and is omitted (the only difference is the existence of over-
lapping clusters in 3°° and Y°°).

Lemma 20, and hence Lemma 18, are proved.

Let P! and P? be two different extreme Gibbs states of the model (1)
corresponding to the boundary conditions ¢'(x) and ¢*(x), respectively.

Theorem 6.7 P! and P? are singular or coincide.

Proof of Theorem 5. Let P! and P? be two different extreme Gibbs
states of the model (1) corresponding to the boundary conditions ¢'(x)
and ¢@?(x), respectively. According to Lemma 18, P! and P? are not
singular. Therefore, according to Theorem 6, P! and P? coincide, which
contradicts the assumption. Theorem 5 is proved.

5. GROUND AND GIBBS STATES. THE DENSITY IS RATIONAL

In this section we generalize the obtained results for all rational values
of the density.

Suppose that the value of the external field u of the model {1) belongs
to the interval (u_, p.}) for some number k =g/p = [ny, 1y, B, 1.

The notions of the contour and interface contour are defined in
Definitions 2 and 3. Now we show the validity of the important Lemma 1.

Proof of Lemma 1 for an arbitrary rational value of the density of the
ground state.

1. Suppose that

Y (@(x)= @y n(x))=0

xesupp K

This implies that the perturbation ¢(x) is obtained by shifting of some
particles only.

By making use of Theorem 2 it can be easily shown that in this case
the inequality

H(¢'(x))— H(¢@,,(x)) >t |supp PB|
is fulfilled with

1=(U(p—1)+U(p+1)—-2U(p))o
@=(L—dyp):2L(dy+1)p

822/72/3-4-14
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2. Suppose that

xesupp K

Let the density of the configuration ¢’(x), x e supp K, be x and the reci-
procal of the density be #. Let #=[#,,.., n,], where n, is not necessarily
integer. By assumption there exists an index k, 1 <k <s, such that n,=1#;
for i=0,.., k—1 and n, ##n,. In this case we divide the proof into six cases.

Case 2a. np+1<1n,.

Case 2b. ny+1—e<np.<ng+1.
Case 2c. npy<n.<n+1—¢
Case 2d. n.<n,—1.

Case 2e. n—1l<p,<n,—1+0.
Case 2f. n,—1+d<n,<ng.

The last part of the proof is analogous to the proof of Lemma 1 for the
special case of k = g/p=1/n, and will be omitted.

Now we can generalize all obtained results for an arbitrary rational
value of the density. Thus, Theorem 4 holds for all rational densities;
Theorem 3 is proved.

6. CONCLUSIONS
Thus we have proved that model (1) has a unique Gibbs state.

Theorem 7.2 Every Gibbs state of the model (1), P, is translation
invariant.

Note that our proof of Theorem 3 imposes on the value of the inverse
temperature a very inconvenient condition, > B [see (98)], where

lim B =0 (104)

P x

where p is the period of the special ground states.

This condition is unnatural. In fact, consider two values of the external
field, say p; and u,, with corresponding reciprocal densities of the special
ground states k, =n, and k,=n,+ 1/n, and critical temperatures ¢ and
B5. Suppose that n, — co. In this case we are faced with an unnatural
situation: 5 — co while x, - x; and B is fixed.

The reason for this situation is the following fact: the Peierls constant
t (see Lemma 1) for the special ground state in this case tends to zero when
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n, — 0. Correctness of the last fact can be easily shown directly from the
construction of the special ground state. Indeed,

@(ng, ny)= . 0..010..01 ..0..010..010..01 .. 0...01

ng+1 np no no+ 1 ng 1o

e~ P
ny— 1 times n1 — 1 times
x0..010...01..0..01..
—— ———
g+ 1 ng no
I

ny — 1 times

Let us consider the following perturbation of the ¢(n,, n,):

@'(ng,n;)= ..0..010..01 ..0..010..010..010..01 .. 0..01

np+1 ng no ng no+ 1 ny ny

" e
n;— 1 times ny — 2 times
x0..010..01 ..0..01...
e — ~———
np+1 1) ny
"

ny — 1 times

which is obtained from the configuration ¢(n,, #;) by interchanging two
blocks (these blocks are noted above by an overbar).
Now note that

AH = H('(ny, n,)) — H(p(ny, n,)) < const(nyn,) >~ *

and therefore AH — 0 when n, - 0.

By modification of this construction we can obtain an example where
there exists an unbounded perturbation with bounded loss of energy when
ny— 0.

Inequality (104) does not allow us to generalize Theorem 3 for the
irrational values of the density.

But we think that Theorem 3 is valid for irrational values of the
density, too. To establish this fact one needs to improve the proof of
Theorem 3 (actually, to improve the definition of a precontour).
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