EXTENSION OPERATORS FOR SPACES OF
INFINITELY DIFFERENTIABLE
FUNCTIONS

A DISSERTATION SUBMITTED TO
THE DEPARTMENT OF MATHEMATICS
AND THE INSTITUTE OF ENGINEERING AND SCIENCE
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

By
Muhammed Altun
September, 2005



I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a dissertation for the degree of doctor of philosophy.

Assist. Prof. Dr. Alexander Goncharov (Supervisor)

I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a dissertation for the degree of doctor of philosophy.

Prof. Dr. Zafer Nurlu

I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a dissertation for the degree of doctor of philosophy.

Prof. Dr. Mefharet Kocatepe

1



I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a dissertation for the degree of doctor of philosophy.

Assoc. Prof. Dr. H. Turgay Kaptanoglu

I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a dissertation for the degree of doctor of philosophy.

Assist. Prof. Dr. Aurelian Gheondea

Approved for the Institute of Engineering and Science:

Prof. Dr. Mehmet B. Baray
Director of the Institute

11



ABSTRACT

EXTENSION OPERATORS FOR SPACES OF
INFINITELY DIFFERENTIABLE FUNCTIONS

Muhammed Altun
Ph.D. in Mathematics

Supervisor: Assist. Prof. Dr. Alexander Goncharov
September, 2005

We start with a review of known linear continuous extension operators for the
spaces of Whitney functions. The most general approach belongs to Pawtucki and
Pleéniak. Their operator is continuous provided that the compact set, where the
functions are defined, has Markov property. In this work, we examine some model
compact sets having no Markov property, but where a linear continuous exten-
sion operator exists for the space of Whitney functions given on these sets. Using
local interpolation of Whitney functions we can generalize the Pawlucki-Plesniak
extension operator. We also give an upper bound for the Green function of do-
mains complementary to generalized Cantor-type sets, where the Green function
does not have the Holder continuity property. And, for spaces of Whitney func-
tions given on multidimensional Cantor-type sets, we give the conditions for the

existence and non-existence of a linear continuous extension operator.

Keywords: Extension operator, Green function, Markov inequality, infinitely dif-
ferentiable functions, polynomial interpolation.
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OZET

SONSUZ TUREVLENEBILIR FONKSIYON UZAYLARI
ICIN GENISLETME OPERATORLERI

Muhammed Altun
Matematik Boliimi, Doktora

Tez Yoneticisi: Yard. Dog. Dr. Alexander Goncharov
Eyliil, 2005

Whitney fonksiyon uzaylari icin tiretilmis, simdiye kadar bilinen lineer, stirekli
genigletme operatorleri ile ilgili bir inceleme vererek bagladik. Bu operatorler
arasinda en genel olan operator Pawtucki ve Plesniak’a ait olamidir. Pawtucki-
Plesniak operatoriiniin stirekli olmasi, kompakt kiimenin Markov 6zelligine sahip
olmasina baglidir. Ondan dolay1 bu caligmada, Markov 6zelliginin olmadig,
fakat bu kiimelerde tanimlanmig Whitney fonksiyon uzaylar: igin lineer, stirekli
bir genigletme operatoriiniin var oldugu, bazi model kompakt kiimeleri in-
celedik. Whitney fonksiyonlarinin polinomlarla lokal interpolasyonunu kulla-
narak, Pawtucki-Plesniak genigletme operatoriinii genellegtirdik. Ayrica, Green
fonksiyonunun Holder siireklilik 6zelligini saglamadigi bazi genellestirilmig Cantor
kiimeleri i¢in Green fonksiyonuna iistten sinirlandirma yaptik. Son olarak, ¢ok
boyutlu Cantor kiimelerinde tanimlanmig Whitney fonksiyon uzaylarinda, lineer,
stirekli bir genigletme operatoriiniin var olma ve olmama durumlar icin gerekli

sartlar1 verdik.

Anahtar sozciikler: Genigletme operatorii, Green fonksiyonu, Markov esitsizligi,

sonsuz tiirevlenebilir fonksiyonlar, polinom interpolasyonu.
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Chapter 1
Introduction

Let U be an open set of R". We denote by £ (U) (respectively £(U)) the algebra
of m times continuously differentiable (respectively infinitely differentiable) func-
tions in U, with the topology of uniform convergence of functions and all their
partial derivatives on compact subsets of U. This is the topology defined by the
seminorms

okl f
1 Zsup{| 9k (x)]:x € K, |k gm}7

where K is a compact subset of U (and m runs through N in the C'* case). Here
x = (21, ...,x,), k denotes a multiindex k = (ky,....k,) € N |k| = ki + ... + kp,

and

BIL RILd
Oz Oakr..Oakn’
1 e n
We will sometimes use m for either a nonnegative integer or +oco and write

g£r(U) =€)

When is a function f, defined in a closed subset X of R", the restriction of
a C™ function in R™ ([48],[49])? And when can we extend the function f in a
continuous linear way? The existence of an extension operator in the C'* case

was first proved by Mityagin [28] and Seeley [38].

Let £™([0,00)) denote the space of continuous functions g in [0, co) such that

g is C™ in (0,00) and all derivatives of g|(0,00) extend continuously to [0, 00).
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Then £™(]0,00)) has the structure of a Frechet space defined by the seminorms

1915 = sup{|g™) (y)| : y € K, k| < m},

where K is a compact subset of [0,00) (and m runs through N in the C* case),
and where ¢g*) denotes the continuation of (d*/dy*)(g|(0, 00)) to [0, c0).

The following theorem gives the extension operator for the half space [0, 00),
and from the proof we can see how the problem gets complicated when we pass

from finite m to the case m = oo.

Theorem 1.1 There is a continuous linear extension operator
E:E™([0,00)) — £™(R)

such that E(g)|[0,00) = g for all g € £™(]0,0)).

Proof: Our problem is to define E(g)(y) when y < 0. If m = 0 we can define
E(g)(y) by reflection in the origin : E(g)(y) = g(—y),y < 0. If m = 1 we can

use a weighted sum of reflections. Consider

E(9)(y) = a19(bry) + aag(bay), y <0

Where by,by < 0. Then E(g) determines a C' extension of g provided that the
limiting values of E(g)(y) and E(g)'(y) agree with those of g(—y) and ¢'(—y) as

y — 0— ; in other words if

a1+a2:1

albl + a2b2 =1

For distinct by, bs < 0 these equations have a unique solution ay, as.This extension
is due to Lichtenstein [24].

Hestenes [21] remarked that the same technique works for any m < oo :
a weighted sum of m reflections leads to solving a system of linear equations

determined by a Vandermonde matrix.
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If m = oo, we can use an infinite sum of reflections [38]:

E(g)(y) =Y axd(bry)g(bey), y <0,

where {ay}, {bx} are sequences satisfying

(1) b <0,b — —0c0 as k — o0;

(2) Z lag||bk|" < 0o forall n > 0;
k=1

(3) Zakbz =1 forall n>0
k=1
and ¢ is a C* function such that ¢(y) =1if 0 <y <1 and ¢(y) =0if y > 2.
In fact condition (1) guarantees that the sum is finite for each y < 0. Condition
(2) shows that all derivatives converge as y — 0— uniformly in each bounded
set, and (3) shows that the limits agree with those of the derivatives of g(y) as

y — 04. The continuity of the extension operator also follows from (2).

It is easy to choose sequences {ay}, {bx} satisfying the above conditions. We
can take b, = —2* and choose a;, using a theorem of Mittag Leffler : there exists
an entire function Y ;7 ay2" taking arbitrary values (here (—1)") for a sequence
of distinct points (here 2") provided that the sequence does not have a finite

accumulation point. O

It is clear that Seeley’s extension operator actually provides a simultaneous

extension of all classes of differentiability.

Mitiagin [28] presented an extension operator for a closed interval in R. Mi-
tiagin in his work proved the fact that the Chebyshev Polynomials T, (z) =
cos(ncos ' ) form a basis in the space C*[—1,1] i.e., for ¥(t) € C>[-1,1]

and

1 [P ¥(z)cos(ncos™! )
fn__/_l V1— 22 d

7

we have that

U(z) = &Tu(x) in C*[-1,1].
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A linear transformation of the argument sets up an isomorphism between the
spaces C*°[—1,1] and C*[a,b], —00 < a,b < oo ; therefore the correspondingly

transformed Chebishev polynomials form a basis in the space C*[a, b].

Mitiagin constructs in [28] special extensions T, for the polynomials T}, (z)
and defines the operator M : C*[—1,1] — C*[-2,2] by

(MW)(2) = Y &al2)(To)(2)

and by using an infinitely differentiable function [(¢) on the whole straight line
such that
lit)=1 Jt|<landy(t)=0 [t| > 1+%
he defines the continuous linear extension operator M’ : C*®[-1,1] —
C*(—00,00) by
(M'®)(z) = (M®)()lo(x).

1.1 Whitney jets and Whitney’s Extension

theorem

When we are speaking of extension operators it is important to examine the
classical extension theorem of Whitney [48]. Let U be an open subset of R", and
X a closed subset of U. Whitney’s theorem asserts that a function F° defined
in X is the restriction of a C™ function in U (m € N or m = +o00) provided
there exists a sequence (F*) <, of functions defined in X which satisfies certain

conditions that arise naturally from Taylor’s formula.

First we consider m € N. By a jet of order m on X we mean a set of continuous
functions F' = (F*)|; <, on X. Here k denotes a multiindex k = (ky, ..., k,) € N".
Let J™(X) be the vector space of jets of order m on X. We write

|Flp, = sup{|F*(z)| : @ € K, [k < m}

if K is a compact subset of X, and F(z) = F°(z).
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There is a linear mapping J™ : £™(U) — J™(X) which associates to each

fe&mU) the jet
. B oIkl
T = ( Ok X) k|<m

For each k with |k| < m, there is a linear mapping D* : J™(X) — J™ I (X)
defined by D¥F = (F**);j<pm—jk. We also denote by D* the mapping of £™(U)
into £ ¥ (1) given by

This will not cause any problem since
Dk o Jm — Jm—|k| o Dk

If a € X and F € J™(X) , then the Taylor polynomial (of order m) of F' at a is
the polynomial

TrF(r) =Y al k(!a) (z — a)
| <m

of degree < m. Here k! = k;!...k,!. We define R*F' = F' — J™(T)"F), so that

Fk+l(a)
l!

(Ry'F)M () = F¥(x) — :

[t <m—|k|

(x —a)
if |k| < m.
Definition 1.2 A jet F' € J™(X) is a Whitney jet of class C™ on X if for each
k| <m

(R F)(y) = ol|ar — y|™ ™) (1.1)
as|lr—y| — 0, z,y € X.

Let £™(X) C J™(X) be the subspace of Whitney jets of class C™. £™(X) is

a Frechet space with the seminorms

(CADNE]

K __ K
R

:x,yGK,x%y,lk‘lém},

where K C X is compact.
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Two more equivalent systems of seminorms could be used to identify the

topology in £™(X), which are:

m [ k
1P = (P +supd ST B Wy ey
m m = ‘I _ y‘m—|k|
and the other is
R?_“C'Fk
(P2l Zmax{!ﬂﬁ»sup{w rxy € Kox#y [k <mp o

Remark 1.3 If ' € J™(U) and for all z € U, |k| < m we have

L |(REF)()

v Jo— gl

=0

then there exists f € E™(U) such that F' = J™(f). This simple converse of Tay-
lor’s theorem shows that the two spaces we have denoted by E™(U) are equivalent.
On E™(U), the topologies defined by the seminorms |.|E ||.||% are equivalent (by

the open mapping theorem,).

Theorem 1.4 (Whitney [48]) There is a continuous linear mapping
W:&mX)— M)

such that D*W (F)(z) = F¥(z) if F € E™(X), x € X, [k| <m, and W (F)|(U —

X) is C*™.

Remark 1.5 The condition (1.1) cannot be weakened to

L [REF)()

=0 1.2

forallz € X, |k] <m.

For example let A be the set of points (using one variable) z = 0,1/2° and
1/2541/2%% (s =1,2,...). Set f(z) =0at z =0 and 1/2° and f(x) = 1/2%* at
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r=1/2°+1/2%Set f'(x) =0 in A. The above condition is satisfied but there’s

no extension of f(x) which has continuous first derivative.

The proof of Theorem 1.4 is based on the following fundamental lemma (Whit-
ney partition of unity) [48].

Lemma 1.6 Let K be a compact subset of R™. There exist a countable family of
functions &, € ER" — K), | € I, such that

(1) {supp®, }ier is locally finite: in fact each x belongs to at most 3" of the
supp®;’s,

(2) @ >0 foralllel, and ) ., & =1, 2z € R" - K,

(3) 2d(supp®;, K) > diam(supp®;) for alll € I,

(4) there exist constants Cy depending only on k and n, such that if v € R" — K,

then .
k
D" (z)| < Cy, (1 + W) .

The proof of Theorem 1.4 can be done by a simple partition of unity argument
it is enough to assume U = R™ and X = K, a compact subset of R". Let {®;}c/
be a Whitney partition of unity on R” — K.

For each [ € I, choose a; € K such that
d(suppq)h K) - d(suppq)lu al)’
Let F' € £™(K). Define a function f = W (F') on R" by

fle)=Fx) z€ K and f(z) =Y _ ®(2)TF(x) = ¢ K
lel

Clearly f = W(F') depends linearly on F', and is C*° on R" — K. We must show
that f is C™, D¥f|x = F*,|k| <m, and W is continuous. If |k| < m, we write

ffa) =D f(z), ¢ K.

By a modulus of continuity we mean a continuous increasing function « : [0, 00) —
[0,00) such that a(0) = 0 and « is concave downwards. There exists a modulus

of continuity a such that

(RIFYH ()] < ollz = af) - |z — o
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for all a,x € K, |k| < m, and
a(t) = a(diamK), t > diamK,
IFIIE, = |FIs, + a(diamK).
In fact, define (§: [0,00) — [0, 00) by £(0) = 0 and

(77 F)*(y)l

cx,y e Kio £y, v —yl <t )kl <m t>0.
|z — y|mIH

B(t) = sup {

Then (3 is increasing and continuous at 0. We get a from the convex envelope of

the positive t-axis and the graph of (.

Let A be a cube in R™ such that K C IntA. Let A = sup,., d(z, K). We have

the following assertion from [48].

There exists a constant C' depending only on m,n, A such that if |k| < m, a €
K, x € A, then

|[f¥(@) = D'I'F(2)] < Caljx —al) - [ — af™ . (1.3)

Once (1.3) is established, the proof of the theorem can be completed as follows.
Let (j) denote the multiindex whose j'th component is 1 as whose other compo-

nents are 0. If a € K, = ¢ K, |k| < m, then

n

M (@) = fM(a) = Y (25— ay) P (a)] <

Jj=1

F5(e) — DM E ()| + DM F () — DT B(a) — 3 (o — ) DMOTF(a)].

j=1
The first term on the right hand side is o(|]z — a]) by (1.3), while the second is
o(|z — a]) since T™F(x) is a polynomial. Hence f* is continuously differentiable

k .
and %j = fh+0),

Applying (1.3) to a point z € A and a point a € K such that d(z, K) = d(z, a),

we have

IN

| DT F ()| 4 Ca(A)A™

Al .
> T |Flm+CX HAFI = 11

il <m—|k|

D" f ()]

IN
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Hence there is a constant C) (depending only on m,n, A) such that
(W(E)[m < CallFllm-

In particular, W is a continuous linear operator.

Definition 1.7 Let U be an open subset of R™ and X a closed subset of U. A
jet of infinite order on X is a sequence of continuous functions F = (F*)en on
X. Let J(X) be the space of such jets. For each m € N, there is a projection
T J(X) — J™(X) associating to each jet (F*)gen the jet (F*)jxj<m. Let

E(X) = [ m. ' (E™(X)).

meN

An element of £(X) is a Whitney jet of class C* on X.

E(X) is a Fréchet space, with the seminorms || - [|X, where m € N and K C X is

compact.

When we have perfect sets in R, or C"°-determining subsets of R™ for the
closed subset given in the definition, the first element of the Whitney jet will
describe the other elements. Which means, in such cases, functions will be in
the front place. A compact set K C R” is called C'*°-determining if for each
f € C®(R"), f|lx = 0 implies f®) | =0 for all k € N".

Let us give an example of a function which is not Whitney (or not extendable).
Let K = {0} U U, [ag, by] such that by > ai and [ag, bg] N [ags1,bre1] = O for
k =1,2,.. and a, | 0. Now, define the function as f(0) = 0 and f(z) = ay
for = € [ag,bg], k =1,2,.... Since f is constant on any interval [ay, b], we have
f'(ay) = 0. If f is extendable to a function f € C(R), then by continuity
£(0) = limy .o f'(ax) = 0. On the other hand, by the Mean-Value Theorem, for
each k = 1,2, ... there exists a point & € (0, ax) such that the extension f’(fk) =1
and hence we have f'(0) = limj_oo f'(€;) = 1. Therefore, f ¢ £(K). In the same
way for any m € N one can construct f € E™(K)\E™T(K). Similar examples

can be given also for Cantor type sets.
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For K a closed subset of R" and m € N, Whitney’s extension theorem [48]
gives an extension operator (a linear continuous extension operator) from the
space £™(K) of Whitney jets on K to the space C™(R™). In the case m = oo

such an operator does not exist in general.

Definition 1.8 For K C R", K has the Extension property if there exists a

linear continuous extension operator L : E(K) — C*(R").

The simplest example for a compact set which does not have the extension
property is the set K = {0} C R. Assume that there exists such a continuous

extension operator L for K = {0}. Hence we have
Vp 3¢,C : ||LF|, < C||F|, VF € E(K).
Let p = 0, then we have ¢, C satistying |[LF || < C||F||, VF € E(K).
Let F' = (F;)2, with 41 =1 and F; =0 for all ¢ # ¢ + 1.
It is easy to see that || F||, = 0.
But of course LF # 0 since LEF@1(0) # 0.

Then we get 0 < ||LF||o < C||F||, = 0 which is a contradiction.

Generalizing this, it is easy to see that if K C R" has isolated points then K

has no extension property.

For K = {0} any jet f € J(K) is a Whitney jet of class C* (by Borel’s

theorem).

For any jet f € £(X), an extension can be given by a telescoping series:

W (f) =Wolf) + D Winl(f) = Win-1(f) = Hn 1]

where {H,,}>_, are C* functions satisfying

1

|Wm(f) - Wm—l(f) - Hm—1|m—1 S 2_m’

and W, is the Whitney extension operator for £™(X), m =0, 1, ....
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1.2 Linear Topological Invariants

Let us denote by K either of the fields R or C.

Definition 1.9 A K-vector space F, endowed with a metric, is called metric
linear space, if in F' addition is uniformly continuous and scalar multiplication is

continuous.

A metric linear space F' is said to be locally convex if for each a € F and

each neighborhood V' of a there exists a convex neighborhood U of a with U C V.

A complete, metric, locally convex space is called a Fréchet space.

Every normed space is a metric linear space and every Banach space is a Fréchet

space.

C>°(U) for U an open subset of R, C'°(U)-the space of infinitely differentiable
functions on an open bounded domain U which are uniformly continuous with all
their derivatives, £(K) for K a compact subset of R" and A(U) for U an open

domain in C" are typical examples of non-normable Fréchet spaces.

Definition 1.10 Let E be a locally convex space. A collection U of zero neigh-
borhoods in E is called a fundamental system of zero neighborhoods, if for every

zero neighborhood U there exists a V € U and an € > 0 with €V C U.

A family (||.||a)aca of continuous seminorms on E is called a fundamental

system of seminorms, if the sets
Uy ={zx e E:|z|oa <1}, a€A,

form a fundamental system of zero neighborhoods.

Notation 1.11 Let E be a locally convex space which has a countable fundamen-
tal system of seminorms (||.|[n)nen. By passing over to (maxi<j<nl|.||j)nen one
may assume that

lzlln < |2llnsr Vo €E, neN
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holds. We call (||.||n)nen an increasing fundamental system.

Definition 1.12 A sequence (e;)jen in a locally convex space E is called a
Schauder basis of F, if for each x € E, there is a uniquely determined sequence
(&(2))jen in K, for which x =2 | £;(w)e; is true. The maps§;: B — K, j €
N, are called the coefficient functionals of the Schauder basis (e;);en. They are

linear by the uniqueness stipulations.

A Schauder basis (e;) jen of E is called an absolute basis, if for each continuous
seminorm p on E there is a continuous seminorm q on E and there is a C' > 0

such that

Z & (z)|p(ej) < Cq(x) Vx € E.

jEN

Let A = (aip)ierpen be a matrix of real numbers such that 0 < a;, < a;p41.
Kdthe space, defined by the matrix A, is said to be the locally convex space K(A)
of all sequences & = (;) such that

€]y = Zaip|§i| <oo VpeN
il
with the topology, generated by the system of seminorms {|.|,,p € N}. The set

of indices [ is supposed to be countable, but in general I # N. This is convenient

for applications, especially when multiple series are considered.

Definition 1.13 Let E and F be locally convex spaces ; let us define

L(E,F):={A: FE — F: A is linear and continuous }
L(E) := L(E,E) and E' := L(E,K)

E' is called the dual space, of E.

A linear map A : E — F' is called an isomorphism, if A is a homomorphism.
E and F are said to be isomorphic, if there exists an isomorphism A between E
and F'. Then we write /' >~ F'.
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By the Dynin-Mityagin theorem (see for example [27]) every Fréchet space
with absolute basis is isomorphic to some Kothe space. More precisely, If E is
a Fréchet space, {e;}ies is an absolute basis in E, and {||.||,}en is an increasing
sequence of seminorms, generating the topology of E., then E is isomorphic to

the Kothe space, defined by the matrix A = (a;,), where a;, = [|e;|,-

For example the space C*°[—1, 1] is isomorphic to the Kéthe space s = K (n?)
(see [28]), the space A(D), where D = {z € C : |z|] < 1}, is isomorphic to
K(exp(—n/p)), the space A(C) is isomorphic to K (exp(pn)).

It is known ([9],[14],[41],[44],[54]) if the boundary of a domain D is smooth,

Lipschitz or even Holder, then the space C*(D) is isomorphic to the space s.

To examine whether two given linear topological spaces are isomorphic or not
it is useful to deal with some properties of linear topological spaces which are
invariant under isomorphisms. More precisely, if X is a class of linear topological
spaces, (1 is a set with an equivalence relation ~ and ® : ¥ — ) is a mapping,
such that

XY = o(X)~ YY)

then @ is called a Linear Topological Invariant. We say that the invariant @ is

complete on the class ¥ if for any X, Y € ¥
PX)~P(Y)= XY

First linear topological invariants connected with isomorphic classification of
Fréchet spaces are due to A.N. Kolmogorov [23] and A. Pelczynski [30]. They in-
troduced a linear topological invariant called approzimative dimension and proved
by its help that A(D) is not isomorphic to A(G) if D ¢ C*, G C C™, m # n and
A(D") is not isomorphic to A(C™), where D" is the unit polydisc in C". Later C.
Bessaga, A. Pelczynsky, S. Rolewics [7] and B. Mitiagin [28] considered another
linear topological invariant called diametral dimension, which turns out to be
stronger and more convenient than the approximative dimension. V.Zahariuta
[50, 51], introduced some general characteristics as generalizations of Mitiagin’s

invariants and some new invariants in terms of synthetic neighborhoods [52, 53].
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Suppose X is a Fréchet space and (||.||,,p = 1,2, ...) be a system of seminorms
generating the topology of X. The following so called Interpolation Invariants

are very important in structure theory of Fréchet spaces.

(DN)  3p¥g3r,C : [lall? < Clla el = € X
(@) WpEgWr3AC Il < Ol ) (Il o € X

The notations are due to D.Vogt [27]. (DN) means that the norm ||-||, dominates

in the space X. V. Zahariuta uses the notations Dy, {); respectively.

We shall reformulate (DN) in an equivalent way in the following simple propo-

sition. For the proof see for example [27].

Proposition 1.14 A Fréchet space E with an increasing fundamental system

(II-lle)ken of seminorms has the property (DN) if and only if the following holds:
dp Vg Ye>0 3Ir,C: |z, < C’||a:||;1)_6||x||i (1.4)

forallz € F.

(1.4) can be stated also as follows :
Ip Vg Ve >0 I, Ozt < Cllellpllz (1.5)
for all z € E.
(DN) is also equivalent to the following:

C
dp Vg 3Ir,C: |z, < t|z], + ?HxHr t>0 (1.6)

Proposition 1.15 The following statement is equivalent to DN :

C
VR>0Vq3r,C>0:|], < tR\.|o+7H.HT, t>0 (1.7)

From [4] we have that the property DN is equivalent to the following:
Ve € (0,1) Vg 3r,C > 0: ||, < CLIg Il

hence DN is equivalent to (1.7).
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1.3 Tidten-Vogt Topological Characterization
of the Extension Property

Let (E;, A;)iez be a sequence of linear spaces E; and linear maps A; : E; — Fj4;4.
The sequence is said to be ezact at the position E; in case R(A;_1) = N(A;). Here
R denotes image and N denotes the kernel of the map. The sequence is said to
be ezxact, if it is exact at each position. A short sequence is a sequence in which

at most three successive spaces are different from {0}. We then write

0—E-Y FE g—o

Remark 1.16 Let F be a Fréchet space and E be a closed subspace of F'. Then
E and F/E are likewise Fréchet spaces (see e.g. [27]). If j : E — F is the

inclusion and q : F — F/E is the quotient map, then
0—E-L F-% F/E—0

1s a short exact sequence of Fréchet spaces.

Definition 1.17 A seminorm p on a K-vector space E is called a Hilbert semi-
norm, if there exists a semi-scalar product (.,.) on E with p(x) = \/{x,x) for all
re kL.

A Fréchet-Hilbert space is a Fréchet space which has a fundamental system

of Hilbert seminorms.

The folowing theorem of D. Vogt from [27] is fundamental in the structure theory

of Fréchet spaces.

Theorem 1.18 (Splitting theorem) Let E, F' and G be Fréchet-Hilbert spaces and
let

be a short exact sequence with continuous linear maps. If E has the property (DN)
and F' has the property (£2), then the sequence splits, ie., q has a continuous linear

right inverse and j has a continuous linear left inverse.
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M. Tidten used the splitting theorem for the proof of the next theorem which tells
that the extension property of K is equivalent to the property (DN) of £(K).

Theorem 1.19 [41] A compact set K has the extension property iff the space
E(K) has the property (DN).

Let us make a sketch of the proof. For the proof of the sufficiency part assume
that £(K) has the property (DN) and let L be a cube such that K C L°. Now

consider the short exact sequence
0— F(K,L) = D)L EK)—0

where D(L) = C§°(L) is the space of infinitely differentiable functions on L that
vanish on the boundary of L together with all their derivatives, and F(K,L) =

{feDL): flx =0}.

By [41] we have that F(K, L) has property (€2) V compact K C L°. Hence
we can apply the splitting theorem. This means that there exists an operator
¥, a continuous linear right inverse of ¢, ¥ : E(K) — D(L) where obviously
(Wf)|k = f for f € E(K), that is the operator 1 is an extension operator.

On the other hand if there exists an extension operator ¢, then gov = Idg k)
and 1) o ¢ is a continuous projection of D(L) onto £(K). We know that D(L) is
isomorphic to s, hence £(K) is a complemented subspace of s, therefore £(K)

has (DN), since the property (DN) is inherited by subspaces.

1.4 Polynomial interpolation

If one decides to approximate a function f € Cla,b] by a polynomial
p(z) = Zcixi, a<x<b,
i=0

one has the problem of specifying the coefficients {¢; : i = 0,1,...,n}. The most
straightforward method is to calculate the value of f at (n + 1) distinct points
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{z;:i=0,1,...,n} of [a,b], and to satisfy the equations

p(z;) = f(z;), 1=0,1,...,n. (1.8)

In this case p is called the interpolating polynomial to f at the points {z; : i =
0,1,...,n}. We note that there are as many conditions as coefficients, and the
following well-known theorem shows that they determine p € P,, uniquely, where

P, denotes the set of all polynomials of degree n.

Theorem 1.20 Let {x;:i=0,1,...,n} be any set (n+1) distinct points in [a,b],
and let f € Cla,b]. Then there is exactly one polynomial p € P, that satisfies the
equation (1.8).

For £k =0,1,...,n, let [, be the polynomial

li(z) :ﬁu, a<xz<b. (1.9)

We note that [, € P, and that the equations
lk(l‘l) :5.1%" i:O,l,...,n,

hold, where d;; has the value

1, k=1
5ki: ) Z?
0, k#1.

Clearly,

n

p= Zf(xk)lk (1.10)

k=0

is in P,, and satisfies the required interpolation conditions (1.8).

We remark first that if we put

w(@) = (& = zo)(z = 21) -~ (= @),
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then the fundamental polynomials l(x) = [} (x) can be written as
w(x)
(@ — 2w ()’

This method is called the Lagrange interpolation formula. We write as

lp(x) = k=0,1,...,n.

Lof(x) =) flan)li(x).

The uniqueness property allows us to regard the interpolation process as an
operator from C[a,b] to P,, which depends on the choice of the fixed points
{z; : i = 0,1,...,n}. The operator is a projection, and since the functions [
(k=0,1,...,n) are independent of f, equation (1.10) shows that the operator is

linear.

The Lagrange interpolation formula provides some algebraic relations that are
useful in later work. They come from our remark that the interpolation process

is a projection operator. In particular, for 0 < i < n, we let f be the function

The choice of the interpolation points is very important for having the error
function

e(x) = f(z) — p(x), a<xz<b,

of smallest modulus. One of the most important interpolation points for the
interval are the Chebyshev interpolation points, and they are found by making

use of Chebyshev polynomials.

For the range 0 < 6 < 7, the Chebyshev polynomial of degree n is the function
T, that satisfies the equation

T, (cos ) = cos(nb),
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which is equivalent to the equation

T, () = cos(ncos™' x), —1<zx< 1.

Chebyshev polynomials have many applications in approximation theory. The

zeros of T, (z) are the points

e g Y
& =¢; cos 5

We see that they are all distinct and lie in the interval [—1, 1].

Now, if we take zeros of the Chebyshev polynomial of degree n as the inter-
polation points, then we have

4
) < =

, xe[-1,1], j=0,...,n

(see e.g. [36]). This is an effective bound in the sense that

lim max{|1?()] o € [~1,1]} = =

n—oo m

In the case of equally spaced points the bound depends on the number of the

interpolation points and

lim max{[l¥(z)| : € [-1,1]} = cc.

n—oo

1.5 Divided differences

Let {z; : i = 0,...,n} be any (n + 1) distinct points of [a,b], and let f be a
function in Cfa,b]. The coefficient of 2™ in the polynomial p € P, that satisfies

the interpolation conditions

p(x;) = f(zy), 1=0,...,n,

is defined to be a divided difference of order n for the function f, and we use the
notation [xy, ..., x,|f for its value. We note that the order of a divided difference

is one less than the number of arguments in the expression [, ...,.]f. Hence [zo]f
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is a divided difference of order zero, which by definition has the value f(z).

Moreover, when n > 1, it follows from equation (1.10) that the equation

20, o] f — Z T Z I Z

is satisfied. We see that the divided difference is linear in the function values

{f(z;) :i=0,...,n}.

j=0 J#k@’“

It is often convenient to represent the divided difference [z, ..., z,| f as a value
of the n-th derivative of the function f divided by the factor n!.

Theorem 1.21 (see e.g. [35]) Let f € C"[a,b] and let {z; : i =0,...,n} be a set
of distinct points in [a,b]. Then there exists a point &, in the smallest interval

that contains the points {z; : i =0,...,n}, at which the equation
[0, ..., xn] f = f(")(é‘)/n!
18 satisfied.

Another important theorem that justifies the name divided differences is the

following:

Theorem 1.22 The divided difference [xj, %11, ..., Tjsp1]f of order (k+ 1) is
related to the divided differences [z;,xj41, ..., Tj1i)f and [Tj41, Tjvo, .o, Tivpi1] f

of order k by the equation

[0, @iz, o Tyt — [T, Tjgns - Tjn]

TjyTinty s Tiagrt|f =
[]7 VR SRER) j++] (Ij-‘,-k-i-l_l'j)

For the proof see e.g. [35].



Chapter 2

Asymptotics of Green’s Function
for Coo \ K@)

2.1 Cantor type sets

Let a be given such that 1 < o < 2. Let the sequence (1), be such that [, = 1,

17" < § and
by =13

for k > 1. Let {I}32, be a family of subsets of [0, 1] such that Iy = [0, 1] and [}44

i obtained from I by deleting the open concentric subinterval of length I — 2[4

from each interval of Ij,.

K=K =1
k=0
Then every set I, consists of 2¥ subintervals I, ..., I ox of length [ each.

As another notation the subintervals of I}, can be named as Iy, ..., ot ;. In

Chapter 3 this notation is preferred.

21



CHAPTER 2. ASYMPTOTICS OF GREEN’S FUNCTION FOR C,, \ K(®22

2.2 Green’s function

Let C,, denote the extended complex numbers.

Definition 2.1 For an open subset G of C,, a Green’s function is a function

g:G xX G — (—00,00| having the following properties:

(a) for each a in G the function g(z) = g(z,a,G) is positive
and harmonic on G\ {a};
(b)  for each a # oo in G, z — g(z,a) +log |z — a| is harmonic
in a neighborhood of a; if oo € G, z — g(z,00) — log |z|
1s harmonic in a neighborhood of co;
(c) g is the smallest function from G x G into (00, 00| that satisfies

properties (a) and (b).

Definition 2.2 If G is an open subset of C, a function v : G — [—00,00)
is subharmonic if u is upper semicontinuous and, for every closed disk B(a;r)
contained in G, we have the inequality

1 2m 0
< — v .
u(a) < 27T/o u(a +re)dd

A set Z is a polar set if there is a non-constant subharmonic function u on C
such that Z C {z : u(z) = —oo}.

Green’s function with a pole at infinity can also be defined with polynomials. For

G CCylet K =Cy \ G, then
In |p(2)|

= g(z,00,G) = S e T ple <18 2.1

() = 9(2,0,G) =sup { S e 11yl < 2.)

where II here denotes the set of all polynomials. In fact, from the Bernstein

In |p(z

theorem (see e.g.[45]) we have that gx(z) > sup{% :p €]l Iplxk <1} On

the other hand, let us choose for every n € N a monic polynomial p,(z) of degree

n such that the set {z € C : |p,(z)| < 1} contains K. Then Green’s function for

the set Coo \ {z € C : |p,(2)| > 1} is gu(2) = n 'In|p(z)|. We can choose the
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sequence of polynomials (p,)52; such that the intersection of the corresponding
level domains gives the set K. Then, using Proposition 9.8 of [11] we can conclude

that (2.1) holds.

For Cantor-type sets we have the following theorem from [11].

Theorem 2.3 Let {I;} be the sequence of compact sets formed of 2% subintervals
of length ly, and K = Nyl is the Cantor-type set defined as in section 2.1. Then
the set K is polar if and only if

By use of this theorem, we see that the Cantor set K () is non-polar if and only

if 1 < a < 2. So, Green’s function for K(® is undefined when a > 2.

2.3 Polynomial inequalities

When a compact set is given, could the derivative of a polynomial on the compact
set be estimated by the norm of it on the compact set? This question was first
answered by A. A. Markov in 1889 for the set I = [—1, 1] as follows

sup [p'()] < (deg p)?sup |p(z)].
zel zel

As a generalization of this, any compact K set is defined to have Markov property
(or is a Markov set) if there exist positive constants M, m such that

sup |Vp(x)| < M(deg p)™ sup |p(z)|
€K zeK

for all p € II. The Markov property is crucial for the method of Pawtucki and
Plesniak to construct a linear continuous extension operator. This method will

be considered in the next section.

Markov property is related with the Holder continuity of the Green function

for the set in R. Green’s function of C., \ K is defined to be Hdlder continuous
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when there exist constants C, pu satisfying
gr(z,00) < C6*  for dist (2, K) <0 < 1.

By Cauchy’s integral formula, it can be proved that Hélder Continuity (HCP) of
Green’s function gx implies Markov property of the compact set K. The problem

of the inverse implication is still open.

Next inequality about polynomials is from the so called Bernstein theorem
[45]. Let K € C be a non-polar compact set (i.e. cap K > 0). Then for any

polynomial p of degree n, we have for z € C,

p(2)] < exp(n - gx (2, 00)) |l

From this inequality we see that an upper bound for Green’s function will give
us a direct relation between the value of the polynomial in a neighborhood of a
compact set and the norm of it. Moreover, by using Cauchy’s integral formula,

we can reach a Markov type inequality.

Theorem 2.4 Suppose there exists a constant C' > 0, and a continuous invertible
function ¢ : [0,00) — [0,00) with p(0) = 0, such that for Green’s function we
have gk (z,00) < C-p(0) where § = dist(z, K). Then for any polynomial we have

|k < Ch - ¢(deg p)|p|k

for a constant Cy > 0, and the function ¢(z) = 1/¢ ().

Proof: Let z € K and let p be a polynomial of degree n, then by the Cauchy’s

integral formula

/ 1 % p(g)
= — d
where I' = {( € C: | — 2| = §}. Then, by using the Bernstein theorem

1 1 1
1< 5§ BMac < s expln glOllids < 5 exle- Co)lnl

Now, choose § so that ¢(d) = 1/n and the result of the theorem follows. O
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Corollary 2.5 (HCP) of Green’s function g (z) implies Markov property of the
set K.

The simplest example of sets without Markov property is the point. Any set
with isolated points has no Markov property. The closure of a plain domain
with a sharp cusp is the first non-trivial example of non-Markov set (Zerner,
[54]). Other non-trivial examples of sets without Markov property could be given
by Cantor type type sets or set of intervals tending to a point. The classical
Cantor set is constructed from a segment by successive deleting subintervals with
a constant quotient of their lengths. Consider Cantor type sets with arbitrary

ratio of lengths. Let (Ix)k—o1,.. be a given sequence such that for every k > 1
1
lk < §lk_1 and l(] =1.

Let {Ek}r—01,.. be a family of subsets of [0, 1] such that every set Ej consists of
2 intervals Iy 1, ..., Iy o1 of length [, each, Ey = [0,1] and Ej; is obtained by
deleting the open concentric subinterval of length [, — 2[;,; from each interval
Iin, n=1,...,2%. Then the set

oo 2k

£= (U
k

=0n=1

is called a generalized Cantor set. Examples of Cantor type sets without Markov
property were given by Plesniak [34], Bialas [8] and Jonsson [22]. Examples for
sets formed of intervals tending to point, without Markov property were given by

Goncharov [15], [16]. For Cantor-type sets we have the following theorem from

8].

Theorem 2.6 If there exists a limit (finite or infinite) of the sequence
(I /l41)k=0,1,... and E is a generalized Cantor set associated with (I)r=o,1,.., then
the following conditions are equivalent

(i)  FE satifies (HCP),

(ii) E satifies Markov property,

(11i)  the limit of the sequence (Ix/li+1)k=01.... is finite.
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Some more general form of Cantor set is when each interval of Ej includes ny
intervals of Ej.;. In [4] such Cantor sets were considered for the geometric

characterization of extension property.

Examples for sets formed of intervals tending to point, without Markov prop-
erty were given by Goncharov [15], [16]. Let K = {0} U [J,—, Ix such that
K cC [0,1]. I = [ag,bx]. Let & = %(bk —ag),hy, = ar, — bpy1. 20, < hy and
0 1 0, a, | 0. Let b, < U0, where C is a constant. Let R > 1 such that
Sp+1 > 0. For these sets, it is given in [18] an explicit form of extension operator
by use of the basis elements of £(K). In Chapter 3 we give an explicit form of
an extension operator for generalized Cantor type sets without Markov property.
And in Chapter 4 we give an explicit form of an extension operator for sets formed

of intervals tending to a point, having no Markov property.

Another important inequality related to polynomials is given by the following
theorem of Jackson (e.g. [43]).

Theorem 2.7 Let [ defined on the finite segment I = [a,b] and has an q-th

continuous derivative, then for n > q

distr(f, Pn) < M, (b ; a)qw(f(q); b~ a)

n

where M, is a constant depending only on q and w is the modulus of continuity.

2.4 Green’s function of domains complementary

to Cantor-type sets

We want to find an upper bound for Green’s function of the set C,, \ K(® with a
pole at infinity, in the case Green’s function exists (1 < a < 2). The lower bound
for Green’s function can be obtained from the representation (2.1). To find the
upper bound we will use the local interpolation of polynomials. The upper bound

will lead us to a Markov-type inequality for the set K.



CHAPTER 2. ASYMPTOTICS OF GREEN’S FUNCTION FOR C,, \ K®27

Let K(® be defined as in the section 2.1. Every set I;, consists of 2F subinter-

vals Iy 1, ..., Iy o0 Of length [, each. Let ¢, ; = min{t : ¢t € I ;}. Let L;-Vk’l(z) be

the Lagrange fundamental polynomials corresponding to ¢y 11)x,15 -+ E(N41)k,28F €
Iy NK. For j=1,2,...,2N let

2Nk

Nkl .\ Z = tN+1)kn
re= 1l (t< )

1z NENFDRG T LN+ Dkn

It is easy to see that these points are the left endpoints of the intervals
I(ng1yk1s 5 Ivg1yk2ve which can be obtained from [ ; after Nk steps. Here
N is supposed to be positive rational number with denominator k. In a similar
way define L;Vk’Q(z) to be Lagrange fundamental polynomials corresponding to the
next 2V points, which are {4 1)k 2% 41, (V1182 k12, - b1k 228k} C T 2NK
And so in general for 1 < i < 2%, Ljvm(z) are Lagrange fundamental polynomials

corresponding to the points from I ; N K.

Let
In2

M=l

where for any « € R, [x] denotes the least integer that is larger than x.

Lemma 2.8 Given k € Z*, and i such that 1 < i < 2F et Iy < dist(z, K N
It;) < lyy for z € C. Then

LY%(2)] < explaWHImMkot g gNkI=al ™ty g pNk-(a=Dalti=2) g

ME—=19(N+1-M)k _ (Mk=1 | L

N+1)k—1
2—a :

where A = —[$= o Ja
Proof: Without loss of of generality let : = 1. Suppose N +1 > M

2Nk

Nkl .\ Z = tN+1kn
bie) = H (t< )

iz NENFDRG T LN+ 1Dkn

Since dist(z, K N Ij;) <y we have

2Nlc

H (2 = tvanpn) | <

n=1,n#j
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Ik + Uvnyi—1) (Ui + Lvgyi—2) - (e + Lk

and

Then

IA

<

(Ivenyp—1 — 2l v+1e) Uvenp—a — lvpip—1) e (b — 20e11)

(g + Uvyi—1) (Ui + Lvsyp—2) - (Lark + Larkgr)

Jl2+
Mk

aMk—1
1

aMk—1
1

9Nk

H (t(N+1)k,j — f(N+1)k,n)

n=1,n#j

.+2<N+1—M>k—2](1 1 l(N+1)k71

Lark

Q(N+1k—2

(141§

[2(N+1=M)k—1_1] 1

[2(N+1—M)k—1_1]

)o(1+

_qME-1

Since l; < 1/2 and 1+ € < expe, we get

(Iark + L v nyp—1) (I + l(N+1)k—2)2~-(le + Ikt
aMk=1[g(N+1=M)k=1_1)
e

h

xp[2“

ot QaMkfl—aM’wr(N+1—M)k—2]

aMk:—l[2(N+l—M)k—1_1]

— 1

exp|2

Similarly we have

IN

IN

IA

(le-i-le c(Uye + Uy

22(N+17M)k71

22(N+1—M)k—1

(1417

22(N+171\/I)k71 o

(1+ W)

22(N+17M)k71 o

. exXp

(N+1-M)k—1 .«
22

-exp[2¢

ME—1_,Mk—2 )2(N+171M)k

(N+1—-M)k—1
)* (

l2(N+1—M)k71
Mk

le,1
ll

SN

ME—1_,(N+1)k—2

Nk—1
)2

le—H

Lnik

aMk_ o Mk—1
Yoo (1 + 1 )

1
(1 + Qa(N+Dk=2_Mk-1 )(1 + W)

+2

(N4+1—M)k—1
)* (

>

oNk

o(N+1—M)k—2

)2(N+1—]M)k—2

aMk—l—aMk+(N+1—M)k—1]

l - _
(1_|_ Mk )2(N+1 M)klz(NH M)km(

MkEk—-1

1_, (M-1)k+1

k712(N+17M)k71[2(]M_1)k+
1
1 o(N+1-M)k

k—12(N+1—M)k—1[2<M71)k+

2—a

1

1_o(M—1)k+1

1

2—a

1_(M—1)k+1

k—12(N+1—M)k—1[2<M_1)’“+
1

Mk—2_aMk—1+Nk]

2—a

] .

( +W)
]

] .

]Mkfliakfl)QNkfl

oNk—1

Mk—2_  Mk—1 _ k—1_  Mk—1 _
[Qa a +(N+1 M)k_'_m_i_za a +Nk 1]

aMk=1_,(N+1)k=341

14
Ui

[@Mk=1g(N+1=M)k=14 o Mk=29(N+1=M)k | | ok=1gNk=1]

Ik + U

Nk
)2

-1

)2(N+1—M)k—2

)2Nk71l

+ ..

—1

o(N+1—M)k—2

9(N+1—M)k—2

(2.2)

2Nk71
k

(2.3)
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and in a similar way

(Uinvsryeer — 2lvrin) (e — 20)®
ak—l[QNkfoaNk] (N+1)k—2 kE—1 2Nk—1
= I e (1 =21 )e(1T =205 )
ak-1[2=ahy 2 2 Nk-1
> ll ’ (1 - 2a(N+1)k—2 )(1 - 2ak—1 )2
k1 2Nk7aNk .
> li‘ [ 2—a ] exp _[217(1(1\""1)1“—2 + 22704(1\7“'1)19—3 4o+ 2Nk7ak_1]
- ak_l[QNk_&Nk] 1
> 1 2maexp[—2NkFL-a 2.4
1

Combining (2.2),(2.3) and (2.4) we have

7[3:;]aMk—12(N+1—M)k70{1\41@—1“ 1

1 1 (N+1)k—1 _ _
O AR ot

.exp[ZNkaak*l + gaMEt—aMF4(N+1-M)k—1 + QaMk*LaM’“*hrNk]

=L ME=19(N+1=M)k_oMk=11[ 1 _o(N+1)k=1
«

< = o

2—«
1
_exp[2(N+1—M)k—1 + 2Nk+1—ak_1 +92. 2Nk—(a—1)aMk—2]

Let now N + 1 < M, then dist(z, K N 1};) < Iy < l(v41)% and we have

9Nk

H (z = tveipen) | <

Nk—1
< (g + Lvrnye—1) (ark + Lvpnp—2) - (e + )
B l[a(N+1)k—2+2a(N+1)k—3+”,+2Nk—1ak—1]
= [ .
le le le Nk—1
(14 )1+ )2-~(1+l—)2
(N+1)k—1 (N+1)k—2 k
112Nk _ o NE 1 -
< l;l T ](1 t oo (N+1)k—2) U (1 + W)QNk 1
2 @ 2
akil[M} (N+1D)k—2_ Mk—1 Nk k—1_  Mk—1
S ll 2—a exp[2a —o NI 9 —1+a —o ]
a’“—l[M} Mk—2_  Mk—1
S ll 2—a €Xp[2Nk+a —a ]

In this case, where N+1 < M the term (I(yy1y5-1—2lvn)- (i —2051)? will
not be effected. Hence, using (2.4) we reach to the same bound for N +1 < M.

O



CHAPTER 2. ASYMPTOTICS OF GREEN’S FUNCTION FOR C, \ K30

Theorem 2.9 We have the following upper bound for Green’s function of the
Cantor set K with a pole at infinity.

1 1Mt (2]
gr(2) <C (ln 5)

for some constant C > 0 depending only on K.

Proof: Take p € P, such that |p|x < 1. Given z € C such that § := dist(z, K) <
Ip. Choose k € N so that lyq1) < 0 < . We choose i from {1, ..., 2k} such
that 6 = dist(z, KNIx;). Andlet N be a rational number such that Nk is integer
satisfying 2V < n < 2¥% Then
2Nk
p(2) = Lykp(z) = Z pltavsnrs) L5 ().
j=(i—1)2Nk41

Since |p|x < 1 we have [p(t(n41yk,;)| < 1 for all j that appears in the sum. Hence
by use of the lemma

_1 aMk—12(N+17M)k_a]Wk71+[ 1 ]a(NJrl)kfl
2—«

p(z) < 2

.eXp[Q(N+1—M)Ic—1 n gNk+1—ab=1 | o 2Nk—(a_1)aMk72]'

Then we have

In |p(z)] Nk+2(N+1—M)k—1+2Nk+1—ak—1 _|_2Nk+1—(a—1)aMk_2
deg p 2Nk-1 *
a—1\ - Mk—19(N+1-M)k Mk—1 1 N+1)k—1 1
+[(m)a QINFIMIR o @ME=T — () NFUR ] In
2Nk—1

After some cancellations the inequality above can be written in the following

form.

nfp(z)] _ Nk+ [ = (F5) oV In g

degp — 2Nk—1 +
+2(1—M)k: + 22—ak—1 + 22—(a—l)aMk_2 + (;‘ — 1) o Mk—=19(1=M)k+1 lnll
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The first summand on the right is negative for large enough N. Let Ny € N
be the number such that for N > Ny this negativity occurs. Then for N > N

we have

1

1

In [p(2)] < 2(1—M)k+22—a"’_1 +22_(a_1)aMk—2 4 a—1 QMk=19(1=M)k+17, =
deg p 2 —«

Here the last term is the effective when k is large (or § is small). Hence there

exists a constant Cy such that

In [p(2)] < ChaMkg=M)k lnl
degp — " l

We have lyx41) < 0 < Iy, from this relation it will not be so difficult to

reach the following inequality for k.

nod
k:<1 hl(lln_ll)—i—l <k+1
M In -

Then using the right part of this inequality we have

n In é
[ L

In |p(2)| < Co< « ) mlcg @ « ln1
degp 2M-1 lh — Ml[mG?ﬁ)] l

2 M In 2 ]V; +1—M

5 -M
Ing ) 1 1-M
(1 l1 ]. (0% 1
< Cy =C In

>~ n ll 0 v [1“<111?161)] )

2 In 21\/‘;; +1—M

Hence there exists a constant C’1 such that

M—1 1”(111?151)} SRYES [lﬂ]
M | e nd na
[ Cl ln§ (—) .

In ll

We can write this last expression as a function of only ¢ then we will have

In p(=) 1)””’“33]

< Z
degp — @(m5
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where () is a constant depending only on /; and . We see that this last inequality
does not depend on the interval which z is closest to. Also it does not depend to
the degree of the polynomial except it is great enough. Now using the form of

the Green function (2.1) which is defined by polynomials, we get

171\/171_[1112]

1 M Ina
9K (z) < Oy (ln 5)

Corollary 2.10 Let p be any polynomial of degree n. Then, there exist constants
C, >0 such that

1P|k < C-expn’] - |plk-

Proof: By using Theorem 2.3 we have

M—1 [In2]



Chapter 3

Extension by means of local

interpolation

In [29] (see also [32], [33]) Pawlucki and Plesniak suggested an explicit construc-
tion of the extension operator for a rather wide class of compact sets preserving
Markov’s inequality. In [15] and later in [18] compact sets K were presented
without Markov’s Property, but such that the space £(K) admits the extension
operator. Here we deal with the generalized Cantor-type sets K(®), that have the
extension property for 1 < av < 2 by [18], but are not Markov sets for any o > 1
due to Plesniak [33] and Biatas [8]. The extension operator in [29] was given in
the form of a telescoping series containing Lagrange interpolation polynomials
with the Fekete-Leja system of knots. This operator is continuous in the Jackson
topology 7, which is equivalent to the natural topology 7 of the space £(K), pro-
vided that the compact set K admits Markov’s inequality. Here, following [20],
we interpolate the functions from £(K(®) locally and show that the modified

operator is continuous in 7.

33
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3.1 Jackson topology

For a perfect compact set K on the line, £(K) denotes the space of all functions
f on K extendable to some f € C®(R). The space £(K) can be identified with
the quotient space C*>°(I)/Z, where [ is an interval containing K ( let I = [0, 1])
and Z = {F € C>~(I) : F|x = 0}. By the Whitney theorem ([48]) the quotient

topology 7 can be given by the norms

1flla = 1flq+sup {{(RIAH®(@)] - [o —y[" % 2,y € Koo # 9,k =0,1,...q}

q = 0,1,..., where |f|, = sup{|f®(z)| : € K,k < ¢} and Rif(z) = f(x) —
T7f(x) is the Taylor remainder.

Following Zerner [54], Plesniak [32] introduced in £(K) the following semi-

norms
d-1(f) = [flos do(f) = Eo(f), di(f) = Slil?nk E.(f)
for k = 1,2,--- . Here Ej(f) denotes the best approximation to f on K by

polynomials of degree at most k. For a perfect set K C R the Jackson topology
T;, given by (dy), is Hausdorff. By the Jackson theorem the topology 7, is well-

defined and is not stronger than 7.

The characterization of analytic functions on a compact set K in terms of (dy,)

was considered in [5]; for the spaces of ultradifferentiable functions see [12].

We remark that for any perfect set K the space (£(K), 7;) has the dominating

norm property:
Vg 3Ir, C>0: d2(f) < Cdp(f)d.(f) forall fe&(K).

In fact, let ny be such that di,(f) = ny E,, (f). Then, d,(f) > n? E, (f) and
d.(f) > nj En,(f), so we have the desired condition with r = 2¢.

Tidten proved in [41] that the space £(K') admits an extension operator if and
only if it has the property (DN). Clearly, the completion of the space with the
property (DN) also has the dominating norm. Therefore, the Jackson topology is
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not generally complete. Moreover, it is not complete in the cases of compact sets
from [15],[18] in spite of the fact that the corresponding spaces have the (DN)
property. Indeed, by Th.3.3 in [32] the topologies 7 and 7, coincide for £(K) if
and only if the compact set K satisfies the Markov Property (see [29]-[33] for the
definition) and this is possible if and only if the extension operator, presented in
[29], [32] and [33] is continuous in 7;. We do not know the distribution of the
Fekete points for Cantor-type sets, therefore we can not check the continuity of
the Pawlucki and Plesniak operator in the natural topology. Instead, following

[20], we will interpolate the functions from £(K) locally.

3.2 The Pawhlucki and Plesniak extension

operator

Following [29] let us explain the Pawtucki and Plesniak extension operator for the
(UPC) compact subsets of R".

Definition 3.1 A subset X on R is said to be uniformly polynomially cuspidal
(UPC) if there exists positive constants M and m and a positive integer d such
that for each point © € X, one may choose a polynomial map hy, : R — R" of
degree at most d satisfying the following conditions.

(i)  h.((0,1]) C X and h,(0) =z,

(i1) dist(hy(t),R" — X) > Mt"Vz € X andt € (0,1].

When X is a (UPC) compact subset of R™, then Siciak’s extremal function of X
has (HCP). Siciak’s extremal function [39] is the generalized Green’s function for
the multidimensional case. So we also have Markov property for (UPC) compact

sets.

Let the set of monomials e, ..., e,,, be a basis of the space P, where my =
(”Zk) Let t*) = {¢;,...,t;} be a system of k points of R". Consider the Vander-
monde determinant

V(") = det[e;(t;)]
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where 4,7 € {1,....,k}. If V(t®)) # 0 we have
Lz, t ) =V (ty, o tj1, @ty o t) /V ()

as the lagrange fundamental polynomials and we get the following Lagrange in-
terpolation formula [39]. If p € P), and t'™) i a system of my, points of R™ such
that V(™)) £ 0, then

mg

p(z) = p(t;)l(z, 1)

j=1
for + € R™. Let X be a compact subset of R*. A system t*) of k points
ty,...,tp of X is called Fekete-Leja system of extremal points of X of order k if
V(t®) > V(s®) for all systems s¥) = {s;,..., s} C X. Observe that if t*) is a
system of extremal points of X such that V(t*)) 5 0, then

on X for j =1,....k. Let
Liof(z Zf (, t0)),

which is the Lagrange interpolation polynomial of f of degree k.Suppose f is
continuous on X. Let py be any polynomial of degree k such that |f — pg|x =
distx (f, Px). Then we have

\f = Leflx < |f —oul + |Lif — Lipe|x
< (g + D) = pulx < 4k"distx (f, Pr)

Now, let X be a (UPC) compact subset of R". Let ¢¢ = 1 and for each
k> 1, set ¢ = (1/(C1k))Y*, where the constants C; and u are chosen so that
Siciak extremal function satisfies (HCP) and C; > 1. For k = 0,1, ..., define
C* functions ug on R™ such that up = 1 in a neighborhood of X, uy = 0 if
dist(z, X) > e, and for all z € R" and a € Z7}, |D*uy,(x)| < Coe, ! with some
constants C,, depending only on a. Given f € C*(X), the extension operator is

defined by Pawtucki and Pleéniak as follows:

Lf =uLif+ Zuk<Lk+1f — Lif)
=1
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This is a € function on R" where the restriction to X is equal to f. If a € Z7,
then by using (HCP) and Markov property we get

’DaLf’R” S ’ ulLlf ’Xel + Z Z < ) ‘DﬁUkDai’B<Lk+1f — ka)’Xek

k=1 <«
< Cylflx + ZZ ( )cﬁe—' (1 + C1e ¥ | DY P (Lysr f — Lif)|x
k=1 <«
< Gl Y (5) Catcsm o+ yfCrte s - Ll
k=1 <«
< Colflx + Cs Y KT dist(f, Py)
k=1

< Cod 1 (f) + Cadgja)tnia(f),

where s = max(1/u,r) and the constants Cy, Cs, Cy depend only on o, X and n.
Now, the continuity of the operator follows from the equivalence of the topologies

7 and 77 for Markov sets.

3.3 Extension operator for £(K <O‘))

Let (I5)2, be a sequence such that [ = 1, 0 < 2[,4; < ls, s € N. Let K
be the Cantor set associated with the sequence (I,) that is K = (.-, Es, where
Ey =19 = [0,1], E; is a union of 2° closed basic intervals I;; of length [, and
E,.1 is obtained by deleting the open concentric subinterval of length [y — 2,
from each [;5 ,7 =1,2,...2°

Fix 1 < @ < 2 and [; with 219! < 1. We will denote by K@ the Cantor
set associated with the sequence (I,,), where Iy = 1 and l,,;; = [& = ... = [¢" for
n > 1. In this case K(® has no Markov property by Theorem 2.6, so we can not

see if the Pawtucki-Plesniak extension operator [29] is continuous or not.

(a)

In the notations of [4] we consider the set K5 "'. The construction of operator

for the case Kfza) with a < n is quite similar, so we can restrict ourselves to n = 2.

Let us fix s, m € N and take N = 2™ — 1. The interval I; ¢ covers 2™~
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basic intervals of the length ls.,, 1. Then N + 1 endpoints (zy) of these intervals
give us the interpolating set of Lagrange interpolation polynomial Ly (f,z, [1 5) =
Zklel (x)) wi(x), corresponding to the interval I; ;. Here wy(z) = %
with Qn 1 (7) = II - (2 — 23). In the case 2™ < N + 1 < 2™+ we use the same
procedure as in [20] to include new N + 1 — 2™ endpoints of the basic intervals
of the length I, into the interpolation set. The polynomials Ly(f,z,;s),

corresponding to other basic intervals, are taken in the same manner.

Given § > 0, and a compact set £ we take the C°°— function u(-,d, E') with
the properties: u(-,0, F) =1 on E, u(z,d, E) = 0 for dist(z, £) > § and |ul, <

¢, 0P, where the constant ¢, depends only on p. Let (¢,) T .

Fix ns, = [s logyal for s > log4/loga, ng = 2 for the previous values of s

and Oy, s = lst[og, v for N > 2. Here [a] denotes the greatest integer in a.

Let Ny = 2" — 1 and M, = 2™-'! —1 for s > 1, My = 1. Consider the

operator from [20]

L(f,x) = Ly, (f,x, I1,0) w(z, Spsg+1,0, L1,0 N K)

o] 2% Ny
+ 00 D (En(fw 0 = Ivoa(fow, L) u(z, O, 1 N K)

s=0 j=1 N=M,+1

25+1
+ Z[LMs-H (fa z, [j,erl) - LNS (fa z, I[%],s)] U(I’, 5]\75,57 Ij,s+1 N K)>
j=1
We call the sums Zx; Mot1 o the accumulation sums. For fixed j (without loss

of generality let j = 1) we represent the term in the last sum in the telescoping

form

2ms —1

- Z [LN<f7x7]1,S) - LN—I(fvxall,sﬂ u(x7ls+ns—17]1,s+1 ﬂK) (31)

N=92ns—1
and will call this the transition sum. Here the interpolation set for the polynomial
Ln(f,x, I, s) consists of all endpoints of the basic subintervals of the length ls,,, 1
on Ij 41 and some ( from 0 for N = 2"~1 — 1 to all for N = 2" — 1) endpoints

of the basic subintervals of the same length on I3 441 .
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Clearly, the operator L is linear. Let us show that it extends the functions
from (K ().

Lemma 3.2 For any f € E(K®), z € K we have L(f,z) = f(x).

Proof: By telescoping effect
L(f,x) = lim L, (f, 2z, 1;s), (3.2)
where j = j(s) is chosen in a such way, that « € [;,.

We will denote temporarily ng,_; — 1 by n. Then My = 2" — 1. Arguing as in
[20], for any ¢, 1 < ¢ < M;, we have the bound

27L
| Lo (fo L) = F@ < N fllg Y T — ] | wi(2) |- (3.3)
k=1

For the denominator of |wy(z) | we get

|ap— x| [ g —zpaa] -l 2e — 2| Lok — 2o > lnsomt (lngs—2 — 2 lngs1)?

2n71

(Zn+573 —2 ln+372)4 e (ls —2 l8+1) = ln+sfl : l1§+s—2 to l§n71 : Aa

where A = TI}Z] (1 — 2%)2%5

Syl gn—k+2 lsgk ince etk o Lokt
Clearly, In A > —>7" 2 T for large enough s. Since s <o

and 2" < o', wehave InA > —2"2 (271 > 1.

On the other hand, the numerator of |wy(x)| multiplied by |z — xx|9 gives

the bound

~1 772" -1 2 2n 1
| — | Y @ — | S U7 s sy - Lo 10

Hence, the sum in (3.3) may be estimated from above by e 2" 1, ,[9~!, which
approaches 0 as s becomes large. Therefore, the limit in (3.2) exists and equals
to f(x). O



CHAPTER 3. EXTENSION BY MEANS OF LOCAL INTERPOLATION 40

3.4 Continuity of the operator

Theorem 3.3 Let 1 < a < 2. The operator L : E(K®) — C>(R), given in

Section 3.3, is a continuous linear extension operator.

Proof: Let us prove that the series, representing the operator L, uniformly con-

verges together with any of its derivative.

For any p € N let ¢ = 2 — 1 be such that (2/a)” > p + 4. Given ¢ let sg

satisfy the following conditions: so > 2v + 3 and a™ > m for m > ng,_1.

Suppose the points (1) ™ are arranged in ascending order. Let us write the
divided difference [x1,- - ,zn11]f in the form
N—qg+1

[xla"' 7xN+1]f: Z Al(cq+1)[xkﬂ"' 7xk+q]f'
k=1

By using the recurrence relation given in Theorem 1.22, we can easily see that

N—q

there are (k71

) different ways to obtain [z, -+, Zpig)f from [z, -+ znia]f.

And so we have the inequality

N—q
|A(q+1)|< N—q maxH|x — Ty |
A a(m) — To(m)| -
m=1

Therefore using Theorem 1.21 we have the following bound :

[ [on, s anaal 1< 28| F1] g (min T 2] @agny — @] )7 (3.4)

where min is taken over all 1 < 7 < N + 1 — ¢ and all possible chains of strict
embeddings [Za(0), "+, ZTpo)] C [Ta)s 2o C 0 C [Tav—g),*  To(v—g)]
with a(0) = 4, b(0) = j+¢,--- ,a(N — ¢q¢) = 1, b(N — q) = N + 1; here given
a(k), b(k) we take a(k + 1) = a(k), b(k +1) = b(k) + 1 or a(k + 1) = a(k) —
1, b(k + 1) = b(k). The length of the first interval in the chain is not included in
the product in (3.4), which we denote in the sequel by II.

For s > sy and for any j < 2° we consider the corresponding term of the

accumulation sum. By the Newton form of interpolation operator we get

Ln(f,, Ij7s) - LN—l(.fa L, Ij,s) = [ZEL T >$N+1]f : QN(x),



CHAPTER 3. EXTENSION BY MEANS OF LOCAL INTERPOLATION 41

where Qy(z) = IV (2 — yi) with the set (yx)Y consisting of all points (z;)N ™

except one.

Thus we need to estimate | [x1, -+, 2] f | -|( Qv -u(z, On, s, 1;,sNK)) P from
above. Here M,+1 < N < N,, thatis 2™ ! < N < 2™ for some m = ng_1,--- , N
and Oy, s = ls4m—1. The interpolation set (xk){v 1 consists of all endpoints of the
basic intervals of length l,,_» (inside the interval I, ;) and some (possibly all for
N = 2™ — 1) endpoints of the basic intervals of length s, ,,_1. For simplicity we
take 7 = 1. In this case x1 = 0, o = ls1m—1, T3 = lssm—2—lstm—1 OF 3 = ls1m_2,
etc.

Since dist(x, [1 s N K) < lsim—1, we get |Q( ()] < N') I 1 (lome1 + k)

Therefore, | (- u)®| < 2 () ¢pei 100,y NTIII ZJrl(lyrm_l + ) <

20 ¢, 1 T (lspm1 + Yk) - mazi<, B;, with By = 1, By = N, B, =

N2/2,--  Bi=N?/2-(Nlsim-1)"2 (spm+y3) e (lygmr+y;) ! fori > 3.
To estimate Bs, we note that [, 1 +y3 = lspm—2, Nlgpmo < 2%, o <
lotm_2, as 2m(o7L = gm @ D™ < gm jlamla™ 2m(3)*" < 1, due to the
choice of sq. Therefore, B3, and all the more B; for ¢ > 3, is less than Bs. On the
other hand, lyypm—1 +yr < Urs1, kK < N —1, as l4n_1 is a mesh of the net (y;)Y,
and lgim—1 + yn < 2ls. This implies that,

(v - w)P| < 2P e, N2 1P LT sye < 2Pc, N2 L TN ey (3.5)

To apply (3.4), for 1 < j < N + 1 — ¢q we consider ¢ + 1 consecutive points
(zj41)i_, from (z;)V*!. Every interval of the length [, contains from 2™ %=1 41
to 2m~F points zj. Therefore the interval of the length I, ,,_,_; contains more
than ¢ + 1 points. In order to minimize the product II, we have to include
intervals containing large gaps of the set K (®in the chain [T, Tjrg) T+ C
(21, -+ ,xn41] as late, as possible, that is all g+1 points must belong to I; s m—vp—1
for some j. By the symmetry of the set K(®) we again can take j = 1. The interval
of the length Is,,, , contains at most 2¥ points, whence for any choice of ¢ + 1
points in succession, all values that make up the product II, are not smaller
than the length of the gap hsim—v-1 = lstm-v-1 — 2ls1m—p. Therefore, II >

J—q—1 : .
hy ot I g, where J, J < 2°*!is the number of points z on I sim—y—1.
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Further, J —q—1 < 2" and

Lgq2: g ls—i—m—v—l
hJ—q—l —

s+m—v—1

)QU < exp (2U 4127} ). (3.6)

s+m—v—1
ls+m—v—1 —2 ls+m—v

Since (o7}, = 1e7NETmT o 9mstv e see that the fraction above

is smaller than 2, due to the choice of sq. It follows that II > %Hé\f;xk and

|z anal fI <2V [ fllg (e ava) T
Combining this with (3.5) we have

| 1, avalf ] Q- w)P) < g, N2V 1 1P T .

Our next goal is to evaluate Higxk in terms of l4,,_1. Estimating roughly
all xx, k > 2, that are not endpoints of the basic intervals of length s, o, from

above by lgym_v_1, We get

20m2 g2vmiol K

q+1 2 _
Hk:2xk < ls+m—1 ls+m—2 ls+m—3 e ls+m—v s+m—v—1 7 ls+m—1

withw=1+14+2 ... 420 L5 (2/a)— 1.
Therefore,
| fon, s anlf L 1O -0)P) < e, N2V 2
since k +a ™ — p — 1> 2, due to the choice of q.

s+m—2

On the one hand, 2V I,y < 22" 1% < 227" <1 as m > 2 and
l1 < 1/2. On the other hand, the accumulation sum contains Ny — M, < Nj

terms. Therefore,
N

(Y )P <N,

N=M,+1
which is a term of convergent with respect to s series, as is easy to see. We neglect

the sum with respect to j, because for fixed x at most one term of this sum does

not vanish.

The same proof works for terms of the transition sums. The sum (3.1) does

not vanish only for x at a short distance to I; .41 N K. For this reason the
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arguments of the estimation of |QS\Z,) ()| remain valid. On the other hand, if
we want to minimize the product of lengths of intervals, constituent the chain
[T, Tjrq) C -+ C [x1,-++ ,TN41), then we have to take x;, -, x4, in the
interval I; s41. Therefore the bound (3.6) and the followings still go. Thus the

operator L is well-defined and continuous. O

Remark. It is a simple matter to find a sequence of functions divergent
in 7 that converges in the Jackson topology. It is interesting that the same
sequence can destroy the Markov inequality. Given s € N let N = 2° and
Py(z) = (Iy_y - 12 ,- --lgs_l)*lﬂé\le(x — ¢js), where ¢;s is a midpoint of the
interval I;,. Then % In(|P4(0)|/|Pylo) — o0 as s — oo, contrary to the Markov
property. On the other hand, E,,(Py) < |Pylo for n < N. Then for any k we get
di(Py) < N¥|Pylo < 2°%1, — 0, as s — oo. But P4(0) - 0, so the sequence
(Py) diverges.



Chapter 4

Extension for another model case

Here we consider a compact set of the form of a sequence of closed intervals
convergent to a point. The spaces of Whitney functions on compact sets of this
type were considered in [15], [16], [19]. For ultradifferentiable classes of functions
on such sets, an extension operator was given by Beaugendre [6]. Under suitable
choice of parameters, these sets are the first examples of compact sets without
Markov property, but with the extension property. So, in such cases the Pawtucki-

Plesniak extension method can not be applied.

Let K C R be a perfect compact set. £(K) is the space of infinitely differen-
tiable Whitney functions on K. Let the norms (|| - [[;)72; be given as in section
3.1.

For any set S C R, let

|fI* = sup{|f(x)| : « € S},

and for € > 0 let Se denote the set {z € R : dist(z, S) < €}.

Let K = {0} Uy, Ik such that K C [0,1]. Iy = [ag,by]. Let 6 = 5(bx —
ag),hy = ag — bpy1. 20 < hy and & | 0, ax | 0. Let by = Bkd where B is a
constant. Let R > 1 such that §z,; = 6. Then by [19] K has the extension
property, we will see below that the set has no Markov property. In [16] for

compact sets formed of intervals converging to a point, under some conditions for

44
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the parameters, a basis was given for the Whitney functions on such sets, and
an extension operator was constructed by use of extensions of the basis elements.
We can see that, the set K does not satisfy the conditions of having a basis in
[16]. So, for £(K), we do not have any information about the basis, and the
extension could not be given by using basis elements. Here, we give explicit form
of an extension operator for £(K) by using local interpolation of functions by

polynomials.

Let

N—+1 T — t?\f‘
N 71’
lj (, 1) = H k tk

i=lij \ N

7=1,...,N+1and

N al T — t?\f—l,i
lj (ZE,Ik,O) - H 1k Kk

¢ A
ZZO,Z#] N—l,j N—l,z

j=0,...,N where {t§,, ...t} y 1} are the Chebyshev zeros of order N +1 of the
interval J;, and t§ o = 0 for all k, N € N. Define

N+1

Ly f () Z FR D (0, 1)
which is the Lagrange interpolation polynomial of f of degree N of the points
{tN 1r s t?V,NJrl}'

Let J, = [0,bg] and Ky = K N J;, and define

Lka Zf t?v 21; (z, Ir—2,0).
which is the Lagrange interpolation polynomial of f of degree N of the points
k—
{152 1,00 "'7tN31,N :

We have the following [36] upper bound for |1} (z, I;)].
4

15" (2, 1) < —

m

for x € Iy, k > 1 and j € {1,2,...,N + 1}. We will use the integer bound 2

instead of %. Next lemma gives an upper bound for |lf(a:, Ir—2,0)].
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Lemma 4.1 There exists a constant Cy > 0 such that |I5(z, I—5,0)| < Cy for
x € Jy for allk >3 and j € {0,1,....k}.

k tk 2 k T
k 1,0
=1 k 1,4 i=1 k—1,i

and hence |I&(x, I;_5,0)| < 1 for x € Jj.

Proof: Suppose j = 0, then

|ll(§(x7 Ik—27

Now, suppose 1 < j < k. Then

tk2 k 75162

k
Gt =[] | = I || |
i=0,i£j | k=1, © k=1, i=1,i4j | k=1~ k=1, k—1,5
b by
T 2B T, (2 )] ke
bia by <(2Bk)k‘1.Bk5k
(5’“2*2)’“—1% k-2 k Op—1

< BFk)FaIRTE

using the fact that |T,é’k72(t],: fj)| > ﬁ. The last expression above goes to zero

as k goes to infinity. O

We have the following inequality by the Holder continuity property of Green’s
function for domains complementary to closed intervals. Let I = [z — 0, ¢ + J],

then for some constant C' > 0:
1 n
. €\ 3
Ipal" < {1 +C (5> } 1P|’
for any polynomial p, € P,.

Define Ly f(z) = L% f(z) for x € L6y, for 1 < k < N, Ly f(z) = LY f(z) for
x € Jyéy and Ly f(z) = 0 elsewhere.

Let en, = 5;3(%) Let uy = uny + -+ - + uyy where uyy is a C°° function

such that for £ < N uyny = 1 for ¢ € Iy, ung = 0 for dist(z, Iy) > eng and
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lunklp, < Dpepr. And uyy =1 for z € Jy, uyy = 0 for dist(z, Jy) > eyn and

lunnlp < Dpej_\ﬁv. Let here the constants D, be of increasing order.

On the interval I = [xg — 0,9 + ] any polynomial p, € P, satisfies the
following Markov inequality as a generalization of the Markov inequality for the

interval [-1,1].

1
p,|" < gn2|pn|1‘

Let f € C*(I) where I = [zg — J, 0 + 0], then by Jackson’s theorem [43] for
any n > ¢ the following holds:

dist;(f,P) < M, (%)qw(f@; 2,

n

where M, is a constant depending only on ¢. Since f (@) is differentiable, for the

modulus of continuity w we have

Hence we have

26 q+1
disty(f, o) < M, (—) faDp.
n

Lemma 4.2 Let f € C°°(I) where I = [xq—0,20+0], and S be any closed subset
of 1, then for any q € N such that for n > q the following holds:

dists(f, P) < (20)9]| f]5

Proof: For any y € S we have

dists(f,P,) < dists(f,Py) < |REf(2)]° < (20)7| 13

4.1 Extension operator for £(K)

Define the operator as

Lf=wLif+Y un(Lyf—Ly-1f). (4.1)

N=2
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Lemma 4.3 Lf(z) = f(x) for any f € E(K) and x € K.

Proof:

Lf(x)= A}im Lyf(x)
Suppose x € I, for some k € N. Let N > k, choose py € Py such that
|f — pn|™ = disty, (f, Py). Then we have

Ly f(z) = f(z)] = [Lygf(z) = f()]
L3 f(z) — pn(2)] + [pn(z) — f(2)]
< |L¥(f — pa)(@)] + disty, (f, Pw)

N+1

2Z\f th ;) — pa(ty;)] + distr, (f, Pw)

IA

IN

< (2N+ 3)disty, (f, Pw)-

Here using the Jackson theorem we get to

s~ 1) < M +3) ()

for any ¢ and for any N > ¢. Hence limy_,o | Ly f(z) — f(z)| = 0 for = > 0. For
x = 0 we have by definition Ly f(0) = f(0) for all N. O

4.2 Continuity of the operator

Theorem 4.4 The operator L : E(K) — C*(R), defined in (4.1) is continuous.

Proof: For given p € N let ¢ = 2[R3]p + 3, then

(LAH® = (ui Ly f) <P>+ZZ() ) (Lyf — Ly f)?

N=2 i=0

Hence
\(Lf)(p)| < |(u1Llf)(p)|J1611+

i p

N=2 i=

( ) max{|uN (Lnf—Lnaf)PA: Ac AN} (4.2)
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fOI‘ AN = {1161\[1, "'7IN—1€NN—17 JNENN}-

For k<N -2
(Lnf — Ly—1 /)P = [(L3f — Lis_ f)@Tsens
- 19N
< |ree(S2)| ks - chanop
k
_ lI N
2 . .
< |[1+cC (5&) S INH|Lf — Ly fI™
k

< CHINHILE - L

Choose py_1 € Px_1 such that |f — py_1|* = dists (f, Pn_1), then

L f— Ly o 1™ < L f —pvoal™ + [pv-1 — Lo fI™
< ‘LINk(f _ZDN—1)|I’c + ’LN—l(f _pN—1)|I'C
S 2(2N+ ].)dlSt]k<f, PN—I)-

Hence for k < N — 2

Dp_i(skf(pfi) N2(p—i)6€C(sl€—iN2i+ldiStIk (f7 PN—l)
< 6D, o N dist, (f, Py-1).

|u§5*i) (Lyf— LN_lf)(i)|Ik5Nk

IN

Let N > g+ 1, then

N-—1
< 24D,e" M2% N 72| f| 1.

0 ) B 26 q+1
|u(p (LNf _ LN_lf)(z)llkeNk S 6Dp606kpN2p+1Mq < k ) |f|q+1

Similarly
(Lnf = Ly Oy <1 +C ] )INF LI f— LN
- 17 NV
S 1+C<€]V_N) 2] ZNZ’L’LJNf LJN 1f‘JN
on
< Y0 N#(2N + 1)Cydistgy_, (f, Py_1)

< 301605&iN2i+1diStKN_3 (f, PN—l)-
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Then for N > g+ 1 we have

Do "I NP3 C 6 N sty (f, P,)
3C1e° Dy NP  dist g, (f, P,)

3C1e“ Dy P NP ol £l

3C1e° D, 6PN (B(N — 3)0x—3)|| £l
3C1eC D, BIs\ T PR a2 )

ufg ™ (L f = Lyt )0

ININ A A

IA

Hence there exists an integer Ny such that for N > Ny:

W (Lo f = Ly f)OP < 1l
And for k = N — 1 we have
17 N
. 2
(Lnf = Ly f)Oevvn <140 (Egﬁj—f) ] ONA NP f = L5
< €90y N¥[2(N +1) + CyN]dist,_,(f, Pn_1)
S (4 + 01)605&1'_1]\[27;4_1(118)6](]\]73(f, PN_1>.

Therefore, similarly we can conclude that there exist an integer N; such that for
N > max{Ny,q+ 1}:

D (L f — Lyt f)OPeven < i £

< N2
Now, let Ny = max{q + 1, Ny, N;}. Dividing the sum in (4.2) into two parts

we have

No—1

(LHP] < 02|f‘0+z Z

N=2 N=N

for some constant C'y > 0. For the first sum there exists a constant C3 > 0 such

that
No—1

> <Gl
N=2
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For the second sum

o0 00 p
p 1 1
Z < | fllgr Z Z (z) max {m, 24DpeCMq22qm}
N=N; N=N, i=0
< ||f||q+124Dp€CMq22q+p N2
N=N>
< C4llfllq

for some constant Cy > 0. Hence, the operator (4.1) is continuous. O

Following the idea from [16](Proposition 1) we can prove the following theo-

rem.

Theorem 4.5 Let the constants R > 2 and B > 6, then the compact set K does
not have the Markov property.

Proof: Without loss of generality, let 6, = exp(—RF), k € N. Fix m € N.

Consider the polynomial
P(z)==- H% . Tnkk(x)
where v, = T, £(0). Take n,, = 1, nj = R™Hm=D+H+k+D) for g < m — 1.

Then P'(0) =1 and deg P =1+ 37", n, < R™. We will show that
|P(x)| < by, xr € K.
This implies the absence of Markov property for K since
1 < CR"mexp(—R™), m — oo

is a contradiction for fixed C, u.

Fix v € K. If © < by, then |y - T, x(z)| <1, k =1,2,...,m, and the desired
bound for |P(x)| is obvious. Consider now = € [;, 1 < j <m — 1. Then

1P@) < byl T 1 Tk,
k=j+1



CHAPTER 4. EXTENSION FOR ANOTHER MODEL CASE 52

since all other terms of the product are less than 1.
To estimate the remaining terms, we use the following bound from [28].
2n_1(Ak/(5k)n < |Tn7k<l‘>| < 2n_1<Ak/(5k + 2)”, n >0,

Ay = dist(x, I}). Therefore,

) b, Bjé;  \™
. < ()= o
h/k Tnk,k(x” — ( ) <(Bk? — 2)5k)

Qg
and
;1 <2(2Bj —4)™".
Hence,
|P(x)| < 2Bjexp(—R’)(2Bj — 4) ™" exp i ng[RF — R7 + In( B )]
, Bk —2
k=j+1
We have B B
7 > In->n(———)>1 :
Bz R>Ig>hlp—rp—) > hig—)
Using the relations
2exp(—Rj) <1, npR* =ng_4,
we have
m—1
In(|P(z)|/by) < In(Bm) - [R™ —n;In(2Bj —4)+ Y nyl. (4.3)
k=j
Using the estimates
m—1
R™+Y ny <2n;, In(2Bj—4)>2
k=j

it follows the expression on the right of (4.3) is negative and |P|¥ < b,,. Hence

K does not have the Markov property. O



Chapter 5

Extension property of Cantor

sets in R"

There are several results about the existence of the extension property of compact
sets in R. In the multidimensional case only a few results are known. In [29] (see
also [31], [33]) Pawlucki and Plesniak suggested an explicit construction of the
extension operator for a rather wide class of compact sets. For example if K is
the closure of a domain with Hdélder type boundary then it has the extension
property (see e.g.[41]). On the other hand if K has a thin cusp then K does not
have the extension property (see e.g. [17]).

In this chapter we will consider Cantor sets in R . In the one-dimensional case
perfect sets of class a were considered by Tidten [42] and he proved as a corollary
that the classical Cantor set K has the extension property. Later Goncharov [18]
gave necessary and sufficient conditions for the extension property of generalized
Cantor sets of class a. In R™ we will show that some similar conditions can
be given for the Cantor set which is formed by taking cross product of the one
dimensional generalized Cantor sets (This chapter mostly contains some results
of the M.S. thesis of the applicant).

In what follows we consider only C'*°-determining compact sets. Let K be a

C'*-determining compact set in R™. Then £(K) is the space of Whitney functions

93
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with the topology defined by the norms

(R )™ ()]

o=y

||f||q=|f|q+SUP{ :%yGK,x%y,lkléq},

4= 0,1,..., where ||, = sup{| /()| : « € K. [k| < } and

(k)
Ryf(e) = J10) = T30 @) = 1) = Y LoDt = ) =

|k|<q

is the Taylor remainder. Let K(® be as in section 3.3.

Theorem 5.1 [18] For 1 < a, a # 2, the Cantor set K*) has the
extension property if and only if o < 2.

5.1 Cantor type sets in R"” and the extension

property

We see that the critical value of the parameter « for the one dimensional Cantor
sets is « = 2. We want to find the critical values for the set K (1) x K(@2) x  x
K@) Tet for i < n K-l denote the set K@) x K(2) x | x K@) For

simplicity we will use the following notations:
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For x = (a1, ...,1,) € Kl*veal and k = (ky, ..., k,) € N” let

r = (x1,...,2,)

T = (my...,Tp)

T = (v1,...,1)

k! = kl.k,!

b = b ke
E>y & x>y Yi<n
T=y & x;=y; Vi<n
T>y & ¥>y and T# Yy

Lemma 5.2 Let f € E(K®onl), Forn > 2 fix c € Kozl gnd let f.(z) =

Lemma 5.3 Let f € E(K®anl) Forn > 2 fix c € K and let fc(i)(y) =
O f(y,c),ie€{1,2,...,n—1}, y € Kler—onil  Thep

7
ozl

17157 2 17E15".
The proofs of these lemmas are straightforward.
Theorem 5.4 K@l has the extension property for 1 < a; < 2,i=1,...,n.

Proof: We will prove by induction on n. We know the statement is true for

k = 1. Now suppose the statement is true for £ < n — 1. Then take
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Therefore by proposition 1.15 and by our induction assumption
_ C
VR>03r,C>0: |gl\((1"_1) < tR|gl|((Jn Y4 ?||gl||£”_1), t>0.
So Wk € N1 st. |ky| < ¢ — ks we have

) ; C o
[FEE ) <t sup [0 @)+ g7Vt >0 (5.)

Now let go(y) := f(z,y) then go(y) € E(K(@)). Using our assumption again,
if we fix x we will have

C
O o) < d® sup |f( )] + Sl d>0,

yeK(an)

then

(sup_ cn_1) 1 FOE @ go))) < (sup_ 1) @ SUD (o) 1F @)+ G llg2]51)))

GK[al ,,,,, GK[al ,,,,,

< (@B supy ) If(2,9)|+S sup, [lg2ll))
for all d > 0. By Lemma 5.2

g2l < 1

and by Lemma 5.3
g [0 < 1A, < IS

Then by (5.1)

. C C
[ o) | < 7| flo + 1 Fllor + 1 fll2r -
Now let d = 5+ then

- 2C
£ (z0)| < 2R flo + =21 fllar V2> 0.

The proof of the following lemma is not so difficult, but we decided to present

at least one of the proofs of the lemmas given in this chapter.

E(K@V) that is, f depends only on the first variable. Then ||f\|((1") = HF||¢(11).
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Proof: Since F(*1:52)(z1) = 0 for k3 > 0 we trivially have

15 =PI

On the other hand we have

- FU.d2) y o
FOR () — ) G W) 0y — g — g = 0

_ — 7 )\
izill<g Vb )l (G = i)'

for iy > 0 and F(jl’;Q)(xl) =0 for ;2 > 0. Therefore
n (R?f) W (x) (o scon] .
S7(f) = sup {||x Ll K 2y <

i FU1.32) j—i
|F( v (1) — 2 jilil<a (1J+)('y1)(x —y

= sup

rU1 Jz)(yl)

|F(i1>(x1) 231>11 ,J2>0,l51<q m(xl—yl)jliil (T2—1f2)72|
= SUDPgy.i, lz—yl?—%

for i1 <gq
I3 €} ) ih—i
[P (1) = 3 T (g — o) |
= sup —x#y,i1<¢q
(V@1 = y1)? + oo+ (20— ya)?) 7"
X (491) .
|FO0 (@0) =3 T (e ) 11| .
= Sup{ - ‘371(]*1?/1‘}1);1‘1 - cx, 1 €ERxy #Fyr,i < g
_ 1
— SNF).

n 1
Hence we get || f[\" = |F||{”. O

Theorem 5.6 Kol does not have the extension property if at least one of

the «; s is greater than 2.

Proof: Suppose without loss of generality oy > 2 . By the proof of Theorem 2

in [18] we have

| fonllp | fnl17

Vp 3e 3q Vr>q I(fnm) C EK): I II(DHE
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as n — oo. Now define gp(z1,...,2,) = fm(z1). By Lemma 5.5 ||gm|\((]n) =

Hme(gl). Hence we have

£n)e

g S gl

[ gml| S

as n — oo, which shows the negation of (1.5). O
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