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Analysis of DF Relay Selection in Massive MIMO
Systems With Hardware Impairments

Mohammad Kazemi

Abstract—We consider a massive multiple-input multiple-output
(m-MIMO) system in which a source communicates with a destina-
tion with the help of multiple single-antenna decode-and-forward
(DF) relays. Employing optimal relay selection, we analyze the
system performance in presence of hardware impairments (HWI)
for two m-MIMO scenarios: massive-antenna source and single-
antenna destination (m-MIMO I), and massive-antenna source and
destination (m-MIMO II). We obtain lower bounds on the average
signal-to-noise plus distortion ratio (SNDR) of the system and show
that in the m-MIMO II regime, the HWI levels at the relays become
the only limiting factors. Employing extreme value theory, we
demonstrate that as the number of relays increases the end-to-end
SNDR of the system tends to Gumbel and Weibull distributions for
the m-MIMO I and m-MIMO II systems, respectively. In addition,
for both arbitrary numbers of source and destination antennas
and m-MIMO scenarios, we provide closed form expressions for
optimal power allocation between the source and the selected relay,
and the effects of HWI level distributions between the receiving
and the transmitting parts of the relay (which can be exploited for
optimal system design under cost constraints).

Index Terms—DF relay selection, hardware impairments,
massive MIMO, extreme value theory, scalability.

1. INTRODUCTION

UMEROUS advantages of massive multiple-input

multiple-output (m-MIMO) systems have made them
one of the key technology enablers for the next generation of
wireless communication systems [2]-[4]. In order to reduce
the cost in m-MIMO systems, due to the high number of RF
elements, it is desirable to use cheap hardware components such
as one-bit analog-to-digital converters (e.g., [5]) and one-bit
digital phase shifters alongside a common power amplifier [6].
Utilizing cheap hardware components increases the hardware
impairments (HWI), which may degrade the overall system
performance. A commonly adopted model for HWI in 5G
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systems is the additive stochastic impairment model in [7],
[8], in which the residual impairments after compensation
are treated as additive Gaussian noise whose variance is
proportional to transmit and receive powers.

On a different front, in future communication systems, co-
operative relaying will play an important role in increasing
the system throughput and coverage [21]-[23], where the relay
nodes can be user nodes (not necessarily a node dedicated to
relaying). As the number of available relays increases, relay
selection will also become an integral part of an overall wireless
communication system. With this motivation, our focus in this
paper is on massive MIMO systems with cooperative transmis-
sion and hardware impairments.

There are some existing results on the effects of residual HWI
on cooperative systems with relay selection [9]-[16]. The perfor-
mance of two-way amplify-and-forward (AF) relaying with the
best relay in the presence of HWI is analyzed in [9]. In [10], the
authors derive closed-form and asymptotic expressions for the
outage probability of dual-hop AF relaying networks with HWI
over Rayleigh fading channels. The authors extend their work to
both AF and decode-and-forward (DF) relays over shadowed-
Rician channels in [11], and also to two-way multiple-antenna
relays in [12]. In [13], the performance of a DF relaying system
with energy harvesting relays is analyzed with two selection
schemes: selection of the relay which potentially harvests the
highest amount of energy from the source signal and selection
of the relay which maximizes the end-to-end signal-to-noise plus
distortion ratio (SNDR). In [14], the authors investigate the out-
age performance of a secondary AF relaying network in a cog-
nitive radio system in the presence of HWI with the assumption
of a direct path between the secondary source and destination.
In [15], analytical expressions and upper bounds are derived for
the outage probability and ergodic capacity of a dual-hop radio
frequency/free-space optical (RF/FSO) system with multiple re-
lays employing DF and AF schemes. In [16], the authors analyze
the performance of a DF relaying system with single-antenna re-
lays and multiple-antenna source and destination by considering
only the single hop channel gains in the relay selection process.

All the works on the effects of residual HWI on coopera-
tive systems with relay selection, except [16], consider single-
antenna source and destination, and none tackles the m-MIMO
scenario. In this paper, we analyze the end-to-end performance
of a m-MIMO system with multiple DF relays in the presence
of residual HWI for two m-MIMO scenarios: massive-antenna
source and single-antenna destination, and massive-antenna
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Fig. 1. A DF relay selection system with no direct path.

source and destination. Differently from [16], in our work, we
consider the optimal relay selection scheme based on the channel
gains of both hops. The contributions of this paper are fourfold:

1) We derive closed-form expressions for the cumulative
distribution function (CDF) of the end-to-end SNDR of
the system, and obtain lower bounds on the average end-
to-end SNDR.

2) We derive closed form expressions for the optimal power
allocation between the source and the selected relay for
both arbitrary numbers of source and destination antennas,
and m-MIMO scenarios.

3) We provide closed form expressions for the HWI level
distribution between the receiving and the transmitting
parts of the relay by formulating a stochastic optimization
problem.

4) We show via extreme value theory that, by increasing
the number of relays, the normalized end-to-end SNDR
tends to Gumbel and Weibull distributions for the
m-MIMO I and m-MIMO 1I systems, respectively. We
also obtain closed-form expressions for the normalization
coefficients.

The rest of the paper is organized as follows. In Section II, the
system model is introduced. A closed-form expression for the
CDF of the end-to-end SNDR and a lower bound on its average
are derived in Section III. Details on optimal power and HWI
level allocations are given in Sections IV and V, respectively.
The scalability analysis is presented in Section VI. Numerical
examples are provided in Section VII, and finally, the paper is
concluded in Section VIII.

II. SYSTEM MODEL

The general system model consists of a source with N
antennas communicating with a destination with N; antennas
with the help of K single-antenna DF relays, which operate
in half-duplex mode. Clearly, utilizing single antenna relays is
not a bottleneck since we are employing multiple relays and a
corresponding relay selection scheme, making sure that MIMO
gains are available for the overall system. We focus on two
m-MIMO scenarios: 1) when only the source is equipped with
massive number of antennas and the destination has a single
antenna, which models communications between a base station
and an end user, 2) when both the source and the destination
are equipped with massive numbers of antennas, which mod-
els communications between two base stations. We refer to
these scenarios as m-MIMO [ and m-MIMO II, respectively.
We also assume that all the channel gains are independent of
each other and perfectly available at the source (both hops)
and the destination (only second hop) [17], [18], and that
there is no direct path between the source and destination. The
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system model is depicted in Fig. 1, where R, is the selected
relay.

The transmission takes place in two phases. In the first phase,
employing maximal ratio transmission (MRT) precoding, the
source sends data to the relay with the highest end-to-end SNDR.
Hence, in the presence of HWI, the received signal at the k-
th relay (if it is the chosen one), ., for the first hop can be
written as

Yre = (Ws,kx + "75) hsr,k + Nrr ke + Nk (D
where z is the transmitted symbol, nj is circularly-symmetric
complex zero mean additive white Gaussian noise (AWGN)
with variance o2 (i.e., ny ~CN(0,02)) at the k-th relay,
hy,  is an N x 1 vector of channel coefficients between the
source and the k-th relay, which is modeled as a circularly-
symmetric complex Gaussian vector with independent, zero
mean and unit variance entries (i.e., hy,  ~ CN(0,Iy,)), and

A

H
W = H: o isthe 1 x Ny MRT precoding vector for the k-th

relay, where || - || denotes the Euchdean norm. In (1), n,, ~
CN (0, ry P d1ag(|h(l) 1. Y )),where diag(x) de-

W
notes a ‘(‘hagoglal matrlx with the elements of x on its diagonal,
and 7., ~ CN(O #ir o Psl sy |*) models the residual HWI
in the source’s transmltter and those in the k-th relay’s receiver,
respectively, with P, = E[|z|*]. The coefficients r, > 0 and
Krrk > O characterize the HWI levels at the source’s transmitter
and the k-th relay’s receiver, respectively [28], [29].

In the second phase, the chosen relay decodes and re-encodes
the received data and sends it to the destination. The received
signal at the destination, y, 1, can be written as

Ydr = (\/ %:33 + ntr,k) h.qr + 1.9+ ng, ()

where P, is the average transmit power of the selected relay,
ng is an Ny x 1 circularly-symmetric complex Gaussian vector
of input noise at the receiver with zero mean and variance o2
entries (i.e., ng ~ CN(0,021y,)), and h,q is the Ny x 1
vector of channel coefficients between the k-th relay and the
destination, which is also modeled as h,;; ~ CN(0,Iy,).

In (2), Mg ~ CN(O,H%T},CP) The Ny4 x 1 vector 1,4 ~

CN(o0, nidPTdiag(\hg,ld{M ,e |h£];‘§€)\ )) models the residual
HWTIin the k-th relay ‘s transmitter and the destination’s receiver,
respectively, where k¢, > 0 and k,.q > 0 characterize the HWI
levels at the k-th relay‘s transmitter and the destination’s re-
ceiver, respectively [28], [29]. Finally, the destination utilizes
maximal ratio combining (MRC) to make decisions on the

transmitted symbols.

III. SNDR ANALYSIS

In this section, we first obtain closed-form expressions for the
SNDRs of the two hops separately, and the CDF of the end-to-
end SNDR. Then, using these results, we present a lower bound
on the average end-to-end SNDR.

Eq. (1) can be divided into the desired signal, distortion and
noise parts as follows

Yrk = Ws kL hsr,k +77t£hsr,k: + Nrr,k + ng . (3)
~~~

noise

desired signal distortion
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Since the source utilizes MRT precoding to send data to the
selected relay, the SNDR at the k-th relay, 7, 1, is obtained
after some calculations as

(W kB E [[2f’]

Vsr,k = >
E [|77t’2hs7',k + 77r7“,k| :| +E [|nk|2:|
Psasr,thsr,kHz + ‘772:,
where ook = K7, + K7 ”h”'k’”%, with || - ||, denoting the ¢4

ts Hhsr,k
norm.

For an asymptotic analysis of the SNDR, we need the follow-
ing two lemmas.

Lemma 1 ([24, p. 148]): If h is a zero-mean real-valued
Gaussian random variable with variance o2, then for any even
positive integer p, we have E[h?] = (02)% (p — 1)!!, where (-)!!
denotes the double factorial, ie., (p—1)!I=1x3x---x
(p—1).

Lemma 2: If h is an N X 1 circularly-symmetric complex
Gaussian vector with zero mean and unit variance entries, then

. 1 2 a.s. 4 a S.
J\III—IPOON”hH =1 and hm — ||h|| )
where “3" denotes the almost sure convergence.

Proof: Ttisreadily proved using Lemma 1 and theory of large
random vectors [25]. |
Using Lemma 2 and (4), the maximum pos51ble SNDR of the

first hop equals to vf}a,i‘ = limy, o0 Yor k S Kzl , which only

T,

depends on the level of HWI at the relay’s recelver

In the second phase, the selected relay decodes the received
signal, re-encodes and transmits it to the destination. At the
destination, after applying MRC, we have

Yd.k = Wa,kYdk

P,

= Wak\/ 5 Thrak + Wa kN khra ks + Wa k4
P
S

distortion

desired
+ Wq kg, (6)
——
noise
hH
where wg , = Hh ” is the 1 x Ny MRC vector for the k-th

relay. Using (6), after some calculations, the SNDR at the
destination, 7,4k, is obtained as

2 |waihya B {|a;|2]

Vrdk = ] .
E [IWaktr ibra k + Wa k7rd] } e “Wd,knd' }
_ Py|hyqzl
o 2 5 (7)
Prapqrlhrarl” + o2
h,
where Qpd ke = ﬁtr ptE %“d ”h d, k”4

Using Lemma 2 and (7), the maximum possible SNDR at the

second hop equals to y,."% = limy, o0 Yrd,k g Kz .Clearly,

this value depends only on the level of HWI at the relay’s
transmitter.
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Since the overall performance of the system is limited by the
performance of the individual hops, the optimal relay selection
criterion and the corresponding end-to-end SNDR can be stated
as follows

]zb = arg max min STyKoy T I
O Illa:: Illa:: IIllIl )37 T g

where [K| denotes the set of all relay indices. In other words, the
source chooses the relay with the highest end-to-end-SNDR, or
equivalently, the relay with the highest minimum of the SNDRs
in the two hops.

Proposition 1: In the m-MIMO I system (Ng — oo,
Ny = 1) with DF relay selection, for 0 < ~, the CDF of the
end-to-end SNDR with the use of the k-th relay, Fr . . (7).
and the CDF of the end-to-end SNDR of the system, Fr,___(7),
are given as

—0R7Y max
o () =1—exp | ——"— [u(™ =)
P, (1 — ﬁ%),ﬂ)
(10)
K
FFInax (7) = H Ffmimk (7)) (11)
k=1

respectively, where v £ min{(x? . k)il, (H%T,k+liid)7l},

Kok = /K2, 42, and exp(-) and u(-) denote the exponential
and Heaviside step functions, respectively.
Proof: The proof is given in Appendix A. |

Using this proposition, the following theorem provides a
lower bound on the average end-to-end SNDR of the m-MIMO
I system (which employs relay selection).

Theorem 1: In the m-MIMO I system (N; — oo, Ny = 1)
with DF relay selection, the average end-to-end SNDR, 77 .., is
lower bounded by

i 1 I
7{ot>£%{@(l_(l “M’kax)emk )

1
- 5 (Ckegk (El (gk) - K, ( B+ gk))) }

Kok
(12)

e oty
W Pr’ P.(1- )12 ypex)
f:o Le~tdt is the exponential integral function.
Proof. The proof is given in Appendix B. ]
Theorem 1 provides an insight on the end-to-end SNDR
of the m-MIMO 1 system. For the m-MIMO II system
(Ns — 00, Ny — 00), we can obtain simpler SNDR expres-
sions, since both the source and the destination are massive.
Applying Lemma 2 to (4) and (7), the SNDRs at the first and

second hops of the m-MIMO II system are obtained as

where ¢, = pnax £ and F)(z) =

a.s. 1 Im as 1
’Ysr,k - K2 and ’yrd,k — b

.k K

(13)
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respectively. Substituting (13) into (9), the end-to-end SNDR of
the m-MIMO II system becomes
I @S- . 1 1
= e .
o % mpemin { oo, 2}

Accordingto (13) and (14), in the m-MIMO Il regime, the effects
of channel coefficients, input noise terms and HWI at the source
and destination fade away, making the HWI at the relays the
only remaining limiting factor on the system performance.

(14)

A. End-to-End SNDR With HWI Level Variations

According to (14), in the m-MIMO II system, due to massive
numbers of antennas at both ends, the instantaneous SNDR is
only a function of HWI levels at the relays. However, even
assuming that the relays are identical, they will have slightly
different specifications in practice. In this subsection, we as-
sume that there are HWI level variations among the relays,
which are modeled statistically. Since there is no characteri-
zation and modeling of these variations in the literature, as a
starting point, we assume a basic distribution for the variations
in HWI levels. More precisely, we assume that the HWI levels
at the receiving and transmitting parts of the relays are real-
izations from i.i.d. uniformly distributed random variables; i.e.,
Koy Kot ~ U(F — 5—2*, R+ %), where % and J,, are the average
HWTI level and the range of HWI level variations at the receiving
and transmitting parts of the relays. Note that HWI levels of the
relays do not change over time.

Theorem 2: In the m-MIMO II system
(Ns — 00, Ny — oo) with DF relay selection and random,
ii.d., uniformly distributed HWI levels at the relays; i.e.,
Koy Ktr ~ U(R — %, R+ %), the CDF of the end-to-end
SNDR of each relay, F{l (y) for (FR+2%)2<y<

FI () =1 !

_ S,
(F =5
! ‘+5“ 2
=l—-—=|l—=—-K+=).
Flninfy 6% ﬁ 2

Also, the average end-to-end SNDR of the system, "ygoft, is

lower bounded by
1 1
Z_KI.|=

(o n (). oo

where I (o) £ 2:01 (K};l)(fl)kﬁ.
Proof: The proof is given in Appendix C. |
In the next two sections, we investigate optimization of the
system parameters including the transmission powers and the
HWTI levels at the relays.

)2, is given as follows

s)

11 K
K >?+?

IV. OPTIMAL POWER ALLOCATION

In the previous section, we assumed that the transmit powers
of the source and the relays are fixed. However, by optimal power
allocation (OPA), a better performance can be achieved under a
total power constraint. A common practical scenario is sharing
a fixed amount of power P between the source and the k-th
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relay [26], namely using a source power of AP and the k-
th relay power of (1 — Aj)P, where Ay € (0, 1) is the power
allocation factor. Following this approach, we first solve the
power allocation problem for arbitrary numbers of the source
and the destination antennas. We then analyze it further in the
two m-MIMO regimes.

By substituting Ps and P, with A, P and (1 — Ay) P, respec-
tively, in (4) and (7), and utilizing (9), we observe that optimal
power allocation and relay selection are accomplished through
the following optimization problems

. )\kP”hsr,kHZ
min 2 3 x
)\kpasr,k”hST,]CH +an
Ytot, k-

max

tot,k —
Yot 0<h,<1

(1 = 2) Pl il
(1= 2) P2, by il + 02

}7 A7)

Ytot = ma}? (18)

ke[K]

The optimal value of the power allocation factor in (17) is
given by the following theorem.

Theorem 3: In a DF relay selection system in which a con-
stant power P is shared with coefficients A, € (0,1) and 1 — A,
between the source and the k-th relay, respectively, conditioned
on the instantaneous channel realizations, the optimal value of
the power allocation factor Ay, is obtained as

—bj, +\/b},> — 4dj.c
S0Pt _ k k k k’ (19)

k 2a),

where

a’;c = Pthsr,kHthrd,k |2 (O‘STJC - O‘Td’k) )

‘2> - a;cv
¢y = —P|hyq 1|02 (20)

Proof: The proof is given in Appendix D. |

Finally, the best relay is selected by solving the optimization
problem in (18), which is nothing but the simple task of finding
the maximum among the corresponding SNDR values 7io1,%°S.

In the m-MIMO I system, the SNDR of the first hop becomes
independent of the source’s transmit power, so a range of power
allocation factors become optimal, among which we choose the
one which minimizes the total transmit power of the system, as
stated in the following theorem.

Proposition 2: In the m-MIMO I system
(Ng — 00, Ng = 1), the optimal total power minimizing
strategy is for the source to send with the lowest possible power,
i.e. P°PY — 0, and for the relay with the following

= P02 (Iar, > + a1

o : Plhraxl > 1
popt — (Rzrr,k:_az‘d,k)‘h'rdka? Paid,k\hrd*f*“% = )
" P if — Dltra.el <
’ Po‘zvd,k‘hrd,k‘z‘i’gi Kor ke
(21)

Proof: The proof is given in Appendix D. |

According to (14), the end-to-end SNDR of the m-MIMO
I system becomes independent of transmit powers of both
the source and the relays, hence rendering power allocation
unnecessary.
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V. EFFECTS OF TRANSMITTER AND RECEIVER
SIDE HWI LEVELS

In this section, we are interested in studying the effects of
HWIs at the transmitter and receiver sides. The best-case HWI
level distribution at each relay is a function of the channel
coefficient of the two hops. However, in many practical systems,
HWTI levels are not tunable and, depending on the budget,
are fixed at the system design stage. Therefore, in practice,
HWTI level allocation should not depend on the specific channel
realizations. Nevertheless, as an intermediate step toward a
stochastic analysis, we first assume that the channel coefficients
are fixed, and determine the best-case scenario for the HWI level
allocation (HLA). Then, we evaluate the HWI level distribution
over the channel statistics, which provides guidelines for an
overall system design under a total cost constraint.

A. Evaluation of HWI Levels With Fixed Channel Coefficients

As in [27], we take the sum of HWI levels at the receiving
and the transmitting parts of each relay as a constant. Letting
Krk = Kprg + Kir g be the total HWI level at the k-th relay,
we write the HWI levels at the receiving and the transmitting
parts of the relay as Ky i = pi £r i and K i = (1 — pg) Kr ks
respectively. Here, pj € [0,1] is the HLA factor for the k-th
relay. Substituting these values in (4) and (7), and utilizing
(9), the relay selection and HWI level allocation can be jointly
addressed through an optimization problem which, similar to the
power allocation problem, can be divided into two subsequent
problems: a HWI level allocation problem as follows and a
simple relay selection one as in (18). Namely,

max min{ PSHhST,kHz
b
0t P, (B4 22 ) [ P+ 2

VYeot,k =
Py||hyq el

Py (Brae+ (1= pi)?2 ) Iyl + a%}
(22)

2 [hsrnli a2 |hearlli
= and =K =
ts Hhsr,kH4 ﬂ’r‘d,k rd Hhrd,kH4

We first determine the HWI level allocation for arbitrary
numbers of source and destination antennas, and then consider
the two m-MIMO regimes.

Theorem 4: In a DF relay selection system in which the k-th
relay has a constant total HWI level x,. ;, which can be distributed
with coefficients py, € [0, 1] and 1 — p; between the receiving
and the transmitting parts, respectively, the best-case scenario
for the k-th relay is achieved with an HLA factor equal to

where B¢, £ K

0, ifwy <0,

phe = { 3=, i 0 <y < 27, (23)
1, if @y, > Zﬁi,k’
where
4 4
2 Hh'r'd,k||4 2 ||h87”7k||4

AN
Wi = K+ Krg — Kj
' el gl
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(732 0'2
P, P.
: — . (24)
2 2
hrakl” (sl
Proof: The proof is given in Appendix E. |

According to Theorem 4, as the HWI level at the source’s
transmitter (k4,) increases, the best-case HWI level at the relay’s
transmitter (pE%T’ ) increases as well, while the best-case HWI
level at the relay’s receiver ((1 — p}gc)nnk) decreases. On the
other hand, by increasing the HWI level at the destination’s
receiver (k,q), the best-case HWI level at the relay’s receiver
increases as well, while the best-case HWI level at the relay’s
transmitter decreases. These results are expected, since due to
the bottleneck effect in multihop scenarios, the best performance
is obtained when the SNDRs of the two hops are as close to each
other as possible.

In the following proposition, we give the best-case HLA
factors in the two m-MIMO regimes.

Proposition 3: In a DF relay selection system in the m-
MIMO regime, the best-case HLA factor for the k-th relay is
obtained as

a) m-MIMO I (N; — 0o, Ny = 1):

1 : 1
5+, ifdp <5,
me=q: , . (25)
17 if 19k > 2
where
2 2
K o
9y & —zd n . (26)
267 2Pr”37k|hrd,k|2
b) m-MIMO II (N — 0o, Ny — 00):
1
=75 27)
Proof: The proof is given in Appendix E. |

Armed with this intermediate result, in the next subsection,
we provide a practical analysis by averaging over the channel
statistics.

B. Evaluation of HWI Levels Over Channel Statistics

In the m-MIMO I system, the best-case HWI level at each
relay is a function of the channel coefficient of the second hop.
So the HWI allocation between the transmitter and receiver sides
can be addressed by solving:

) 1
max Ej | min ¢ ———,
K
Prkr i

Ytot,k =
© 0<pr<l

Pr|hrd,k|2 }] (28)
Py (2 (1= pi)2, ) Vs + 03

where Ej,[-] denotes the expectation over channel coefficients.
Using (54) and ignoring the terms independent of py, the value
of HWI level that maximizes (28) is obtained as

be,stoch . 2 max _ pmax
’ = 1 — k
Py arg min ((1—r)70") e
+ere (Er (k) — By (o™ + <)) . (29)
With Ryrrk = PkRrk and Rirk = (1 - pk)fink, we

max . —1 —1
have P = min{(p}2,) (1 - )22 0020) '
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o min{(p} k2 )" ((1—px) K2, +42,) "'}
Pr(1—min{(p} 52 ) (1=pr)* K2, +h2,),1})

2 . .
which are non-convex functions of

UTL
Pr((1=pr) k2 +r2,)”

optimization variable pg. These in turn make the HLA
problem non-convex. However, according to (25), the HLA
factor becomes less dependent on the channel coefficients
as SNR increases. Therefore, for high SNRs, we can obtain
an approximate solution of the stochastic HLA problem by
calculating the expected value of the expression in (25) over
the channel coefficients. According to (25), if k,.q > Ky, then
¥}, is always greater than one, so we have Ej,[pP¢] = 1. On the
other hand, if k.4 < £k, knowing that A, x| follows a unit
rate exponential distribution and after some calculations, we
obtain

pEc,stoch ~ Eh [pllzc]
1
2
1
P Y > 5

max __
Ly,

and ¢, =

I <

1
+ Ep [191@ 5

)o(ors})

2 2
K 1 o,
=1 rd —Tih E
| (% 2) " 2P B )
(30)
where z;;, £ 2”%1 >— . Combining these results
P (k kf’ird)
1+ (;:T - %) e " if kg < Kok
be,stoch ok

Py =\ e B (wm), Gh

17 if Kpd > Kr,k-

As also observed in the previous sections, this result basically
shows that the best HLA is the one which makes the SNDRs of
the two hops as close to each other as possible. Since the obtained
HWTI level allocation is only a function of system parameters
such as HWI levels (i.e., it is independent of the instantaneous
channel coefficients), it can be utilized in practice as a guideline
for an overall system design under a total cost constraint. We
also note that the results in Theorem 4 and Proposition 3 serve
as upper bounds on the system performance averaged over fading
statistics.

VI. SCALABILITY ANALYSIS

As the number of relays increases, the degrees of freedom and
the number of channel coefficients to choose from also increase.
Therefore, in the limit of the number of relays tending to infinity,
the maximum possible end-to-end SNDR can be achieved for
each channel use, i.e.,

lim max {Ymin,k} =sup{y: Fr,,. (v) <1}
K—oo ke{K

Luw (FFn]in)

min{(ﬁ;ink)_l, (li%,,,’k)_l} . (32)
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That is, we know the limiting value of the end-to-end SNDR.
However, we are also interested in its limiting characteristics,
which is tightly related to the system performance.

Extreme value theory, basically, states that the limiting dis-
tribution of the maximum of K i.i.d. random variables with a
common CDF Fx(x), if exists, after proper renormalization
can only converge in distribution to one of three possible dis-
tributions, namely, Gumbel, Fréchet, or Weibull distributions
[20], i.e.,

I}gn FX (aKil'+bK) GX(m)a (33)

where G x () is the CDF of Gumbel, Fréchet, or Weibull dis-
tributions, and ax and bg are the normalization coefficients.

A. M-MIMO I System

We first recall a lemma:

Lemma 3 ([19, Theorem 10.5.2], [20, Theorem 3.3]): If there
exists an x; that in the open interval (z;,w(F')) probability
density function (PDF) of fx (z) is positive and the following

holds,
[1 — Fx(x )} -0
fx (@) ’
then, the limiting distribution of maximum of K i.i.d. random
variables with CDF F'x(x), after proper normalization, con-
verges in distribution to a Gumbel distribution; i.e., there exist
proper normalization coefficients such that

d

£ 4
voro(F) d 34

lim F¥& = —e 7
Jim P (axw +bx) = exp(—e7), (35)
where the normalization coefficients can be obtained as

b =Fy' (1—- %), ax =Fy¢' (1-2=) —bk, (36)
where F'! () is the inverse function of Fy (+) and e is the Napier
constant.

Theorem 5: In the m-MIMO I system (Ng — oo, Ng = 1),
assuming that all the relays have the same levels of transmit HWI
(Ktre = Kir, Yk € [K]), as the number of relays increases,
the maximum of the SNDRs of the second hop converges in
distribution to a Gumbel distribution; i.e.,

I}ILDOOF o larxy +bx) = exp (—e77), (37)
where the normalization coefficients can be obtained as
P.o? P.In(K)
ag = , =
(P In(K)K3 + 02) P In(K)k5 + 03
(38)
where k) £ /K2, +K2,.
Proof: The proof is given in Appendix F. |

B. M-MIMO II System

According to (14), since the end-to-end SNDR of the m-
MIMO 1I is independent of the relay indices, increasing the
number of relays has no effect on it. However, that is not the case
when there are HWI level variations at the relays. As discussed
earlier, in the limit of the number of relays tending to infinity,
the maximum possible end-to-end SNDR can be achieved in
each realization. So, in the m-MIMO II system with HWI level
variations at the relays, the limiting value of the end-to-end
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SNDR as the number of relays increases is equal to

. II a.s 5l€ -
A Yeor = (“ - 2) -
We are also interested in the limiting characteristics of the
end-to-end SNDR. We recall the following result:
Lemma 4 ([19, Theorem 10.5.2], [20, Theorem 3.3]): 1If
w(F') < oo and for some « > 0 the following holds,

@) =) fx@)
z—w(F) 1-— FX (:ZZ)

then, the limiting distribution of maximum of K i.i.d. random

variables with CDF Fx(x), after proper normalization, con-

verges in distribution to a Weibull distribution; i.e., there exist

proper normalization coefficients such that

(39)

(40)

. K _ 17 Y > 07
where the normalization coefficients can be obtained as
1
cx = w(F) — Fy! (1 — K) , dxg = w(F). (42)

Theorem 6: Inthe m-MIMO I system (N, — 00, Ng — 00)
with DF relay selection and random, uniformly distributed HWI
levels at the relays, as the number of relays increases, the end-to-
end SNDR of the system converges in distribution to a Weibull
distribution; i.e.,

. K L v >0,
A, (P, (exy+ i)™ = {exp (7). v <0,
(43)
where the normalization coefficients are as follows
8N\ (N AN
o= (3-3) -(+o(7-1)
5.\ 7
dg = (/{ — 2> (44)
Proof: The proof is given in Appendix F. |

VII. SIMULATIONS AND NUMERICAL RESULTS

In this section, we present several simulation results and
numerical evaluations to corroborate our findings and to study
the system performance. All the simulations are obtained by
averaging 1000 realizations of the system. The default values of
the parameters used in the simulations are as follows:

P, =1W, P, =1W, 02 =1, k=01,

Kpp = 012 Ky =013, Kpqg = 0.11, (45)
where the HWI levels are chosen in the range [0.08, 0.175]
in accordance with the error vector magnitudes of 3GPP LTE
requirements [30].

The end-to-end SNDR of the system versus the number
of end-node antennas (assuming Ny = N, = N) for different
numbers of relay nodes are presented in Fig. 2, assuming that
the relay nodes have similar levels of HWI. According to Fig. 2,
as the number of end-node antennas increases, the end-to-end
SNDR converges to the theoretically attained m-MIMO ex-
pression for all numbers of relay nodes, as expected. Also, for
moderate number of end-node antennas, the end-to-end SNDR
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Fig. 2. Average end-to-end SNDR versus number of antennas.
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Fig. 3.  Average total SNDR versus total transmit SNR for K = 10.

of the system increases as the number of relay nodes increases.
However, in the m-MIMO II regime (high numbers of end-node
antennas), the end-to-end SNDR is almost unaffected by increas-
ing the number of relay nodes. For instance, all diagrams achieve
SNDRs of around 13 dB when N = 100, however, SNDRs
increase only about 1 dB by doubling the number of antennas.

In Fig. 3, average end-to-end SNDR versus total transmit
signal-to-noise ratio (SNR) ( £ = %) is presented. Ac-
cording to Fig. 3, as the total transmit SNR increases, the
average end-to-end SNDR increases as well until reaching the
interference-limited regime, where it saturates. It can also be
seen that the improvement due to power allocation diminishes
as the number of antennas increases.

Average end-to-end SNDR versus the number of relay nodes
is plotted in Fig. 4. It is observed that, as the number of relay
nodes increases, the average end-to-end SNDR increases as well.
This increase is less pronounced as the number of antennas
increases, to the extent that, in the m-MIMO II regime, the
system performance becomes unaffected by the number of relay
nodes. We can also see that the improvement due to power
allocation mostly depends on the number of antennas rather than
the number of relay nodes.

The effects of HWI on the system performance is investigated
in Fig. 5 for different numbers of relay nodes and K = 10.
We assume that the source and the destination have the same
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(compared to the default values) for K = 10.

number of antennas. The end-to-end SNDR of the system versus
percentage of increase in HWI levels, compared to the default
values of (45), is presented in Fig. 5, which shows that as the
impairment levels increase the end-to-end SNDR decreases. We
also observe that the system performance is more sensitive to
HWI levels in the m-MIMO II regime. This is due to the fact
that in the m-MIMO II regime, the system performance depends
mostly on HWI levels rather than the other parameters, which
can be averaged over. For instance, the SNDR reduces about
2 dB by 50% increase in HWI levels for N = 10, while this
reduction is around 4 dB in the m-MIMO II regime.

In Fig. 6, the effects of variations of HWI levels among relays
on the average end-to-end SNDR is analyzed for the m-MIMO
II system for £ = 0.1 and different values of K. According
to Fig. 6, increasing the number of relays and the HWI level
variations among relays increases the average end-to-end SNDR
of the system as well. This is due to the fact that increasing these
parameters increases the chance of having a good relay (with a
low HWI level) among all available relays; hence, improving
the system performance. It should also be noted that the average
end-to-end SNDR is not an increasing function of d,; in general.
Also, our proposed lower bound is tight even in higher values
of %, e.g., a gap of only 0.5% for K = 20 in % =0.3.

best-case stochastic HLA
T -m-proposed stochastic HLA

3 . . | |
30 40

50
L (dB)

Fig.7. Comparison of stochastic and non-stochastic approaches of HWI level
allocation for x,- = 0.25 and K = 10.

In Fig. 7, the performances of different HWI level allocation
algorithms are investigated for m-MIMO 1 as transmit SNR
at the relays (f{) increases, where “equal HWI levels” refers
t0 Kppr = Kir =05 K. In this setup, we assume K = 10 and
Ky = 0.25. According to Fig. 7, employing suitable HWI level
allocation improves the system performance from about 5% for
SNR = 0 dB up to about 25% for SNR = 30 dB. Also, the
proposed stochastic HWI level allocation algorithm has almost
the same performance as the best-case non-stochastic HLA
algorithm (an upper bound on the performance of the stochastic
approach) in higher SNRs.

VIII. CONCLUSION

In this paper, considering a cooperative m-MIMO system with
multiple DF relays and employing optimal relay selection, we
analyze the system performance in the presence of HWI for two
m-MIMO scenarios: massive-antenna source and single-antenna
destination, and massive-antenna source and destination. We
investigate the scalability of the system, by showing that by
increasing the number of relays, the normalized end-to-end
SNDR tends to a Gumbel distribution for the m-MIMO I system,
while it converges to a Weibull distribution for the m-MIMO
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II system with HWI level variations among the relays. We also
provide closed form expressions for the optimal power allocation
between the source and the selected relay, and the effects of HWI
level distributions between the receiving and the transmitting
parts of the relay. It is shown that the optimal distribution of the
power is the one which makes the SNDRs of the two hops as
close to each other as possible. We also find that increasing
the number of relays increases the end-to-end SNDR of the
m-MIMO systems as well, and the increase is more pronounced
when there are variations in the HWI levels among relays.
Analysis of the effects of imperfect CSI on system performance
with HWI is an interesting possible future direction.

APPENDIX A
PROOF OF PROPOSITION 1

In the first hop, since the source is equipped with massive

number of antennas, for the k-th relay we have 4 MMO =

My, oo Yerk 3 ——. So the CDF of SNDR at the first hop

rr,k

1
FFS T, (’Y) =u ’Y - :
i H%T,k

Since hyq, ~ CN(0, 1), then |h,q k|* follows a unit rate ex-
ponential distribution; i.e., |k k|> ~ Exp(1). Hence, using (7),
the CDF of SNDR at the first hop for 0 < v < (Ii%r’k+l-€%d)7l
is obtained as follows:

becomes

(46)

2
927

P, (1 - (K%r,k: + K%d) 7)

2
— 0

P, (1 — (K%T’k + m%d) 7)
Since the channel coefficients of the two hops are independent
of each other, using (9) and after some calculations, the CDF of

the minimum SNDR of two hops for each relay, Fr, ;. , (7). for
0 < v is obtained as

FFInin,k: (’7) =1-P (’Vsr,k > ’Y) P ('Yrd,k > ’Y)

FFm,k (’Y) =P |hrd,k|2 <

=1

— exp a7

2
—0nY

— e (=)
P, (1 — K3 kw)

=1—exp

(48)

Finally, since the channel coefficients of the relays are indepen-
dent of each other, using (48), the CDF of the end-to-end SNDR
of the system, FT___(7), can be obtained as

F :P min S
T (7) (krggg} {Ymin,x } 7)

K
=[] Frow. () (49)
k=1

which concludes the proof.
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APPENDIX B
PROOF OF THEOREM 1

Since max(-) is a convex function, using Jensen’s inequality,
we have

’S/tot = Eh [gg% min {Vsr,ky 7rd,k}:|

= E i sr.ks Jr . 50
_]?61[2}?] b [in {Ver ks Vrdok }] (50)
Using (48), we have
2 —ony
o5, exp <F’T(1—K§m)>
mein,k ('V) = . 5 U (,y;’gnax _ ’7)
Pr (1 - “%,kV)
70—%721ax max
+ exp . 5 ('Y - ")/k ) 7
P, (1 — Hz’k,)/lrcnax)
(51)

where J(-) denotes Dirac delta function. The expected value in
(25) can be written as

o2 yexp | ==Y
'Yllcnax n’y p P,,(lfm;k'y)
Eh [Fmin,k] - ) d’Y
0 P, (1 - K%,k’}/)
max _ngfyllcnax

+ v Texp (52)

P, (1 — n%ﬁkv}gl‘“)

With a change of variable x = Pr(l"fil%m, the first integral in
(52) turns into
A
22 pa®
0 oz + /isz,«z
{ g 2 pgmex 1
=5 ¢ Tdv — a2 pat
Kok Jo Kak Jo o+ Ky Pre
2 %1 pax 4 n py
_ 21 (1_ ,xmaX) oy, engkpr/ kz TP e ds
K2k Ko b T z
et
1 x
= (1 e "k — et (B (sx) — By (o™ + gk)))
2,k
(53)
Substituting (53) into (52), we have
1 2 max _xluax
Ep Conin ] = —— (1= (1 = #3, 75™) ™"
Kok
—re™ (B (k) — By (2™ + <)) . (54)

Finally, substituting (54) into (50) concludes the proof.
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APPENDIX C
PROOF OF THEOREM 2

-1 1
Let ET"!‘,kH gt'f,k‘ ~ u(77 5)9

Or€rrk and Ky = K + 0x€4r k. SO, for §,, < R, we have
[ 11
—II .
E -
Teor = ;Iel[alg] i { H%r,k 7 K%’r,k }‘|
[ _ 1 1 2
=K max min { — , =
ke[K] K+ 6n5r7‘,k K+ 6m€tr,k

15, 1o, ?
> E | { max min FaCrrks = T T ftrk
ke[ K] kK R R

s 2
K
—E < - = min max {&,, x, Er, k})

K ke[K]
1 26, 52
== - FEi+ “EQ, (35)
K KJ

where

E,2E Lgl[l}I(l] max {5rr,k75rr,k}:|

2
(mm max {Err ks Err k}) ]

B, 2 E
ke[K]

Since the CDFs of €, and €, are the same and equal to

Fg,,(¢) = Fg,, (¢) = € + § in the interval [}, 1], we have
Fgmin =P rrks €rr, <
5 min (€) (gg{l}r{l] max {€pr ks Errk } 5)
"\ "
—1-(1- - 56
< <5+ 2) ) (56)
Using binomial expansion ((1—w)& = Zl (Klgl)(—w)k),
we have
1
Ik (@) é/ w*(1 — w)* dw
0
K-1
K1 L1
= —1) . 57
> () @

So, using (56) and (57) and a change of variable (w = (¢ + %)2),
the values of the first and the second expectations in (55) become

E1:K/01 (f—é) (1 —w)* 'dw = KIg (;) _%

(58)
! 1\° K1
EQZK/(; <\/(;—2) (I—W) dw

=K <IK(1) — Ik <;)> + %,

respectively. Substituting (58) and (59) in (55) gives us (16).

(39)
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APPENDIX D
PROOFS OF THEOREM 3 AND PROPOSITION 2

then we have k,.p =K+ A. Proofof Theorem 3

The optimal power allocation factor of the k-th relay can be
obtained by solving the optimization problem in (17). It can

easily be shown that, in the interval 0 < A < 1, the expression
2 Pl k|
Ak PO‘_Z;T k Hhsr, k H2+U$’,

is an increasing function of A, starting from

(1=23) Pllhya, & |
(I=ig)Pai, by, kP a2
decreasing function ending in a zero value. Hence, they intersect
once in the interval. Since one function is increasing and the
other decreasing and they intersect, the maximum value of their
minimum is achieved at the intersection point. In other words,
for the optimal power allocation factor, we have

2P Py, =P
WP bkl 02 (=27 PaZy by, k] +o2
(60)
The Eq. (60) can be turned into a quadratic equation of the form
al (AP)2 + B AP + ¢, = 0 with the following two solutions

isa

a zero value while the expression

2
—b, £ /b, —

/
2aj,

S0Pt _ kCk

K ) (61)

where its coefficients are given in (20).
We now analyze which of the two possible solutions in
(61) is the optimal one. If @), is negative, since ¢}, is always

negative, their ratio —= becomes positive, so the solutions of the
quadratic equation hgve the same signs. Since we previously
showed that there is a single solution in the interval (0, 1), the
other solution is greater than or equal to one. So the optimal

solution is the smaller one, which (with a}, being negative)
—bl, ++/ b, —4d) c, .
corresponds to 3P = s —eTVIE %% On the other hand, if ),
k

is positive, the ratlo = becomes negative, hence the solutions
of the quadratic equatlon have different signs, i.e., the other
solution is less than or equal to zero. In other words, the optimal
solution (the solution in the interval (0, 1)) becomes the larger

root, which in this case (a), being positive) corresponds again

—b, ./ —4
to AP = “bht Vb 495% Therefore we can conclude that the
optimal power allocatlon factor can be written as in (19).

B. Proof of Proposition 2

According to (14), since in the m-MIMO I regime the SNDR
is independent of the transmit power, the optimal strategy for the
source is to send with the lowest possible power, i.e., PSOlot —
0. Hence, the relay has a maximum power of P available
for transmitting its signal, i.e., 0 < P, < P. Now maximizing

. Prlhrail®
he end-to-en DR, min{ - - r P,
the end-to-end SNDR, {Rzmk, ProZy e T2 }, over P,

. . . ]
gives us the optimal transmit power of the relay. If —— >

Tk

Prlhrail } = Plhral
Pray ek +03, Pa2 bk +03”
imum possible power value maximizes the end-to-end SNDR.
Otherwise, any P. < P greater than the intersection of the
SNDRs of the two hops maximizes the end-to-end SNDR,

maxp_{ then the max-
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among which the intersection itself is the total power minimizing
point. Solving for the intersection and summing up the results
give us (21).

APPENDIX E
PROOFS OF THEOREM 4 AND PROPOSITION 3

A. Proof of Theorem 4

. A fGHhsn-W
It is easy to show that fi(py) = P ot k.Hkhw N

is a decreasing function of pj in the interval [0, 1],

. N P |hya k|
while = : -
Fa(pr) Pr(Brait(1—pi) w2 [Bra ) +02

ing one. So three cases can occur. First, if f1(pr) > f2(pk)
in the interval [0, 1] (corresponding to min,, {fi(px)} >
max,, {f2(px)} or equivalently wj > 2k with w), given
in (24)), then pP¢ = argmax,, {f2(px)} = 1. Secondly, if
filpr) < fa(pr) in the interval [0,1] (corresponding to
max,, {fi(pr)} < min,, {f2(pr)} or equivalently wy < 0),
then pP¢ = argmax,, {fi(px)} =0. Thirdly, if the two
functions intersect in the interval [0, 1] (corresponding to
0 < @y, < 2k2), then max,, min{fi(px), f>(px)} is achieved
in their intersection. That is, in this case, the best-case HLA
factor is obtained by solving

is an increas-

2
PSHhsr,k:H
2
Ps (ﬁsr,k + (pk)c) E%,k) Hhsr,k||2 + UrzL
o Pr”hrd,knz
= 5 ,
Pe (Bra+ (1= p2) 82 ) Byl + o

(62)

which results in pp¢ = 24

= 7%, concluding the proof.

B. Proof of Proposition 3

For the m-MIMO I system, using (14), the allocation problem
in (22) turns into

Yiot,k = IMax min
0<pr<l1
2
Pr‘hrd,k’| 1
. 2 2,2 2, 2 R, |
P”' Kid + (1 - pk) Kr,k ‘hrd7k| + On Erk
(63)
Since f; = p ;2 is a decreasing function of pj, while
kK
Prlhra.i)? . . .
Hh= |Ara.kl is an increasing one, two

T Pe(s2 4+ (—pi)’ k2 a0
cases can occur. First, if fi(pr) > f2(px) in the interval
[0, 1] (corresponding to min,, {fi(px)} > max,, {f(pr)} or
equivalently 9 > % with ¥, given in (25)), then pEC =
argmax,, { f2(pr)} = 1. Secondly, if the two functions in-
tersect in the interval [0, 1] (corresponding to ¥y < %), then
max,, min{fi(px), f2(pr)} is achieved in their intersection.
Solving for the intersection and summing up the above results
give us (25).
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For the m-MIMO II system, using (14), the allocation problem

(22) turns into
1 1
; . (64
{Piﬁi,k (1= pi)*K2,, }

whose solution is attained when the SNDRs of the two hops are

equal, i.e., pp° = 1.

Vtot,k = Max min
0<pr<l1

APPENDIX F
PROOFS OF THEOREM 5 AND THEOREM 6

A. Proof of Theorem 5

Using (47) and assuming that all the relays have the same
levels of transmit HWI, the PDF of SNDR of each relay in the
second hop, fr,,(7), becomes

o2 exp [ T2~ Tny
froe ) = L F, () = )
La \Y) = 72414 \(Y) = .
¢ dy P (1- Ii%’y)z
Using (65) and (47), we obtain
d I—FF,, (’Y) . _ZP’!’ 2 2
lim —— " = lim k5 (1 — K =0.
=) Ay fr,, (7) 2 (1= r0)

YKy 2 0'721
(66)
According to (65), fr,,(v) is non-negative in the interval
(0, (k7,+k%;)~"). Combining this with the results of Lemma
3 and (66), proof of (37) is completed.
Next, using (47) and after some algebra, the inverse of
Fr,,(v) = ¢, becomes

_ P.In(1—gq) >0,

P.In(l —q)k}—02 —
Now, using Lemma 3, the normalization coefficients are ob-
tained as in (38).

Fl (q) (67)

B. Proof of Theorem 6
Using (15) and utilizing L"Hopital’s rule, we obtain
_ )
((=%) " =) frum )
lim
(o) 1= Fr,., (7)

(63)
Since w(F) = (& — % )72, by employing Lemma 4 and (68),
(43) follows. Next, using (15) and after some algebra, the inverse
of FI' (v) = g becomes

] ) N2
. (0) = (f-e + 3, (m_ 2)) '

Finally, using Lemma 4, the normalization coefficients are ob-
tained as in (44).

(69)
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