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Abstract

We consider Einstein Born—Infeld theory with a null fluid in Kerr—Schild
geometry. We find accelerated charge solutions of this theory. Our solutions
reduce to the Plebanski solution when the acceleration vanishes and to the”
Bonnor—Vaidya solution as the Born—Infeld parameter b goes to infinity. We
also give the explicit form of the energy flux formula due to the acceleration
of the charged sources.

PACS numbers: 04.20.Jb, 41.60.-m, 02.40.-k

1. Introduction

Accelerated charge metrics in Einstein—-Maxwell theory have been studied in two equivalent
ways. One way uses the Robinson—Trautman metrics [1-4] and the other way is the Bonnor—
Vaidya approach [5] using the Kerr—Schild ansatz [6, 7]. In both cases one can generalize the
metrics of non-rotating charged static spherically symmetric bodies by introducing
acceleration. Radiation of energy due to the acceleration is a known fact both in classical
electromagnetism [8, 9] and in Einstein—Maxwell theory [5].

Recently, we have given accelerated solutions of the D-dimensional Einstein—Maxwell
field equations with a null fluid [10]. The energy flux due to acceleration in these solutions
are all finite and have the same sign for all D =4. It is highly interesting to study the same
problem in nonlinear electrodynamics.

The nonlinear electrodynamics of Born—Infeld [11] shares two separate important
properties with Maxwell theory. The first is that its excitations propagate without the shocks
commontogenericnonlinearmodels[12], andthesecondiselectromagneticdualityinvariance
[13] (see also the references therein). For this reason we consider the Einstein Born—Infeld
theory in this work. We assume that the spacetime metric is of the Kerr—Schild form [6, 7]
with an appropriate vector potential and a fluid velocity vector. We derive a complete set
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of conditions for the Einstein Born—Infeld theory with a null fluid. We assume vanishing
pressure and cosmological constant. Under such assumptions we give the complete solution.
This generalizes the Plebanski solution [14]. We also obtain the energy flux formula which’
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Lett =10 _define the

turns out to be the same as that obtained in Einstein—Maxwell theory. For the sake of
completeness we start with some necessary tools that will be needed in the following sections.
For conventions and details we refer the reader to [10].

Let z*(t) describe a smooth curve C in four-dimensionalMinkowski manifold M defined
by z: 1 cR = M. Here 1 is the arclength parameter of the curve, and | is an interval on the
real line. For the null case, t is a parameter of the curve. The distance between an arbitrary
point P (not on the curve) with coordinates x* in M and a point Q on the curve C with
coordinates z* is given by

— 12 P v v i
2= (% 2@ 2T point on the curve

so that Q = 0 and x” > z°(%) C(the retarded time).

Then we find the following:

;‘-Iu = 8'“ Tp = xl"‘_—j;‘(‘m) (1)
R = 2"*(10) (X = Zu(10))- "

From here on, a dot denotes differentiation with respect to 7o. We then have

1
}\-;Lu = E[n;w - Z.u}\-v - 21')\-# - (A - e))‘-,ulvj

R,=(A—-e),+Z,, (3)
where
A=z 2,), i =e=0,%1,
€ =—
For timelike curves we take 1. We introduce some scalars ax(k =0,1,2,...)
dk:z',u
ag = hy——, k=0,1,2,....
dr (4)

In what follows, we shall take® =4 = %. For all k we have the following property (see [10]
for further details):

May, = 0. (5)

For the flux expressions that will be needed in section 3, we take
. ny
A =ez,,+e?’, 6#0, (6)
where n, is a spacelike vector orthogonal to "z* (see [10] for more details). For the remaining
part of this work, we always assume and takee # 0.

2. Accelerated Born-Infeld metrics

We now consider the Einstein Born—Infeld field equations with a null fluid distribution in
four dimensions. The Einstein equations
G =kTy = kT2 +kT! + Agyu,

v v

with the fluid and Maxwell equations are given by [15, 16]

b? 2
Gy =k T [Fua PV — (0 + F?/2)g,0 ] + b2gpu + (P + p)utgutty + pguv | + Agu

: (7
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I'=b>/1+ F2/2b?

= b"_) Ay .
i I

F*=F"F,,.
P = *Fuol®)uy = (p + p)utiutly = (P + p)utlin = putUy = J *Fyy, 8)
va;v = J Iy (9)
where b is the Born-Infeld parameter and

: (10)
(11)
(12)

When b - =, Born—Infeld theory goes to the Maxwell theory. We assume that the metric of
the four-dimensional spacetime is the Kerr—Schild metric. Furthermore, we take the null
vector A, in the metric as the same null vector defined in (1). With these assumptions the Ricci
tensor takes a special form.

Proposition 1. Let g, = 1w -2VAuA, and A, be the null vector defined in (1) and let V be a
differentiable function, then the Ricci tensor and the Ricci scalar are, respectively, given by

Rap = (pha + Cakp + 18ap + qABAa, (13)
4V
R = 20K, — 40K — — (14)
where
2V 2K
R R, (15)
4
g =0V +er+2a(K+0V)— E(ZHV'“ +AK —€K), (16)
2V
‘;—u :_K.a"'FZaa (17)
K=)V,andt =2, = %.
and

Let us assume that the electromagnetic vector potential A, is given by A, = H\,where H is a
differentiable function. Let p and p be, respectively, the pressure and the energy density of a

null fluid distribution with the velocity vector field u, = A,. Then the difference tensor

— Bl ! L. . "
T = Guv — k(T + Tin) — Mgy i given by the following proposition.



Proposition 2. Let gy =nw - 2VAA, A, = HAy, where A, is given in (1), and V and H be
differentiable functions. Let p and p be the pressure and energy density of a null fluid with
velocity vector field A,. Then the difference tensor becomes

T o o o [ o
p=A Wp+ AgW + Pdg+ QA Ag (18)
where
p=2K ek kb*(1 —To) — (kp+ A)
= a - — K L]
R : o) kP (19)
+ 2K 4AV  2eV K
7. (s = _ et =" _ & aaf
Q=n"V — s V) R A+ 7z _KWpEe) rn(n HuHp),
(20)
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2V K
Wy=—"iy —Ko+—0"H,)H, 21
- ot TS HOH @1)
and
(AH ,)?
r() = l — Tz‘!

We shall now assume that the functions V and H depend on R and on some R-independent
functions c;,(i = 1,2,...) such that

Ciah=0, (22)

forall i. It is clear that due to the property(5) of ax, all these functions (c;) are functions of the
scalarsa andax (k = 1,2,...), andto. Infactwe shouldwrite this as ci = Ci(to;a,a1,82,...) where all the
acceleration scalars a,ai,az,... implicitly depend on the arclength parameter 1. If one uses the
Serret-Frenet frame in four dimensions, one sees that all these scalars a,ax,k = 1,2,..., are
functions of the curvaturescalars «i,x2,k3 of the curve C (see [10] for furtherdetails). We
remarkthatthe scalarsa,a;,az,...maynotnecessarilybeall functionally independent. We only
want to emphasize that a c; of the form ci = ci(to;a,a1,a2,...) identically satisfies (22). We now
have the following proposition.

Proposition 3. Let VV and H depend on R and functions ¢; (i = 1,2,...), that satisfy (22), then
the Einstein equations given in proposition 2 reduce to the following set of equations:

" 2 ! 2
kp+ A=V +EV — kb1 —I'p]

) (23)
CHY 2V
Iy R

(24)

4 , 24 (., 2V
K(P + p) = Z |:V(-:-(C,'_u,'a) - EV.(,'(C!.QZG) - %(H.t';)h(ci.uci-a)} = T (V - _)

i=1

(25)
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Zwicin = |:Z(1U5C‘i.ﬁi‘ﬁ)i| Aa
i=1 i=l1 )

(26)
where
,  kH’
wi =V, ——H,
o FU ’
27) :
(H")
r() = l - b2
(28)

and the prime denotes partial differentiation with respect to R. Equation (9) defines the
electromagnetic current vector Jy,

JU _ P (F;w)
- dxh Iy , (29)

Fry H’(Z"u)\.“ — A+ ZI.HM (ci"2Y — (.',"U)\-“)J
i=l . (30)

The above equations can be described as follows. Equations (23) and (25) determine,
respectively, the pressure and mass density of the null fluid distribution with null velocity A,.
Equation (24) gives a relation between the electromagnetic and gravitational potentials H and

V. Since this relationis quite simple, when oneof them is given,one can easily solve the other.
Equation (26) implies that there are some functions c; (i = 1,2,...) where this equation is
satisfied. The functions ci (i =1,2,...) arise as integration constants (with respect to the variable
R) while determining the R dependence of the functions V and H. Assuming the existence of
such ci, the above equations give the most general form of the Einstein Born— Infeld field
equations with a null fluid distribution under the assumptions of proposition 2. Assuming how
that the null fluid has no pressure and the cosmological constant vanishes, we have the
following special case. (From now on, we set k = 8x so that one finds the correct Einstein limit
as one takes b - = [5, 10].)

Proposition 4. Letp = A = 0. Then

m F(R)
y =" g2tV
R -7CTR 31)

¥ dR
H:r:—eef

VR +e2/b? (32)
where

m = M(t) + 8reec, (33)
dR

R
F(R) =
() fR2+\/R4+el/b2, (34)




M (CoC™) e 4e aec  3Ma
=— - = VRY+e2/b2+e—(cy?) —e—(Co2%) +6e— +
P="4mr R /bt eRCa”) — e (Cal) H 0y F e

3ae® ae’dF  2¢  eé fR dR

—FR) +——— — —bc+— | ——.
R? R dR R? R? /RY + 2 /b2 (35)
Here e is assumed to be a function of t only but the functions m and ¢ which are related

through the arbitrary function M(t) (depends on t only) do depend on the scalars a and ax
(k = 1), The current vector (30) reduces to the following form:

2ac e’ ea é
jil = {E? [m + R2V0i| +2€E — Eﬁ + %C_(,_H(ZGZ'“ +6a2)})‘-#
0

2
S ai")

+——cC all
RS by (36)
= e
for the simple choice ¢ = c(t,a). Here!® = V L+ 5k

Note that equation (23) with zero pressure and (24) determine the R dependence of the
potentials V and H completely. Using proposition 3 we have chosen the integration constants
(R independent functions) as the functions ¢; (i =1,2,3) so thatci;=m, c;=eand c3=¢,
and

¢ = ¢(1,a,aK), e =e¢(1), m = M(t) + 8(zne)c

where agare defined in (4).
Remark 1. There are two limiting cases. In the first limit one obtains the Bonnor—Vaidya
solutions when b - =. In the Bonnor—Vaidya solutions the parameters m and ¢ (which are

related through (33)) depend upon t and a only. In our solution, these parameters depend not
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only on t and a but also on all other scalarsax (kK = 1), The scalars ax are related to the scalar
curvatures of the curve C (see [10] for further details). The second limit is the static case
where the curve C is a straight line or ax=0 for all k =0,1,... . Our solution then reduces to the
Plebanski solution [14].”

Remark 2. In the case of classical electromagnetism the Lienard—Wiechert potentials lead” to
the accelerated charge solutions [8-10]. In this case, due to the nonlinearity, we do not have
such a solution. The current vector in (36) is asymptotically zero for the special choice ¢ =
-ea and e = constant. This means that ] = O(1/R®) as R - =. Hence the solution we found here
is asymptotically pure source free Born-Infeld theory. With this special choice the
currentvector is identically zero in the Maxwell case [10]. Note also that the current vector
vanishes identically when e = constant, ¢ = ¢(tr) and a = 0.

Remark 3. It is easy to prove that the Born—Infeld field equations

auFuv = 0

in flat spacetime do not admit solutions with the ansatz

A, = H(R,t,a,aK)A,.

Furthermore, the ansatz A, = H(R,1)z ", is also not admissible.

Remark 4. Note that p = 0 only when the curve C is a straight line in M (static case). This
means that there are no accelerated vacuum Einstein—Born—Infeld solutions in Kerr—Schild
form.

3. Radiation due to acceleration

In this section we give the energy flux due to the acceleration of charged sources in the case
of the solution given in proposition 4. The solutions described by the functions c¢,e and M give
the energy density p in (35). Remember that at this point ¢ = c(t,a,ax) are arbitrary.
Asymptotically(as b goesto infinity) oursolutionapproachesthe Einstein—Maxwellsolutions.
With the special choice e = constant , ¢ = —ea our solution is asymptotically (as R goes to
infinity) gauge equivalent to the flat space Lienard—Wiechert solution and reduces to the (as”
b goes to infinity) Bonnor-Vaidya solution [5]. Hence we shall use this choice in our flux
expressions. The flux of null fluid energy is then given by
— o 2 B

N‘f ./;2 Tf ﬂ(,ul’l RdQ (37)

and since T¢% = pA“\ for the special case P = A =0 that we are examining, one finds that

Nr= R*dQ
! [s P (38)



where p is given in (35). The flux Ng, of Born—Infeld energy is similarly given by

Npj = — f Toi® s2on” RAQ
S'2 ﬂ (39)

and for the solution we are examining, one finds that (as R > <)

Ng; = ee® | dQ[a® +€(3%%,)]
52 : (40)

Here we took e = constant and ¢ = —ea. The total energy flux is given by

— . 3
N = Npr+ N, =ej “EM+ 2 aM +2¢%a; — 8e2a? | de
’ ¢ | 4 4 (41)
for large enough R. For a charge with acceleration |z",| = k1, we have (see [10])
. 8t ,
N=-—-M-—e— -
RS (42)

wherex; is the first curvaturescalar of C. This is exactlythe result of Bonnorand Vaidyain [5].
Hence with the choice of ¢ = -ea, the linear classical electromagnetism and the Born—Infeld
theories give the same energy flux for the accelerated charges. This, however, should not be
surprising considering the fact that the Born—Infeld theory was originally introduced to solve
the classical self-energy problem of an electron described by the Maxwell theory in the
shortdistance limit [11]. For other choices of ¢ = ¢(t,a,ax), one obtains different expressions
for the energy flux.

4. Conclusion

We have found exact solutions of the Einstein Born—Infeld field equations with a null fluid
source. Physically, these solutions describe electromagnetic and gravitational fields of a
charged particle moving on an arbitrary curve C. The metric and the electromagnetic vector
potential arbitrarily depend on a scalar c(to,a,ax) which can be related to the curvatures of the
curve C. When the Born—Infeld parameter b goes to infinity, our solution reduces to the
Bonnor—Vaidya solution of the Einstein—Maxwell field equations [5, 10]. On the other hand,
when the curve C is a straight line in M, our solution matches with the Plebanski solution’
[14]. We have also studied the flux of Born—Infeld energy due to the acceleration of charged
particles. We observed that the energy flux formula depends on the choice of the scalar ¢ in
terms of the functions a,ax (or the curvature scalars of the curve C).
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