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ABSTRACT
SIGNALING GAMES IN NETWORKED SYSTEMS

Serkan Saritas
Ph.D. in Electrical and Electronics Engineering
Advisor: Sinan Gezici
Co-Advisor: Serdar Yiiksel
July 2018

We investigate decentralized quadratic cheap talk and signaling game problems
when the decision makers (an encoder and a decoder) have misaligned objec-
tive functions. We first extend the classical results of Crawford and Sobel on
cheap talk to multi-dimensional sources and noisy channel setups, as well as to
dynamic (multi-stage) settings. Under each setup, we investigate the equilibria
of both Nash (simultaneous-move) and Stackelberg (leader-follower) games. We
show that for scalar cheap talk, the quantized nature of Nash equilibrium poli-
cies holds for arbitrary sources; whereas Nash equilibria may be of non-quantized
nature, and even linear for multi-dimensional setups. All Stackelberg equilibria
policies are fully informative, unlike the Nash setup. For noisy signaling games, a
Gauss-Markov source is to be transmitted over a memoryless additive Gaussian
channel. Here, conditions for the existence of affine equilibria, as well as informa-
tive equilibria are presented, and a dynamic programming formulation is obtained
for linear equilibria. For all setups, conditions under which equilibria are non-
informative are derived through information theoretic bounds. We then provide
a different construction for signaling games in view of the presence of inconsis-
tent priors among multiple decision makers, where we focus on binary signaling
problems. Here, equilibria are analyzed, a characterization on when informative
equilibria exist, and robustness and continuity properties to misalignment are
presented under Nash and Stackelberg criteria. Lastly, we provide an analysis on
the number of bins at equilibria for the quadratic cheap talk problem under the
Gaussian and exponential source assumptions.

Our findings reveal drastic differences in signaling behavior under team and
game setups and yield a comprehensive analysis on the value of information;
i.e., for the decision makers, whether there is an incentive for information hid-
ing, or not, which have practical consequences in networked control applications.
Furthermore, we provide conditions on when affine policies may be optimal in
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decentralized multi-criteria control problems and for the presence of active infor-
mation transmission even in strategic environments. The results also highlight
that even when the decision makers have the same objective, presence of incon-
sistent priors among the decision makers may lead to a lack of robustness in

equilibrium behavior.

Keywords: Networked control systems, game theory, signaling games, cheap talk,

quantization, hypothesis testing, inconsistent priors, information theory.



OZET

AG TABANLI SISTEMLERDE ISARETLEME
OYUNLARI

Serkan Saritag
Elektrik ve Elektronik Miihendisligi, Doktora
Tez Danigmani: Sinan Gezici
Ikinci Tez Damsmani: Serdar Yiiksel
Temmuz 2018

Farkli hedeflere sahip karar vericilerin (kodlayici ve kod ¢oziicii) yer aldigi merkezi
olmayan karesel ucuz konusma ve isaretleme oyunlarmi incelemekteyiz. Ilk
olarak, Crawford ve Sobel’in ucuz konusma hakkindaki 6nemli sonuclarini, cok
boyutlu, giiriiltiili kanalli ve dinamik (gok-agamali) kurgulara genigletmekteyiz.
Her kurgu i¢in, Nash (eg-zamanli hamleli) ve Stackelberg (lider-takip¢i) oyun-
larinin  dengelerini incelemekteyiz.  Tek boyutlu ucuz konugma oyunlarinda
Nash dengesinin nicemlenmis mizacinin her tirli kaynak i¢in korundugunu, ¢ok
boyutlu kurgularda ise Nash dengesinin nicemlenmis olmayabilecegini, hatta
dogrusal olabilecegini gostermekteyiz. Tiim Stackelberg dengelerinde, Nash
dengelerinden farkli olarak, kodlayici, elindeki bilgiyi kod c¢oziicii ile gizleme-
den paylagsmaktadir. Giriltiili isaretleme oyunlarinda, Gaus-Markov dagilimh
kaynak, hafizasiz eklemeli Gauss kanal tizerinden aktarilmaktadir. Bu kur-
guda, ilgin dengelerin bulunma kogullarinin yaninda bilgilendirici dengelerin bu-
lunma kogullar1 da sunulmakta ve dogrusal dengeler i¢in dinamik programlama
formiilasyonu elde edilmektedir. Caligilan tiim kurgularda, hangi dengelerin bil-
gilendirici olmadiginin kogullari, bilgi kuramsal sinirlar lizerinden tiiretilmektedir.
Daha sonra, isaretleme oyunlarinda karar vericilerin onsel bilgilerinde tutarsizlik
oldugu durum goz oniinde bulundurularak ikili isaretleme oyunlarini modelle-
mekteyiz. Bu kisimda, Nash ve Stackelberg olciitleri altinda dengeler ve hangi
durumlar altinda bilgilendirici olduklar1 ¢oztimlenmekte, tutarsiz onsel bilgilere
karg1 gilirbtizliik ve siireklilik oOzellikleri sunulmaktadir.  Son olarak, karesel
ucuz konugma probleminde dengedeki nicemleme seviye sayisinin Gauss ve iissel
dagilimh kaynaklar icin analizini saglamaktayiz.

Bulgularimiz, takim ve oyun kurgular1 altinda isaretleme davraniglarindaki
biiyiik farkliliklar: ortaya koymakta ve bilginin degeri tizerine kapsamli bir analiz

saglamaktadir; diger bir deyisle, ag tabanli kontrol uygulamalarinda pratik



vi

sonuclar1 olan, karar vericiler agisindan bilginin gizlenmesi veya paylasilmasi
icin bir tesvik olup olmadigi aragtirilmaktadir. Ayrica, merkezi olmayan cok
olcttlii kontrol problemlerinde ilgin politikalarin ne zaman en iyi olabileceginin
ve stratejik ortamlarda bile aktif bilgi aktariminin ne zaman mevcut olabileceginin
kogullarin1 saglamaktayiz. Sonuglarimiz, karar vericiler ayni hedefe sahip ol-
salar bile, onsel bilgilerindeki tutarsizligin dengede giirbiizliik eksikligine yol

acabileceginin de altini ¢izmektedir.

Anahtar sézcikler: Ag tabanh kontrol sistemleri, oyun kurami, igaretleme oyun-
lar1, ucuz konugma, nicemleme, hipotez testi, tutarsiz onsel bilgi, bilgi kuramu.
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Chapter 1

Introduction

1.1 Motivation

" The more information the better”: This is commonly accepted both on the intu-
ition level and more formally in decision theory. One of the earliest mathematical
representation of this idea can be found in Frank Ramsey’s study [1]. In order to
represent and quantify the information more formally, the value of information
was first introduced in decision theory for a decision-maker in a risky environment
by Blackwell [2,3]. The value of information is defined as the differential utility
that the decision maker obtains by considering that information in addition to
his initial beliefs. For one decision maker, the value of information is known to be
positive: more information is always at least as good. As studied by Blackwell,
there is a well-defined partial order of information structures which provide a

general theory for the value of information [2, 3].

When multiple decision makers are considered, there are two different ap-

proaches depending on the objectives of the decision makers:

(i) Team theory is the field of study on the interaction dynamics among de-

centralized decision makers with identical objective functions. In the team,



individual decision makers strive for the same goal, using the same (proba-
bilistic) model of the underlying decision process, but not necessarily shar-

ing the same online information (such as measurements) on the uncertainty.

(ii) Game theory deals with setups with misaligned objective functions, where
each decision maker chooses a strategy to maximize its own utility which is

determined by the joint strategies chosen by all decision makers.

Despite the difficulty to obtain solutions under general information structures,
it is evident in team problems that more information provided to any of the
decision makers does not negatively affect the utility of the players; i.e., the value
of information is always positive for team problems. For a detailed account we
refer the reader to [4].

However, usually accepted principle of decision theory that ” the more informa-
tion the better” seemingly breaks down in strategic contexts. More information
can have negative effects on the utilities of some or even all of the players in a
system. For example, [5] shows that public disclosure of information can make
all decision makers worse off. In non-cooperative networks, it is possible that the
addition of resources to the network is accompanied by a degradation of the per-
formance, which is known as Braess paradox [6,7]. Further examples of negative
value of information were given in [8-10]. On the other hand, in game theory,
it is also possible that more information does not hurt the decision makers. [11]
shows that the value of information cannot be negative for a decision maker as
long as the others are not aware of it. The value of information was proved to
be positive in the case of a secret message by [11] or in the case of a private mes-
sage in zero-sum games by [12]. Hence, as discussed above, informational aspects
are very challenging to address for general non-zero sum game problems. For
two-players games with incomplete information, in [13], it is shown that ” almost
every situation is conceivable: information can be beneficial for all players, just
for the one who does receive it, or, less intuitively, just for the one who does not
recewe it, or it could be bad for both”. Many examples exhibiting various effects
of information can be found in [13]. Further intricacies on informational aspects

in competitive setups have been discussed in [14,15]. The main reason why one

2



obtains such results is that, in games we cannot consider individual decision mak-
ers in isolation; we need to consider the equilibrium behavior and the effect of

the additional information on the other decision makers.

Since the value of information may be negative in general strategic environ-
ments, the additional information is not always desirable. Although sharing
information makes better utilities possible for the decision makers, it has also
strategic effects that revealing all information to an opponent is not usually the
most advantageous strategy. However, even a completely self-interested decision
maker may prefer to reveal some information to get a higher utility. Within the
scope of the above reasonings, Crawford and Sobel [16] probes ” how much and to
which extent the information should be revealed in accordance with the similarity

of agents’ interests” .

In this dissertation, accordingly, we study the informational aspects in games
in the context of ’signaling games’: Signaling games and cheap talk are con-
cerned with a class of Bayesian games where an informed decision maker (encoder
or transmitter) transmits information to another decision maker (decoder or re-
ceiver). Unlike a team setup in the classical communication problems, however,
the objective functions of the players are not aligned, and due to the Bayesian
assumption, we have games of incomplete information; i.e., the decision makers
may have private information abut their own utilities, about their type and pref-
erences [17]. Such a study has been initiated by Crawford and Sobel [16], who
obtained the surprising result that under some technical conditions on the utility
functions of the decision makers, the cheap talk problem only admits equilibria
that involve quantized encoding policies. This is in significant contrast to the

usual communication/information theoretic case where the goals are aligned.

The cheap talk and signaling game problems are applicable in networked con-
trol systems when a communication channel exists among competitive and non-
cooperative decision makers. For example, in a smart grid application, there may
be strategic sensors in the system [18] that wish to change the equilibrium for

their own interests through reporting incorrect measurement values.



In this dissertation,

(i) we consider both Nash equilibria and Stackelberg equilibria of the setup of
Crawford and Sobel [16], and provided extensions to multi-dimensional and
noisy setups. We showed that for all scalar sources, the quantized nature
of all equilibrium policies holds under Nash equilibria, whereas policies are
fully informative under Stackelberg equilibria. Single-stage signaling games

were also considered, where Nash and Stackelberg equilibria were studied.

(ii) building on the static (one-stage) analysis, we extend the analysis of the
setup in [16] to the multi-stage case and to the case where the priors may

also be subjective.

(iii) we consider signaling games that refer to a class of two-player games of
incomplete information in which an informed decision maker (encoder or
transmitter) transmits information to another decision maker (decoder or

receiver) in the hypothesis testing context.

(iv) we study the number of bins at the equilibrium under cheap talk setup with
exponential and Gaussian sources as to whether there are finitely many bins

or countably infinite number of bins in any equilibrium.

Even though in this dissertation we only consider quadratic criteria under a
bias term leading to a misalignment, the contrast with the case where there is no
bias (that has been heavily studied in the information theory literature) raises a
number of sharp conclusions for system designers working on networked systems
under competitive environments. Our findings provide further conditions on when
affine policies may be optimal in decentralized multi-criteria control problems and
lead to conditions for the presence of active information transmission in strategic

environments.

In the following, we first provide the preliminaries and introduce the problems

considered in the dissertation, and present the related literature briefly.



1.2 Preliminaries

Let there be two decision makers (players): An informed player (encoder or trans-
mitter) knows the value of the M-valued random variable M and transmits the
X-valued random variable X to another player (decoder or receiver), who gener-
ates his Ml-valued optimal decision U upon receiving X. We allow for randomized
decisions, therefore, we let the policy space of the encoder be the set of all stochas-
tic kernels from M to X. ! Let I'® denote the set of all such policies. We let the
policy space of the decoder be the set of all stochastic kernels from X to M. Let
'Y denote the set of all such stochastic kernels. Given v¢ € I'® and 7¢ € T'%, the

goal in the classical communications theory is to minimize the expectation
I 7 = [ clm, e (afm)y(dufe) P(am),

where ¢(m,u) is some cost function. One very common case is the setup with

c(m,u) = |m — ul*.

Recall that a collection of decision makers who have an agreement on the
probabilistic description of a system and a cost function to be minimized, but
who may have different on-line information is said to be a team (see, e.g. [4]).
Hence, the classical communications setup may be viewed as a team of an encoder

and a decoder.

In many applications (in networked systems, recommendation systems, and
applications in economics) the objectives of the encoder and the decoder may not

be aligned. For example, the encoder may aim to minimize
T (¢, y") = E[c*(m, )]
whereas the decoder may aim to minimize
Ty =E [¢"(m,u)]

where ¢(m,u) and ¢?(m,u) denote the cost functions of the encoder and the
decoder, respectively, when the action u is taken for the corresponding message

m.

1P is a stochastic kernel from M to X if P(:|m) is a probability measure on B(X) for every
m € M, and P(AJ-) is a Borel measurable function of m for every A € B(X).
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Such a problem is known in the economics literature as cheap talk (the trans-
mitted signal does not affect the cost, that is why the game is named as cheap
talk). A more general formulation would be the case when the transmitted signal
7 is also an explicit part of the cost functions ¢¢ and/or ¢?, then the communica-
tion between the players is not costless and the formulation turns into a signaling
game problem. We will consider both a noiseless communication setup as cheap
talk and a noisy communication setup, where the problem may be viewed as a

signaling game in this dissertation.

Such problems are studied under the tools and concepts provided by game
theory since the goals are not aligned. We note that when ¢ = ¢?, the setup is a
traditional communication theoretic setup. If ¢ = —c?, that is, if the setup is a
zero-sum game, then an equilibrium is achieved when 7*¢ is non-informative (e.g.,
a kernel with actions statistically independent of the source) and v*¢ uses only
the prior information (since the received information is non-informative). We call
such an equilibrium a non-informative (babbling) equilibrium. The following is a

useful observation, which follows from [16, Theorem 1] and [17]:

Proposition 1.2.1. A non-informative (babbling) equilibrium always exists for

the cheap talk game.

Although the encoder and decoder act sequentially in the game as described
above, how and when the decisions are made and the nature of the commitments
to the announced policies significantly affect the analysis of the equilibrium struc-

ture. Here, two different types of equilibria are investigated:

(i) Nash game: the encoder and the decoder make simultaneous decisions.

(ii) Stackelberg game : the encoder and the decoder make sequential decisions

where the encoder is the leader and the decoder is the follower.

In this dissertation, the terms Nash game and the simultaneous-move game will be
used interchangeably, and similarly, the Stackelberg game and the leader-follower

game will be used interchangeably.



In the simultaneous-move game, the encoder and the decoder announce their
policies at the same time, and a pair of policies (y*¢,v*?) is said to be a Nash
equilibrium [19] if

Ty, v ) < Je(ve, v Yy e Te, "
Ty, 4y < gy 40y Wyl e T
As observed from the definition (1.1), under the Nash equilibrium, each individ-
ual player chooses an optimal strategy given the strategies chosen by the other

players.

On the other hand, in a leader-follower game, the leader (encoder) commits
to and announces his optimal policy before the follower (decoder) does, the fol-
lower observes what the leader is committed to before choosing and announcing
his optimal policy, and a pair of policies (7*¢,v*%) is said to be a Stackelberg
equilibrium [19] if

Jé(v*,e’v*,d(,}/*,e)) S Je(,ye’fy*,d(,ye» v,ye c Fe’
where 7*4(7%) satisfies (1.2)
TS () < U0 (e) vt et
As observed from the definition (1.2), the decoder takes his optimal action ~*%(~¢)
after observing the policy of the encoder v¢. Further, in the Stackelberg game,

the leader cannot backtrack on his commitment, but has a leadership role since

he can manipulate the follower by anticipating follower’s actions.

Stackelberg games are commonly used to model attacker-defender scenarios in
security domains [20]. In such setups, the defender (leader) acts first by commit-
ting to a strategy, and the attacker (follower) chooses how and where to attack
after observing the defender’s choice. However, in some situations, security mea-
sures may not be observable for the attacker; therefore, a simultaneous-move
game is preferred to model such situations; i.e., the Nash equilibrium analysis is
needed [21].

Heretofore, only single-stage games are considered. If a game is played over a
number of time periods, the game is called a multi-stage game. In this disserta-

tion, with the term dynamic, we will refer to multi-stage game setups; even though
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strictly speaking a single stage setup may also be viewed to be dynamic [22] since
the information available to the decoder is totally determined by encoder’s ac-
tions. In the multi-stage version of the game, the encoder and the decoder aim

to minimize the expected cost over the total horizon of the game as follows:

. -
J ('Y[eo,N—ua 'Y[%,N—u) =K e (mi, ug) |
L k=0 i
e :
J? (’y[%,Nfl]v V[U(l),Nfl}) =E CZ(mlm uy,)
L k=0 i

The Nash and Stackelberg equilibria of the game are defined based on the total

costs defined above.

Besides the static and multi-stage cheap talk and signaling game formulations,
in this dissertation, the binary signaling problem is investigated under the hy-
pothesis testing context. In this direction, the following binary hypothesis-testing

problem is considered:

%OZY:S()—FN,
HlZYZ51+N,

where Y is the observation (measurement) that belongs to the observation set
I' = R, Sy and 57 denote the deterministic signals under hypothesis Hq and
hypothesis H;, respectively, and N represents Gaussian noise; i.e., N ~ N (0, 0?).
In the conventional Bayesian framework, the aim of the receiver is to design the
optimal decision rule (detector) based on Y in order to minimize the Bayes risk.
However, in our game formulation, the transmitter and the receiver are considered
as two decision makers with non-aligned Bayes risks; i.e., they have subjective
priors and costs, and they aim to minimize their own Bayes risks. Based on the
Bayes risks of the decision makers, Nash and Stackelberg equilibria of the binary

hypothesis-testing game are investigated.



1.3 Literature Review

In many decentralized and networked control problems, decision makers have
either misaligned criteria or have subjective priors, which necessitates solution
concepts from game theory. For example, detecting attacks, anomalies, and ma-
licious behavior with regard to security in networked control systems can be

analyzed under a game theoretic perspective, see e.g., [23-34].

The cheap talk and signaling game problems find applications in networked
control systems when a communication channel/network is present among com-
petitive and non-cooperative decision makers [19]. For example, in a smart grid
application, there may be strategic sensors in the system [18] that wish to alter
the equilibrium decisions at a controller receiving data from the sensors to lead
to a more desirable equilibrium, for example by enforcing an outcome to enhance
its prolonged use in the system. One may also consider a utility company which
wishes to inform users regarding pricing information; if the utility company and
the users engage in selfish behavior, it may be beneficial for the utility company
to hide certain information and the users to be strategic about how they interpret
the given information. One further area of application is recommender systems
(as in rating agencies) [35]. For further applications, see [18,36]. All of these
applications lead to a drastically new framework where the value of information

and its utilization are very fragile to the system under consideration.

In game theory, Nash and Stackelberg equilibria are drastically different con-
cepts. Both equilibrium concepts find applications depending on the assumptions
on the leader, that is, the encoder, in view of the commitment conditions. Stack-
elberg games are commonly used to model attacker-defender scenarios in security
domains [20]. In many frameworks, the defender (leader) acts first by committing
to a strategy, and the attacker (follower) chooses how and where to attack after
observing defender’s choice. However, in some situations, security measures may
not be observable for the attacker; therefore, a simultaneous-move game is pre-

ferred to model such situations; i.e., the Nash equilibrium analysis is needed [21].



Crawford and Sobel [16] have made foundational contributions to the study of
cheap talk with misaligned objectives where the cost functions ¢ and c¢? satisfy
certain monotonicity and differentiability properties but there is a bias term in the
cost functions. Their result is that the number of bins at the equilibrium is upper
bounded by a function which is negatively correlated to the bias. For the setup
of Crawford and Sobel but when the source admits an exponentially distributed
real random variable, [37] establishes the discrete-nature of equilibria, and obtains
the equilibrium bins with finite upper bounds on the number of bins under any
equilibrium in addition to some structural results on informative equilibria for

general sources.

There have been a number of related contributions in the economics literature
in addition to the seminal work by Crawford and Sobel, which we briefly review in
the following: Reference [38] shows that even if the sender and the decoder have
identical preferences, perfect communication may not be possible at the equilib-
rium because information transmission may be costly. Reference [39] studies the
setup in [16] with two senders and shows that if senders transmit the messages
sequentially once, then the equilibrium is always quantized and if senders trans-
mit the messages simultaneously and their biases are either both positive or both
negative, then a fully revealed equilibrium is possible. Reference [40] studies a
scalar setup and proves that if multiple senders transmit the messages sequen-
tially and their biases have opposite signs, then a fully revealed equilibrium is
possible; this study also considers two-dimensional real valued sources, and shows
that a fully revealed equilibrium occurs if and only if the multiple senders have
perfectly opposing biases. For multi-dimensional cheap talk, [41] shows that it is
possible to have a fully revealing equilibrium on a particular dimension on which
the sender and the decoder agree on so that the interests of the sender and the
decoder are aligned on that particular dimension. Moreover, multi-dimensional
cheap talk with multiple senders is analyzed in [42] and [43] with unbounded
and bounded state spaces, respectively. In [42], it is shown that full revelation
of information is possible in multi-dimensional cheap talk with multiple encoders
when the encoders send messages simultaneously; however, when the encoders

send messages sequentially, fully revealing equilibria exist if they have perfectly
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opposing biases [44]. The study in [45] considers a special noisy channel setup
between the sender and decoder, and shows that there may be infinitely many
actions (countable or uncountable) induced at the equilibrium even though all
equilibria are interval partitions in the noiseless case [16]. Conditions for Nash
equilibria are investigated in [46] for a scenario in which there exists a discrete
noisy channel between an informed sender and an uninformed decoder, and the
source is finitely valued. Furthermore, there are some contributions which modify
the information structure given in Crawford and Sobel’s setup: In [47], the sender
knows that the decoder has partial information about his/her private information;
whereas the sender does not know this in [48,49]. For a detailed literature review
on communication between informed experts and uninformed decision makers,
we refer the reader to [50]. We note also that in the area of information theory,
there exists a vast literature on security aspects of information transmission, see
e.g., [51,52]. Game theoretic analysis is also useful in various contexts involving
security problems. For example, the security of the smart-grid infrastructure can
be analyzed by considering the adversarial nature of the interaction between an
attacker and a defender [25,26], and a game theoretic setup would be appropriate
to analyze such interactions. For an overview of security and privacy problems
in computer networks that are analyzed within a game-theoretic framework, [53]

can be referred.

On the multi-stage side, much of the literature has focused on Stackelberg
equilibria as we note below. A notable exception is [54], where the multi-stage
extension of the setup of Crawford and Sobel is analyzed for a source which
is a fixed random variable distributed according to some density on [0, 1] (see
Theorem 3.2.5 for a detailed discussion on this very relevant paper). These two
concepts may have equilibria that are quite distinct: As discussed in [55,56], in the
Nash equilibrium case, building on [16], equilibrium properties possess different
characteristics as compared to team problems; whereas for the Stackelberg case,
the leader agent is restricted to be committed to his announced policy, which
leads to similarities with team problem setups [57,58]. Since there is no such
commitment in the Nash setup; the perturbation in the encoder does not lead

to a functional perturbation in decoder’s policy, unlike the Stackelberg setup.
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However, in the context of binary signaling, we will see that the distinction is
not as sharp as it is in the case of quadratic signaling games [55,56]. [57] in-
vestigates a Gaussian cheap talk game under the Stackelberg assumption with
quadratic cost functions for a class of single- and multi-terminal setups, and it
is shown that the best response of the encoder is linear by restricting decoder
strategies to be affine. In [59], the non-alignment between the cost functions of
the encoder and the decoder is a function of a Gaussian random variable (r.v.)
and secret to the decoder; whereas, it is fixed and known to the decoder in [16].
The multi-stage Gaussian signaling game is studied in [58] where the linearity of
Stackelberg equilibria is investigated. [60-62] consider the information design and
strategic source-channel coding problem between an encoder and a decoder with
non-aligned utility functions under the Stackelberg equilibrium. [63] studies the
central scheduling problem of allocating channels as a signaling game problem be-
tween the base station and mobile stations under the Stackelberg assumption. [64]
investigates a multi-stage linear quadratic Gaussian game with asymmetric infor-
mation and simultaneous moves, and it is shown that under certain conditions,

players’ strategies are linear in their private types.

Identifying when optimal policies are linear or affine for decentralized systems
involving Gaussian variables under quadratic criteria is a recurring problem in
control theory, starting perhaps from the seminal work of Witsenhausen [65],
where sub-optimality of linear policies for such problems under non-classical in-
formation structures is presented. The reader is referred to Chapters 3 and 11
of [4] for a detailed discussion on when affine policies are and are not optimal.
These include the problem of communicating a Gaussian source over a Gaussian
channel, variations of Witsenhausen’s counterexample [66]; and game theoretic
variations of such problems. For example if the noise variable is viewed as the
maximizer and the encoders/decoders (or the controllers) act as the minimizer,
then affine policies may be optimal for a class of settings, see [67-71]. [71] also
provides a review on Linear Quadratic Gaussian (LQG) problems under non-
classical information including Witsenhausen’s counterexample. Our study pro-
vides further conditions on when affine policies may constitute equilibria for such

decentralized quadratic Gaussian optimization problems.
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Standard binary hypothesis testing has been extensively studied over several
decades under different setups [72,73], which can also be viewed as a decentralized
control /team problem involving a encoder and a decoder who wish to minimize
a common objective function. However, there exist many scenarios in which the
analysis falls within the scope of game theory; either because the goals of the
decision makers are misaligned, or because the probabilistic model of the system

is not common knowledge among the decision makers.

A game theoretic perspective can be utilized for hypothesis testing problem
for a variety of setups. For example, detecting attacks, anomalies, and mali-
cious behavior in network security can be analyzed under the game theoretic
perspective [23-27]. In this direction, the hypothesis testing and the game theory
approaches can be utilized together to investigate attacker-defender type appli-
cations [28-34], multimedia source identification problems [74], and inspection
games [75-77]. In [29], a Nash equilibrium of a zero-sum game between Byzantine
(compromised) nodes and the fusion center (FC) is investigated. The strategy of
the FC is to set the local sensor thresholds that are utilized in the likelihood-ratio
tests, whereas the strategy of Byzantines is to choose their flipping probability
of the bit to be transmitted. In [30], a zero-sum game of a binary hypothesis
testing problem is considered over finite alphabets. The attacker has control over
the channel, and the randomized decision strategy is assumed for the defender.
The dominant strategies in Neyman-Pearson and Bayesian setups are investigated
under the Nash assumption. The authors of [76,77] investigate both Nash and
Stackelberg equilibria of a zero-sum inspection game where an inspector (envi-
ronmental agency) verifies, with the help of randomly sampled measurements,
whether the amount of pollutant released by the inspectee (management of an
industrial plant) is higher than the permitted ones. The inspector chooses a false
alarm probability a, and determines his optimal strategy over the set of all statis-
tical tests with false alarm probability a to minimize the non-detection probabil-
ity. On the other side, the inspectee chooses the signal levels (violation strategies)
to maximize the non-detection probability. [31] considers a complete-information
zero-sum game between a centralized detection network and a jammer equipped

with multiple antennas and investigates pure strategy Nash equilibria for this
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game. The fusion center (FC) chooses the optimal threshold of a single-threshold
rule in order to minimize his error probability based on the observations coming
from multiple sensors, whereas the jammer disrupts the channel in order to max-
imize FC’s error probability under instantaneous power constraints. However,
unlike the setups described above, in this dissertation, we assume an additive
Gaussian noise channel, and in the game setup, a Bayesian hypothesis testing
setup is considered in which the encoder chooses signal levels to be transmit-
ted and the decoder determines the optimal decision rule. Both players aim to

minimize their individual Bayes risks, which leads to a nonzero-sum game.

1.4 Contributions and Organization of the Dis-

sertation

1.4.1 Chapter 2

In this chapter, we study the decentralized quadratic cheap talk and signaling
game problems when an encoder and a decoder, viewed as two decision mak-
ers, have misaligned objective functions. We investigate the extension of Craw-
ford and Sobel’s cheap talk formulation [16] to multi-dimensional sources and to
noisy channel setups. We consider both (simultaneous-move) Nash equilibria and
(leader-follower) Stackelberg equilibria. We show that for arbitrary scalar sources,
in the presence of misalignment, the quantized nature of all equilibrium policies
holds for Nash equilibria in the sense that all Nash equilibria are equivalent to
those achieved by quantized encoder policies. On the other hand, all Stackelberg
equilibria policies are fully informative. For multi-dimensional setups, unlike the
scalar case, Nash equilibrium policies may be of non-quantized nature, and even
linear. In the noisy setup, a Gaussian source is to be transmitted over an addi-
tive Gaussian channel. The goals of the encoder and the decoder are misaligned
by a bias term and encoder’s cost also includes a penalty term on signal power.
Conditions for the existence of informative affine Nash equilibria are presented.

For the noisy setup, the only Stackelberg equilibrium is the linear equilibrium
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when the variables are scalar. The results of Chapter 2 have appeared in part
in [55,78].

1.4.2 Chapter 3

In this chapter, dynamic (multi-stage) signaling games involving an encoder and
a decoder who have subjective models on the cost functions or the probabilistic
model are considered. Nash (simultaneous-move game) and Stackelberg (leader-
follower game) equilibria of multi-stage cheap talk and signaling game problems
are investigated under a perfect Bayesian formulation and quadratic criteria. For
the multi-stage scalar cheap talk, a zero-delay communication setup is considered
for i.i.d. and Markov sources; it is shown that the final stage equilibrium is always
quantized and under further conditions the equilibria for all time stages must be
quantized. In contrast, the Stackelberg equilibria are always fully revealing. In
the multi-stage signaling game where the transmission of a Gauss-Markov source
over a memoryless Gaussian channel is considered, affine policies constitute an in-
variant subspace under best response maps for Nash equilibria; whereas the Stack-
elberg equilibria always admit linear policies for scalar sources but such policies
may be non-linear for multi-dimensional sources. We obtain an explicit dynamic
recursion for optimal linear encoding policies for multi-dimensional sources, and
derive conditions under which Stackelberg equilibria are non-informative. For the
case where the encoder and the decoder have subjective priors on the source dis-
tribution, under identical costs, we show that there exist fully informative Nash
and Stackelberg equilibria for the dynamic cheap talk as in the team theoretic
setup under an absolute continuity condition. In particular, for the cheap talk
problem, the equilibrium behavior is robust to a class of perturbations in the pri-
ors, but not to the perturbations in the cost models in general. For the signaling
game, however, Stackelberg equilibrium policies are robust to perturbations in the
cost but not to the priors considered in this chapter. The results of Chapter 3
have appeared in part in [79,80].
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1.4.3 Chapter 4

Many communication, sensor network, and networked control problems involve
agents (decision makers) which have either misaligned objective functions or sub-
jective probabilistic models. In the context of such setups, we consider binary sig-
naling problems in which the decision makers (the transmitter and the receiver)
have subjective priors and/or misaligned objective functions. Accordingly, the
binary signaling problem investigated here can be motivated under different ap-
plication contexts: subjective priors and the presence of a bias in the objective
function of the encoder compared to that of the decoder. In the former setup,
players have a common goal but subjective prior information, which necessar-
ily alters the setup from a team problem to a game problem. The latter one
is the adaptation of the biased utility function of the encoder in [16] to the bi-
nary signaling problem considered here. Depending on the commitment nature
of the transmitter to his policies, we formulate the binary signaling problem as
a Bayesian game under either Nash or Stackelberg equilibrium concepts and es-
tablish equilibrium solutions and their properties. It is shown that there can be
informative or non-informative equilibria in the binary signaling game under the
Stackelberg assumption, but there always exists an equilibrium. However, apart
from the informative and non-informative equilibria cases, there may not exist a
Nash equilibrium when the receiver is restricted to use deterministic policies. For
the corresponding team setup, however, an equilibrium typically always exists
and is always informative. Furthermore, we investigate the effects of small per-
turbations in priors and costs on equilibrium values around the team setup (with
identical costs and priors), and show that the Stackelberg equilibrium behavior
is not robust to small perturbations whereas the Nash equilibrium is. The results

of Chapter 4 will appear in part in [81].

1.4.4 Chapter 5

In this chapter, we investigate Crawford and Sobel’s cheap talk formulation [16]

under the exponential and Gaussian source assumptions and derive the upper
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bounds on the number of the quantization bins (if any) are derived depending on
the misalignment between the objective functions of the encoder and the decoder.
Firstly, for a uniform source, we verify the upper bound on the number of the
quantization bins, obtain the total cost at the equilibrium, and show that the
equilibrium with more bins is preferable for both the encoder and the decoder.
Then, it is shown that, for an exponential source, at the equilibrium, the number
of bins can be bounded or unbounded; i.e., infinitely many, depending on the
misalignment between the objective functions of the decision makers. For the

Gaussian case, it is always possible to have an equilibrium with two bins.

1.5 Notation and Conventions

We denote random variables with capital letters, e.g., Y, whereas possible real-
izations are shown by lower-case letters, e.g., y. The absolute value of scalar y is
denoted by |y|. The vectors are denoted by bold-faced letters, e.g., y. For vector
y, y© denotes the transpose and ||y|| denotes the Euclidean (Ly) norm. 1{p
represents the indicator function of an event D, & stands for the exclusive-or
operator, Q denotes the standard Q-function; i.e., Q(x) = \/%7]100 exp{—%}dt,

and the sign of x is defined as

-1 ifz<0
sgn(z) =< 0 ifr=0 .
1 ifz>0
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Chapter 2

Static (One-Stage) Quadratic
Cheap Talk and Signaling Games

In this chapter, Nash and Stackelberg equilibria of static (one-stage) scalar and
multi-dimensional quadratic cheap talk and signaling games are investigated. For

all setups, conditions under which equilibria are non-informative are derived.

The main contributions of this chapter can be summarized as follows:

(i) We prove that for any scalar source, all Nash equilibrium policies at the
encoder are equivalent to some quantized policy, but all Stackelberg equi-
librium policies are fully informative. That is, there is some information

hiding for the Nash setup, as opposed to the Stackelberg setup.

(ii)) We show that for multi-dimensional setups, however, unlike the scalar case,

Nash equilibrium policies may be non-quantized and can in fact be linear.

(iii) In the noisy setup, a Gaussian source is to be transmitted over an addi-
tive Gaussian channel. The goals of the encoder and the decoder are mis-
aligned by a bias term and encoder’s cost also includes a penalty term of the
transmitted signal. Conditions for the existence of affine Nash equilibrium

policies are presented.
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(iv) We compare the results with socially optimal costs and information theo-
retic lower bounds, and discuss the effects of the bias term on equilibria.
Furthermore, we prove that the only equilibrium in the Stackelberg noisy

setup is the linear equilibrium for the scalar case.

2.1 Problem Formulation

A single-stage cheap talk problem, which is depicted in Fig. 2.1, can be formulated
as follows: An informed player (encoder) knows the value of the M-valued random
variable M and transmits the X-valued random variable X to another player
(decoder), who generates his M-valued optimal decision U upon receiving X. Let
c(m,u) and ¢?(m,u) denote the cost functions of the encoder and the decoder,
respectively, when the action w is taken for the corresponding message m. Then,

given the encoding and decoding policies, the encoder’s induced expected cost is

J¢(v°,7") = E[cf(m,u)]

whereas, the decoder’s induced expected cost is

J? (ve,vd) =E [cd(m,u)] .

M—»{ Y {1 —> [/
X /

Figure 2.1: System model for static cheap talk.

2.2 Static Scalar Quadratic Cheap Talk

We will first consider the scalar setting by taking the cost functions as ¢ (m, u) =
(m —u —b)* and ¢ (m,u) = (m — u)® where b denotes the bias term. The moti-
vation for such functions stems from the fields of information theory, communi-

cation theory and LQG control; for these fields quadratic criteria are extremely
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important. Recall that for the case with b = 0, the cost functions simply reduce

to those for a minimum mean-square estimation (MMSE) problem.

2.2.1 Nash Equilibrium Analysis

Some existence and deterministic properties of the equilibrium policies of the
encoder and the decoder are stated in [37] and [4, Chp.4].

Theorem 2.2.1. [37] (i) For any ~°, there exists an optimal ¢, which is de-
terministic. (ii) For any v¢, any randomized encoding policy can be replaced with
a deterministic v¢ without any loss to the encoder. (iii) Suppose ¢ is an M-cell
quantizer with bins B; fort=1,2,..., M, then there exists an optimal determin-
istic v¢, which is the conditional expectation of the respective bin; i.e., the optimal
action of the decoder is E[m|m € By for the k-th bin.

We first review the following classical result from [16, Lemma 1]:

Theorem 2.2.2. [16, Lemma 1] Let there be two players, a Sender (S) and a
Receiver (R). S observes the value of a random variable m (private to S), then
sends a signal x which may be random, and can be viewed as a noisy estimate of
m, to R. Then, R processes the information in S’s signal and chooses an action
u, which determines players’ payoffs. Here, m, which is supported on [0,1], has
differentiable probability distribution function, F(m), with density f(m), and the
utility functions of the players US(m,u,b) and UR(m,u), where b is a scalar
parameter to measure how nearly agents’ interests coincide, have some technical
properties. Then, the set of actions induced in any equilibrium is finite. Thus,

information is not fully revealed.

As observed from [16, Lemma 1] above, only sources on [0, 1] that admit densi-
ties are considered. However, we note that the analysis here applies to arbitrary

scalar valued random variables. The proof essentially follows from [16].

Theorem 2.2.3. Let m be a real-valued random variable with an arbitrary prob-
ability measure. Let the strategy set of the encoder consist of the set of all mea-

surable (deterministic) functions from M to X. Then,
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(i) an equilibrium encoder policy has to be quantized almost surely (that is, it
15 equivalent to a quantized policy for the encoder in the sense that the per-
formance of any equilibrium encoder policy is equivalent to the performance

of a quantized encoder policy),
(i) the quantization bins are convex.

Remark 2.2.1. Recall that encoder prefers to transmit everything if b = 0. How-
ever, if b # 0, encoder prefers the quantized policy. Misalignment changes the

nature of the solutions drastically.

Recall again that for the case when the source admits density on [0, 1], Craw-
ford and Sobel established the discrete nature of the equilibrium policies. For the
case when the source is exponential, [37] (also, Chapter 5 of this dissertation) es-
tablished the discrete-nature, and obtained the equilibrium bins with finite upper

bounds on the number of bins in any equilibrium.

To facilitate our analysis to handle certain intricacies that arise due to the
multi-stage setup in this dissertation, in the following, we state that the result
in Theorem 2.2.3 also holds when the encoder is allowed to adapt randomized

encoding policies by extending [16, Lemma 1] as follows:

Theorem 2.2.4. The conclusion of Theorem 2.2.3, i.e., that an equilibrium policy
of the encoder is equivalent to a quantized policy, also holds if the policy space
of the encoder is extended to the set of all stochastic kernels from M to X for
any arbitrary source. That is, even when the encoder is allowed to use private
randomazation, all equilibria are equivalent to those that are attained by quantized

equilibria.

Proof. [16, Lemma 1] proves that all equilibria have finitely many partitions
when the source has bounded support. Theorem 2.2.3 extends this result to a
countable number of partitions for deterministic equilibria for any source with
an arbitrary probability measure. The result follows by utilizing Theorem 2.2.3
and [16, Lemma 1]. O
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Theorem 2.2.4 will be used crucially to analyze the multi-stage setups; since
in a multi-stage game, at a given time stage, the source variables from the earlier

stages can serve as private randomness for the encoder.

2.2.2 Stackelberg Equilibrium Analysis

We will now observe that the Stackelberg setup is less interesting.

Theorem 2.2.5. The Stackelberg equilibrium is unique and corresponds to a fully

revealing (fully informative) encoder policy.

Proof. Due to the Stackelberg assumption, the encoder knows that the decoder
will use 74(x) = u = E[m|z] as an optimal decoder policy to minimize its cost.

Then the goal of the encoder is to minimize the following:

min E[(m —u —b)?] = min E[(m — E[m|z] — b)?]
x=v¢(m) z=7¢(m)
= mi? )E[(m — E[m|xz])?] + v*
T=v¢(m
= min E[(m —u)?] +b*.
r=7¢(m)

—
N

Here, (a) follows from the law of the iterated expectations. Since the goal of the
decoder is to minimize min,_a¢,) E[(m — u)?], the goals of the encoder and the
decoder become essentially the same in the Stackelberg game setup, which effec-
tively reduces the game setup to a team setup. In the team setup, the equilibrium

is fully informative; i.e. the encoder reveals all of its information. O

2.3 Static Multi-Dimensional Quadratic Cheap
Talk

The scalar setup considered in Section 2.2 can be extended to the multi-

dimensional cheap talk setup by defining the cost functions of the encoder and
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the decoder as ¢(m,u) = ||m — u — b||? and ¢?(m,u) = |[|m — ul?, respectively,

where the lengths of the vectors are defined in Ly norm and b is the bias vector.

2.3.1 Nash Equilibrium Analysis

Although the Nash equilibrium is always quantized in a scalar setup, the equilib-

rium structure changes drastically in a multi-dimensional setting as follows:

Theorem 2.3.1. In the multi-dimensional cheap talk, the Nash equilibrium can-
not be fully revealing in the single-stage multi-dimensional cheap talk when the
source has positive measure for every non-empty open set. An equilibrium policy,

unlike the scalar case, can be non-discrete and even linear.

From the discussion in the proof of Theorem 2.3.1, it can be deduced that
if b is orthogonal to the basis vectors or satisfies certain symmetry conditions,
then non-discrete or linear equilibria exist. This approach applies also to the n-
dimensional setup for any n € N. For example, if the bias vector involves only one
nonzero coordinate component and if the source distribution is uniform over an n-
dimensional unit cube, then full information revelation in all the other coordinates
will lead to a non-discrete equilibrium. In particular, if nonzero component of
the bias is greater than 0.25, then there is only one bin in that coordinate and
the full information is sent in other coordinates. Furthermore, if the encoder only
sends the 0 variable for the value of the only bin in the coordinate for which the

bias has nonzero component, then what we have is indeed a linear policy.

2.3.2 Stackelberg Equilibrium Analysis

The Stackelberg equilibria in the multi-dimensional cheap talk can be obtained
by extending its scalar case; i.e., it is unique and corresponds to a fully revealing

(fully informative) encoder policy as in the scalar case.

Theorem 2.3.2. In the multi-dimensional cheap talk, the Stackelberg equilibrium

is unique and corresponds to a fully revealing (fully informative) encoder policy.

23



Proof. Due to the Stackelberg assumption, the encoder knows that the decoder
will use v4(x) = u = E[m|x] as an optimal decoder policy to minimize its cost.
Then the goal of the encoder is to minimize the following:
mi? )]E[(m —u-b)} = mi{l )E[(m — E[m|x] — b)?]
x=v¢(m x=y¢(m

9 min E[(m — E[m|x])?] + b?

x=7¢(m)

= min E[(m —u)? +b*.

x=7¢(m)

Here, (a) follows from the law of the iterated expectations. Since the goal of
the decoder is to minimize min,_, 4. E[(m — u)?], the goals of the encoder and
the decoder become essentially the same in the Stackelberg game setup, which
effectively reduces the game setup to a team setup. In the team setup, the

equilibrium is fully informative; i.e. the encoder reveals all of its information. [J

2.4 Static Scalar Quadratic Quadratic Signaling

Games

The noisy game setup is similar to the noiseless case except that there exists an
additive Gaussian noise channel between the encoder and decoder, as depicted in

Fig. 2.2, and the encoder has a soft power constraint.

M—» ¢ H—»{7 >/

Figure 2.2: System model for static signaling game.

The encoder encodes a zero-mean Gaussian random variable M and sends the
real-valued random variable X . During the transmission, the zero mean Gaussian

noise with a variance of o? is added to X; hence, the decoder receives ¥ =
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X + W, where W ~ N(0,0?). Here, the signaling game problem is investigated
where the encoder and the decoder are deterministic rather than randomized;
ie., y(dzim) = Lse(myedry and ¥4 (duly) = Lija)eqny where f¢(m) and f(y)
are some deterministic functions of the encoder and decoder, respectively. The

encoder aims to minimize

J(v¢, ) = E[c*(m, z,u)] ,
whereas the decoder aims to minimize

Jd(’ye,”yd) =F [cd(m, u)] )

The cost functions are modified as ¢ (m,z,u) = (m—u—>b)" + Az? and
¢ (m,u) = (m—u)®. Note that a power constraint with an associated multi-
plier is appended to the cost function of the encoder, which corresponds to power
limitation for transmitters in practice. If A = 0, this corresponds to the setup

with no power constraint at the encoder.

2.4.1 Nash Equilibrium Analysis
2.4.1.1 A Supporting Result

Suppose that there is an equilibrium with an arbitrary policy leading to finite
(at least two), countably infinite or uncountably infinite equilibrium bins. Let
two of these bins be B* and B?. Also let m® indicate any point in B%; i.e.,
m® € B*; and the encoder encodes m® to x* and sends to the decoder. Similarly,
let m? represent any point in B?; i.e., m? € B?; and the encoder encodes m®
to 2” and sends to the decoder. Without any loss of generality, we can assume
that m® < m”. The decoder chooses the action u = E [m|y] (MMSE rule). Let

F(m,x) be the encoder cost when message m is encoded as z; i.e.,
Flm,) = [p(%(0) = uly* (m) =) ((m = w0 + 2a?)ay.
y

Then, the equilibrium definitions from the view of the encoder require
F(m® z®) < F(m® 2%) and F(m? 2%) < F(mP z%). Now let G(m) =
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F(m,z*) — F(m,2?). If it can be shown that G(m) is a continuous function
of m on the interval [m®, m?], then it can be deduced that 3m € [m®, m”] such
that G(m) = 0 by the Mean Value Theorem since G(m®) < 0 and G(m?) > 0.

Proposition 2.4.1. G(m) is a continuous function of m on the interval [m®, m®].

Proof. 1t suffices to show that F'(m, x) is continuous in m. Let {m,,} be a sequence
which converges to m. Recall that (m,, —u — b)? < 2m?2 + 2(u + b)* < oo since
m is bounded from above and below (m € [m® mP]), b is a finite bias and
E[u?] = E[(7¢ (y))?] < oo (note that any finite cost E[(m — u?)] inevitably leads
to a finite E[u?] since E[u?] = E[(m + u — m)?] < 203, + 2E[(m — u)?] < o0).
Then, by the dominated convergence theorem,

lim F(my,,z) = lim E[(m, —u —b)* + \2?] = E[(m — u — b)* + \z*] = F(m, ),

n—oo n—oo

which shows the continuity of F(-,z) in the interval (m®, m?). O

From Proposition 2.4.1, 3m € [m®, m”] such that G(m) = 0 which implies

F(m,2%) = F(m, 2?), or equivalently,
E[( — u — b)* 4+ M(z*)%] = E[(n — u — b)® + A(2")?].

Then,

Efu’|2”] — Efu?|2°] A((=%)? = (2)°)
2 (E[u|2f] — Efulze]) 2 (E[ulz”] — Elulz?])

m =

+b (2.1)

is obtained. Recall that the arguments in Theorem 2.2.3 cannot be applied here
because of the presence of noise. However, when there is noise in a communication

channel, the relation between E[u|x], E[u?|z] and T can be constructed as in (2.1).

2.4.1.2 Existence and Uniqueness of Informative Affine Equilibria

We first note that Proposition 1.2.1 is valid also in the noisy formulation; i.e. a

non-informative (babbling) equilibrium is an equilibrium for the noisy signaling
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game, since the appended power constraint is always positive. The following
holds:

2
Theorem 2.4.1. (i) If A\ > Z%‘;, there does mot exist an informative affine

equilibrium. The only affine equilibrium is the non-informative one.

2
(1) Let 0 < \ < ZTM For any b € R, there exists a unique informative affine
w
equilibrium.

(11i) If A =0, there exists no informative equilibrium with affine policies.

Remark 2.4.1. The expression % defines a quantity which determines the
Shannon-theoretic capacity of the chmgmnel given a signal energy constraint at the
encoder. This can be interpreted as Signal-to-Noise Ratio (SNR) of the received
signal, which is related to the channel attenuation coefficient. If the multiplier of
the signal X in the cost function is greater than %, it will not be rational for the

encoder to send any signal at all under any equilibrium.

Corollary 2.4.1. If either A =0 or o, =0, an affine equilibrium exists only if
A=oad, =b=0.

Proof. Note that, from (2.9) and (2.11), we have A = KQLH, K = %,
M w

L =—-KC and C = —A(L+ b). From these equalities, we observe the following:

1. When A = 0, it is shown in Theorem 2.4.1 that there is not any fixed
point solution to (2.14). However, if there is not a noisy channel between
the encoder and the decoder; i.e., the noise variance is zero (0%, = 0),
then (2.14) has a fixed point solution. Even when (2.14) has a fixed point
solution A, (2.9) and (2.11) cannot hold together unless b = 0.

2. when the noise variance is zero (o3, = 0), there is not any fixed point
solution to (2.14) unless A = 0. Even when (2.14) has a fixed point solution
A, (2.9) and (2.11) cannot hold together unless b = 0.

3. when A = 0 and the noise variance is zero (¢, = 0); the consistency of
(2.9) and (2.11) can be satisfied if only if b = 0. Hence, if b # 0, there
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cannot be a affine equilibrium; the equilibrium has to be discrete due to
Theorem 2.2.3.

2.4.1.3 Price of Anarchy and Comparison with Socially Optimal Cost

In a game theoretic setup, the encoder and the decoder try to minimize their
individual costs, thus the game theoretic cost can be found as min, e J°+min,a .J d,
If the encoder and the decoder work together to minimize the total cost, then the
problem can be regarded as a team problem and the resulting cost is a socially
optimal cost, which is min.. a(J¢ + J%). In the game theoretic setup, because
of the selfish behavior of the players, there is some loss from the socially optimal
cost, and this loss is measured by the ratio between the game theoretic cost and
the socially optimal cost, which was proposed as a price of anarchy [82]. In this
part, it will be shown that the game theoretic cost is higher than the socially

optimal cost as expected.

Theorem 2.4.2. (i) Let g; and g, represent the informative and the non-
informative equilibrium game costs, respectively. Then, g; = 3\/Aos, 05, +
2
b? /\Ua—f‘év — o, and g, = 203, + b>. Further, the total cost in the game
equilibrium is the following

a it 0} A<t

Iu A>a% /oy
(i1) Let t; and t, represent the informative and the non-informative team costs,
respectively. Then, t; = 2v/2 03,08 +% —\o%, and t, = 205, +% . Further,

the socially optimal cost (the total cost in the team setup) is the following

et min{t;, t,} A <203 /0%,
tu A\ > 2032, /cd,

After investigating the game theoretic cost and the socially optimal cost in

Theorem 2.4.2; the price of anarchy can be obtained as follows:
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Theorem 2.4.3. The price of anarchy is always larger than 1, i.e., the sum of

the costs under any Nash equilibria is always larger than the socially optimal cost.

Proof. By Theorem 2.4.2, we have the following

J*9 min{gi, gu} A< 012\4/012/1/

Gu A= ohy /oy
et _ min{t;, t,} X< 20%,/0%
tu A\ > 202, /0%,

Notice that we have t; < g; for A < 0%,/0%,, and ¢, < g, always. Consider the

following cases:

1. 0 < XA < 0%,/0% : There are four cases to be considered:

(a) min{g;, 9.} = ¢; and min{t;, ¢,} = t;: Since t; < g;, J*' < J*9 is sat-
isfied.

(b) min{g;, g.} = g; and min{¢;, t,} = t,: Since t, < t; < g;, J°' < J*9

is satisfied.

(¢) min{g;, gu} = g and min{¢;, t,} = t;: Since t; < t, < g, < gi, J*' <
J*9 is satisfied.

(d) min{g;, g.} = g, and min{t;, t,} = t,: Since t, < g,, J*' < J*9 is
satisfied.

2. 03, /0%, < X< 20} /0% : There are two cases to be considered:

a) min{t;, t,} = t;: Since t; < t, < g, J©' < J*9 is satisfied.
g

(b) min{t;, t,} = t,: Since t, < gy, J*' < J*9 is satisfied.

3. A > 202, /0%, : Since t,, < gy, J*' < J*9 is satisfied.

Hence, one can observe that J*9 > J*! always holds, which shows that the price
of anarchy is always greater than 1, i.e., the game theoretic cost is always larger

than the socially optimal cost. O]
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2
As discussed in Theorem 2.4.2, even though A\ < %, the non-informative

w
equilibrium may be preferred over the informative one. The following theorem
clarifies the conditions under which the informative equilibrium is preferred over

the non-informative one, or vice-versa.

Theorem 2.4.4. There exists informative affine equilibria in the single-stage
2 —2b2—y /02, /02, —4b? <\ < 02, —2b2+4 /02,1 /02, —4b?
20‘2”

signaling game if and only if 2 552
w

and o2, > 4b%.

2.4.2 Stackelberg Equilibrium Analysis!

In this section, the Stackelberg equilibrium of the static scalar signaling game is
investigated; i.e. the encoder knows the policy of the decoder, and it is shown

that the only equilibrium is the linear equilibrium.

Theorem 2.4.5. For 0 < \ < 03,/0%,, the only equilibrium (affine or not) in
the Stackelberg setup of the signaling game is the linear equilibrium. Otherwise,

the equilibrium is non-informative.

2.4.3 Information Theoretic Lower Bounds and Nash

Equilibria

In the following, we investigate the performance of Nash equilibria and socially
optimal strategies by comparing their costs with the information theoretic lower

bounds derived in Theorem 2.4.5, and comment on their achievability.

2

Theorem 2.4.6. (i) For the game setup, if X\ > ZTM (i.e., non-informative
w

equilibria), the information theoretic lower bounds on the costs are achiev-

able.

n our corresponding paper [55, Theorem 4.1], mistakenly, we have used the information
theoretic lower bounds for the Nash equilibrium analysis. However, due to the assumption on
the optimal decoder action; i.e., u = E[m|y], the information theoretic arguments are valid for
the Stackelberg case.
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(ii) For the game setup, if A\ < Z—z” and b = 0, the information theoretic lower
w

bounds on the costs are achievable by linear policies.

(i1i) For the game setup, if A < Z—z‘f and b # 0, the information theoretic lower
w

bounds on the costs are not achievable by affine policies.

(iv) For the team setup, the information theoretic lower bounds on the costs are
always (both in the informative and non-informative equilibria) achievable

by affine policies.

2.4.4 The Encoder with a Hard Power Constraint

Now consider the case in which the encoder has a hard power constraint instead
of a soft power constraint. Under this assumption, the goal of the encoder is to
minimize
T (4%, 7") = E[c*(m, u)]
s.t. E[y¢(m)] < P,

whereas the decoder aims to minimize

T y7) = E [¢!(m,u)]
where ¢¢ (m,u) = (m —u — b)* and ¢ (m,u) = (m — u)*.
Unlike the soft power constrained case, there always exist informative Nash

and Stackelberg equilibria for the hard power constrained case as follows:

Theorem 2.4.7. There always exists an informative affine Nash equilibrium in
the hard power constrained scalar quadratic signaling game in contrast to the soft

power constrained scalar quadratic signaling game.

Theorem 2.4.8. The only equilibrium (affine or not) in the Stackelberg setup
of the signaling game s the linear equilibrium under the hard power constraint,
and contrary to the soft power constrained scalar quadratic signaling game, the

Stackelberg equilibrium is always informative.
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2.5 Static Multi-Dimensional Quadratic Signal-

ing Games

The scalar setup considered in Section 2.4 can be extended to the multi-
dimensional Gaussian noisy signaling game problem setup as follows: The encoder
encodes an n-dimensional zero-mean Gaussian random variable M with the co-
variance matrix > and sends the real-valued n-dimensional random variable X.
During the transmission, the n-dimensional zero-mean Gaussian noise with the
covariance matrix v is added to X and the decoder receives Y = X+ W, where

W ~ N(0,Xw). The encoder aims to minimize
J(v¢, 9" = E[c*(m, x,u)] ,
whereas the decoder aims to minimize
J(7%, 7% = E [¢!(m, u)] .

The cost functions are ¢¢(m,x,u) = ||m — u — b||? + A||x||? and ¢? (m,u) =
|m — u||* where the lengths of the vectors are defined in Ly norm and b is the
bias vector. Note that we have appended a power constraint and an associated
multiplier. If A = 0, this corresponds to the setup with no power constraint at

the encoder.

2.5.1 Nash Equilibrium Analysis

Theorem 2.5.1. (i) If the encoder is linear (affine), the decoder, as an MMSE

decoder for a Gaussian source over a Gaussian channel, is linear (affine).

(i) If the decoder is linear (affine), then an optimal encoder policy for a multi-
dimensional Gaussian source over a multi-dimensional Gaussian channel is

an affine policy.

(11i) An equilibrium encoder policy v¢(m) = Am + C satisfies the equation A =
T(A) where T(A) = (FFT + XI) "' F and F = (ASMA” + Tw) ™ Ay
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(iv) There exists at least one equilibrium.

We note, however, that there always exist a non-informative equilibrium (see
Proposition 1.2.1, which also applies to the signaling game discussed in this sec-
tion). However, there exist games with informative affine equilibria as we state
in Theorem 2.5.2.

Proposition 2.5.1. If either \ or Yw is zero, an informative affine equilibrium

exists only if A, Xw and b are all zero.

Proof. Note that, from (2.43) and (2.45), assuming |A| # 0, we have A = <KTK+
-1
M) KT, K = SpAT (ASMAT 4 Bw) T, L = —KC and € = —A(L + b),

From these equalities, we can analyze the equilibrium as in the scalar case:

1. when A\ = 0 and the noise is zero (Yw = 0), then A = K~! and K = A}
are obtained. Then C = —A(L+b) = —A(—KC+b) = AKC — Ab, thus
the consistency of the equalities can be satisfied if only if b = 0. Hence, if
b # 0, there cannot exist an informative affine equilibrium. Recall that in
the multi-dimensional noiseless cheap talk, the linearity of the equilibrium

is shown for the uniform source; here the source is Gaussian.

2. when A =0, then A = K~ and AXAT + Yw = K 'YMm AT are obtained.
There does not exist a solution to (2.14) unless the noise is zero (Xw = 0).
Even when (2.14) has a fixed point solution A, (2.9) and (2.9) cannot hold
together unless b = 0.

3. when the noise is zero (Xw = 0), then K = A~ and KTK + A\ = KTA™!
are obtained. There does not exist a solution to (2.14) unless A = 0. Even
when (2.14) has a fixed point solution A, (2.9) and (2.9) cannot hold to-
gether unless b = 0.
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Remark 2.5.1. Unlike the scalar setting, in the multi-dimensional case, fized

points may not be unique: with A = 1.0311 and

[1.6421 0.1299 0.5713 0.2305|
0.1299 1.4803 0.6810 0.4749

XM = ,
0.5713 0.6810 1.7312 0.4292
10.2305 0.4749 0.4292 1.3515]
[1.2742 0.1868 0.2318 0.0559]
0.1868 1.8266 0.5955 0.3091

Yw = ,

0.2318 0.5955 1.2377 0.4951
10.0559 0.3091 0.4951 1.5336 ]

we can obtain two fixed points with different absolute-valued elements as follows
(recall that if A is a fized point, —A is also a fized point):

[0.1543 0.1762  0.0606  0.1117 |
0.1602  0.0159  0.1036  0.0279

A= :
~0.2000 —0.1879 —0.2700 —0.1565
| 0.0603  0.1052  0.1221  0.0824 |
[0.2431 0.0738 —0.0752 0.0285 |
4 | 00203 —0.1351 —0.0966 —0.0948

0.1520  0.2181  0.2682  0.1735
| —0.1003  —0.0801 —0.1236 —0.0683]

Theorem 2.5.2. Let source M be a zero-mean n-dimensional Gaussian random

2

variable with covariance matriz X = diag{oy, , ..

2 . . .
., 05, } where diag indicates

a diagonal matriz, and noise W be a zero-mean n-dimensional Gaussian random

2
Wyt

2
Tim,

variable with covariance matriz Yw = diag{o ,02 Y. Then an informative
n

2
7. . . . g
affine equilibrium exists if A < max{_z*, ...
wl

Note that, from (2.43) and (2.45), by assuming |A| # 0, we have AMAY AT =
KT KYw which is equivalent to
MATY S AT = (KTK + M) (K"K + M) w . (2.2)

Remark 2.5.2. Assuming all channels are informative, i.e., |A| # 0, we make

the following observations.
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(1) If the source is i.i.d.; i.e., Xpp = 02,1, then (2.2) becomes

MATY o2 TAT = (KTK + M)(KTK + M) Sw
= Ao, (Zw) ' = (KTK + M)(KTK + \I)
= \o2 (Sw) ' > NI

)~
)
= M <o (Sw) L.

This result implies that X must satisfy the inequality \I < o2 (Xw) ™! for the
i.1.d. source; otherwise, there must be at least one non-informative channel;
i.e., |A| must be 0.

(ii) If the channel noise is i.i.d.; i.e., Yw = 021, (since Xy is real-symmetric,

it has the eigenvalue decomposition as Yn = QAQT ), then (2.2) becomes

MAT) 'S AT = (KTK + M)(KTK + M\)o2 1
%(AT) 'QAQTAT = (KTK + M)(KTK + M)
Uw

= (AT)YTTQAQT AT > \o? .

This result implies that for each eigenvalue Ay of Xnm, A must satisfy X <
AM/02 for the i.i.d. channel noise; otherwise, there must be at least one

non-informative channel; i.e., |A| must be 0.

(iii) For the general case, recall the Minkowski determinant theorem, |A +
B|Y™ > |A|M™ + | B|V", which holds for any non-negative n x n Hermi-
tian matric A and B. This implies |A + B| > |A| + |B|. By using this
inequality and (2.45),

Kl _ K

|[KTK + M| — |K|2+ A

Al =

Assuming |A| # 0, recall the equality NAY AT = KTKYw. Taking the

determinant of both sides,

K ? K|
] = NPl <3 (L) et < v
2|
>N
T Ewl]
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1/n
The result can be interpreted as follows: If X > <%> , then |A] =
|K| =0 at the equilibrium; i.e., there must be at least one non-informative

channel.

2.5.2 Stackelberg Equilibrium Analysis?

In this section, the Stackelberg equilibrium of the static multi-dimensional sig-
naling game is investigated; i.e. the encoder knows the policy of the decoder,
u = E[m|y|. We provide an information theoretic lower bound for the encoder
cost; this serves us also to obtain condition for the existence of an informative

equilibrium.

Let e = m—u = m—E[ml|y]|, then we have ¥, = E[ee’] = E[(m—E[m|y])(m—

E[m|y])”]. Since the differential entropy is h(m) = 3log,((2me)"|Em|) for a

Gaussian source M, by following similar information theoretic arguments to those
in (2.23);
I(m;y) = h(m) — h(mly) = h(m) — h(m — E[m]|y]|y)
> h(m) — h(m — E[m|y])

1 1
> 1ogy((27€)" [Sml) — 5 logy ((2€)" e

1
= S 108(|Zml/I%e])

Also from the rate-distortion theorem, the data processing theorem and the chan-

nel capacity theorem:

R(D) < min I(m;u) < I(m;u
(D)< f(alm):E[|m—u|[>]<D ( ) ( )

<I(xyy) < max I(x;y) < C(P).
< Ixy) f(X)rE[HXHQ]SP( y) (F)

If we combine these, we obtain the following:

|Ze| > |Zm|2_2R(D) > |Zm|2—2[(m;u) > |Zm|2—21(x;y) > |Em|2_2C(P) ) (23)

2In our corresponding paper [55, Section V.B], mistakenly, we have used the information
theoretic lower bounds for the Nash equilibrium analysis. However, due to the assumption on
the optimal decoder action; i.e., u = E[ml|y], the information theoretic arguments are valid for
the Stackelberg case.

36



Now consider the following:

(a) 1/n
Eljm — ul? = Efle]]?] = tr2 Sn( ] Se(i.1)

(b) 1/n

2 (5

(c)

1/n
Zn<|2m|2_20(P)> . (2.4)

~
[y

Here, (a) follows from the inequality for the arithmetic and geometric mean where
Yo(i,i) stands for ith diagonal element of X, (b) follows from the Hadamard
inequality (since ¥, is a positive semi-definite matrix), and (c) follows from (2.3).
Now we will rewrite [83, Eq. (9.166)] which presents the capacity of the additive
colored Gaussian noise channel with typo corrected:

op) - %Z%IOgQ (1 N max(l/A: )\Z»,O)> |

1=

where P = E[||x|%], A1, A2, ..., A\, are the eigenvalues of Xy, and v is chosen so

that >  max(v — \;,0) = nP. Then we can obtain the following:

21 55 Lo, [ 14mEx=200)
9-20(P) _ o "ni; 2 Ai

1=

I
=

(1 N max (v — A, O))-l/n
Ai

1

.
I

(maxg\li/, Ai) > ~1/n

— (H?:l )\i)l/n
(ITr, max(v, \;))/m
(a) (|Ew|)1/n

SRVES S
_ (yzw|)l/”(P+ “f“v)_l. (2.5)

Here, (a) holds, since our assumption » . max(v — A;,0) = nP implies
S max(v, \) = nP+Y 1 A and ([T, max(v, \,))Y™ < S°F max(v, \;)/n =
P+ %", Xi/n holds by the inequality for the arithmetic and geometric mean. If
we insert (2.5) to (2.4),

1/n
1/n trXe ) !
E|[m — ] 2n<|zm|(|zw|) (P+—) )
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n n2 tr X\ —/n
=[S (B ) (P =)

(2.6)

The encoder costs reduces to J¢ = E[||m — ul]?] + AE[||x]|?] + ||b]|? since the
decoder always chooses u = E[m|y]. Then, by (2.6),

J¢ = |[bl|* + AE[||x||*] + E[|jm — u]]’]

£ T\ ~1/n
! ) . (2.7)

> [[b + AP + n(| S}/ (|Zw]) " (P +

The minimizer of this function can be found by the local perturbation condition:

tr X\~ L
T ) _ 0
n

A= (S (B ) (P4

tr O\~ L
= A= (S () (P4 22

—

a

2 (2l (15l )
= (IZw) (IS )"

=

Here, (a) follows from the nonnegativeness of P and the inequality for the
arithmetic and geometric mean and the Hadamard inequality, similar to (2.4).
Hence, if A < (|Zm))Y"(|Zw])~Y/", the lower bound is minimized at a nonzero
P value, but if A > (|Zu))Y"(|Zw|)~"/", the minimizer P becomes zero. Fi-
nally, if channels and source are assumed to be ii.d.; ie., ¥, = oI and
Yw = 021 where I is n x n identity matrix, and the encoder and the decoder
use linear policies, then (2.7) becomes tight and can be interpreted as follows:
If A > (ISm)Y"(|1Sw) V" = 02,/02, then (2.7) is minimized at P = 0; that
is, the encoder does not signal any output. Hence, the encoder engages in an
non-informative equilibrium and the minimum cost becomes E [|m|?] + ||b]|? at
this non-informative equilibrium. Recall that this is analogous to the analysis in
the scalar setup (2.24).

2.6 Conclusion

For a strategic information transmission problem under quadratic criteria with a

non-zero bias term leading to a mismatch in the encoder and the decoder objective
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functions, Nash and Stackelberg equilibria have been investigated in a number
of setups. It has been proven that for any scalar source, the quantized nature
of Nash equilibrium policies hold, whereas all Stackelberg equilibrium policies
are fully informative. Further, it has been shown that the Nash equilibrium
policies may be non-discrete and even linear for a multi-dimensional cheap talk
problem, unlike the scalar case. The additive noisy channel setup with Gaussian
statistics has also been studied, such a case leads to a signaling game due to
the communication constraints in the transmission. Conditions for the existence
of affine Nash equilibrium policies are presented for both the scalar and multi-
dimensional setups. Lastly, we proved that the only equilibrium in the Stackelberg

noisy setup is the linear equilibrium. Table 2.1 summarizes the results of this

chapter.
Table 2.1: Static (one-stage) cheap talk and signaling games

SETUP SOURCE Nash Equilibrium Stackelberg Equilibrium
STATIC scalar quantized fully revealing
CHEAP ltindi ional may be of non-quantized nature, full aline

TALK multi-dimensional oven linear ully revealing
STATIC B i I ——

SIGNALING - . affine policies constitute invariant subspace
GAMES multi-dimensional no general structure
under best response maps

2.7 Proofs

2.7.1 Proof of Theorem 2.2.3

Let there be an equilibrium in the game (with possibly uncountably infinitely
many bins, countably many bins or finitely many bins). Let two bins be B
and B?. Also let m® indicate any point in B%; ie., m® € B®. Similarly, let
m? represent any point in B?; i.e., m? € B?. The decoder chooses action u® =
E[m|m € B%] when the encoder sends m® € B* and action v’ = E[m|m € B”
when the encoder sends m? € B” in order to minimize its total cost. Without loss
of generality, we can assume that u® < u®. Let F(m,u) £ (m—u—b)?. Because of

the equilibrium definitions from the view of the encoder; F(m®, u®) < F(m®,u")
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and F(m? v?) < F(mP,u®). Hence, 3 m that satisfies F'(m,u®) = F(m,u?)
which reduces to

a B
= ‘2“‘ b= (- u®) = (u® — ) + 2. (2.8)

Since F(m + A,u®) > F(m + A,v?) for any A > 0, B and {m|m < m} are
disjoint sets. Similarly, B* and {m|m > m} are disjoint sets, too. Thus, from

the definitions of u® and u”, we have u® < m < v” which implies ™ — u® > 0
and u® —m > 0. Then, from (2.8),

u’ —u® = (W —m)+ (m—u*) =2 —m) +2b>2b
and
u’ —u® = (W’ —m) + (M —u®) =2(m — u®) — 2b > —2b

are obtained. Hence, u” — u® > 2|b|, which implies that there must be at least
2|b| distance between the equilibrium points (decoder’s actions, centroids of the
bins). Further, from the encoder’s point of view, given any two bins B* and B,
there exists a point T which lies between these two bins. This assures that each
bin must be a single interval; i.e., convex cell except for a possible insignificant set
of points with measure zero. Since there is an injective and monotonic relation
between the convex cells of the encoder and decoder’s actions, the equilibrium

policy must be quantized almost surely.

2.7.2 Proof of Theorem 2.3.1

Similar to the single-stage scalar case in Theorem 2.2.3, at the equilibrium, define
two cells C® and C?, any points in those cells as m® € C* and m® € C?, and the
actions of the decoder as u® and u” when the encoder transmits m® and m”®, re-
spectively. Let F(m,u) £ |[m —u—b|%. Due to the equilibrium definitions from
the view of the encoder; F(m® u®) < F(m®,u®) and F(m”,v’) < F(m? u®).
Hence, there exists a hyperplane defined by F(z,u®) = F(z,u”) which is equiv-
alent to ||(z — b) —u®||? = ||(z — b) — u”||?. It can be seen that z — b defines a

hyperplane which is a perpendicular bisector of u® and u?; i.e., the hyperplane
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defined by the points z is a perpendicular bisector of u® and u® shifted by b.
The hyperplane defined by the points z divides the space into two subspaces: let
Z“ that contains u® and Z” that contains u” be those subspaces. C” and Z¢
are disjoint subspaces since F(z + §(u” — u®),u®) > F(z + d(u” — u®),u”) for
any positive scalar §. Similarly, C* and Z? are disjoint subspaces, too. Thus, the
hyperplane defined by the points z must lie between u® and u” which implies
that the length of b along the d = u® —u® direction should not exceed half of the
distance between u® and u”; i.e., ||bg|| < ||d||/2, where bgq is the projection of b
along the direction of d. Since d can be any vector at a fully revealing equilib-
rium by the assumption on the source, ||bg|| < ||d||/2 cannot be satisfied unless
b = 0. Thus, there cannot be a fully revealing equilibrium in the single-stage

multi-dimensional cheap talk.

For a linear equilibrium, it suffices to provide an example. Let the source be
uniform on [0, 1] x [0, 1] and consider b = [0.3 0]. Then, as a (properly interpreted)
limit case of the equilibrium in Fig. 2.3, the following encoder and decoder policies

form an equilibrium:

Ve(mlamQ) = ($1,$2) = (O7m2)v

Vd($1,952) = (uy,uz) = (0.5,ms) .

Here, the scalar setup is applied on the z-dimension with one quantization bin
(recall that u; = E[my|z1]), and a fully-informative equilibrium exists on the
y-dimension since there is no bias on that dimension. It is observed that the

encoder policy is linear due to the unbiased property of the y-dimension.

Besides linear equilibria, there may be multiple (hence, non-unique) quan-
tized equilibria with finite regions in the multi-dimensional case as illustrated in
Fig. 2.4.

2.7.3 Proof of Theorem 2.4.1

(i) If the encoder is linear (affine), the decoder, as an MMSE decoder for a

Gaussian source over a Gaussian channel, is linear (affine); this follows from
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Figure 2.3: Sample linear equilibrium for b, = 0.2 and b, = 0. Note that the number of
quantization levels on the y-dimension can be arbitrarily chosen (since b is orthogonal to that
dimension,).

Figure 2.4: Sample discrete equilibria in 2D with b, = 0.1 and by = 0.2 where the crosses
indicate the centroids of the bins, the star indicates the middle point and the square indicates
the shifted middle point. Note that the equilibrium is not unique for a given number of bins as
in the scalar case.

the property of the conditional expectation for jointly Gaussian random
variables. In particular, for the given affine encoding policy = = v¢(m) =
Am + C, the optimal decoder policy would be

Ao,

=M (YA Ky+L. 2.9
AZUZQWJFU%V(?J ) y + (2.9)

7(y)
Suppose on the other hand that the decoder is affine so that u = v%(y) =
Ky + L and the encoder policy is © = ~°(m). We will show that the
encoder is also affine in this case: With y = ~°(m) + w, it follows that
u= K~¢(m) + Kw + L. By completing the square, the optimal cost of the
encoder can be written as
JC = mi{l )E[(m —u —b)? + A\

r=7¢(m
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= min E[(m — K~*(m) — Kw — L — b)* + )\(’Ye(m))z}

ve(m)
= i (K7 (m) ~ L0 + X om)]
yelm
—|—K2012/V
- m(in)E[(W +A)(°(m))* + (m — L =0)* = 2(m — L — b>KVe(m>]
ye(m
+ K?03,
i (K2 4 [y (LD 2= LD
_gl(l%(K +A)E[(7 (m)™+ a1 K24+ A W(m)}
+ K?03,
oo er v (m—=L-=bK\2 ((m—L-bK\?
_7151(1”111)(K +>\)E[<7 (m) K2+ )\ ) < K2+ )\ >
(m — L —b)? 2 2
K2+ A ]+KUW
N (e (m—=L—=bK\>  (m—L—b)\?
_7151(177111)(.’( —f-)\)E_(V (m) K2+ A ) +)\< K2+ )\ >}
+K2012,V

(m—L—b)K>2}

_ 2 (el
= min (K +)\)E_<7 (m) K2

vé(m)

(2.10)
A 2 2 2 2
+K2—4—)\<0M+(L+b) ) + K oy .
2
In (2.10), only the E[(ve(m) - %) ] part depends on the minimiza-
tion parameter v¢(m). Hence, the optimal 4¢(m) can be chosen as

v (m) = (ﬁ)nﬁ (ﬁ) 2 Am+C, (2.11)

and the minimum encoder cost is obtained as

A
T = s (034 +(L+ b)2> + K%, . (2.12)

Recall that (2.11) implies that an optimal encoder policy for a Gaussian
source over a Gaussian channel is an affine policy if the decoder policy

is chosen as affine. We now wish to see if the sets of optimal policies of

the encoder and the decoder satisfy a fixed point equation. By combining

(2.9) and (2.11), we have A = K2L+/\, K = %, L =—-KCand C =
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(if)

—A(L +b). Then, for nonzero A, by utilizing A%0%, + 03, = A;?” = L,
we have
K? A%o? A o o
K24+ X A%%, +o0}, K24\ A2 +0}, 012\4( +3)
(2.13)

2
Hence, we have (K?4+\)?0d, = o3, = K? = ,/A:‘%;” —“A>0=)\<o03 ok,
for nonzero A. Thus, if X > o3,/0%,, the solution is A = 0; in other
words, there does not exist an informative affine equilibrium, the only affine

equilibrium is the non-informative one; i.e., A=K =C =L =0.

For A < %, if we combine the fixed point equations (2.9) and (2.11) by
w
using A, and define the resulting mapping as T'(A), we obtain

A

K A2Yo2 Jo2,
A= S T T— S (2.14)
K? + A A A
A2402 /02, +
Note now that
A 1
A>l=—"5 <1=T(A) < <,
A2 4 A
oM
A 2 o
A<1:—2<0—2M:T(A)<—W,
A2+ Ow A

M

which implies that the mapping defined by T'(A) = A can be viewed as a
continuous function mapping the compact convex set [0, max (o3, /0%, 1)/
to itself. Therefore, by Brouwer’s fixed point theorem [84], there exists
A =T(A). Indeed, we can find nonzero A, K,C, L for every 0 < A < % as
in (2.15).

For the uniqueness of an informative fixed point, suppose that there are
two different nonzero fixed points: A; = T(A;) and Ay = T(Ay) and let
v = o3, /0o3, for simplicity. Then A;/T(A;) = Ay/T(Ay) implies

2 A2
1 A2 —_ 2 A2
242 gl _
Ut =B (Grrmry ) O
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Hence, |A;| = |As| is obtained, and since the mapping is defined from
[0, max(c3,/03,,1)/]] to itself, the nonzero fixed point is unique. Then the
encoder may choose the nonzero fixed point for the informative equilibrium
if it results in a lower cost than the non-informative equilibrium (due to
the cost of communication, an informative equilibrium is not always ben-
eficial to the encoder compared to the non-informative one as shown in
Theorem 2.4.4).

(iii) Itisprovedin (2.11) that an optimal encoder is affine such that x = v¢(m) =
Am + C when the decoder is affine, that is, u = v¥(y) = Ky + L. Then, by
inserting A = 0 to (2.1), T is obtained as m = KAM +KC+ L +b.
This holds for all m® and m? with m® < m < m#. Thus, if the distance
between m® and m? is made arbitrarily small, then it must be that KA = 1
and KC 4+ L+ b = 0. On the other hand, it was shown that an optimal
decoder policy is affine if an encoder is affine in (2.9). By combining KA = 1

A2
andK:A T

T2 457, it follows that a real-valued solution does not exist for
TMToWw

any given affine coding parameter.

2.7.4 Proof of Theorem 2.4.2

(i) From (2.9) and (2.11), we have the following equalities for A < %

w
_ K o ow
K2+ )\ Aoi, o3
AK — o _& o2 ) 2o Ao, L Ao,
N o2 o2 o2 a o, | o2,
M M W M M
C = —A(L+b) = —A(~KC +1b) = AKC — Ab
+b T _ %y
Ab Aot oy 1 o2,
- _ — Ty |~ 1
== a1 o qu\A( o2, )
oM



C? 2 , 103,

C
L+b=—==(L = =M
+0 A:>( +b)? = yE o2,

(2.15)

Utilizing (2.15) in the optimal encoder cost (2.12) results in:

*,e A
Jhe — KQ_H<U§4+ (L+b)2> + K202,
A 9 , 103, )\UM
T (o +0 xg)
oty

2
=\/ o} 08, + b U]\g + 1/ Ao?,0% — Aogy
Ay,

/N2 2 2 012\4 2

Now recall that the optimal decoder policy is u* = E[m/|(y = Am+C+w)| =
Ac?
Azaﬁ/lfo‘%v

(y — C). Then, the optimal decoder cost becomes

J5" = min E[(m —u)?] = E[(m — E[m|y])?]

u=v%(y)
2 2/,-2\2
— g2 _ My _ 2 A*(oy)
- YM 2 T YM 2.2 2
oy Aoy, + opy
2 2 2 2
A20_2 +0_2 o2 o2
M w w v
)\0' UM O-M+O-W
_ 2 2
=\/ Aoy 00

As a result, the game theoretic cost at the equilibrium is found as

J9 = J¢ 4+ Jo =34/ o3 od, + b

Recall that, if A > 02,/0%,, since A=K =C =L =0, J* = o}, + V?

and J*¢ = 02, are obtained; hence, the game theoretic cost becomes J*9 =

— Aoy - (2.16)

202, + b%. If there were no cost of communication (consider the cheap talk;
i.e., remove A\z? from the encoder cost function), then one could say that
the informative equilibria would always be beneficial to both the encoder
and the decoder; however, due to the cost of communication, an informative
equilibrium is not always beneficial to the encoder when compared with the

non-informative one (i.e., for X < o3,/0%,, it does not always hold that
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(i)

2
2\/ A%, 0% + b? % — Mod, < o3, + b% see Theorem 2.4.4 for details).
For the receiver, however, information never hurts the performance and
the informative equilibria are more desirable (i.e., for A\ < o3,/0%,, the
inequality /o303, < o2, always holds). As a result, one can expect a

non-informative equilibrium even if A < 0%, /03, as shown in Theorem 2.4.4.

The part below aims to construct the socially optimal affine setup. In this
part, J! represents the team cost minimized over the encoder policies for
a given decoder policy, J%¢ represents the team cost minimized over the
decoder policies for a given encoder policy, and J*! represents the optimum
team cost; i.e., minimization over all affine encoding and decoding policies
as follows:
JHt = min E[(m —u—b)* 4+ Az* + (m — u)?].
a=7¢(m),u=7%(y)

Similar to the game theoretic analysis above, with the given affine encoding
policy x = y¢(m) = Am + C (then y = x +w = Am + C 4+ w), the optimal

decoder policy can be found as follows (by completing the square):

J* = min E[(m —u—b)*+ \x* + (m — u)?]

u=y4(y)
= min E2(m —u)? — 2(m — u)b + \z?]
u=7%(y)
b v 2P
— min 2 |(m—u— )+ + AT,
Join 2B | (m —u=g)" 4 4 A5

Hence the optimal decoder policy can be chosen as v4!(y) = E[m — g |y].
Due to the joint Gaussanity of m and y, the minimizer decoder policy is
affine:

Ac?
y) = M

d*,t( —
A%g2 + 0‘2,[,

(y—C)—ééKerL. (2.17)

i 2

Similar to the game theoretic analysis above, for any affine decoder policy
v y) = Ky + L with y = v¢(m) + w, the optimal encoder policy for the
team setup can be obtained as follows (by completing the square):
Jol = mi{l )]E[(m —u— b+ A? + (m—u)?

r=v¢(m
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= min E _(m — K7°(m) — Kw — L — b)* + A(7v%(m))?

e (m)

+ (m — K~v%(m) — Kw — L)2]

— min E|(m = K°(m) = L= )* + A(y*(m))? + (m — K7*(m) — L)’]

ye(m)
+2K%07,
= min E[(2K2 + N (M) + (m — L — b)® + (m — L)?
ye(m

—2(2m = 2L — b)K (m) | +2K%0%,

(m—L-0?2 (m—1L)?

= mi 24+ MNE
min (2K° + \) SV CEY +2K2—|—/\

¢ (m)

(7 (m))? +

- 2(2m — 2L — b)Kve(m)

2K2 2
2K2 + \ teitow

= min (2K + \)E

¢ (m)

(2m — 2L — b)K>2 B ((2m— 2L —b)K
2K2+ A\ 2K2+ A\

(ve(m) -

(m—L—b)? (m—L)?

2K22
SRz a | oRz A | TR Tow

o (2m — 2L — b)K\?
= min (2K + \E SYCE >

vé(m)

(ﬂm) -

K2+ X((m—L—-0)%*+(m—L)?
(2K2 + \)?

+2K%07,

( “(m) (2m—2L—b)K>2
T 2K? 1\
. VK?+ X\ (203, + (L +b)* + L?)
2K2 4+ )\
Hence, the optimal encoder ~¢(m) is
et _ (2m—2L—b)
7 = SRR
and the minimum team cost is obtained as
b VK? + X (203, + (L + b)* + L?)
2K2% + A

This implies that, in the team setup, an optimal encoder policy for a Gaus-

= min (2K? 4+ \E

vé(m)

+2K%07, .

£ Am+C, (2.18)

J* +2K%07, . (2.19)

sian source over a Gaussian channel is a affine policy if the decoder policy

is chosen as affine.
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In order to achieve the socially optimal cost J*!, the optimal encoder policy
7€t (m) and the optimal decoder policy v*!(y) must satify the following
equalities by (2.17) and (2.18):

__ 2 K:%

2K + \/ K’ A%0% + 0%

A Ab b
_ S on = —AL-2 L —_Kkc-"
C 2( b) = 5 C 5
iCI—A(—KO—%)—%—AKC’

Here, either AK = 1 or C = 0. If AK = 1, then it becomes that 1 =

A252 ) ) ) ) )
AK = AQQ% = U%/ = 0, which contradicts with the noise assumption.
0'M+0'W

Then C' = 0 and L = —b/2. By using the equalities for A and K above,

one can obtain 2(K? + \/2)%0%, = A3, by assuming A # 0; which implies

K? = ;Z;M — 3. Since K? is positive, A cannot be greater than 2;;” :
w w

otherwise, because of our assumption, A must be equal to 0 which implies

that K = 0, and there does not exist an informative affine team setup.

ThenKzzw/;\aéw ——and)\<
W

usingKQZQ/;‘Z—‘JZ A—2K2+A,C’—OandL———1n (2.19), we have
VK?+ X203, + (L +b)* + L?)
*,t M 2 2
= 2K
J SV + Ow
o2
B (Vo —3) + 2008+ (B2 + (=4)?) A
9 )\O'M 20W 2

\/2)\0M0W \/2X\02, 02, — Aoty
= 2y/2)\0%,0% + 5 — \ojy . (2.20)

Recall that, if A > 20%,/0%,, then J*' = 203, + ¥ Since 2,/2\03,0%, +

— Ao, < 203, + % always holds (this can be shown by using the
fact (203, — )\0"24/)2 > 0), which implies that the informative equilibrium
should always be preferred over the non-informative one. However, for
A > 203, /0%, the team equilibrium is always non-informative as shown

above.
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2.7.5 Proof of Theorem 2.4.4

Recall that in the single-stage Nash signaling game, the optimal affine encoder
cost is obtained as J*¢ = o3, +0? for A > 0%, /0%, (at the non-informative equilib-
rium) and J*¢ = 2/ Ao}, 05, 6%/ 2 JM — Ao, for A\ < o3, /0% (at the informative

affine equilibrium). Even though o3, + b* > 2y/A\o%,0%, + b?

2
A\ > o3, /ot (since (\/0'12\/1 - \/)\O'%,) > (), the non-informative equilibrium is
preferred over the informative affine equilibrium since there does not exist any

— Ao, for

informative affine equilibrium for A > 0%, /0%, as shown in Theorem 2.4.1. How-
ever, the non-informative equilibrium can also be preferred even if A < 0%,/0%,.
Now, we analyze the conditions under which the informative affine equilibrium
has strictly lower cost than the non-informative one for A < o3,/0%,:

2
oM

o3y + 0% > 2 )\JMJW + b — Aoy

2
Aoy,

= <\/cr]2w— \//\U%V) + b? (1 ”)\a ) >0
:><\/0']2\4—\/)\0'12,V) (\/)\UW (\/012\4—\/)\012,‘,) —bz) > 0. (2.21)
Since A\ < o3,/0%,, (2.21) reduces to /Ao, <\/0%4 — \/)\0"2)[/> —b* > 0. Let

t £ \/Aod,, then the inequality becomes 2 — /o3t + b* < 0. If 03, < 4b?, then
t? — /o2t + b* is always positive, which implies that the non-informative equi-

librium has strictly less cost than the informative affine equilibrium. Otherwise;
/52 — /o2 —4b2
ie. ifaM > 4b2 then * — /0%t + b* < 0 holds when MfM% <t <
Tt S 7t . Then, the result follows through inserting ¢t = «/)\0‘2,[,:

Vo \/O'M—4b2<\/7 Vo +\/0M—462
o3 — 2b* — \/ 2 Jo2, — 4b? <o, O'M—2b2—|— \/ 2o —4b?
0 < o3 — 20 — /o \/0M—4b2 O'M—2b2—|—\/ \/O‘M—4b2

2(7W 20W O'W
(2.22)
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M*Qb2 vV ‘TMV o=

2O'W

Thus, the encoder prefers the informative affine equilibrium when

\ < 02, —2b2+4 /02, /02, —4b2
20‘2”

rium is preferred.

and o2, > 4b%; otherwise, the non-informative equilib-

2.7.6 Proof of Theorem 2.4.5

Due to the Stackelberg assumption, the encoder knows that the optimal decoder
policy will be v = E[m|y]. Then, by the law of the iterated expectations, the
encoder cost J¢ = E[(m —u—0)?+ A\z?] reduces to J¢ = E[(m —u)?] + A\E[z?] + b2
Further, let P = E[z?], and D be defined as the squared error distortion; i.e.,
D £ E[(m — u)*| = E[(m — E[m|y])*|. Then,

I(M;Y) =h(M) — h(M|Y) = h(M) — h(M — E[M|Y]|Y)

(a 2

~

1 1 1
>h(M) — h(M —E[M|Y]) > 7 logy(2mea3,) — 5 log, (2meD) = - logy(2¥)
=D Z 0%42721(m;y) (>i) 0%/[272[(1;1/) > 0_12\/[2725up1(a:;y) (é) 012\42—2%10@ (H_%)
2
=D =E[(m—u)? > —2L (2.23)

~ 1+ P/og,

Here, (a) holds since the differential entropy is h(M) = 3 log,(2meo},) for a Gaus-
sian source M, (b) follows from the data-processing inequality, and (c) follows
from the channel capacity of the Gaussian channel (see [4, p. 96] for another exam-
ple of a rate-distortion theoretic bound through the data-processing inequality).

Then, the following leads to a lower bound on the encoder cost:

J¢ =0 + AE[2%] + E[(m — u)’]

2

g

> b+ AP+ —2A 2.24

Z AT 1+ P/oZ, (2.24)

Let h(P) £ \P+ 4t then % = )\~ 2 (1+ >_ Since 47 > 0 when
w

A > o3, /o8, (2.24) is mlmmlzed at P = 0; that is, the encoder does not signal
any output. Hence, the encoder engages in a non-informative equilibrium and
the minimum encoder cost becomes 0%, + b* at this non-informative equilibrium.
2 .2
Otherwise; i.e., A < 03,/0%,, h(P) is minimized when d(P) =0= P =/ 2w
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9 . d2n(P) 202, P -3 .
oy since gt = (1 + %> > 0. In this case, the lower bound on the

encoder cost in (2.24) becomes 21/\o3,0%, + b* — Ao,

After obtaining the information theoretic lower bounds on the encoder cost
above, now we assume the linear encoding policy and show that the lower bounds
are achieved, then we conclude that the encoder policy must be linear. Let the
encoder policy be x = 7v¢(m) = Am + C. Due to the Stackelberg assumption,
the encoder knows that the decoder will use v4(y) = u = E[m/|y] as an optimal
decoder policy to minimize the decoder cost, thus u = y4(y) = %(g/ —C)

where y = Am+C +w. Then the goal of the encoder is to minimize the following:

JH¢ = min E[(m —u — b)* + \1?]
z=~¢(m)=Am+C

2 2 2
. moy, — Aoyw 9
= iy IE[( 207+ 02 b) + AM(Am + C) ]

012\4(‘712/1/)2 +A2(‘7J2\/[)2‘712/V 12 +)\A2a]2w A2

TRC T (A0, 1 oh)?
Cmin —OMTW e e
= min 5+ 0"+ AA%oy, + AC7. (2.25)

A Cc A20% + o,
The optimal encoder cost in (2.25) is achieved for C* = 0, and A* = 0 for

A\ > o3 /od, and A* = 4/ \/% — Z—;VVVI for A < 03,/c%,. Then, the optimal encoder
cost is obtained as J*¢ = g3,4+b% for A > 03, /0%, and J5¢ = 24/ \03,0%,+b> Ao,
for A < o3,/0%,. Note that these are the information theoretic lower bounds
above, and these lower bounds are achieved when the encoder and the decoder

use linear policies jointly, which is valid for the current case.

Recall that, in the static Stackelberg signaling game, the optimal encoder cost
is obtained as J*¢ = o3, + b? for A > o03,/0%, and J*¢ = 2\/Ao3,0%, + b —
Aod, for X < o3,/o%,. Notice that o3, + b* > 2¢/Ao3,0% + b* — Ao, holds

2
always (since <\/0§4 — \/)\0124,> > 0); i.e., the informative equilibrium should
always be preferred over the non-informative one. However, as proved above, the

equilibrium is always non-informative for A > o%,/0%,.
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2.7.7 Proof of Theorem 2.4.6

(i) From (2.24), we have a bound on the encoder cost J¢ > b* + AP + 7y

(iii)

1+P/o%,
where P = E[z?] represents the power. This bound is tight when the en-

coder and the decoder use linear policies leading to jointly Gaussian random

. .. . . . 0'2 0'2
variables. For A\ < 03,/07,, a minimizer of this cost is P* = \/ 2% —gf, . If

we insert this value into (2.24), we have J¢ > 21/ \o3,0%,+b*—\o3,. By the
same reasoning above, we also have J¢ = E[(m —u)?] > Jiﬁg > /o208,
-2

o

Hence, the information theoretic lower bound on the game cost J9 = J¢+ J¢

J? > 31/ Ao%0f + b — Aogy . (2.26)

Through an analysis similar to the one in [4], one can see that when \ >

is found as

02,/0%,, (2.24) is minimized at P = 0 (the encoder does not signal any
output); thus we obtain a non-informative equilibrium: The encoder and
the decoder do not engage in communications; i.e., A = 0 and K = 0 is
an equilibrium. In this case, the encoder may be considered to be linear,
but this is a degenerate coding policy. This implies J9 > 202, + b*, and
remember that J*9 = 20%, + b* when A > 03,/0%,, hence the information

theoretic lower bound is achievable at the non-informative equilibria.

From (2.16) and (2.26), it can be deduced that when b = 0, the lower bound
of the encoder cost is achievable by linear policies; i.e., C' =0 and L = 0.
When b = 0, the problem corresponds to what is known as a soft-constrained
version of the quadratic signaling problem where we append the constraint

to the cost functional (see [4, p. 96]).

If b # 0, then, from (2.16) and (2.26), one can observe that the lower
bound becomes unachievable by affine policies since the power constraint

related part of the cost function, Az?, contains b? related parameters (recall

C = Al‘gb_l). In this case, by modifying the power from P to P — C?
(which must be positive) in the information theoretic inequalities; i.e., J¢ >
2
b2 + AP + 1+(Pf+2)/0‘2/v’ then the minimum game cost is obtained as J9 >
0'2 . . . .
3V Aoi ok + b ok — Ao, which is the same cost that is achieved by
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affine policies.

(iv) By following a similar approach to (2.24) for finding the lower bound on

the socially optimal cost, we can obtain:

J'=E[(m —u—0b)*+ \z* + (m — u)?]

]

Here (a) holds since the decoder chooses u = E[m—2|y] and shifting does not

affect the differential entropy. Similar to the previous analysis, a minimizer
2 2

of this cost is P* = 4/ 20]‘4% — o, for A < 20%, /0%, If we insert this value

into the total cost, we have

b2
(FQEQMQAJ%J%—%EL—AU%. (2.27)

Recall that, if A > 202, /0%, then P = 0 becomes the minimizer, hence J* >
202, + % in the non-informative equilibrium. For this case, remember that
Jot = 20%, + %, thus the information theoretic lower bound is achievable
at the non-informative equilibria. In addition, from (2.20) and (2.27), for
A\ < 203, /0%, (which implies the informative equilibria), it can easily be seen
that the information theoretic lower bound is achievable by affine policies

(actually the encoder policy is linear and the decoder policy is affine).

2.7.8 Proof of Theorem 2.4.7

For an affine encoder; i.e., z = v¢(m) = Am + C which satisfies E[z?] = A%03, +
C? < P, the optimal decoder is affine :
Ad?,

~ 12,2 2
Aoy + ojy

7 (y) (y—0C).

For an affine decoder; i.e., u = y4(y) = Ky+ L, we will investigate the optimal
encoder. With y = v¢(m)+w, it follows that u = K~v¢(m)+ Kw+ L. Then, under
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the hard power constraint E [(Ve(m))Q] < P, the optimal cost of the encoder can
be written as
J"°= min E [(m —u— b)ﬂ
z=y°(m)

— min ]E[(m—Kfye(m) — Kw — L—b)z]

7¢(m)

= min E[(m — K~*(m)— L — b)2] + K%}, . (2.28)

v (m)

For the optimization problem in (2.28), the corresponding Lagrangian function

is expressed as

L (y*(m), ) = E [(m — Ky*(m) — L = b)*] + Koy + pu (E [(7°(m))°] — P)
=E[(K*+ p) (v¢(m))* = 2(m — L — b)K~*(m) + (m — L — b)?]

+ K?03, — uP
—L-bK\>
— K2 E e o (m
(1> + ) B | (50m) - PP ]
1 —
+ rcE (a@ + (L + b)2) + K?0}, — uP, (2.29)
and the dual function is given by

o) & inf £ (m). ) (2.30)

and the Lagrangian dual problem of (2.28) is defined as
min g (p) s.t. £ >0. (2.31)
n

Since the optimization problem is convex, the duality gap between the solutions

of the primal and the dual problem is zero.

It is observed from (2.29) that the Lagrangian function £ (y¢(m),u) can be

decomposed into




where L, (v¢(m), ) = (’ye(m) — %)2 Evidently, the optimal encoder
policy that minimizes £ (y¢(m), ) obtained from (2.30) should also minimize
Ly, (v¢(m), n) for each given value of m. This is known as dual decomposition
and it facilitates the decomposition of the dual problem into sub-optimization
problems which are coupled only through m. More explicitly, we need the com-

pute

o (epy (m=L-bK\?
i £ (¢ (m)) = min (1%0m) - IR 2

for each value of m € R.

The Karush-Kuhn-Tucker (KKT) conditions can be obtained for the optimiza-

tion problem in (2.28) as follows:

OLm (v (m), )

~0, (2.34)
9 (v4(m))
p(E[(v(m)*] = P) =0, (2.35)
p=>0, (2.36)
E[(v*(m))*] =P <0 (2.37)
From (2.34), the optimal encoder policy is v¢(m) = Kziwm - K2+H(L +b).
By (2.35), we must have either p = 0 or E [(v*(m ))2} = P. If u = 0, for
0.2
an informative affine equilibrium, K = AQ%% and A = K2 = % must

be satisfied simultaneously, which is not possible. Thus, we must investigate
E [(ye(m))ﬂ = P case with > 0 to obtain the conditions for the informative

affine equilibria.

S )
K2
e (o3 +(L+0)?*) =P
== \/K2 (7 ;(L e I (2.38)
=P <M +I((I; b (2.39)



At the equilibrium, we have
B Ac?,
- A20%, + o3,

2
L:—KC:—M,
A%2g2 + 0%,
K K P
= = = sgn(K ,
K2 +p K2(0%,+(L+b)?) ( >\/Uﬁ4 +(L+0)?
e
K(L+b) P
C=-AL+b)=——r—"=— K)YL+b )

Since A and K must have the same sign, we can assume the positive (A, K) pair.
Then,

P
A=
\/034+(L+b)2’

ﬁ —
a0y, ammweoh PO+ (L0

T A%, 02, PUM +02(03; + (L +1)2)’

WPLJFWU?M + o,
e VPl + “””V”ﬁ<L+m¢ 2
Po?, + o,(0%, + (L +b)?) oyt
_ PLn
~ Po2, +02,(0%, 4 (L +0)?)
=L (Poy; + oy (03 + (L +0)%) = P(L+b)oy;
= Loty (03, + (L +b)*) = Pboy, . (2.40)

By solving the cubic equation (2.40), we can find a real solution for L, then A,
K and C' can be obtained.

For the informative equilibria, (2.39) must be satisfied.
+(L+b)? oy +(L+Db)?
K2 ﬁ(o§4+(L+b)2)J%4
(Po2 o2, (03, +(L+b)2))
 (Pody + oy (of + (L +D)° )) B

= >
PO’M

_70'
P < M

Thus, the condition (2.39) for the informative equilibria always holds. Also we can

find always at least one real L which implies that the equilibrium is informative.
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2.7.9 Proof of Theorem 2.4.8

Due to the Stackelberg assumption, the encoder knows that the optimal decoder
policy will be u = E[m|y]. Then, by the law of the iterated expectations, the
encoder cost J¢ = E[(m—u—0)?+ A\z?] reduces to J¢ = E[(m —u)?] + A\E[z?] + b*.
Let P = E[2?], then, by following a similar approach to (2.23), the lower bound
on the encoder cost can be achieved as follows:

2
A —

_ 2.41
- 1+ P/od, ( )

Since - is a decreasing function of P, in order to minimize the lower bound

ot
1+P/oy, _
in (2.41), P should be chosen as maximum; i.e., P = P. Further, the lower bound
(2.41) can be achieved when the encoder and the decoder use linear policies jointly,
thus there always exist a linear equilibrium in the static quadratic signaling game

with a hard-power constraint.

As a further demonstration, we will show that, the linear policies achieve the
lower bound in (2.41) indeed. Let the encoder policy be x = 7¢(m) = Am + C.
Then, the hard power constraint becomes E[z?] = A%02, + C? < P. Due to the
Stackelberg assumption, the encoder knows that the decoder will use v¢(y) =
u = E[m|y] as an optimal decoder policy to minimize the decoder cost, thus
u = y4y) = %(y — C) where y = Am + C + w. Then, by following a

similar approach to (2.25), the goal of the encoder can be found as follows:

2 2
e _ - OMOw 2 2 2 2
JHe = min W02, & ok +b° s.t. Aoy + oy < P (2.42)

. o e . . . 2
J*¢ is minimized for C* = 0 and maximum A*, which can be chosen as (A*)" o3, +

(C*)? = P = A" = ,/(% Then, the encoder cost becomes J*¢ = T
M

P+U‘2/V

H%%/‘ >—, which is the lower bound in (2.41), as expected.
Iw

2.7.10 Proof of Theorem 2.5.1

(i) Let the affine encoding policy be x = v¢(m) = Am+ C where A is an nxn

matrix and C is an n X 1 vector. Then y =x+w = Am + C +w. The
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optimal cost of the decoder, by the law of the iterated expectations, can be
expressed as J*? = min,_.4y) E[|[m — u||?|y]. Hence, a minimizer policy
of the decoder is u = y*¢(y) = E [m|y]. Since both m and y are Gaussian,

then the optimal decoder is

E[mly] = E[m] + Sny Syy (v - Ely])
— YA (ASMAT + Sw)  (y - C) 2 Ky+ L. (243)

Let the affine decoding policy be u = 44(y) = Ky + L where K is an n x n
matrix and L is an n x 1 vector. Then u = Ky +L = K(x+w)+L =
K~¢(m) + Kw + L. By using the completion of the squares method, the

optimal cost is

J5€ — min )IE [[lm — u — b + Al|z||°]

x=¢(m

— min E [||m —u—b|?+ A||x||2)m]

x=7¢(m)
= min E|[jm — K5*(m) = Kw — L= b’ + Ally"(m)*|m|
¢ (m
T
= IIl(iIl)E (m—Kv%m)—Kw—L—b) (m—Kve(m) —KW—L—b)
7¢(m

(e m) (7e(am) \m]

(m— K~*(m) — L —b>T<m— K~%(m) — L —b)

= min E
¢ (m)

+ A(ye(m)>T (’ye(m)> ‘m +E [WTKTKW}

= min E
¢ (m)

(m—L—b>T<m—L—b> —2<m—L—b>TKve(m)

+ (ve<m>)TKTK(ve<m>) + A(ve(m)>T(ve(m)> \m]

+E [WTKTKW]

~ e (<KTK +AI)y*(m) — K'(m — L — b)>T<KTK + M)_l

(K"K + ADy"(m) — K"(m ~ L~ b)) + (m L - b)T

29



(1 ~K(KTK + )\I)‘lKT> (m L- b) )m 4 E [WTKTKW} .
(2.44)
Hence, the optimal v¢(m) can be chosen as follows:
7 (m) = (KTK + )\I) TRT <m L- b) 2 Am+C. (2.45)

—1
(iii) We have K = SnA” (AXmA” + Sw) ™ and A = (KTK + A1) K7 from
(2.43) and (2.45). By combining these, A = T(A) = (FFT + A)™' F can
be obtained.

(iv) Since FFT is a real and symmetric matrix, it is diagonalizable and can be
written as FFT = QTQ™! for a diagonal Y. Now consider ||T(A)||r where

| - || denotes the Frobenius norm:

IT))r =t { (FFT+ A1) F) (FF" + D)™ F)T)
=tr | (FFT+XI)" FFT (FF" + )\[)1)
=tr| (QYQ™" + )J)*1 QYR (QYTQ ™ + )J)1>
—tr | (QT+ADQ™) ' QTQ™ (QT+ANQ™) ™ )
=tr | QY+ A)'Q'QTQ™'Q(T + M)—lQ—l>
=tr | QY+ A)7' (T + M)1Q1>

—tr [ (0 +AD)TIT(T + AI)1Q1Q>

=tr | (T+N)7'Y(T + )\I)1>

=> m (2.46)

i=1
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where v;,i = 1,...,n are the eigenvalues of FFT and since FF7 is positive
semi-definite, all these eigenvalues are nonnegative. Since A > 0, we observe

the following:

[ 1]=>—Ui <—1
Vg ) )
(Ui‘i‘)\)Z A2
i i1
v; € (1,00) = “ <D=,

i+ N2 2 o

Hence, v;/(v; +A)? < max(1,1/)\?) always holds. Then, by (2.46),
we have ||T(A)||r < nmax(1,1/A?), which implies that T(A) can be
viewed as a continuous function mapping the compact convex set ||Al|r €
[0,nmax(1,1/A?)] to itself. Therefore, by Brouwer’s fixed point theo-

rem [84], there exists A = T'(A).

2.7.11 Proof of Theorem 2.5.2

Since the source components are independent and the noise components are in-
dependent, the n-dimensional noisy signaling game problem turns into n inde-

pendent scalar noisy signaling game problems as follows:

(i) If the decoder uses the channels independently; i.e., u; = ~&(y;) for i =

1,...,n, then the optimal cost of the encoder will be

7= min E [[lm—u—b|*+ Ax|’
x=7¢(m
= mi{l : E[(m; — %d(y@-) — b;)? + Aa]
x=v¢(m) <
=1

= min ]E[(ml — ’yf(yi) - bi)2 + )\3712] .

iy Xx=71°(m)
Since, y; = x; + w; for each i = 1,...,n, the optimal encoder also uses the
channels independently; i.e., z; = y¢(m;) fori =1,... n.

(ii) Similarly, if the encoder uses the channels independently; i.e., z; = 7§(m;)

for : = 1,...,n, then the optimal cost of the decoder will be

J5 = min E [||m — u||2}
u=y%(y)
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= Z min E[(m; — u;)?].

— u=y%(y)
Since, y; = 75 (m;) + w; for each i = 1,...,n, the optimal decoder will also
use channels independently; i.e., u; = y&(y;) for i = 1,...,n.
Thus, we have, in each dimension i (i =1,...,n);

(i) the source M; is a zero-mean Gaussian with variance o2, ,
(ii) the channel has the Gaussian noise W; with zero-mean and variance o7, ,

(iii) the encoder’s goal is to find the optimal policy which minimizes its cost

Ming, e (m,) B[(mi — u; — 0;)* + Aa],

(iv) the decoder’s goal is to find the optimal policy which minimizes its cost

miny, gy, B[(mi — u;)?].

For each dimension, the informative affine equilibrium exists if A < o7, /o2 . For
the multi-dimensional setup, the existence of the informative equilibrium in at
least one dimension implies the existence of the informative equilibrium for the
whole sytem. Hence, it is sufficient that the inequality A < o2, /o2 is valid for at
least one dimension. As a result, the condition for the existence of the informative

2 2

.. . g o
affine equilibrium becomes A < max{_3*,..., =}
wq wn,
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Chapter 3

Multi-Stage Quadratic Cheap
Talk and Signaling Games under
Subjective Models

In this chapter Nash and Stackelberg equilibria of multi-stage scalar and multi-
dimensional quadratic cheap talk and signaling games are investigated under the
consistent and subjective priors assumptions. A characterization on when infor-
mative equilibria exist, and robustness properties to misalignment are presented

under Nash and Stackelberg criteria.

The main contributions of this chapter can be summarized as follows:

(i) We show that in the multi-stage cheap talk game under Nash equilibria, the
last stage equilibria are quantized for i.i.d. and Markov sources with ar-
bitrary conditional probability measures, whereas the equilibrium must be
fully revealing in the multi-stage scalar cheap talk game under Stackelberg
equilibria. Further, for i.i.d. sources, the quantized nature of the Nash equi-
librium for all stages is established under mild conditions. We further show
that the equilibria are fully revealing in the multi-stage multi-dimensional

cheap talk under Stackelberg equilibria whereas the equilibrium cannot be
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(i)

(i)

fully revealing under Nash equilibria.

For the multi-stage signaling game under Nash equilibria, it is shown that
affine encoder and decoder policies constitute an invariant subspace under
best response dynamics. We provide conditions for the existence of infor-
mative Stackelberg equilibria for scalar Gauss-Markov sources and scalar
Gaussian channels where we also show that Stackelberg equilibria are always
linear for scalar sources and channels, which is not always the case for multi-
dimensional setups. For multi-dimensional setups, a dynamic programming
formulation is presented for Stackelberg equilibria when the encoders are

linear.

For the case where the encoder and the decoder have subjective priors on
the source distribution, under identical costs, provided that the priors are
mutually absolutely continuous (that is, both measures agree the set of sets
with zero measure; i.e. the Radon-Nikodym derivative of either measure
with respect to the other exists), we show that there exist fully informative
Nash and Stackelberg equilibria for the dynamic cheap talk as in the team
theoretic setup. Thus, the equilibrium behavior is robust to perturbations
in the priors, which is not necessarily the case for the perturbations in
the cost models. On the other hand, for the signaling game, Stackelberg
equilibrium policies are robust to perturbations in the cost but not to the

priors considered in this chapter.

3.1 Problem Formulation

In this chapter, the problems are investigated where the encoder and the de-

coder are deterministic rather than randomized; i.e., ¥*(dz|m) = L{se(m)ecds) and

Y4 (dulx) = Tiamyeduy, and f¢(m) and f?(x) are some deterministic functions of

the encoder and decoder, respectively. The policies of the encoder and decoder

are assumed to be deterministic; i.e., x = 7¢(m) and u = y4(x) = ¥4 (7¢(m)).

In Chapter 2, only single-stage games are considered. If a game is played
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over a number of time periods, the game is called a multi-stage game. In this
dissertation, with the term dynamic, we will refer to multi-stage game setups,
which also has been the usage in the prior literature [54]; even though strictly
speaking a single stage setup may also be viewed to be dynamic [22] since the

information available to the decoder is totally determined by encoder’s actions.

Let myon-1] = {mo,m1,...,my_1} be a collection of random variables to be
encoded sequentially (causally) to a decoder. At the k-th stage of an N-stage
game, the encoder knows the values of Zj = {mjou, Zjor—1)} With Z§ = {mo},
and transmits x; to the decoder who generates his optimal decision by knowing
the values of Z! = {x}o}. Thus, under the policies considered, z), = v£(Zf) and

= v4(Z). The encoder’s goal is to minimize

i cr(my, uk)] : (3.1)

k=0

Je (Fy[%,N—l]vfy[%,N_l]) =E

whereas the decoder’s goal is to minimize

J? (’Y[eo,N—l]» ’Y[%,N

N-1
Zc mk,uk] (3.2)
k=0

by finding the optimal policy sequences 70 N-1] = {7 v} and
”Y[*o’%vfl] = {0 4t o Rt Y, respectively. Using the encoder cost in (3.1) and
the decoder cost in (3.2), the Nash equilibrium and the Stackelberg equilibrium

for multi-stage games can be defined similarly as in (1.1) and (1.2), respectively.

Under both equilibria concepts, we consider the setups where the decision
makers act optimally for each history path of the game (available to each decision
maker) and the updates are Bayesian; thus the equilibria are to be interpreted
under a perfect Bayesian equilibria concept. Since we assume such a (perfect
Bayesian) framework, the equilibria lead to sub-game perfection and each decision
maker performs optimal Bayesian decisions for every realized play path. For
example, more general Nash equilibrium scenarios such as non-credible threats
[17] or equilibria that are not strong time-consistent [85], [4, Definition 2.4.1] may

not be considered.

Subjectivity in the model can also manifest itself in the probability measures,
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in particular the encoder and the decoder may have subjective/inconsistent priors
with respect to the probability measure which defines the random source {my}.
We note that decentralized stochastic control with subjective priors has been
studied extensively in the literature [81,86-88]. In this setup, players may have a
common goal but subjective prior information, which necessarily alters the setup
from a team problem to a game problem involving strategy /policy spaces. Build-
ing on this motivation, in Section 3.6, we investigate such a setup in the context of

quadratic cost criteria where the encoder and the decoder have subjective priors.

In this chapter, the quadratic cost functions are assumed; i.e., cf(my, ux) =
(my — up — b)? and c(my, ur) = (my, — ug,)? where b is the bias term as in the

previous chapter.

3.2 Multi-Stage Scalar Quadratic Cheap Talk

For the purpose of illustration, the system model of the 2-stage cheap talk is
depicted in Fig. 3.1.

MsT¥ 7, > U

l_:ne _>,\/d U
M— L e

Figure 3.1: 2-stage cheap talk.
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3.2.1 Nash Equilibrium Analysis

As a prelude to the more general Markov source setup, we first analyze the multi-

stage cheap talk game with an i.i.d. scalar source.

3.2.1.1 Multi-Stage Game with an i.i.d. Source

Theorem 3.2.1. In the N-stage repeated cheap talk game, the equilibrium poli-
cies for the final stage encoder must be quantized for any collection of policies
<’ny N_2)» ’yff) N_2]> and for any real-valued source model with arbitrary probability

measure P(dmy_1).

Proof. Here, we prove the result for the 2-stage setup, the extension to multiple

stages is merely technical, as we comment on at the end of the proof.

Let ¢§(mq,u;) be the second stage cost function of the encoder. Then the

expected cost of the second stage encoder Ji can be written as follows:
Ji = /P(dmo, dmy, dzg, dzy) ¢ (my, uy)

:/P(dxo) P(dmq|xg) P(dmg|my, xo) P(dxy|mg, my, zo) ¢ (mq, uq)

D [ Prdz) [ Pdm) P(molen) e somma cilmi, )

= /P(dxo) /P(dml)P(dmglazo)cﬁ(ml,’yf(a:o,'yf(mo,ml,xg))). (3.3)

Here, (a) holds due to the i.i.d. source and the deterministic encoder assumptions.
The inner integral of (3.3) can be considered as an expression for a given x. Thus,
given the second stage encoder and decoder policies v§(mq, m1, o) and ¢ (zo, 1),
it is possible to define policies which are parametrized by the common information

o almost surely so that 77 (mo, m1) = 7§ (mo, m1, xo) and ﬁgo (21) £ 7{ (0, 71).

Now fix the first stage policies 7§ and ~J. Suppose that the second stage en-

coder does not use my; i.e., 75 (m1) is the policy of the second stage encoder. For
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the policies 72 (my) and 3¢ (1), by using the second stage encoder cost function
H,,(mi,u1) = E[(m; — u; — b)?|zo] and the bin arguments from Theorem 2.2.3,
it can be deduced that, due to the continuity of H,,(m1,u;) in mq, the equilib-
rium policies for the second stage must be quantized for any collection of policies
(7§,7d) and for any given zo. Now let the second stage encoder use my; i.e.,
Vs, (mo,m1) is the policy of the second stage encoder. Here, even if 77 (g, m1)
is a deterministic policy, it can be regarded as an equivalent randomized encoder
policy (as a stochastic kernel from M; to X;) where my is a real valued random
variable independent of the source, m;. From Theorem 2.2.4, the equilibrium is
achievable with an encoder policy which uses only m; i.e., 5" (m1) is an encoder
policy at the equilibrium and thus the equilibria are quantized.

For the N-stage game, the common information of the final stage encoder and
decoder becomes g y_g), and m ny_g) is a vector valued random variable inde-

pendent of the final stage source my_1. O

Before studying the equilibrium structure of the other stages, we make the

following assumption on the source structure.

Assumption 3.2.2. The source my, is so that the single-stage cheap-talk game

satisfies the following:

(i) There exists a finite upper bound on the number of quantization bins that

any equilibrium admits.

(i) There exists finitely many equilibria corresponding to a given number of

quantization bins.

A number of comments on Assumption 3.2.2 is in order: This assumption is
not unrealistic, e.g., it will hold if the source is a bounded uniform source, or if
the source is exponentially distributed [37]. A sufficient condition for Assump-
tion 3.2.2 is that the source admits a bounded support (which would require
by [16, Lemma 1] that there exists an upper bound on the number of bins in any
equilibrium), and that a monotonicity condition (M) (or equivalently (M’)) in [16]

holds, which characterize the behavior of equilibrium policies. Note though that
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this condition is much more than what is needed in Assumption 3.2.2, since it
entails the uniqueness of equilibria for a given number of bins: The uniqueness
of equilibria even for team problems with b = 0 requires restrictive log-concavity
conditions [89, p. 1475], [90].

Theorem 3.2.3. Suppose Assumption 3.2.2 holds. Then, all stages must have

quantized equilibria in the N -stage repeated cheap talk game.

Proof. Consider first the 2-stage setup; i.e., given that the second stage has a
quantized equilibrium by Theorem 3.2.1, the quantized nature of the first stage
will be established. Let F(mg,x) be a cost function for the first stage encoder if
it encodes message myg as xg. Since the second stage equilibrium cost does not de-
pend on my (since myg is a random variable independent of the source m; as shown

in Theorem 3.2.1), F(mg, zo) can be written as F(mq, o) = (mo — 7§ (x0) — b)2+
2
G(z0) where G(z¢) £ Epp, [(ml — o, AP (my, 1)) — b) ’xo} is the expected

cost of the second stage encoder, and ~;*° and ~; @ are the second stage encoder
and decoder policies at the equilibrium, respectively. Note that the second stage
encoder cost can take finitely many different values by Assumption 3.2.2-(ii); i.e.,

G () can take finitely many values.

Now define the equivalence classes T, for every z, € X as T, = {z € X :
G(x) = G(zp)}. As it can be seen from the definition, G(z) takes the first stage
encoding value as input, and gives the expected cost of the second stage encoder.
Thus, the equivalence classes T, keep the first stage encoder actions that result
in the same second stage cost in the same set. Note that there are finitely many

equivalence classes T}, since G(z¢) can take finitely many different values.

If the number of bins of the first stage equilibrium is less than or equal to the
number of the equivalence classes T, then the proof is complete; i.e., the first
stage equilibrium is already quantized with finitely may bins. Otherwise; i.e.,
the number of bins of the first stage equilibrium is greater than the number of
the equivalence classes T}, then one of the equivalence classes T, has at least
two elements; say x¢ and x7, that implies G(28) = G(z5). Let corresponding

bins of the actions 28 and x5 be BY and B, respectively. Also let m¢ indicate
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any point in Bf; i.e., m§ € By. Similarly, let mo represent any point in BO, ie.,
mf € BY. The decoder chooses an action u§ = v&(x¢) when the encoder sends
28 = 7E(mg), and an action uf = 4%(x5) when the encoder sends 2/ = ~&(m))
in order to minimize his total cost; further, we can assume that ug§ < u'g without
loss of generality. Due to the equilibrium definitions from the view of the encoder,
F(m&, z8) < F(mg,20) and F(ml,20) < F(m),z8). These inequalities imply
that

(mf —ug — b)* + G(a5) < (mf —up —b)* + Gap)
= (ug —up)(ug +ug — 2(mg — b)) <0

(mg — up — b)* + G(ag) < (mg —uf — 5)2 +G(x(5)
= (ug — uf)(ug +ug — 2(mg — b)) <

Thus, we have ug +uf —2(m§ —b) > 0 and ug + uj — 2(mj — b) < 0 that reduce

to m§ < 41 +b<m). Since u* = E[m|/m € B°] and v’ = E[m|m € B°] at
+u0
2

the equlhblrlum7 ug <

inequality becomes uj — ug > 2|b|. Hence, there must be at least 2b| distance

+b< Uo is obtained. After simplifications, the last

between the actions of the first stage decoder that are in the same equivalence
class. Therefore, the cardinality of any equivalence class T, is finite due to
Assumption 3.2.2-(i). Further, there are finitely many equivalence classes T,
as shown above. These two results imply that the first stage equilibrium must
be quantized with finitely many bins. Due to Assumption 3.2.2, the quantized
equilibrium with finitely many bins in the first stage implies that there are finitely
many equilibria in the first stage; i.e., the first stage encoder cost can take finitely

many values.

For the N-stage game, we apply the similar recursion from the final stage to
the first stage. It is already proven that the last two stage encoder cost can
take finitely many values; thus, the same methods can be applied to show the

quantized structure (with finitely many bins) of the equilibria for all stages. [

Remark 3.2.1. [t is important to note that the first stage encoder minimizes
his expected cost J§ = E[F(mqg, zo)] by minimizing his cost F(mg,xq) for every

realizable my; this property will be later used as well.
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3.2.1.2 Multi-Stage Game with a Markov Source

Here, the source My, is assumed to be real valued Markovian for k =0,1,..., N —
1. The following result generalizes Theorem 3.2.1, which only considered i.i.d.

sources.

Theorem 3.2.4. In the N-stage cheap talk game with a Markov source, the
equilibrium policies for the final stage encoder must be quantized for any collection
of policies (7[80 N_2» fy[% N—2]) and for any real-valued source model with arbitrary

probability measure.

Proof. Here, we prove the results for the 2-stage games as the extension is merely
technical. The expected cost of the second stage encoder Ji can be written as

follows similar to that in Theorem 3.2.1:
Jy = /P(dmo,dml,dxo,dxl) S (my,uq)

_ / P(daz) / P |o) P(dmolmy, 20)c§ (my, 74 (0, 7 (mo, mi, 20)))

After following similar arguments to those in the proof of Theorem 3.2.1, the sec-
ond stage encoder policy becomes 7 (19, m1) @ Voo lg(my, ), my) = 75 (may,7)
where (a) holds since any stochastic kernel from a complete, separable and metric
space to another one, P(dmg|m,), can be realized by some measurable function
mo = g(mq,r) where r is a [0, 1]-valued independent random variable (see [91,
Lemma 1.2], or in [92, Lemma 3.1]). Hence, the equilibria are quantized by
Theorem 3.2.1. ]

As it can be observed from Theorem 3.2.3, to be able to claim that the equi-
libria for all stages are quantized, we require very strong conditions. In fact, in
the absence of such conditions, the equilibria for a Markov source can be quite
counterintuitive and even fully revealing as we observe in the following theorem
due to [54].

Theorem 3.2.5. [5}] There exist multi-stage cheap talk games with a Markov

source which admit fully revealing equilibria.
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Proof. An example is presented in Golosov et. al. [54], where an individual source
is transmitted repeatedly (thus the Markov source is a constant source) for a suffi-
ciently small bias value. For such a source, the terminal stage conditional measure
can be made atomic via a careful construction of equilibrium policies for earlier
time stages; i.e., the defined separable groups/types and discrete/quantized stage-
wise equilibria through multiple stages can lead to a fully informative equilibrium

for the complete game. O

3.2.2 Stackelberg Equilibrium Analysis

In this part, the cheap talk game is analyzed under the Stackelberg assumption;
i.e., the encoder knows the policy of the decoder. In this case, admittedly the

problem is less interesting.

Theorem 3.2.6. An equilibrium has to be fully revealing in the multi-stage Stack-

elberg cheap talk game regardless of the source model.

Proof. This result follows as a special case of Theorem 3.3.2, but the proof is

provided for completeness.

We will use the properties of iterated expectations in the analysis. Recall that
N-1

the total decoder cost is Jd(vﬁ)w_l],v[%w_l]) =E Lz_o(mk - uk)Q] Consider-

ing the last stage, the goal of the decoder is to minimize J¢ (7% 1,7%_ ;) =

E[(mn_1 — un—1)Z%_,] by choosing the optimal action ul_, = vu% (T4 ) =
E[my_1|Z%_,]. For the previous stage, the goal of the decoder is to minimize
JJ%—2(77\}6—17 V-2 71*\}611: T—o) = E[(my_o —un_2)* + JE&(%*\}Q—D 7;611”2]0\1/—2] by
choosing the optimal action uw%_, = vu®,(Z%_,). Since J5 (ve,,vu®,) is not
affected by the choice of 74, _,, the goal of the decoder is equivalent to the min-
imization of E[(my_o — uy_2)?|Z%_,] at this stage. Thus, the optimal policy
is why_y = Yl (T% ,) = E[lmy_o|T¢ ,]. Similarly, since the actions taken by
the decoder do not affect the future states and encoder policies, the optimal
decoder actions can be found as uf = v7(Z¢) = E[m|Z{] = E[my| o] for
k=0,1,...,N —1.
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Due to the Stackelberg assumption, the encoder knows that the decoder will
use uf = YU ZY) = E[mi)Z{] for each stage k = 0,1,...,N — 1. By using

this assumption and the smoothing property of the expectation, the total en-
N-1

coder cost can be written as Je(v[eO’Nfl],vm\_”) =E|> (mp —u, —b)?| =
’ k=0
N-1
E {Z (my — uk)2} + Nb?. Thus, as in the one-stage game setup [55, Theorem
k=0

3.3], the goals of the encoder and the decoder become essentially the same in
the Stackelberg game setup, which effectively reduces the game setup to a team
setup, resulting in fully informative equilibria; i.e., the encoder reveals all of his

information. L]

3.3 Multi-Stage Multi-Dimensional Quadratic
Cheap Talk

In this section, Nash and Stackelberg equilibria of the multi-stage multi-

dimensional cheap talk are analyzed.

3.3.1 Nash Equilibrium Analysis

Now, Nash equilibria of the multi-stage multi-dimensional cheap talk are ana-
lyzed. Since there may be discrete, non-discrete or even linear Nash equilibria in
the single-stage multi-dimensional cheap talk by Theorem 2.3.1, the equilibrium

policies are more difficult to characterize; however, we state the following:

Theorem 3.3.1. The final stage Nash equilibria cannot be fully revealing in the
multi-stage multi-dimensional cheap talk for i.i.d. and Markov sources when the
conditional distribution P(dmy_i|my_5) has positive measure for every non-

empty open set.

Proof. The proof is the multi-dimensional extension of Theorem 3.2.1 for i.i.d.

sources, and Theorem 3.2.4 for Markov sources. O
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3.3.2 Stackelberg Equilibrium Analysis

Unlike the different characteristics between Nash equilibria of the multi-stage
scalar and multi-dimensional cheap talk, fully revealing characteristics of the
Stackelberg equilibrium still hold for the multi-stage multi-dimensional cheap

talk, as for the scalar case:

Theorem 3.3.2. The Stackelberg equilibria in the multi-stage multi-dimensional
cheap talk can be obtained by extending its scalar case; i.e., it is unique and

corresponds to a fully revealing encoder policy as in the scalar case.

Proof. We will use the properties of iterated expectations in the analysis. Recall
N—1
that the total decoder cost is J*(vf, y 1, Yo n_1) = E L;O |my, — uk||2}. Con-

sidering the last stage, the goal of the decoder is to minimize J¢ _ 1(7}’@, LYY ) =

E[|lmy_1 — uy_1||*|Z%_,] by choosing the optimal action u}y_, = vy (Ij‘\l, ) =
Elmy_1|Z%_,]. For the previous stage, the goal of the decoder is to minimize
J%—z(ﬁ\}e—h716\/—2771261177?{/—2) = E[my_s — uyof* + Jy 1(7N 1IN 1)‘1-]@-\&/ 2
by choosing the optimal action w_, = vu®,(Z% ,). Since Jg (vu,, vu®,) is
not affected by the choice of 7% _,, the goal of the decoder is equivalent to the
minimization of E[HmN o —un_o|*|Z¢ _,] at this stage. Thus, the optimal pol-
icy is wh_, = Y, (T4 ,) = E[my_o|T¢ ,]. Similarly, since the actions taken
by the decoder do not affect the future states and encoder policies, the optimal
decoder actions can be found as ujf = v;(Z¢) = E[my|Zd] = E[my|xy] for
k=0,1,...,N —1.

Due to the Stackelberg assumption, the encoder knows that the decoder will
use uj = vU(Z¢) = E[my|Z{] for each stage k = 0,1,...,N — 1. By using
this assumption and the smoothing property of the expectation, the total en-

N—
coder cost can be written as J(7 Nfuaﬁdivfu) =E|> |mg —u, —b|?| =

N—1
E {Z ||my, — uk||2} + NJbJ]*. Thus, as in the scalar setup Theorem 3.2.6, the
k=0
goals of the encoder and the decoder become essentially the same in the Stack-

elberg game setup, which effectively reduces the game setup to a team setup,
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resulting in fully informative equilibria; i.e., the encoder reveals all of his infor-

mation. U

As in the scalar case, the equilibria under the Nash and Stackelberg assump-
tions are drastically different: There cannot be fully revealing Nash equilibria in
the multi-stage multi-dimensional cheap talk whereas the equilibrium is always

fully revealing under the Stackelberg assumption.

Remark 3.3.1. Note that there is no constraint on the source and channel di-
mensions in Section 3.3: the source and channel dimensions can be different,
and further, the source and channel dimensions can change at every stage; i.e.,
Theorem 3.3.1 and Theorem 3.3.2 hold for an ny-dimensional source and an .-

dimensional channel at the k-th stage for any ny,ry € Z and k € {0,..., N —1}.

3.4 Multi-Stage Scalar Quadratic Signaling

Games

The multi-stage signaling game setup is similar to the multi-stage cheap talk setup
except that there exists an additive Gaussian noise channel between the encoder
and the decoder at each stage, and the encoder has a soft power constraint. For
the purpose of illustration, the system model of the 2-stage signaling game is

depicted in Fig. 3.2.

Here, source is assumed to be a Markov source with an initial Gaussian dis-
tribution; ie., My ~ N(0,0%,) and My = gM; + Vi where ¢ € R and
Vi ~ N(O,U%/k) is an i.i.d. Gaussian noise sequence for £ = 0,1,..., N — 2.
The channels between the encoder and the decoder are assumed to be i.i.d. addi-
tive Gaussian channels; i.e., W, ~ N(0, U%Vk), and W}, and V; are independent for
k=0,1,...,.N—1and [ =0,1,..., N —2. Since the messages transmitted by the
encoder and received by the decoder are not the same due to the noisy channel,
the information available to the encoder and the decoder slightly changes com-
pared to that in the cheap talk setup. At the k-th stage of the N-stage game, the
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Figure 3.2: 2-stage signaling game.

encoder knows the values of Zj; = {myo ], Yjo,k—1} (a noiseless feedback channel is
assumed) and the decoder knows the values of Z{ = {yjo i} with yp = 24 + ws.
Thus, under the policies considered, z = v¢(Zf) and uy = v¢(Z¢). The encoder’s

goal is to minimize

N-1
T (Yo Yon-y) =B | )¢ mk,xk,uk)] ,
k=0
whereas, the decoder’s goal is to minimize
N-1
J? (V[ON 1] V[ON 1] =E ZC mlmuk] .
k=0

by finding the optimal policy sequences Yo,N-1] and 7[%7 No1) respectively. The cost
functions are modified as ¢ (my, zx, ug) = (Mg, — up — b)*+ a2 and ¢ (my, ug) =
(my — uk)Z. Note that a power constraint with an associated multiplier is ap-
pended to the cost function of the encoder, which corresponds to power limitation
for transmitters in practice. If A = 0, this corresponds to the setup with no power

constraint at the encoder.
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3.4.1 Nash Equilibrium Analysis

In multi-stage scalar signaling games, affine policies constitute an invariant sub-

space under best response maps for Nash equilibria which is stated as follows:

Theorem 3.4.1. (i) If the encoder uses affine policies at all stages, then the

decoder will also be affine at all stages.

(i) If the decoder uses affine policies at all stages, then the encoder will also be

affine at all stages.

While it provides a structural result on the plausibility of affine equilibria,
Theorem 3.4.1 does not lead to a conclusion about the existence of an affine
informative equilibrium. It may be tempting to apply fixed point theorems (such
as Brouwer’s fixed point theorem [84]) to establish the existence of informative
equilibria; however, that there always exists a non-informative equilibrium for the
cheap talk game also applies to the signaling game as mentioned in Section 2.4.1.2.
Later on, we will make information theoretic arguments (in Theorem 3.4.3) for
the existence of informative equilibria for the Stackelberg setup, but this is not

feasible for the Nash setup.

Even though Theorem 3.4.1 does not provide a result on the existence of an
informative affine equilibrium for the n-stage signaling game, a conclusive argu-
ment can be established for the 2-stage signaling game. Theorem 2.4.4 will be
utilized in the following theorem where informative affine equilibria for a 2-stage

signaling game are analyzed.

Theorem 3.4.2. For the 2-stage signaling game setup under affine encoder and

decoder assumptions,

N (*+1)o%, o3, . . )
(i) if X > max § ——2 5 ¢ then there does not exist an informative affine
UWO ) o )

Wy
equilibrium,
Ly . (g*4+1)a3y, o1 (g*+1)o3, o3
(ii) if mm{T'—M@, b < N <max{ ———20 0L then;
g g g ag
W Wy Wy Wy
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241 3 S o S .
(a) for g )UMO < 012\41, the equilibrium s mformatwe if and only if
Wo Twy

2> 4b® and max{UM1 ~in 7 (g2 +1) MO} < A<

Oy 20‘W

Twy
O'M —2b%4 O'M 1/O'M —4b2
20’W1
(g +1)‘7]2v[ . .
——> 2, the second stage message my 1is not used in the
Wo

game.

The analysis in Theorem 3.4.2 can be carried over to the N-stage signaling
game; however, for an N-stage problem, this would involve (3N? + 5N) /2 equa-

tions and as many unknowns.

3.4.2 Stackelberg Equilibrium Analysis

In this section, the signaling game is analyzed under the Stackelberg concept. The
bibliographical notes regarding the optimality of the linear policies are included
at the beginning of Section 3.5.2. In the following, we provide an information

theoretic analysis to establish the existence of informative equilibria:

Theorem 3.4.3. If A\ > maxj—o1,. ~N— 15 JM’“ ZN hol g%, there does not exist an
informative (affine or non-linear) equzlzbmum i the N-stage scalar signaling
game under the Stackelberg assumption; i.e., the only equilibrium is the non-

informative one. Otherwise, an equilibrium has to be always linear.

Remark 3.4.1. Notice that, in Theorem 3.4.3, due to the Stackelberg assumption
and the smoothing property of the expectation, the bias term in the total encoder
cost can be decoupled. Thus, the bound is independent of the bias terms, which is
the exact same bound when there is no bias term. However, when the priors are
subjective, even for the single-stage game, it may not possible to construct optimal

encoder policies without considering the bias term, as shown in Section 3.6.2.2
and Remark 3.6.2.

78



Now consider the multi-stage Stackelberg signaling game with a dis-

counted infinite horizon and a discount factor 8 € (0,1); ie., J¢(v¢,7%) =
E 33208 ((mi —wi = ) + Aaf)] and J9(y¢,7) = E [ 8 (mi — w)’].

2

Corollary 3.4.1. If A > maxj—g 1, . Zéﬂﬁ where Bg? < 1, there does not exist
Wi

an informative (affine or non-linear) equilibrium in the infinite horizon discounted

multi-stage Stackelberg signaling game for scalar Gauss-Markov sources; i.e., the

only equilibrium is the non-informative one,

Proof. Firstly, consider the finite horizon discounted case; i.e., J¢ (7[%, No1) 7[%7 N—l}) =
SV BRE [(m; —u; — b)® + Az?]. Then, applying the similar steps as in Theo-
rem 3.4.3, we will have J5*“" = Zf\i Y81 (A; + AP, + b?). Then, the critical

h N-ko1 : :
value of A becomes A > maxy—o1 — Z Bg?" for the non-informative

sLyeeey

equilibrium.

For the infinite horizon case, it can be observed

inf lim J¢ (’yON 1) ”Y[()N 1])

'Y[%,N 1 N—oo
1 E [(m; — u; — b)® + Aa?
e S 0 ]
N-1
> limsu nf E mi—ui—b2+/\a:?
msup_in uz_;ﬁ [( ) ]
N-1
> limsup inf (A, + AP, + V%) . 3.4
msup_in ];6( ) (3.4)

As discussed above, inf,. SNt g (A + AP; + b%) is achieved at non-informative

equilibrium if A > maxj—q 1, UM’“ ZN el Btg?. Thus, the lower bound in

9oy

(3.4) is achieved at a non—lnformatlve equilibrium if

2Nk1 2

1
ZBZ 21——’“ for fg® < 1.

2
Wi =0 /6

A>limsup max
Nosog k=0,1,..N—1 g2

2
Hence, if A > maxz—o1,.. Zé”’“ 55 then the lower bound Jg’ lower of the encoder
Wi
costs J§ is minimized by choosing Fy = P, = --- = 0, and the minimum cost
becomes J§ = Jg'* = 327 B (03, + b?) at this non-informative equilibrium.

[l
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3.5 Multi-Stage Multi-Dimensional Quadratic

Signaling Games

In this section, the scalar setup considered in Section 3.4 is extended to the
n-dimensional setup as follows: The source is assumed to be an n-dimensional
Markovian source with initial Gaussian distribution; i.e., My ~ N(0, Xpg,) and
M1 = GMy, + Vi where G is an n x n matrix and Vi ~ N(0,Xy,) is an
i.i.d. Gaussian noise sequence for k =0,1,..., N — 2. The channels between the
encoder and the decoder are assumed to be i.i.d. additive Gaussian channels; i.e.,
W, ~ N(0,Xw,), and Wy, and V; are independent for £k = 0,1,..., N — 1 and

=0,1,...,N — 2. At the k-th stage of the N-stage game, the encoder knows
the values of Zj = {myo 4, yj0,t-17} (a noiseless feedback channel is assumed) and
the decoder knows the values of Z{ = {ypx} with y; = xx + wi. Thus, under
the policies considered, x;, = v¢(Z¢) and vy, = v¢(ZY), the encoder’s goal is to
minimize

J¢ (7[60,N—1]a 7{%),1\1—1 ) =

whereas, the decoder’s goal is to minimize

Je (V[ON 1] V[ON 1]

by finding the optimal policy sequences 7;6,61\7_1] and ’y[*o’iv_l], respectively. The
cost functions are ¢¢ (my, xg, ux) = ||my — u;, — b||2 + A|xx||* and ¢ (my, ug) =
|my — uy||?, where the lengths of the vectors are defined in Ly norm and b is the

bias vector.

3.5.1 Nash Equilibrium Analysis

Similar to the scalar source case, affine policies constitute an invariant subspace
under the best response maps for Nash equilibria when the source is multi-

dimensional in the multi-stage signaling games as shown below:
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Theorem 3.5.1. (i) If the encoder uses affine policies at all stages, then the

decoder will be affine at all stages.

(i) If the decoder uses affine policies at all stages, then the encoder will be affine

at all stages.

Please see the discussion following Theorem 3.4.1: The existence of an in-
formative equilibrium cannot be deduced by utilizing the Brouwer’s fixed point

theorem [84] since there always exist a non-informative equilibrium.

Remark 3.5.1. Note that there is no constraint on the source and channel di-
mensions for Theorem 3.5.1: the source and channel dimensions can be different,
and further, the source and channel dimensions can change at every stage; i.e.,
Theorem 3.5.1 holds for an ng-dimensional source and an ry-dimensional channel

at the k-th stage for any ng,r, € Z and k € {0,..., N — 1}.

3.5.2 Stackelberg Equilibrium Analysis

Linear policies are optimal for scalar sources as shown in Section 3.4.2. Before
analyzing the Stackelberg equilibrium for the multi-dimensional setup, it will be
appropriate to review the optimality of linear policies in Gaussian setups for the

classical communication theoretic setup when the bias term is absent:

Optimality of linear coding policies for scalar Gaussian source-channel pairs
with noiseless feedback has been known since 1960s, see e.g. [93-95], [96, Chapter
16]. Further, the transmission over scalar Gaussian channels has been studied also
in [96, Chapter 16], [97] and [98], where the error exponents have been shown
to be unbounded (and it has been shown that the error probability decreases
at least doubly exponentially in the block-length). However, when there is a
noisy feedback, this result does not hold [99]. There is also a recent work for
Gaussian channels with memory, where the aim is to design controllers (encoders
and decoders) that both stabilize the unstable dynamical channels and achieve
the capacity [100].
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Even when the encoder and the decoder have identical (non-biased) quadratic
cost functions, when the source and the channel are multi-dimensional, linear
policies may not be optimal. The case where there is a mismatch in the source
and the channel is a challenging one. Partial results are known regarding opti-
mal zero-delay policies. Matching essentially requires that the capacity achieving
source probabilities and the rate-distortion achieving channel probabilistic char-
acteristics are simultaneously realized for a given system; this is precisely the case
for a scalar Gaussian source transmitted over a scalar additive Gaussian channel.
One special case where such a matching holds is the case when the noise and signal
power levels are identical in every channel and the distortion criterion is identical
for all scalar components [101]. In particular, except for settings where matching
between the source and the channel exists (building on [102], [103]), the optimality
of linear policies is quite rare [4,101,104]. Optimal linear encoders for single-stage
setups have been studied [105-107]. Partially observed settings have been consid-
ered in [108-111]. Gastpar [112] has considered various settings of multi-access
and broadcast channels. For further discussions on multi-dimensional Gaussian
source and channel pairs, we refer the reader to [101,103-105,113-116]. A compre-
hensive discussion and literature review is available at [105,117] and [4, Chapter
11].

It is evident from Theorem 3.5.1 that when the encoder is linear, the opti-
mal decoder is linear. In this case, a relevant problem is to find the optimal
Stackelberg policy among the linear or affine class. In the following, a dynamic
programming approach is adapted to find such Stackelberg equilibria. Building
on the optimality of linear innovation encoders, we restrict the analysis to such
encoders; i.e., we consider a sub-optimal scenario. Our analysis builds on and

generalizes the arguments in [117, Theorem 3| and [118].

Theorem 3.5.2. Suppose that G, Xm, and X, are diagonal. Suppose further
that the innovation is given by my, = my, —E[my|yjor—1]] with mg = my, and that
the encoder linearly encodes the innovation. Then, an optimal such linear policy
can be computed through dynamic programming with value functions Vi, (S, ) =
tr (KX, + Li) that satisfy the terminal condition Vy (X, ) = 0 with diagonal

Ky matrices for k=0,1,..., N — 1.
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Remark 3.5.2. In Theorem 3.5.2, similar to the scalar case (Theorem 3.4.3),
the bias term in the total encoder cost can be decoupled and the optimal encoder
parameters become independent of the bias terms. However, when the priors
are subjective, decoupling the bias related parameters may not be possible (see
Remark 3.6.2 in Section 3.6.2.2, and Remark 3.4.1). Further, Theorem 3.5.2
provides the vector channel extension of [117, Theorem 2.3], which considers a

scalar channel.

3.6 Quadratic Cheap Talk and Signaling Games

with Subjective Priors

The setup in decentralized decision making where the priors of the decision mak-
ers may be different is a practically important and researched area: For exam-
ple, [87,88] have investigated optimal decentralized decision making with sub-
jective priors, a team problem is converted into a game problem as mappings
on policies/strategies (see [4, Section 12.2.3] for a literature review on subjec-
tive priors also from a statistical decision making perspective). In this section,
we consider such a setup where the source is perceived to be different from the
perspectives of the encoder and the decoder; i.e., M ~ f.(m) and M ~ f,;(m)
from encoder’s and decoder’s perspectives, respectively. The expected cost of
the encoder and the decoder, under given policies, become different even if the
costs ¢®(m, u) and c¢?(m,u) are the same, i.e., the expectation is taken over dif-
ferent probability measures, and in order to reflect this, E. and E; will be used
to denote the expectations from the perspective of the encoder and the decoder,
respectively. Hence, the discrepancy in the perception of the source alters the
problem to the game problem, and, in this direction, the effects of inconsistent

priors in cheap talk and signaling game will be investigated in the following.
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3.6.1 Quadratic Cheap Talk with Subjective Priors

In this section, we consider encoders and decoders with subjective priors, and to
reflect mainly the effects of the subjectivity in the priors we assume that the costs
are identical with ¢¢(m,u) = ¢¢(m,u) = [[m—ul|?. Let M ~ f, and M ~ f; from
encoder’s and decoder’s perspectives, respectively. We assume mutual absolute
continuity of f, and fy; that is, for any Borel B, f.(B) =0 = f;(B) =0 and
fa(B) =0 = [f(B) =0.

Theorem 3.6.1. (i) If the priors are mutually absolutely continuous, there ex-

ists a fully informative Nash equilibrium.

(i) If the priors are mutually absolutely continuous, there exists a fully infor-

mative Stackelberg equilibrium.

Proof. (i) Let the encoder and the decoder use fully informative policies; i.e.,
the encoder transmits every individual message distinctly as x = y¢(m) =
m, and the decoder takes unique actions for each distinct message he re-
ceives as u = v4(x) = x. Then, the cost of the encoder and the decoder is
zero almost surely (due to the mutual absolute continuity assumption, the
set of m values in the support of both the encoder and the decoder priors
has measure 1 under either the encoder and the decoder prior); and thus
J¢ = E;[|lm —u]||?] = 0 and J? = Ey,[|Jm — u]|]?] = 0. Since both the
encoder and the decoder achieves the minimum possible cost, none of the
players deviates from their current choices; i.e., they prefer to stick at the
fully informative policies, which implies that there exists a fully informative

equilibrium.

(ii) Under the Stackelberg assumption, the optimal decoder action is u* =
v*4(x) = Ey,[m|x]. Then, the encoder aims to choose the optimal encoding
policy 7*¢(m) = x* = argmin E; [|m — E;,[m|x]||?]. Thus, for every
possible realization of m, tfl{e encoder can choose x = 7°(m) such that
m = E; [m|x], and this is achievable at fully informative equilibria; i.e.,

v*¢(m) = x* = m. Under this encoding policy and due to the mutual

84



absolute continuity assumption, the optimal encoder cost is zero almost
surely, and the optimal decoder policy is u* = y*%(x) = x = m, which

entails the zero decoder cost almost surely.

]

Remark 3.6.1. The subjective priors assumption does not make a difference
when the priors are mutually absolutely continuous; i.e., both the team setup and

game setup result in fully informative equilibria.

Theorem 3.6.1 and Remark 3.6.1 also apply to the multi-stage case; i.e., if the
priors are mutually absolutely continuous, there exists a fully informative Nash

and Stackelberg equilibria in multi-stage cheap talk as in the team theoretic setup.

3.6.2 Quadratic Signaling Games with Subjective Priors

Here, we will adapt the subjective priors assumption to the single-stage signaling
games as follows: Let the Gaussian source have different mean and variance from
the perspectives of the encoder and the decoder; i.e., the source is M ~ N (pie, 02)
and M ~ N (4, 03) from encoder’s and decoder’s perspective, respectively. The
channel between the encoder and the decoder is assumed to be additive Gaussian

channel with distribution W ~ N(0, 0%,) and independent of the source M.

3.6.2.1 Nash Equilibria Analysis

We first study the single-stage Nash equilibria.

2
Theorem 3.6.2. If A\ > 22, the affine equilibrium is non-informative; otherwise,
Iw

the affine equilibrium is unique and informative.

Proof. If the encoder is affine; ie., x = v¢(m) = Am + C, then the optimal

decoder becomes
u* =y (y) = Eqlmly] = Eq[m|Am + C + w)
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Aag
— gt =20y Apy—C
Md+A203+U12;[/(y d )

_ Adg o pg — ACo?
o A20% 4 U%,Vy A%0% + o7,

Now suppose that the decoder is affine; i.e., u = v%(y) = Ky+L, then the optimal
encoder is (2.11):

_ K K(L+))
N CED) K24\

zt =7"(m)

We now wish to see if these optimal sets of policies satisfy a fixed point equation.

By combining the optimal policies, we get

K
Ad? o3

=—*— ., L=puy—-+———-KC.
A2U§+U%V Md/Paﬁ—i—a%V

Similar to Theorem 2.4.1, we obtain (K? 4+ )03, = Ao; by assuming A #
0. Here, for A > :T‘%, (K? + M\)?0%, = A\o% cannot be satisfied, thus A = 0
and the affine equilik‘)/;ium is non-informative. Otherwise, the affine equilibrium
is informative and the optimal policy parameters can be determined uniquely
(actually, if {A* C*, K*, L*} constitutes optimal policies of the encoder and the

decoder, then {—A*, —C*, —K* L*} is also a parameter set for optimal policies):

K=y|/522 = £,

&
Ao,

Note that none of the parameters depend on the parameters of the perspective of

the encoder since the encoder minimizes his cost for every realization m of source

M without considering its distribution. O]
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It can be shown that, when the priors are subjective, the encoder (decoder) is
affine for an affine decoder (encoder) in the multi-dimensional signaling game by

using a similar analysis to that of Theorem 2.4.1 as follows:

Theorem 3.6.3. Let the source be M ~ N (pu,, %) and M ~ N (g, X4) from
encoder’s and decoder’s perspective, respectively, and let the channel noise be
W ~ N(0,Xw). Then, encoder (decoder) is affine for an affine decoder (encoder)

i multi-dimensional signaling game when the priors are inconsistent.

Proof. For the affine encoder x = v¢(m) = Am + C, the optimal decoder will be

u* = v"(y) = Eg[m]y] = Eg[m[Am + C + w]
= pg + BaAT (AZgAT + Sw) Ty — Apg — C)
= BgAT(ASGAT + Zw) Ty — C) + (I = BgAT (ADgAT + Zw) "t A)py
@ 5 AT(ASGAT + Sw) "y — C) + (I + S ATSG A) g
= N4 AT(AS AT + Sw) Ny — C) + (A7 (Ew + AT AT)Sw A) ' iy
= Y AT (AL AT + Sw) My — C) + A Sw(Sw + A%gAT) T Apy, .
Here, (a) is due to the matrix inversion lemma, (I + UWV)™' =T - UW~!1 + VU)"'V,

where U = YX3AT, W = Y4, and V = A. Now suppose that the decoder is affine;
i.e., u=~v%y) = Ky + L, then the optimal encoder is (2.45):

X* = 7"(m) = <KTK + AI) TRT (m ~L- b) .

As it can be seen from Theorem 3.6.2 and Theorem 3.6.3, the following con-

clusion can be made by utilizing Theorem 3.4.1 and Theorem 3.5.1:

Corollary 3.6.1. FEven if the priors are inconsistent from the perspectives of
the encoder and the decoder in the multi-stage signaling game, affine policies
constitute an invariant subspace under best response maps for scalar and multi-

dimensional sources under Nash equilibria.
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3.6.2.2 Stackelberg Equilibria Analysis

Theorem 3.6.4. The optimal encoder policy v*¢(m) = A*m + C* among the

affine class can be characterized by the following:

02 (Hd - :ue) ?
A* = argmin (W— + b>

A A20§ + 0"24/
4 2 2
Ow 2 2 040w 2 2
————(0. —05) + —5——5 + AA%0_,
(A%02 + U%V)Q( 2) A%02 + o,
C*=—-A"u,. (3.5)

Proof. Assuming the affine encoder; i.e., v = v¢(m) = Am+C, by Theorem 3.6.2,
y + a‘%v,udeCUfl A

A202+402,
Ky + L, where y = Am + C 4+ w. Then the goal of the encoder is to minimize

2
A;d ,
2
A2ai+oyy,

we know that the optimal decoder is u* = v*(y) =

the following:

JHe = min E. [(m —u—0b)*+ )\xQ}
z=~¢(m)=Am+C
= rAniél ]Ee[(m—AKm— KC - Kw— L—b)2+/\(Am+C')2]
— min E, [m2(1 — AK)? —2(1 — AK)(KC + L+ b)m + (KC + L +b)*

+AAZME £ 20\ACm + )\CQ] + K202,

= min (u2 + 0?) Ty -2 Tiy Tivta +0b
A He T e (A%202 +0},)2 T A%203+ 0}, \ A%03 + 0}, fe

2 2
Ow Hd 20,2 2
———+b ANA + 2 \AC 1,
+ <A203+02 + ) + (us +o2) Cu

2 4

Ao 2

2,2 2 \2" W
(A%05 4 o7)

(uz + 02) oy — 207y piepta + oy iy + A*oiyoy

+AC? +

e (A%02 + 03,)?
—20%, b + 20, 11gb
Tiwhed £ ZTWHAD | 42 1 )\ A%02 4 A(Ap, + C)?
A2oq + oy
bt )+ ol + Aood + ol — ol
A, C (A202 4+ 02,)?
’ a1 %W
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202 b
TW2 (g — pre) + B2 + AA%02 + M(Ape + C)?

A%0% + o},
2 2 4
~n (ot +) * ooy =
ﬂ + AA%02 + A(Ap, + O)%. (3.6)
A%202% + o, c ¢
Here, the optimal encoder cost is achieved when C* = —A*u,., and A* can be
found by analyzing the 6th order equation of A. m

Remark 3.6.2. When the consistent priors and the zero-mean Gaussian source
are assumed; i.e., . = pig = 0 and o? = o3, then (3.6) turns into (2.25) as
expected. Further, note that, in (3.6), unless p. # pa, the optimal encoder policy
15 independent of the bias term b; i.e., the bias term has no effect on the optimal

policies of the encoder and the decoder.

The analysis in Theorem 3.6.4 can be carried over to the N-stage signaling
game: the encoder searches over the affine class to find his optimal policy by
anticipating the best response of the decoder, and this would involve the opti-

mization over N2 + N parameters for an N-stage problem.

Remark 3.6.3. Note that, under the Nash assumption, the agents do not need to
know their subjective priors; they know only their policies as they (simultaneously)
announce to each other. On the other hand, for the Stackelberg case, the encoder
must know the decoder’s subjective prior so that he, as a leader, can anticipate

the decoder’s optimal actions.

3.7 Conclusion

In this chapter, we studied Nash and Stackelberg equilibria for multi-stage
quadratic cheap talk and signaling games. We established qualitative (e.g.
on full revelation, quantization nature, linearity, informativeness and non-
informativeness) and quantitative properties (on linearity or explicit computa-
tion) of Nash and Stackelberg equilibria under either subjective/inconsistent cost

models or priors.
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For the cheap talk problem under Nash equilibria, we have shown that the
last stage equilibria are quantized for any scalar source with an arbitrary dis-
tribution, and all stages must be quantized under certain assumptions on i.i.d.
sources whereas for the multi-stage Stackelberg cheap talk game, the equilibria
must be fully revealing regardless of the source model. We have also proved that
the equilibria are fully revealing in the multi-stage multi-dimensional cheap talk
under Stackelberg equilibria whereas the equilibria cannot be fully revealing un-
der a Nash concept. In the multi-stage signaling game where the transmission of
a Gaussian source over a Gaussian channel is considered, affine policies constitute
an invariant subspace under best response maps for scalar and multi-dimensional
sources under Nash equilibria. However, for multi-stage Stackelberg signaling
games involving Gauss-Markov sources and memoryless Gaussian channels, we
have proved that, for scalar setups, linear policies are optimal and the only equi-
librium is the linear one, whereas this is not the case for general multi-dimensional
setups. Further, the conditions under which the equilibrium is non-informative
under the Stackelberg assumption are derived for scalar Gauss-Markov sources,
and the dynamic programming formulation is presented for a class of Stackelberg
equilibria when the encoders are restricted to be linear for multi-dimensional
Gauss-Markov sources. When the source is perceived to admit different prob-
ability measures from the perspectives of the encoder and the decoder, under
identical cost functions and mutual absolute continuity, we show that there exist
fully informative Nash and Stackelberg equilibria for the dynamic cheap talk as
in the usual team theoretic setup. Thus, the equilibrium behavior is robust to
a class of perturbations in the prior models, which is not necessarily the case
for the perturbations in the cost models. On the other hand, for the signaling
game, Stackelberg equilibrium policies are robust to a class of perturbations in
the cost models but not to the perturbations in the prior models considered in

this chapter. Table 3.1 summarizes the results of this chapter.

90



Table 3.1: Multi-stage cheap talk and signaling games

SETUP SOURCE Nash Equilibrium Stackelberg Equilibrium
MULTL-STAGE scalar final stage must be quantlz.ed fo.r l\:Iérkov sources, fully revealing
CHEAP TALK and all stages are quantized for i.i.d. sources !

multi-dimensional final stage cannot be fully revealing fully revealing
MULTL-STAGE scalar affine policies constitute invariant subspace always linear

SIGNALING
GAMES multi-dimensional

under best response maps
affine policies constitute invariant subspace
under best response maps

no general structure

3.8 Proofs

3.8.1 Proof of Theorem 3.4.1

This result follows as a special case of Theorem 3.5.1, but the proof is provided

for completeness.

(i)

(i)

Let the encoder policies be zp = (Mo, Yor-1)) = Zf:o Agimi +
Zf;ol By yi+C) where Ay ;, By; and Cy, are scalars for k < N—1andi < k.
Similar to the dynamic Stackelberg cheap talk analysis in Theorem 3.2.6,
the optimal decoder actions can be found as uf = v-4(Z¢) = E[my|Z¢] =
E[mg|ypom] for & < N — 1. Notice that yp is multivariate Gaussian for
k < N —1 since y = 1 +wy. This proves that WZ’d(I,f) is an affine function

of yjo,x) due to the joint Gaussianity.

Let the decoder policies be u;, = v,ff(y[o,k}) = Zf:o Ky ; yi+ L where K} ; and
Ly, are scalars for k < N—1and i < k. With yy_1 = zy_1+wn_1, it follows
that un_, = 25162 Ky_1iyi + Knoan-1onv—1 + Kyoinv-1wn-1 + L1
Then, by a dynamic programming approach, the final stage encoder cost

can be written as

*,e . 2 2
JNT, = _ min E[(mN_l —uy_1 —b)" + )\xN_l]

TN-1=Yx_1 (Mo, N—~1]:Y[0,N—2])

N—2
=minE||my_; — E Kn_1iyi — Knoin—12nv—1 — Ky nv—1 WN—
TN —

Nt i=0
2

— Ly —b) + Xy,
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N-2 2

=minE|| my_ — E Ky 1iyi— Kn-in-1on-1— Ly-1—b

TN —

Nt =0
2 2 2
+ Ay | KRN Ty,
: 2 2

= minE (KN—LN—I + )\) TnN_1— QKN—LN—I

TN_1

1=0

N—2 2
+ <mN—1 - Z Kn_1;yi — Ly — b)

i=0

. Ky_1n-1
N-1—" 75 7
KN—1,N—1 + A

N-2 2
X (mN—l — Z Ky_1,yi — Ln_1 — b) ) ]

1=0

A\ N-2 2
——— | MmNy — Ky 1;yi—Ln_1—0
KX v+ ( ; > ]

2 2
+ KN_1N-10Wy_, -

N—2
X (mN—l - Z Kn_1;yi — Ly_1 — b) TN-1

2 2
+ KN—l,N—l TWn_1

= min (K]2\7—1,N71 +A)E

TN-—1

+E

Hence, the optimal v§ _; (mjo,n—1], Yjo,n—2) can be chosen as

,ye (m[ N-1] y[ N ]) o KN*l,N*l
- ON—1sYo,N=2]) = 75— v
M ST
N-2
X (mN—l - Z Kn_1;yi— Ly_—1 — b) ;
i=0
and the minimum final stage encoder cost is obtained as
A\ N—2 2
I =E| ———— [ myo1 — Kn-1iyi—Ln-1—0
Nt KJQV—l,N—l + A ( ZZ; 7 (3.7)

2 2
+ KN—LN—I O-WN,1 N

Notice that even though my y_1; and yjo,ny—g are available to the encoder,
the encoder uses only my_; and yj y—o) at the final stage; i.e., the encoder

does not need my y_g).
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Then, by a dynamic programming approach, the cost of the encoder at
N — 1st stage becomes

*,e . 2 2 *,€
Iy, = _ min E [(mN,Q —Un_9 —b)" + Ay _o + JNA} )
$N72:7N720nvafmﬂﬁuN7m)

(3.8)

By using the relation between the sources my_; = gmy_o + vy_o and
YN_2 = Ty_2 + wy_2, (3.7) can be refined and inserted into (3.8). Fur-
ther, with yy_o = xy_o + wy_o, it follows that uy_o = Zi]\igg Ky_o;y; +
Kyn_on—2xN_o+Kn_oNn_2wWN_2+ Ln_2, and the completion of the squares
method can be applied to the previous step. By using the relation between
the sources my_1 = gmpy_s+vn_2 and yy_o = xn_o+wn_2, the final stage

encoder cost can be simplified as

N-3
‘e A
Iy =E KL .\ <9mN—2 + UN_2 — Z Ky_1,yi — Kn_iN—2TN—2
N—1,N—1 Py
2
— Ky i N—2wn—2— Ly_1 — b) + KJZ\Ifl,Nfl UIZ/VN_I
3 N-3
=E| ————|9mn2— KN—I,i Yi — KN—l,N—2 ITN—2
K} qn1tA ( ;
2
_ L _ b )\ 2 + K2 2
N-1 + K]QV_LN_l _I_ )\ O-VN,Q N—I,N—Q O-WN,Q

2 2
+ KN_1N_10Wy_, -

With yy_ o = Zx_ o + wy_o, it follows that uy o = S’ Ky o4 +
Kyn_on—2xN—2+ Kny_on_2wWn_2 + Ly_5. Then, by a dynamic program-
ming approach, the cost of the encoder at N — 1st stage can be written
as

*.e . 2 2 *,e
IS, = . min E [(my_2 — un—2 — b)" + Az} _y + Iy ]
TN—2=75_o (Mo, N—2]:Y[0,N—3])

= min E
TN-2

N-3
Mmy—2 — E KN72,1' Yi — KN72,N72 IN—2 — KN72,N72 WN-2
i=0

2
— LN—2 — b) + )\iC?V_Q + J;,’e_ll
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N-3 2
= minE (mN—Q - Z KN—Q,i Yi — KN—2,N—2 TN_g2— Lyn_o— b)
N2 =0
N-3
+ A5y | +E| | gmn_2 — Kn_ 1y
Ky in-1tA ;)
2
K L b + A
—NAN_1N-2ZN-2— LN-1— T v
K12v71,N71 + A

2 2 2 2 2
X (UVN_Z + KN_1 N2 UWN_2> + KN 1 n-1 0wy,

2 2
+ KN on—20Wwy_,

=minE| | K2 + A+ —)\K?V_I’N_Q 22
TN o N—-2 N-2 KZQ\/flefl + A N-2
N-3
- 2KN—Q,N—Q <mN—2 - Z KN—Q,i Yi — Ly—o — b) TN-2
i=0
N-3
2AKN_1,N—2
— | 9mNn-—2 — Kn_1;yi—Ln_1—b)oNn_2
KY i nvo + A ;
N-3 2
+ (mN—Q - Z Kn_2;yi — Ln_o — b)
i=0
\ N-3 2
T | 9MmN-2 — Ky 1iyi—Ln_1—0
KR ana+A < ;
A 2 2 2
R e (T et

2 2 2 2
+ KN_1N-10wy_, T EN_a N2y,

AK?
= min (KZQVZNQ W W ) e )

N2 K12\7—1,N—1 +A
Kn_on-_2
<E || ov-z - 2 AR 1 v2
KN*Q’N72 A+ KRy v—1tA

N-3
X (mN2 - Z Kn_2;y; — Ln_2 — b)
i=0

AKN_1,N—2
KIQV—I,N—1+)‘

KQ +)\+ )‘KIQ\J—I,Nfz
N—-2,N-2 KRy vt
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N-3 2
X <9mN2 - Z Kn_1,yi — Ly — b)) ]
i=0

2
K N-2,N—2

KQ +)\+ )‘KJQV—LN—Q
N-2,N-2 KX _1n—1tX

N-3 2
X (mN—Q — Z Kn_2;yi — Ln_o — b) ]

=0
2
AKN_1,N—2
K12v—1,1v—1+>‘

K2 _'_)\+ /\KJQV—LN—Q
N—2,N-2 KR 1 vt

N-3 2
X (QmN—2 — Z Ky 1y — Ln_1 — b) ]

1=0

N-3 2
(mN2 - Z KNfZ,i Vi — Ly—o — b)

1=0

A\ N-3 2
+———| gmy_2 — Ky_1;y;, —Ly_1—0
K]2V—1,N—1+)‘<g N—2 Z N-1:;Y N-1 )]

—E

—E

+E

1=0

A
2 2 2
+ K2 Y (UVN_Q + KNfl,NfQ UWN_Q)
N-1,N—1
2 2 2 2
+ KN—LN—I Oy, T KN—Q,N—Q OWy_s*

Then, the optimal 7§ _,(mo,n—2], Yo,n—3]) is obtained as

%i/_z(m[o,Nd] ) y[O,N73}) =

K N-3
N—2,N—

2 iKz my-—2 — E KN—z,z' Yi — Ln_o—b
K2 + )\ + N—1,N—2

N—-2,N-2 K2

No1,N—1TA =0
AKN_1,N—2 N_3
K? +A
N-1,N-1
+ ; VA <gmN—2 — E Kyn_1;yi — Ln_1 — b) .
KN_2’N_2 + A T KJQV—1,N—1+)‘ =0

Notice that even though mjy y_o and yjo,n_3 are available to the encoder,
the encoder uses only my_o and yjo n—_3 at the N — 1st stage; i.e., the

encoder does not need my y_3).

It can be seen that the optimal z; can be obtained as an affine function of my

and yjo x—1) for each stage, k = 0,1,..., N—1 by completing the square, since
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the cost of the current stage and the next stages consist of the quadratic
function of x;, after using the proper identities; i.e., my = gmy_1 +vi_1 and

Yk = Ti + Wk

3.8.2 Proof of Theorem 3.4.2

If the decoder policies are ug = y¢(yo) = Kyo + L and uy = v(yo, v1) = Moyo +
Myy,+N where K, L, My, My and N are scalars, then the optimal encoder policies
are in (3.9).

(o) = KM} + \K + \gM, i K(M?+ N (L+0b)+ AMy(N +b)
T = N R+ M)+ g N+ K2)(A+ M2) + AMZ
e M, MM, M;(N +b)

If the encoder policies are zg = §(mg) = Amg + C and z1 = v§(mo, m1, yo) =
F'mg+ Boyo+ Bimi+ D where A, C, F, By, By and D are scalars, then the optimal

decoder policies are in (3.10).

AO']2\/[O ACoyy,

% (?Jo) Yo —

)

2 2,2 2
A20%, 4 ofy, A%0%, + ojy,

7 (Yo, 1) =
—(9*°BoB1 + gBoF)o3,, 01y, — (A*ByBy + AB F)o3, o7, + gAUMOUW1 ByByoy, 01y,
(9B1 + F)%03,,0%, + A2OMOO'W1 AQBQO'MOOVO + oy, o, + Bioy o,
(¢°B1 + gF)oiy, 00, + A*Biog, o1, + BlUVoUWo

(9B1 + F)203,, 0%, + A0y, 0y, + A2Bio3, oy, + 0w, 0, + Bioy, oy, n

B gACa3, oy, + (9°By + gF)Do3y oy, + (A*B1D — AB,CF)o3, oy, + BiDoy, o3y,
(9B1 + F)203,, 0%, + A203, 04y, + A2Bio3, oy, + oy, 0y, + Bioy, oy, '

(3.10)

Yo

By using the policy equations above, the equations for the parameters can be

written as follow:

_ KME4 MK + AgM,

A+ KN+ M)+ AMET
C:_K(M12+)\)(L+b)+/\MO(N+b)
A+ K2)(A+ M3 + Mg 7
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Moy M,
= — = —MyB
0 M12 _,_)\ 01,
1 — M12 I )\ )
M;(N +0)
D=——+—>=—(N+b)B,
M2 + A ( 1B
B AUJQWO
a 1420%40 + U%,VO ’
ACo?
L — —2—]\402 - —KC,
A20%, + ojy,

M — —g°Bo B0 0y, — A*BoBioyy o, + gAaMOch1 ByBo3, oy,
0= 2BQUMOUWO + A20M00W1 + AQBZUMOUVO + onawl + BQO'VOO"Q,VO ’
1= 2BQUMOUWO + A%03, ofy, + A2Bio3, ot + opy 00y, + Biog,oh,

N gACa3, oty + ¢*B1 Doy oy + A2 BiDayy oy, + BiDoy oy,

232,22 2,2 2 2R2,2 2 2 2 2.2 2 -
9*Bioi, o, + Aoy, 0, + A2Bio, oy, + 0y, Oy, + Bioy, o,

By inserting By = —MyB; into M,

2B2M00'MOJWD + A2B2M00M00V0 + gAchOUW1 + B} Mooy, ofy,

My =
9?Bio3,, oy, + A20%, 0%, + AXBio 0% + oy, oy, + Bioy, oy,

=M, (A%03y, + omy,) v, = gAoT o, = 9K (A0, + o) o,

:>M0 = gK

is obtained. Similarly, by inserting B; = into My,

M2+)\

M, =
G My(M? + N)oiy oy, + A2My(ME 4+ N)osy o, + My(ME + N)oy, ofy,

GPMiaos, oy, + AXMT + X203, 08, + A2MPos, of, + (M7 + N)2ojy, o8, + Mioy, o,
= g* Moy, o, + A2M1A0M00V0 + Moy, o0, =

is obtained. For nonzero M;,
<M12 + )\)2(1420-%/[0 + 0-‘2/[/0)0-124/1 = A (g JMOJWO (A2UM0 + 0-12/‘/0)0-‘2/0)

2
2 2 2 2 OM, UW 2
= (M7 + Ao, = A (g 0?2+ ol . ;2 + O'VO) (3.11)



is found. Further, by inserting D = —(N + b)B; into N,

N =
gACa3, oy, — > Bi (N + b)O'MOO'WO — A*B?(N + b)O'MOO'VO B} (N + b)oy, oy,

92B? 2 2 32 2 2
Biosy o, + A2oy, o, + A2Bioy, of, + 0w, 0y, + Bioy, oy,

2 —
= A NJMO(Twl + Nowoawl =

— gACO'%/IOO"%VI +b ( 2BQO'MOO'WO + A2BZUMOUVO + BZO'VOO'WO)

ACo? bB? o2, o}
> N=-"7- M02 21( §2M0 W02 +<7\2/0)
Aoy, + oy, o, \Aoy, + oy,
20.2 2 M A 20.2
is obtained. Since <Ag;2M—O+U + gv()) = m for nonzero M by (3.11), we
Wo
will have N = by inserting I = —KC and N = —MyC + "

into C' for nonzero M,

K(M2+ \)(—=KC +b) + AMy(—MoC + M5 4 p)
A+ K2) (A + M3?) + AM¢
=SAN+ MP)C = —b (K (M7 4+ X) + MoM; + AMy) = —b(M] + \) (K + M)

C=—

b b

After some algebraic manipulations, consider the following cases:

(i) (¢*+ )03y, /0, < 031, /0%, By the relation between A and K (A =

K M2 MK +AgM, Ao?
21+ +2g 0 5 and K— My
O K2) 0+ M2)+AM2

o ), and assuming nonzero A,
Mo+ Wo

 KMP+ MK+ MM, KM} + MK+ M\°K

T OT KO M) L AMZ T (At K2)(A 1 M) + Ag2K?
B KA+ M2+ \g?)

K2\ 4 ME A+ Ag?) + A\ + M?)

A*a3, K*(\ + M? + \g?)
= =
A%as Fof, KA+ MP A+ Ag?) + MA+ M)
T, B A+ MP)

~ A%0%, ot K2(A+ ME+ Ag?) + AN+ MP)
= M+ M7)o3y, = K*(A+ M{ 4+ Ag*)oyy,
= (A + M})(\A%03,, — K?oyy,) = A\g* K oy,
AP K?oqy,

= M? =
NA203, — K203,

—A>0
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(i)

= ¢’K’oyy,, > A0}, — K*oy,
2 .2 2 2 9 2 2
:>)\<K90-W0+0-W0@ UMO gO'WO—i—UWO_(2+1)O'MO
- A? o2 — \ o2 02 -\ o2
My Wo Mo Wo
2 2
UMO < Zlﬂ for nonzero A.

Tty T, Wo

is obtained. Here, (a) follows from % =

Hence, for A > (¢° + 1) ohy , there does not exist an informative affine equi-
Wo

librium at the first stage since A K =0.

]\10

Now suppose that A > (g% + 1)
to the one-stage game setup; 1.e., A=C=By=K =L = M, =0, and

. Then the two-stage game setup reduces

the encoder and the decoder policies are v¢(my) = Bym; + D and v(y,) =
My, + N, respectively Thus the equilibrium is informative if and only if

02, —2b%—, /02, |0 o2, —20%+,/02, . [o2, —4b2
max{ ol ! ,(g? —|—1 } <A< 2 aV
0

2
20‘W 20W1
2

and 012\/[1 > 4b? by Theorem 2.4.4, and M, = :H/ A:Ml A B =

Wy

S T p oo LD 1) and N o= b (/2 1
+ )\a%/fl O’%/Il ’ o A )\J‘Q,Vl ) - )\0‘2/‘/1

at this informative equilibrium [55]. Otherwise, the equilibrium is non-

informative.

o3, /0w, < (9* + 1), /oy, By utilizing (3.11) and assuming nonzero Mj,

A\ o2, o2
M12: 5 <2 2Mo Wo —1—0‘2/—0)—)\20
T, A O'MO —|—UWO

A A o2, o2
=./— (202, +02)—\> g2 Moy Wo 452 ) —A>0
0.12/‘/1 (g Mo Vo) = O.‘2/V1 AQO.MO + O-Wo Vo -

2 2 2 2
90y, T 0y, Oy

=A< o2 T 52
W1 Wl

2
is obtained. Hence, for A > 2 , M7, = 0 and the second stage message m;
Wi

will not be used in the game.
Now suppose that A > 24 Then Bo=B1 =D=M, =0, My =gK, N =

W1
gL, C = —=2(g+1)K, L =2%(g+1)K? and A = (92‘1;;—}()2“ By using the re-
lation between A and K, and assuming nonzero K, ((¢g*> + 1) K? + )\) OWO
Ag® + 1)o3, is obtained, which implies K = \/ 7 +1 ZMO
Wo
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2 0.2 2 2
A—\/ gkl Wo _ UW°f0r0<>\<(g +1) iy Hence, if Ml</\<

A IMy My Wo Iy
(9°+1)o} : .
TMO, the second stage message m; will not be used in the game. If
W,

’ (B®+1)o%, o2, .
/\>max{02—0,021},thenA:K:L:C':N:Mg = 0, which

Wo w-

o2
IMy

leads to a non-informative equilibrium. Then, for A < (¢° 4+ 1), we have

2 2
MO g2+1 %Wy Twy
2 T 2 -
2+1o- A T Ty

Hence, for the 2-stage dynamic game with affine encoder and decoder, the results

Wo

can be summarized as follows:

+1)o o2 . . .
(i) If A > max {(HUJ7 Uzﬂ}, then there does not exist an informative affine

Wo Wy
equilibrium.
+
(ii) If <A< % then the second stage message m; is not used in
l Wo
the game.
(9%+1)02, o2, S . . .
(i) If — 0 < A< 7, the equlhbrlum is informative if and only
Wy Wy

o2, —20%—. /02 /o
if o3, > 4b® and max{ =t o g2+ 1) } < X<
Wy WO
0M1—2b +4 /O'le1/

2O'W1

3.8.3 Proof of Theorem 3.4.3

Similar to the multi-stage Stackelberg cheap talk analysis in Theorem 3.2.6, The
optimal decoder actions are given as uj = v (Z¢) = Elmy|Zd] = E[my|yp ) for
k=0,1,....,N —1.

Due to the Stackelberg assumption, the encoder knows that the decoder will
use uf, = YT = E[myg|Z{] at cach stage k = 0,1,..., N — 1. Based on this

assumption and the smoothing property of the expectation, the total encoder
N-1

cost can be written as J¢(7jj N_l],fy[% noi) = E[X (me — we — b)? + \z3] =
’ ’ k=0
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NZ_I E[(my — E[mg|Zd])? + b* + Azi|Z¢] | . This problem is an instance of prob-
lem];:studied in [119], and can be reduced to a team problem where both the
encoder and the decoder are minimizing the same cost. The linearity of the op-
timal encoder and decoder can be deduced from [119]. Here, we follow [119] and

adapt the proof to our setup.

For the second part of the proof, the lower bound for the encoder cost will
be obtained and analyzed. From the chain rule, I(m;yjox) = I(m; yjoe-1)) +
I(mu; Yr|yo,e—1))- By following similar arguments to those in [119] and [4, Theo-
rem 11.3.1],

I(mus; Y|y k—11) = P(Yklyio,-11) — P(Yr|me, Yok—-1))
yk|y[0k 1]) h(yk|mkay[O,k—l];7;<mk7y[0,k—1]))
(

= h(yr|Yio.e-11) — P(Yrlve (M, Yior—11))

(
(
(
(

Yr) — h(yr|ve (M, Yo r-1)))

P N
log, (1 + Tk) £ (O} where P, = E[z}].
o

Wi
It can be seen that mjy — E[my|mg_1] is orthogonal to the random variables
My—1,Y[o,k—1] Where yjor—1) is included due to the Markov chain my < my_; <

(Yj0,k—1))- By using this orthogonality, it follows that

E[(my — E[mglyjoe—1])’]
= E[(my, — E[mk|mk—1])2] + E[(E[my|mp—1] — Elmy|yop—1]])’]

CE[(mi, — Elmalmy1])?] + E | (Elmplm 1] — EEmlmp1, yos ] lyos1])’]
@ E[(my — Elmy|my_)) [(E M| mp—1] E[]E[mk|mk—1]|y{0,k71]])2}
0 o

=0y T GE[(mg—1 — E[mk—l\y[o,k—l]])Q]

(©)
> a@k AT 12—2%1 , (3.12)

where C, £ supl (mi;ypx). Here, (a) holds due to the iterated expec-

tation rule and the Markov chain property, (b) holds since E[my|mg_y] =
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E[gmg—1 + vk—1|mi—1] = gmi_1, and (c) holds due to [4, Lemma 11.3.1]. From

[4, Lemma 11.3.2], I(ms;yr-1)) is maximized with linear policies, and the
A

lower bound of (3.12), E[(my, — E[ms|yjor-1])*] > oy, + g°oy;, 2721 £

ajzwk 2_25k, is achievable through linear policies where sup I (mg; yjo,k-1) = 5k =

2

O\ . .

%log2 (U‘Q/ +g20%[’“ el B Thus, we have the following recursion on upper
k—1 1e—1

bounds on mutual information for the N-stage signaling game:

Cr = sup I(my; yjo,n) = Cr + Ci
= sup I (mg; Yjo,—11) + sup I (mi; Yi|yjo,e-1))
= ék + @

1 o2 1 P, )
=—1o . + —log, [ 14+ ——
g 082 (U%/k_l + 92012\4k_12_20k—1) g 082 ( Ty,

for k = 1,2,...,N — 1 with Cy = %log2 (1 + %) Let the lower bound on

Wo

E [(mk — ]E[mk\y[oyk]])Q] be Ak; i.e., E [(mk — ]E[mk\y[()’k}])Q] Z O-szk 2_20k é Ak
Then the following recursion can be obtained for the N-stage signaling game:
o 0-‘2/]@,1 + ngk—l

14 5t

O'Wk

fork=1,2,....N —1,

k

with Ay = f%oo Since Ay = o3, 27°“ by definition, A, < o3, for
k= 0,1,... ,NOVZO 1. At the equilibrium, since the decoder always chooses
ur, = E[my|ypn] for £ = 0,1,...,N — 1, the total encoder cost for the first
stage can be lower bounded by J5' = SN V(A + AP 4 b?). Now observe

the following:

(
0 ifl<k
-1
%: gz<1+1;l> 3A1—1_23Pl
OP;, Twi ob: o, alf’; if1>k
2 2 B N
X (UVH +9 AH) L4 —-
\ W,
where g% = 0 for | < k due to the information structure of the encoder. Then

we obtain the following:

—2
aJOe,lower _, 0-‘2/1\7_2 + g2AN_2 (1 n PN71 )

- 2
(9PN,1 O_WN_l




1
> A= <O-‘2/N72 +920§4N72) o

WN_1
2
o
>\ — ]2WN—1
Wy
0'2 e,lower
If x> UM#, then B;OPN — > 0, which implies that JEWT i an increasing
WnN-1 -
function of Py_;. For this case, in order to minimize Jg’low”, Py_; must be
0_2
chosen as 0; i.e., Py,_; = 0. Then, for A > UfN” , we have the following:
WN_1
aJ@,lower 9P N-1 8AZ
L (R = R
(3PN_2 8PN_2 N2 aPN_
oP Py_ OAN_
:)\(1+ N1)+ 2 (14 2Nl 1 N-2
GPN_Q O'WN 1 8PN_2

(a) OAN_2 9
A 1
a5, @ 1)
-2
Pn_s g +1
:)\ <O"2/N 3+92AN—3> (1+ ) 0_2
Wn_2 Wn_2
1
>)\_ (U‘Z/N 3+g2012\4N 3) 2 (gz+1)
Oy
N—-2
2
:)\_ JQWN72 (g2_|_1)
Wy _s
0.2
Here, (a) holds since Pj , = 0 for A\ > &=L If A >

g
WN-—1

U%/fol J?WNfz 2 aJgtoer . . . e,lower -
max § -, === (g? + 1) ¢, then =% > 0, which implies that J is
Wn-1 “"WnN_2 N-2

an increasing function of Py_y. For this case, in order to minimize J5"*", Py_o

must be chosen as 0. By following the similar approach and assumptions on A,

since Py_, = Py_, = --- = P, = 0, we have the following:
o.Jgtower = 0A, A, = 1
70y — g4 22k 2
or N on M ron & L

)

P -2 1 N—-1
A= (03k_1 +92Ak—1> (1 + Tk) > 1l ¢

o o
Wi Wi =k j=k+1
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e, lower
dJE

where [[_, = 1ifk > 1. If A > 5% Mk 0" g%, then 2

> (0, which implies
that Jy"°““" is an increasing functlon of P,. For this case, in order to minimize

Jotewer - P, must be chosen as 0.

By combining all the results above, it can be deduced that if A >
MaX—,1,...N—1 ;2= GM vaok ' g% then the lower bound J&'*°" of the encoder costs
J§ is minimized ll)cy choosing Fj = P{ = --- = Py_; = 0; that is, the encoder
does not signal any output. Hence, the encoder engages in a non-informative
equilibrium and the minimum cost becomes J¢ = J&“" = (Zjigl 012\/[1,) + Nbv?
at this non-informative equilibrium.

3.8.4 Proof of Theorem 3.5.1

(i) Let the encoder policies be x; = ~vi(myu, Yor-1]) = S o Ak m; +
Z B;“yl + Cj, where Ay ; and By; are n x n matrices, and Cy is n x 1
vector for k < N—1 and ¢ < k. Similar to the multi-stage multi-dimensional
Stackelberg cheap talk analysis in Theorem 3.3.2, the optimal decoder ac-
tions can be found as u} = v4(Z¢) = E[my|Z{] = E[my |y for k < N—1.
Notice that yo ) is multivariate Gaussian for & < N —1 since y; = X +wg.
This proves that 'yZ’d(I,‘f) is an affine function of yy ) due to the joint Gaus-

sianity of my, and yp .

(ii) Let the decoder policies be uy, = v,if(y 0k]) = Zz o Ki,i yi + Ly where Ky ; is
n x n matrix and Ly is n x 1 vector for kK < N —1and ¢ < k. Withyy_; =
XN_1+ Wn_1, it follows that uy-1 = 21162 KN—l,i yi: + KN—l,N—l XN_1+

Kn_1nv-1Wn_1+ Ly_1. Then, the encoder aims to find an optimal policy

104



that minimizes the following at the final stage:

fo’e_l = min E |:”mN_1 —UuUnN—-1 — bH2 + /\||XN_1||2}
XN-1=7%_1 (M N _1]:¥[0,N—2])

N—2
=minE|| my_; — E Kn_1,;yi — Knoinv—1Xnv—1 — Kn_inv—1 W
XN —
N—-1 i—0
T N-2
—Ly_;—b mpy_; — g KN—I,i yi — KN—I,N—l XN-1
i=0
T
— Ky_in-1Wn-1 — Ly_1 — b> + >\XN_1XN—1]
N-2 T
=minE| | my_; — E Ky_1;yi—Ln-1—Db
N i=0

N-2
X (le - Z Kn_1;yi — Ly — b)

=0

N-2 T
- (le - Z KNfl,i yi—Ln_1— b) KNfl,Nfl XN-1

1=0

N—2
- X%AKJT/A,NA (le — Z Kn_1,yi —Ln_1 — b)

1=0

T T
+ XN71KN71,N71KN—1,N71 XN-1

T T T
+ Wy Ky v Bv-iv-1 W + )‘XleN—ll

@ min E
XN_1

<(K]7\;—1,N—1KN—1,N—1 + M )xn_1

N-2 T
— Ky v (le - Z Ky-1,yi =Ly — b) >

1=0

-1
X (KJY\;_LN_lKN_LN—l + )\I)

N-2
— Ky 1n1 (mN—l - Z Kn-1;yi — Ly — b) >

1=0
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N—2 T
+ (le — Z Ky 1;yi—Ly-1 — b)

1=0

X (I — Ky anva(Kyo v Kvoino + )‘])_IKJY\;—I,N—1>

N—2
X (mN—l — Z Kn_1;yi—Ln_1 — b)
i=0

T T
+ Wy Ky g v BKn-1 N1 WN—l] :

and by completing the square, the optimal encoder policy can be obtained

as

—1
Y1 (M N_1], Yjo,v—2)) = <K]7\;1,N1KN—1,N—1 + /\I> KN 1n-1

N-2
X (le - Z KNA,z’ yi — Ln_1 — b> )

=0

with the final stage encoder cost

N—2 T
Jyo,=E <mN—1 - Z Kn_1;yi — Ly — b>
=0
X (Z - KN—l,N—l(KJI\;—l,N—lKN—l,N—l + )\I)_lK]C\F,_LN_1>
N—2
X (mN—l - Z Kn_1;y;i —Ln_1 — b>
=0
+ Wy Ky v Kvev WNl] : (3.13)

Notice that even though mjy x_;; and yjo x_g are available to the encoder,
the optimal encoder uses only my_; and yjo ny—o at the final stage; i.e., the
encoder does not need myy y_o. Then, the cost of the encoder at (N — 1)st

stage becomes

*76 p—
‘]N—2 -

min E [||mN_2 — UN—_2 —b||2+)\||XN_2H2+J;/Ze_J .
XN 2=V} _o (Mo, N—2]:¥[0,N—3])

(3.14)
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By wusing the relation between the sources my_; = Gmy_o +
vy_e and yy_o = Xy_2 + Wy_o, and defining Qy 1 = (I —
Ky an-1(Ky_  y 1 Knvoinv-1 + M)7' KL y_y), the final stage encoder

cost can be simplified as

N-3
Jyi,=E (GmNQ + VN2 — Z Kn_1iyi — Ky n—2XN—2
i=0
T
- KNfl,N72WN72 —Ly_1 — b) Ay
N-3
X (GmN—2 +VN_o — Z Kyn_1:yi — Kn_1,Nv—2XN—2
i=0
- KNfl,N72WN72 —Ly_1 — b)
+ Wﬁflij\;fl,NflKNfl,Nfl WN1]
N-3 T
=K (GmN—Q - Z Ky_1;yi —Ln-1 — b) Qn_y
i=0

N-3
X (GmN—2 - Z KN—Lz‘ yi —Ly_1— b)

=0

N-3
- (GmN2 - Z KNfl,i yi— Ly — b) QN71KN71,1\772X1\772

i=0
N-3
T T
- XN72KN717N72QN71 <GmN2 - Z Ky 1;yi—Ly-1 — b)
i=0
+ X%72[(17\;71,NngNflKNA,NszNfz

T T T
+ VN_QQN—lvN—Q + WN_QKN_LN_QQN—IKN—].,N—QWN—Z
T T

With yy o = Xy o + W _o, it follows that ux o = SV Ky 0:yi +
Kn_on—oXn_2+Kn_on_2Wn_o+Ly_s. Then, by completing the squares
method, (3.14) becomes

JNS,=min E
XN -2

N-3
my_s — E Ky_2,yi — Kn_aNn—2XN_2
i—0
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T
— Ky_an_oWn_o—Ly_2— b)

N-3
X |1 Mmy_2— E KN72,1‘ yi — KN72,N72 XN-2

1=0

- KN—Q,N—2 wWy_2 — Ly_o — b)
+ )\Xg_QXN—Z + J]tf—l]

= min E
XN-—-2

N—3 T
<mN2 - Z KN72,i yi— Ly_o — b)

1=0

N-3
X (mN2 - Z KN72,1‘ yi— Ly_o — b)

1=0

N—3 T
- <mN2 - Z KN72,i yi—Ly_o — b) KN72,N72 XN-2

1=0

1=0

N-3
- X%72K]7\;72,N72 (mN2 - Z Kn_2;y; — Ly — b)

T T T T
+ XN72KN72,N72KN72,N72 XN-2 T WNfQKN—Q,N72KN72,N72 WnN-2

N-3 T
+ )\X%_QXN—Q + (GmN—Q - Z Kn_1;yi — Ln_1 — b> Qn_1

=0

N-3
X (GmN—2 - Z KN—l,i yi — Ly_1 — b)

=0

N-3
- (GmNQ - Z KNfl,i yi— Ly — b) QNflKNfl,N72XN72

1=0

N-3
- X£72K]7\;71,N72QN71 (GmNQ - Z Ky_1;yi —Ln_1— b)
i=0

T T
+ Xy oKy 1 v 2N 1 KN 1 N 2XN 2

T T T
+ VoSN VN2 + Wy o Ky v oSN KN N2 W

T T
+ WN71KN71,N71KN—1,N71 WNl]
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= min E
XN-2

((KJT\;_27N_2KN—2,N—2 + A+ K]CZ\;_17N_QQN—1KN—1,N—2)XN—2

N-3
— KN an-s (mN—z - Z Kn_2;yi —Ln-2 — b)

=0

N-3 T
- ij\;_LN_QQN—l <GmN—2 - Z KN—l,i yi— Ly — b) )

=0
X (K],I\;_QJV_QKN—Q,N—Q + A+ ij\;_LN_QQN—lKN—l,N—Z)_I

X ((K]:I\;_ZN_QKN—Q,N—Z + A+ KJTV_LN_QQN—lKN—1,N—2)XN—2

1=0

N-3
- KJC\F/_LN_QQN—l <GmN—2 - Z KN—l,i yi— Ly — b) )

N-3
- ij\;—2,N—2 (mN—2 - Z Kn_2;yi —Ln-2 — b)

=0

N-3
- (KII\;—Z,N—2 (mNQ — Z Kn_o;yi —Ln_g — b)

i—0
N-3 T
+ KJTV_LN_QQNA <GmN2 - Z Kn_1,yi —Ln_1 — b) )
i—0
X (KIE—Z,N—2KN*27N*2 + A+ Kﬁ—l,N—ngflKNfl,N%)fl

N-3
X <K£—2,N—2 <mN2 - Z Kn_2;y;i — Ln_2— b>

=0

N—3
+ Kj{rq,]v,zQNq (GmNZ — Z Kn_1;yi — Ln-—1 — b) )

1=0

N-3 T
+ (mNZ — Z Ky _9;yi—Ly_o— b)

1=0

N-3
X <mN2 - Z KN72,i yi— Ly_2 — b)

1=0

N-3 T
+ <GmN—2 - Z Kn_1;yi — Ln_1 — b) Qn_1

=0

N-3
X <GmN2 - Z KNfl,i yi — Ly_1 — b)

=0
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T T T
+ Wy oKy oy o KN 2N 2WN 2+ Vy QN 1VN 2

+ W o KN 1 0N 1 K N1 N2 W2
+ W%AKJY\}A,NAKN—LN—I WN—1] :
Hence, the optimal v§ _,(mj n_2), ¥jo,v—3) is obtained as

Yv—2(Mp N2, Yo.N-3) =

1
<K]’I\}_2,N_2KN—2,N—2 + A+ ij\;_LN_QQN—1KN—1,N—2>

N-3
X <K17\;2,N2 (mN—2 - Z Kn_o9;y; — Ly — b)

1=0

N-3
+ Ky 1 n_ofNn-1 (GmN—2 - Z Kn-1:yi —Ln-1— b)) :
i=0

Notice that even though mp y_5 and yp n_3 are available to the en-
coder, the encoder uses only my_, and yp y_g at the (N — 1)st stage;
i.e., the encoder does not need my y_3. We observe that the optimal
X, can be obtained as an affine function of my and yp—1 at each stage
k=0,1,...,N — 1 by completing the square, since the cost of the current
stage and the next stages consist of the quadratic function of x;, after using

the proper identities; i.e., m, = Gmy_; + vi_; and y, = X + Wy.

3.8.5 Proof of Theorem 3.5.2

We will follow an approach similar to that in [117] which restricted the analysis
to a team problem and a scalar channel; [117] in turn builds on [118], which
considers continuous time systems. Since the (k + 1)st stage encoder policy
only transmits the linearly encoded innovation by assumption, x; = v£(Zf) =
Apmy, where Ay is an n x n matrix for £ = 0,1,..., N — 1. Then the decoder
receives y, = X, + wp = Apmy + wy, and applies the action u, = YH(Z¥) =
E[my|yps] to minimize his stage-wise cost [ex]|? = E[||my — ui||*] = E[(my, —
w) " (my, — wg,)] = tr(Be,) for £ = 0,1,...,N — 1 where Yg stands for the
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covariance matrix of the random variable R; i.e., ¥g = E[(R—E[R])(R—E[R])7].

Due to the orthogonality of m; and y -1}, and the iterated expectations rule,
w, = Elmy|ypy) = E [my + Emylypey)lyog] = Eglye] + Emyg|yor—1),
and it follows that e, = my — u, = my — Elmy|y;] — E[my|ypr-—1y] = my —
E[fy|y]. Since E[fy|yi] = Sam, AL (By,) " ¥k, the stage-wise cost of the decoder

becomes the trace of the following:

Yo, = Elexe;] = E [(my, — u)(my, — uy)"]
= B[ (i — S, AT (S30) " ye) (85— S, AT (Sy) " ve) |
= Ya, — S AL (By,) T Ak,
= Y, — S AT (AT, AT + ) ArSim,
= S, — S ATSG? (SR 2 A S, ATSS + 1) S A5,

myp

~1
— xl2 (1 — B2 AT (2;i/2Akzjg§2;{§A§2;i/2 + I) z;i/2Akzgj> N2

a -1
D (1 - BE (] + 1) H) S

my

() 1/2 -1 1/2
2SI+ HLH) 2 (3.15)

m

where (a) follows from Hj, £ S/ 2/@2%}3, and (b) follows by utilizing the matrix

inversion lemma, (I + UWV)™ ' =T —-UW™'+VU)™ 'V, where U = H, W =
I, and V = H.

Observe the following identity:

E[my|y;] = E[my] + Emy{] (Sy,) "~ v

= E [(my, + E[my|yp 1)) (A + wi)"] (Sy,) " va
= (Za AL +E [Emy|yop—y] mi] AL) (Sy,) " va

(a) -
= ErhkAg (ZYk) ! Yi,

where (a) due to the orthogonality of E[my |y ,—1)] and my. Then the innovation

can be expressed recursively as follows:

My = My — E[mk+1’y[o7kﬂ

= Gmy, + vi, — Emyq|ypr—1) — Elmyq|y]

111



= Gmk + Vi — G]E[mk|y[07k_1]] — G]E[mk|yk]
= Gl’?lk + Vi — GfolkAg (Eyk)il Y& .

Then the covariance matrices of the innovations can be expressed as

Eﬁlk-y-l = E[fﬁk-i-lfﬁiii—l]
= GY5, Gl + %, — G8a, AL (2y,) " AxZs, GT
— G, G + Sy, — G, AT (4T, AT + S) ' AT, G7

—1
—any? ( [-sY2ATs 1 (z;viﬁAkZ;{izziAZE;iﬂ T I)

x 2;1/214@}7{?) SLGT + 5,

— qzl? (1 — H (HH +1)7" Hk,> TN Y
= GSY’ (I +HFH) ' SL2GT + 3, . (3.16)
The optimal encoder chooses Ay in order to minimize his stage-wise cost
E[|jmy, — we — bl|* + Allxx[|*] = E [[lmy, — E[my|yjo.u] — b]I* + Allx|’]
= E [|[my, — Efmy|yon]|* + [Ib]I* + Allx*]
= E [[Jmy, — wgl* + [[b]|* + Allx|*]
tr (e, ) + tr (A, ) + ||b]|?
tr ( SY2 (I + HIHy) ™ E}I{f) +tr (AR Em, AT) + b2
(

a

tr (S, (I+ HIH,)™ ) Ftr (AE%?A{A,CE:{?) +b|?

)ty (zmk (I+ HIHy)” )+tr (AHT Sy, Hy) + [[b]1%,
(3.17)

where (a) is obtained by using (3.15).

Let the value functions be Vi (X4,) = tr (KxXam, + Lx) with K} being diago-

nal. In the following we show that there exist such Vj, that satisfy Bellman’s prin-

ciple of optimality [120, Theorem 3.2.1]. Here V} (X4, ) = ming, (Ck (X, He)+
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Vier1 (Zingr) ) and Cy (X, Hi) £ tr(Ze,) +tr (A\X,,) + ||b||? is the stage-wise

cost of the k-th stage encoder. Then,

k

Vk (Eﬁlk) = Il'}lIiIl (Ck (Eﬁlm Hk) + Vk—l—l (Zﬁ‘lk+1) )

@ min <tr (zﬁlk (I+ H,’{Hk)—l> + tr (A\H}. Sw, Hi) + ||b]?

Hy

+ tr (Kps1Zmp., + Lis1) )

© min <tr (zﬁlk (I+ H,{Hk)’1> + tr (\H] Sw, Hi) + ||b]?
k

+ tr (K,CHGZ;Q (I+ HkTHk)*l g;{iGT + Kp1 Sy, + Lk+1>>

9 g (K412, + Lig1) + [|b])?

+ min <tr (2;(,3 (I+HH,) " z;{i) +tr (AHF Sy, Hy)

Hy,
+tr (GTKIH-IGE:?{? (Z+ HkTHk)_l E%i) )
= tr (Kk+12\;k -+ Lk+1) + HbH2

+ min <tr ( (GTKynG+ 1) S (1 + HE Hy) ™ 21/2>

Hy, mp my

+tr (AHEEWka)>
= tr (Ky315v, + Lis1) + |[b|?

+ min (tr <Egi (GT K G+ 1) S22 (1 + B Hy) )

Hy,
+tr (A\H] Sw, Hr) ) : (3.18)

where (a) follows by substituting Cy (Xa,, Hr) using (3.17), (b) follows
by employing (3.16), and (c) follows from the fact that Kj,; and Ly

do not depend on Hj. The equivalent problem of the minimization of
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tr (Zzi (GTKk+1G + I) Egz ([ + H,F;FH;C)_I) over H; under the constraint
tr ()\H,ZEwka) = is considered in [106], and the solution technique can be

adapted as follows:

Let vg, > v, > ... > v, > 0and 7, > 7%, , > ... > Ty > 0
be the eigenvalues of . L2 (GTK;CHG—i—I) zi and AXy,, respectively, and
Mk, = . (,/Tkini — Tk) If pir, values are non-positive for p = 1,2,...,n,

then the optimal Hj, becomes zero; i.e., H; = 0. Otherwise, check if 7, /1, <1
for p that makes py, positive. If the inequality is not satisfied, again the optimal

Hy, becomes zero; i.e., H; = 0. Finally, pick p and corresponding pi, which give

( )

+Zl 177(2
tr ( /2 (GTKk+1G + ]) 1/2> then the optimal Hj becomes zero; i.e., H; = 0.

Othervmse, the optimal Hy, is found as H} = (Pl where II;, is a unitary ma-

the minimum of +Z?:p 41 Vk; + - If that minimum is greater than

trix such that 1Y (A, ) Iy = diag (Thy, Thys - - -5 Ty ) = ﬁk, Py, is a unitary ma-
trix such that Pl (2;/15 (GTKkﬂG + I) 1/2> P, = diag (Vk,, Vkyy - - -, VK, ), and
(r is a diagonal matrix such that (; = diag (, TR O‘kp;;’o> e ,O)

with o, = -1+ # 1+ Zfzzl Tk; |- For p < n, let fk(p) <
ST T
 Thp/Viy Dot /TPl — 9oy Thy, then pj is defined by
prp=nif fy(n) <1,
fepr) <1< falp, +1) if fr(n) > 1.

Since the optimal Hj, always has the form of H; = II4(.P! for every
W = tr ()\HkTZwk Hk) as described above, then the recursion of the innovation’s

covariance matrix (3.16) can be expressed as

Y=

mpg41

1/2 -1 G1/2
= GO (I+ HFH,) LG+ 5,
= GSY? (I + RIILGPT) T SL26T + 3,
1/2 -1 1/2
= GOL2 (I + Pl GPT) SL2GT + 5, . (3.19)
Then, by utilizing H; = [1x(x P! in (3.18), Then (3.18) becomes
Vi () = tr (Ki 12, + Liyr) + [|b]f?
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+tr (S (G K G+ 1) S (1 + BGIIEGP) ™)
+ tr (APeCL I Sw, kG BY)
@ (Ky+13v, + Lig1) + tr (bb”) + tr (CkTﬁka>
-1
+tr (S (TR G+ 1) B2 (1 + PGl GPE) ™)

b ~
QD tr (K150, + Liga) + tr (bb7) + tr (ng Hkgk)

my

+ tr (Zf{i (GTKja G+ 1) B2

x (1= PGl (1 + GPE PG ™ GoPE) )

9 b (Ki412v, + Lit1) + tr (bb”) + tr <C/<Tﬁk5k>

my

+ tr (E%i (GTKk_HG + I) El~/2

X (I — Pl (I+CkaT)_l CkPI;‘F> )
= t7 (K12, + Lis1) + tr (bb") + tr (CkTﬁka>
+ tr ( (G"Kjp1G + 1)

% (S, — SR (1+ Gl T GRISY?) )

d ~
9 (K15, + Lis1) + tr (bb") + tr (CngCk)

Ftr ( (GT Ky G+ 1) <zﬁlk (Gl gkzﬁlk> )
=tr (KkHEVk + Lk—f—l) + tr (bbT) + tr (CkTﬁka>
+tr ((GTKWG + ) (1= ¢ (1+ 6™ <k)zﬁlk> ,

(3.20)

where (a) follows from 111, = I, PP, = 1, ﬁk =11} (\Xy, ) I1;, and the prop-
erties of the trace operator, (b) is due to the matrix inversion lemma by choosing
U=Rg, W=IandV =GPl in (I+UWV) L =T-UW 4+ VU)"'V,
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(c) is due to PI'P, = I, (d) follows from the diagonality of Yg, , P and (:
Since G, Yg,, Kj and Xy, are diagonal for £ =0,1,..., N — 1, it is always pos-
sible to find a unitary diagonal Py such that Pf (ng (GTKlG + 1 ) E}éi) Py =
diag (vo,, Vo, - - -, Vo, ), which makes ¥, diagonal by (3.19). By following the
same approach, Y5, and Py are diagonal for k =0,1,..., N — 1.

In order to satisfy (3.20), since Vi (Xm,) = 0, we choose Ky = Ly = 0, and
{Kk+1, Lr+1} according to

Ky = (GTKunG+ 1) (1= ¢ 1+ " G)
Li = Ki1 %y, + Liir + T TG, + bbT | (3.21)

for k=0,1,..., N — 1. Now we verify that the diagonal K} matrices satisfy the

dynamic programming recursion.

Now consider the special case when the channel is scalar instead of multi-
dimensional. Then zj, w; and y, become scalar random variables rather than
vectors. Ay is now 1 x n matrix for £k = 0,1,..., N — 1. We will use ajk and

2 2

0., for the variances of y;, and wy, respectively. Then II = 1, MI=m7 = AT s

¢ = [\/a_l,(),(),'-- ,O} is a 1 X n row vector with ay = —1 + <—'\/%1) <1+

71 | = 1/7 since p* = 1. Then, the optimal linear encoder policy is found as

Ar = Zi{f(kPkTE;iﬂ since the optimal Hj is H} = (P, the Hy, is defined as
H, £ 2;1/2Ak21/2 and Il = 1 and ¢ = [; 0,.. 0] for the scalar channel.

my,’ o2 )’ )
VW

Further, (3.21) reduces to the following for the scalar channel:

o2
e 11,0001
1+ Aoy,
Ly, = K412y, + L + diag(1,0,0,...,0) + bb”

K, = (GTKkHG + 1) x diag (

for k=0,1,...,N — 1.
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Chapter 4

Hypothesis Testing under
Subjective Priors and Costs as a

Signaling Game

In this chapter, the binary signaling problem is investigated under the hypothesis
testing context. Nash and Stackelberg equilibria of the binary hypothesis-testing
game are analyzed, a characterization on when informative equilibria exist, and
robustness and continuity properties to misalignment are presented under Nash

and Stackelberg criteria.

The main contributions of this chapter can be summarized as follows:

(i) A game theoretic formulation of the binary signaling problem is established

under subjective priors and/or subjective costs.

(ii) The corresponding Stackelberg and Nash equilibrium policies are obtained,
and their properties (such as uniqueness and informativeness) are investi-
gated. It is proved that an equilibrium is almost always informative for a
team setup, whereas in the case of subjective priors and/or costs, it may
cease to be informative. It is shown that Stackelberg equilibria always exist,

whereas there are setups under which Nash equilibria may not exist.
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(iii) Furthermore, robustness of equilibrium solutions to small perturbations in
the priors or costs are established. It is shown that, the game equilib-
rium behavior around the team setup is robust under the Nash assumption,

whereas it is not robust under the Stackelberg assumption.

(iv) For each of the results, applications to two motivating setups (involving
subjective priors and the presence of a bias in the objective function of the

transmitter) are presented.

4.1 Problem Formulation

Consider a binary hypothesis-testing problem:
HO Y = SO + N >

(4.1)
leY:Sl+N,

where Y is the observation (measurement) that belongs to the observation set
I' = R, Sy and S; denote the deterministic signals under hypothesis H, and
hypothesis H;, respectively, and N represents Gaussian noise; i.e., N ~ N (0, 02).
In the Bayesian setup, it is assumed that the prior probabilities of Hg and H; are

available, which are denoted by my and my, respectively, with 7o + 7 = 1.

In the conventional Bayesian framework, the aim of the receiver is to design
the optimal decision rule (detector) based on Y in order to minimize the Bayes
risk, which is defined as [72]

7"(5) = 7TOR0(5) + 7T1R1(5) s (42)

where § is the decision rule, and R;(-) is the conditional risk of the decision rule
when hypothesis H; is true for i € {0,1}. In general, a decision rule corresponds
to a partition of the observation set I' into two subsets ['y and I';, and the decision

becomes H; if the observation y belongs to I';, where i € {0, 1}.

The conditional risks in (4.2) can be calculated as
R;(6) = CoiPo;i + C1iP1; (4.3)

118



for i € {0,1}, where C}; > 0 is the cost of deciding for H; when H; is true, and
P;; = Pr(y € I';|H;) represents the conditional probability of deciding for #;
given that H; is true, where 4, j € {0,1} [72].

It is well-known that the optimal decision rule § which minimizes the Bayes
risk is the following test, known as the likelihood ratio test (LRT):

Hi

0: {Wl(cm - Cll)pl(y) ; 7r0(010 - 000)100(9) ) (4-4)
Ho

where p;(y) represents the probability density function (PDF) of Y under H,; for
i€ {0,1} [72].

If the transmitter and the receiver have the same objective function specified
by (4.2) and (4.3), then the signals can be designed to minimize the Bayes risk
corresponding to the decision rule in (4.4). This leads to a conventional formula-

tion which has been studied intensely in the literature [72,73].

On the other hand, it may be the case that the transmitter and the receiver can
have non-aligned Bayes risks. In particular, the transmitter and the receiver may
have different objective functions or priors: Let C}; and C7; represent the costs
from the perspective of the transmitter and the receiver, respectively, where 7, 7 €
{0,1}. Also let ! and # for i € {0,1} denote the priors from the perspective of
the transmitter and the receiver, respectively, with Wé + W{ =1, where j € {t,r}.
Here, from transmitter’s and receiver’s perspectives, the priors are assumed to
be mutually absolutely continuous with respect to each other; i.e., winl = 0 <
i =nwl =0 for i € {0,1}. This condition assures that the impossibility of any
hypothesis holds for both the transmitter and the receiver simultaneously. The
aim of the transmitter is to perform the optimal design of signals S = {Sp, S;}
to minimize his Bayes risk; whereas, the aim of the receiver is to determine the
optimal decision rule § over all possible decision rules A to minimize his Bayes

risk.

The Bayes risks are defined as follows for the transmitter and the receiver:

19(S,6) = RA(S, 8) + w RI(S,0)
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where
Rg(Sa d) = C&-Pm + Cfipu ;

for i € {0,1} and j € {t,r}. Here, the transmitter performs the optimal signal

design problem under the power constraint below:
SE£{S={S,51}:[So|* < Py, |S1]* < A},
where Py and P, denote the power limits.

According to the formulation above, the extensive form of the game is depicted

in Figure 4.1.

Ho Hq

7o TRANSMITTER !
SO Sl

N ~ N(0,0%)

Y=S8S+N Y=5+N

7o RECEIVER 71

5(y) W>=1 5(y) N>=1
Poo P1o Por P11

t t t t
COO Cl 0 C10 1 Cl 1

T T T T
C’00 Cl 0 C(0 1 Cl 1

Figure 4.1: The extensive form of the binary signaling game.

In the current formulation, and a pair of policies (S*,*) is said to be a Nash
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equilibrium [19] if

r{(S*,6%) < 1(S,5") VS€ES,

(4.5)
r(S*,6%) < 1(ST,8) ViEA,

*

whereas, a pair of policies (§*,d%.) is said to be a Stackelberg equilibrium [19] if

r'(8°,05.) <1'(S.85) VS ES,
where 03 satisfies (4.6)
r"(8,05) <r'(S,0s) Vise€A.

4.1.1 Two Motivating Setups

We present two different scenarios that fit into the binary signaling context dis-

cussed here and revisit these setups throughout the chapter.

4.1.1.1 Subjective Priors

In almost all practical applications, there is some mismatch between the true
and an assumed probabilistic system/data model, which results in performance
degradation. This performance loss due to the presence of mismatch has been
studied extensively in various setups (see e.g., [121], [122], [123] and references
therein). In this chapter, we have a further salient aspect due to decentralization,
where the transmitter and the receiver have a mismatch. We note that in decen-
tralized decision making, there have been a number of studies on the presence of
a mismatch in the priors of decision makers [86-88]. In such setups, even when
the objective functions to be optimized are identical, the presence of subjective
priors alters the formulation from a team problem to a game problem (see [4, Sec-
tion 12.2.3] for a comprehensive literature review on subjective priors also from

a statistical decision making perspective).

With this motivation, we will consider a setup where the transmitter and the

receiver have different priors on the hypotheses Hy and H;, and the costs of
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the transmitter and the receiver are identical. In particular, from transmitter’s
perspective, the priors are 7 and 7, whereas the priors are 7, and 7] from
receiver’s perspective, and Cj; = C]t-i = C7; for i,j € {0,1}. We will investigate

equilibrium solutions for this setup throughout the chapter.

4.1.1.2 Biased Transmitter Cost!

A further application will be for a setup where the transmitter and the receiver
have misaligned objective functions. Consider a binary signaling game in which
the transmitter encodes a random binary signal x = i as H; by choosing the
corresponding signal level S; for ¢ € {0, 1}, and the receiver decodes the received
signal y as u = d(y). Let the priors from the perspectives of the transmitter
and the receiver be the same; i.e., m; = nf = «/ for ¢ € {0,1}, and the Bayes
risks of the transmitter and the receiver be defined as 7(S,0) = E[l{1—(wauab)}]
and 7"(S,0) = E[l{1—(zeu)}], respectively, where b is a random variable with a
Bernoulli distribution; i.e., & = Pr(b = 0) = 1—Pr(b = 1), and « can be translated
as the probability that the Bayes risks (objective functions) of the transmitter

and the receiver are aligned. Then, the following relations can be observed:

(8, 6) = E[l{—@ouss)y] = a(moP1o + m1Po1) + (1 — ) (moPoo + 71 P11)
= C,,=Clp=aand Cly=C{, =1—-a,
r'(S,9) = E[]l{lz(x@u)}] = moP10 + mPos

Note that, in the formulation above, the misalignment between the Bayes risks
of the transmitter and the receiver is due to the presence of the bias term b (i.e.,
the discrepancy between the Bayes risks of the transmitter and the receiver) in the
Bayes risk of the transmitter. This can be viewed as an analogous setup to what
was studied in a seminal work due to Crawford and Sobel [16], who obtained the

striking result that such a bias term in the objective function of the transmitter

Here, the cost refers to the objective function (Bayes risk), not the cost of a particular
decision, C'j;. Note that, throughout the chapter, the cost refers to Cj; except when it is used
in the phrase Biased Transmitter Cost.
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may have a drastic effect on the equilibrium characteristics; in particular, under
regularity conditions, all equilibrium policies under a Nash formulation involve

information hiding.

4.2 Team Theoretic Analysis: Classical Setup

with Identical Costs and Priors

Now consider the team setup where the costs and the priors are assumed to
be the same for both the transmitter and the receiver; ie., Cj; = C’;i = C}
and m; = wt = «f for i,j € {0,1}. Thus the common Bayes risk becomes
r'(8,0) =r"(S,d) = mo(CooPoo + C10P10) + m1(Co1Po1 + C11P11). The arguments
for the proof of the following result follow from the standard analysis in the
detection and estimation literature [72,73]. However, for completeness, and for

the relevance of the analysis in the following sections, a proof is included.

Theorem 4.2.1. Let 7 £ M If T <0 or 7 = o0, the team solution of
71(Co1—C11)
the binary signaling setup is non-informative. Otherwise; i.e., if 0 < T < 00, the

team solution is always informative.

4.3 Stackelberg Game Analysis

Under the Stackelberg assumption, first the transmitter (the leader agent) an-
nounces and commits to a particular policy, and then the receiver (the follower
agent) acts accordingly. In this direction, first the transmitter chooses optimal
signals § = {5y, 51} to minimize his Bayes risk r*(S, ), then the receiver chooses
an optimal decision rule § accordingly to minimize his Bayes risk 7"(S,d). Due
to the sequential structure of the Stackelberg game, the transmitter knows the
priors and the costs of the receiver so that he can adjust his optimal policy ac-
cordingly. On the other hand, the receiver knows only the policy and the action

(signals S = {Sp, S1}) of the transmitter as he announces during the game-play.
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4.3.1 Equilibrium Solutions

Under the Stackelberg assumption, the equilibrium structure of the binary sig-

naling game can be characterized as follows:

Theorem 4.3.1. If 7 £ % < 0 or 7 = oo, the Stackelberg equilibrium
of the binary signaling game is non-informative. Otherwise; i.e., if 0 < 7 < 00,
let d & 2550 g, & R 2 son (Gl — CF), ko 2 wC(Cly — Clo) T2,
and ki £ 7¢(CL — C4)r2. Then, the Stackelberg equilibrium structure can
be characterized as in Table 4.1, where d* = 0 stands for a non-informative

equilibrium, and a nonzero d* corresponds to an informative equilibrium.

Table 4.1: Stackelberg equilibrium analysis for 0 < 7 < co.

InT (ko — k1) <0 InT (ko — ki) >0

ko 4+ k1 < 0 | d* = min {dmax, \/‘% } d* = 0, non-informative

d;z.m < ‘72 11(1]:(]:]:)]\1)‘ = d* = 0, non-informative
o+ k1
> = o . .

ko+ki >0 d* = dmax 27 (ko — k1) oy | e ()] doa ()] | @

B > | (2 o) - o) n ="
e (ko + k1) kot inax 2 dmax 2 o

Before proving Theorem 4.3.1, we make the following remark:

Remark 4.3.1. As we observed in Theorem 4.2.1, for a team setup, an equilib-
rium is almost always informative (practically, 0 < T < 00), whereas in the case

of subjective priors and/or costs, it may cease to be informative.

Similar to the team setup analysis, for every possible case in Table 4.1, there
are more than one equilibrium points, and they are essentially unique since the
Bayes risks of the transmitter and the receiver depend on d. For example, for
d* = das, (S5.57) = (=VPo,v/P1) and (S5, 57) = (v Py, —v/P1) are the only

possible choices for the transmitter, and the decision rule of the receiver is chosen

21In7(ko—k1)
(ko+k1)

infinitely many choices for the transmitter and the receiver, and all of them are

based on the rule in (4.9). Similarly, for d* = 0 or d* =

, there are

essentially unique; i.e., they result in the same Bayes risks for the transmitter

and the receiver.
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4.3.2 Continuity and Robustness to Perturbations around

the Team Setup

We now investigate the effects of small perturbations in priors and costs on equi-
librium values. In particular, we consider the perturbations around the team

setup; i.e., at the point of identical priors and costs.

Define the perturbation around the team setup as € = {€xo, €x1, €00, €01, €10, €11} €
R® such that 7} = 7] + ex; and Cf; = CJ; 4 € for 4,5 € {0,1} (note that
the transmitter parameters are perturbed around the receiver parameters which
are assumed to be fixed). Then, for 0 < 7 < oo, at the point of identi-
cal priors and costs, small perturbations in both priors and costs imply kg
(7 + €x0)C(Cly — Clip+ €10 — €00)7~2 and &y = (7] +€01)¢(Cly — Cfy + o1 —€11)7
Since, for 0 < 7 < o0, ko = k1 = /7w (Clo — Cho)(Ch — CYy) > 0 at the

point of identical priors and costs, it is possible to obtain both positive and

1
2.

negative (kg — k1) by choosing the appropriate perturbation € around the team
setup. Then, as it can be observed from Table 4.1, even the equilibrium may alter
from an informative one to a non-informative one; hence, under the Stackelberg
equilibrium, the policies are not continuous with respect to small perturbations
around the point of identical priors and costs, and the equilibrium behavior is

not robust to small perturbations in both priors and costs.

4.3.3 Application to the Motivating Examples

4.3.3.1 Subjective Priors

Referring to Section 4.1.1.1, for 0 < 7 < o0, the related parameters can be found

as follows (note that the equilibrium is non-informative if 7 < 0 or 7 = 00):

ko = Wé 7\/(010 - Coo)(C(n - Cn) )
0
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[k
k1 = 771 WO \/(010 — Coo)(Co1 — Ch1) .
1
2In7(ko—k1)

Since ko+k1 > 0, depending on the values of InT (kg — k), d2,,., and o +k1)
Case-1, Case-5 or Case-6 of Theorem 4.3.1 may hold as depicted in Table 4.2.

Here, the decision rule in Case-6 is the same as (4.14).

max’ Y

Table 4.2: Stackelberg equilibrium analysis of subjective priors case for 0 < 7 < 0.

0<T<1 1<7<o0
2In7(ky — k
2. < ‘% , d* =0, non-informative
L (ko + k1) Case-1 applies, d* = dypax
ks ™ ‘21117 ko — k1) )# Case-6 i
ase-6 applies
rrrrrr = (ko + 1) Pr
2In7(ko — k1)
&2, < ‘%‘ = Case-5 applies, d* = 0, non-informative
" -
To > To Case-1 applies, d* = dypax 0
i w7 ‘21117' ko — k1) ‘:s C 6 i
ase-6 applies
e P

4.3.3.2 Biased Transmitter Cost

Based on the arguments in Section 4.1.1.2, the related parameters can be found
as follows:

=20 k= mor(2a — 1), ky = /Tom (20— 1).
T

1
Then, In7 (ko — k1) = 0 and ko + k1 = 2,/mom(2a — 1); hence, either Case-4 or
Case-6 of Theorem 4.3.1 applies. Namely, if a« < 1/2 (Case-4 of Theorem 4.3.1
applies), the transmitter chooses Sy = S; to minimize d and the equilibrium is
non-informative; i.e., he does not send any meaningful information to the trans-
mitter and the receiver considers only the priors. If & = 1/2, the transmitter has
no control on his Bayes risk, hence the equilibrium is non-informative. Other-
wise; i.e., if @ > 1/2 (Case-6 of Theorem 4.3.1 applies), the equilibrium is always
informative. In other words, if & > 1/2, the players act like a team. As it can
be seen, the informativeness of the equilibrium depends on « = Pr(b = 0), the

probability that the Bayes risks of the transmitter and the receiver are aligned.
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4.4 Nash Game Analysis

Under the Nash assumption, the transmitter chooses optimal signals S = {Sp, S; }
to minimize (S, §), and the receiver chooses optimal decision rule § to minimize
r"(S,0) simultaneously. In this Nash setup, the transmitter and the receiver do
not know the priors and the costs of each other; they know only their policies
as they announce to each other. Further, there is no commitment between the
transmitter and the receiver; hence, the perturbation in the transmitter does not
lead to a functional perturbation in receiver’s policy, unlike the Stackelberg setup.
Due to this difference, the equilibrium structure and robustness properties of the
Nash equilibrium show significant differences from the ones in the Stackelberg

equilibrium, as stated in the following.

In the analysis, we restrict the receiver to use only the single-threshold rules.
Although a single-threshold rule is suboptimal for the receiver in general, it is
always optimal for Gaussian densities, and always optimal for unimodal densities

under the maximum likelihood decision rule [72,124].

4.4.1 Equilibrium Solutions

Under the Nash assumption, the equilibrium structure of the binary signaling

game can be characterized as follows:

2 75(C1=C) Y T _ (T A Cip=Ch

Theorem j14t1 Let 7 = TvE=Gly and ¢ = sgn(Cj, — C7y), & = or=cn

and & = gi’}:g}}. If 7 <0 or 7 = o0, then the Nash equilibrium of the binary
01 11

signaling game 1is non-informative. Otherwise; i.e., if 0 < 7 < o0, the Nash

equilibrium structure is as depicted in Table 4.5.
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Table 4.3: Nash equilibrium analysis for 0 < 7 < co.

£ >0 & =0 & <0
Py > P, = no equilibrium

& >0 unique informative equilibrium non-informative equilibrium | p = p; = non-informative equilibrium

Py < P, = unique informative equilibrium
& =0 non-informative equilibrium non-informative equilibrium non-informative equilibrium

Py > P, = unique informative equilibrium

&1 <0 | p) = P = non-informative equilibrium non-informative equilibrium no equilibrium

Py < P, = no equilibrium

As it can be deduced from Table 4.3, as the costs related to both hypotheses are
aligned? for the transmitter and the receiver, the Nash equilibrium is informative.
If the power limit corresponding to the hypothesis that has aligned costs for the
transmitter and receiver is greater than the power limit of the other hypothesis,
again, there exists an informative equilibrium. For the other cases, there may
exist non-informative equilibrium; further, the misalignment between the costs

can even induce a scenario, in which there exists no equilibrium.

The main reason for the absence of a non-informative (babbling) equilibrium
under the Nash assumption is that in the binary signaling game setup, the receiver
is forced to make a decision. Using only the prior information, the receiver always
chooses one of the hypothesis. By knowing this, the transmitter can manipulate
his signaling strategy for his own benefit. However, after this manipulation, the
receiver no longer keeps his decision rule the same; namely, the best response
of the receiver alters based on the signaling strategy of the transmitter, which
entails another change of the best response of the transmitter. Due to such an
infinite recursion, the optimal policies of the transmitter and the receiver keep

changing, and thus, there does not exist a pure Nash equilibrium.

As shown in Theorem 4.4.1, at the Nash equilibrium, the transmitter selects
So = —sgn(a)sgn(Cty — Cl,)vPo and S; = sgn(a)sgn(CE, — Ct)v/ Py, and the
Hi

decision rule of the receiver is 6 : < ay ; n where a = ((S; — Sp) and n =
Ho

2¢; is the indicator that the transmitter and the receiver have similar preferences about
hypothesis H;; i.e., if §& > 0, then both the transmitter and the receiver aim to transmit and
decode the hypothesis H; correctly (or incorrectly). If §; < 0, then the transmitter and the
receiver have conflicting goals over hypothesis H;; i.e., one of them tries to achieve the correct
transmission and decoding, whereas the goal of the other player is the opposite.
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2 Q2
¢ (02 In(7) + 5125‘)). Similar to the team and Stackelberg setup analysis, the
equilibrium is essentially unique in Nash case, too; i.e., if (S§,S},a*,n*) is an
equilibrium point, then (=S, —S}, —a*,n*) is another equlhbrlum point, and

they both result in the same Bayes risks for the transmitter and the receiver.

4.4.2 Continuity and Robustness to Perturbations around

the Team Setup

Similar to that in Section 4.3.2 for the Stackelberg setup, the effects of small
perturbations in priors and costs on equilibrium values around the team setup

are investigated for the Nash setup as follows:

Define the perturbation around the team setup as € = {€xo, €x1, €00, €01, €10, €11} €
R® such that 7} = 7] + €r; and C;, = CJ; + ¢j; for i,j € {0,1} (note that the
transmitter parameters are perturbed around the receiver parameters which are

assumed to be fixed). Then, for 0 < 7 < oo, at the point of identical priors

Cf0_060+€10_600
O{‘O_C(TI;O
. As it can be seen, the Nash equilibrium is not affected by

and costs, small perturbations in priors and costs imply &, = and

6 = Sl
small perturbations in priors. Further, since £, = & = 1 at the point of identical
priors and costs for 0 < 7 < 0o, as long as the perturbation € is chosen such that
%| < 1 and | 591 L \ < 1, we always obtain positive &, and &; in Table 4.3.
Thus, under the Nash assumptlon, the equilibrium behavior is robust to small

perturbations in both priors and costs.

For the continuity analysis, consider the following: if the priors and costs are
perturbed around the team setup, Sy = —sgn(a)sgn(Ciy — Ciy + €10 — €00)V Fo
and 57 = sgn(a)sgn(Cy, — Cfy + €01 — 611)\/P1 are obtained. As long as the

perturbation € is chosen such that |5

in 1, Sy and S; are continuous with respect to perturbatlons, actually, the val-

ues of the equilibrium parameters remain constant; i.e., either (Sg, ST, a*,n*) =

<—§\/F0,C\/F1, (VP +VP), ¢ <02 In(7) + @)) or the essentially equiva-
lent one (S5, S7,a", 1) = ((V/Fo, ~CVPL ~(V + VP, ¢ (o2 In(r) + )
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holds. Thus, the policies are continuous with respect to small perturbations

around the point of identical priors and costs.

4.4.3 Application to the Motivating Examples
4.4.3.1 Subjective Priors

The related parameters are 7 = %, & =1,and & = 1. Thus, if 7 <0
or 7 = 00, the equilibrium is non-informative; otherwise, there always exists a
unique informative equilibrium. As it is shown in Section 4.4.2; as long as the
priors are mutually absolutely continuous, the subjectivity in the priors does not

affect the equilibrium.

4.4.3.2 Biased Transmitter Cost

Based on the arguments in Section 4.1.1.2, the related parameters can be found

as follows:

Cor = Cp =1 and Cgy = C7; =0,

_ mo(Cly — Co) o

- T T\ ’
m(Ch —Ch)  m
Ct, — C}
_ Y10 00 __
fo—ﬁ—%v—l;
10 00
Cct, —Ct
_ ‘ol 1 _
o1 — “11

If o« > 1/2 (Case-3-d of Theorem 4.4.1 applies), the players act like a team and
the equilibrium is informative. If @ = 1/2 (Case-2 of Theorem 4.4.1 applies), the
equilibrium is non-informative. Otherwise; i.e., if & < 1/2 (Case-3-a of Theo-
rem 4.4.1 applies), there exists no equilibrium. As it can be seen, the existence of
the equilibrium depends on « = Pr(b = 0), the probability that the Bayes risks

of the transmitter and the receiver are aligned.
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4.5 Extension to the Multi-Dimensional Case

When the transmitter sends a multi-dimensional signal over a multi-dimensional
channel, or the receiver takes multiple samples from the observed waveform, the
scalar analysis considered heretofore is not applicable anymore; thus, the vector
case can be investigated. In this direction, the binary hypothesis-testing problem

aforementioned can be modified as

HQIY:SO—FN,
H11Y281+N,

where Y is the observation (measurement) vector that belongs to the observation
set I' = R", Sy and S; denote the deterministic signals under hypothesis H,
and hypothesis H;, such that S £ {S : [|So||> < Py, [|S1]|> < P,}, respectively,
and N represents a zero-mean Gaussian noise vector with the positive definite
covariance matrix 3; i.e., N ~ N(0,X). All the other parameters (7% and Cfi for

i,7 € {0,1} and k € {t,r}) and their definitions remain unchanged.

4.5.1 Team Setup Analysis

Theorem 4.5.1. Theorem 4.2.1 also holds for the vector case: if 0 < T < 0o, the
team solution is always informative; otherwise, there exist only non-informative

equilibria.

4.5.2 Stackelberg Game Analysis

Theorem 4.5.2. Let d = \/(S; —So)TS(S1 — So) and d2,,, = @ﬂ;

where Ay 45 the minimum eirgenvalue of 3. Then Theorem 4.3.1 also holds for

the vector case.
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4.5.3 Nash Game Analysis

Theorem 4.5.3. Theorem 4.4.1 also holds for the vector case.

4.6 Conclusion

In this chapter, we considered binary signaling problems in which the decision
makers (the transmitter and the receiver) have subjective priors and/or mis-
aligned objective functions. Depending on the commitment nature of the trans-
mitter to his policies, we formulated the binary signaling problem as a Bayesian
game under either Nash or Stackelberg equilibrium concepts and established equi-

librium solutions and their properties.

We showed that there can be informative or non-informative equilibria in the
binary signaling game under the Stackelberg assumption, but there always exists
an equilibrium. However, apart from the informative and non-informative equi-
libria cases, there may not be a Nash equilibrium when the receiver is restricted
to use deterministic policies. We also studied the effects of small perturbations
at the point of identical priors and costs and showed that the game equilibrium
behavior around the team setup is robust under the Nash assumption, whereas

it is not robust under the Stackelberg assumption.

The binary setup considered here can be extended to the M-ary hypothesis
testing setup, and the corresponding signaling game structure can be formed
in order to model a game between players with a multiple-bit communication
channel. The extension to more general noise distributions is possible: the Nash
equilibrium analysis holds identically when the noise distribution leads to a single-
threshold test. Finally, in addition to the Bayesian approach considered here,
different cost structures and parameters can be introduced by investigating the

game under Neyman-Pearson and minimax criteria.
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4.7 Proofs

4.7.1 Proof of Theorem 4.2.1

The players adjust Sy, S1, and ¢ so that r*(S,0) = r"(S,0) is minimized. The
Bayes risk of the transmitter and the receiver can be written as follows?:
(S, 8) = 7} (CgoPoo + CoP10) + 7] (CJ,Po1 + CF,P11)
= 776080 + W{C{I + Wé(cfo - Cgo)Plo + 77{(031 - C{1)P01 ) (4.7)

for j € {t,r}.

Here, first the receiver chooses the optimal decision rule o3 ¢ for any given
signal levels Sy and S7, and then the transmitter chooses the optimal signal levels

Sp and ST depending on the optimal receiver policy 03, g, -

Assuming non-zero priors 7h, 75, w4, and 7}, the different cases for the optimal

receiver decision rule can be investigated by utilizing (4.4) as follows:

(i) If Cg, > Cy,

(a) if C7y > Cfy, the LRT in (4.4) must be applied to determine the
optimal decision.

(b) if Cf, < Cf,, the left-hand side (LHS) of the inequality in (4.4) is al-
ways greater than the right-hand side (RHS); thus, the receiver always

chooses H;.
(i) If G5 = C1y,

(a) if C7, > Cf,, the LHS of the inequality in (4.4) is always less than the
RHS; thus, the receiver always chooses H,.
(b) if C7, = Cfy, the LHS and RHS of the inequality in (4.4) are equal;

hence, the receiver is indifferent of deciding Hy or H;.

3Note that we are still keeping the parameters of the transmitter and the receiver as distinct
in order to be able to utilize the expressions for the game formulations.
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(c) if C7y < Cfy, the LHS of the inequality in (4.4) is always greater than
the RHS; thus, the receiver always chooses H;.

(iii) If C7, < O,

(a) if Cf, > Cf,, the LHS of the inequality in (4.4) is always less than the
RHS; thus, the receiver always chooses H,.

(b) if C7, < C§,, the LRT in (4.4) must be applied to determine the
optimal decision.

The analysis on the optimal receiver decision rule above is summarized in
Table 4.4:

Table 4.4: Optimal decision rule analysis for the receiver.

Clo > Cgo Clo = Coo Clo < Cgo
Cy, > CT, LRT always H; always H;
Cg, = C7, | always Ho | indifferent (Ho or Hy) | always H,
Cy, < C7, | always Hg always Hg LRT

As it can be observed from Table 4.4, the LRT is needed only when 7
75 (C10=Coo)
71 (C51—C11)

takes a finite positive value; i.e., 0 < 7 < co. Otherwise; i.e., 7 <0 or

T = 00, since the receiver does not consider any message sent by the transmitter,
the equilibrium is non-informative.

For 0 < 7 < o0, let ¢ £ sgn(Cy, — CF,) (notice that ¢ = sgn(C§, — CT,) =

sgn(Ciy, — Cy) and ¢ € {—1,1}). Then, the optimal decision rule for the receiver
in (4.4) becomes

(4.8)

Let the transmitter choose optimal signals S = {Sy, S1}. Then the measurements
in (4.1) become

H()ZYNN(S(),O'Q),
HlinN(Sl,O]),
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as N ~ N(0,0?), and the optimal decision rule for the receiver is obtained by

utilizing (4.8) as

* . exp{— 2} 7;
650’81 ‘ {Cexp{_mlﬂ 2} 5
SQ _SQ
: {Cexp{ 0202 1}exp{g£(5'1 )} = CT
Ho

Since
N(C(S; — Sy)So, (S1 — Sp)%0? der X
CY (S) — Sp) ~ <C(1 0)S0, (51 o)O)uner 07
N<§(Sl — S0)S1, (51 — 50)202> under H,

the conditional probabilities can be written based on (4.9) as follows:

Pro = Pr(y € I'1[#Ho) = Pr((y) = 1[#a) = 1 — Pr(3(y) = 0[Ho) = 1 — Pyg

. (g (02 In(r) + S5 (5, — 50>50>>

|Sl — S()| ag

B oln(r) |51 — So
_Q(C(|51—50|+ 20 ))’

Py = Pr(y € To[M) = Pr(d(y) = 0[#H1) = 1 — Pr(8(y) = 1[#H) =1 — Py,

o (g (02 In(r) + S5 (5, - 50)51))

|Sl —So|0'
1 oln(r)  [S1— S
- Q<<<|51—50| 20 )>
o o O‘IH(T) |Sl —S()|
—-Q(C( |Sl__SO|+ 5 )). (4.10)

By defining d £ 5551 iy — 1 - Py = @ (¢ (22 +4)) and Py = 1 -
P, =09 (C <—¥ + 5)) can be obtained. Then, the optimum behavior of the
transmitter can be found by analyzing the derivative of the Bayes risk of the

transmitter in (4.7) with respect to d:

drt(S, 8) . L1 1 /Int d\° Int 1
—aa = Cw) ey 5 | g ) e g
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8
InT 1 1 (InT 1
-zt 5) +m((Co — C1y)T2 (? + 5)

(4.11

)) |

m0(C10—Coo) we

In (411), if we utilize Cji = Ct Cr 71(Co1—C11)’

gis
. : 7 d b
obtain the following: we obtain d( - % <0, as expected [72].

dri(S,9) 1 . (InT)? . d?
dd Vor P g P17%
InT 1 InT 1
(7(0’010—000|7' 2 <—?+§) +7T1‘Col 011|7' <?+§))

LT W V7m1(Cro — Coo)(Cor — Chy) < 0
\/ﬂ exp 22 p 3 Tom1{“10 00)(Co1 11

Thus, in order to minimize the Bayes risk, the transmitter always prefers the max-
VPo+vVPL

t _ -7 —
mo=m, =m and T =

imum d, i.e., d* = , and the equilibrium is informative. Further, there are
two equilibrium points: (S5, 57) = (—=vPo, vVP1) and (S5, 57) = (VPo, —VP),
and the decision rule of the receiver is chosen based on the rule in (4.9) accord-
ingly. Actually, the equilibrium points are essentially unique; i.e., they result in

the same Bayes risks for the transmitter and the receiver.

4.7.2 Proof of Theorem 4.3.1

By applying the same case analysis as in the proof of Theorem 4.2.1, it can
be deduced that the equilibrium is non-informative if 7 < 0 or 7 = oo (see
Table 4.4). Thus, 0 < 7 < oo can be assumed. Then, from (4.11), r*(S,0) is a
monotone decreasing (increasing) function of d if ko (=27 + 1) + ki (5F 4+ 3), or
equivalently d?(ko + k1) — 2In7 (ko — k;) is positive (negative) Vd, where kg and
kq are as defined in the theorem statement. Therefore, one of the following cases

is applicable:
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CifInT (]{70 — k?l) < 0 and k() + kl Z O, then d2(k’0 + kl) > 21I1T(]{70 — k?l) is
satisfied Vd, which means that (S, §) is a monotone decreasing function of
d. Therefore, the transmitter tries to maximize d; i.e., chooses the maximum

of |S; — Sp| under the constraints |Sy|*> < Py and |S;]*> < Py, hence d* =

max |51;S°‘ = \/ﬁ‘);”/ﬁl = dmax, Which entails an informative equilibrium.
Cif T (ko — k1) <0, ko + k<0, and d2,,, < |25, 1(8,0) is a

monotone decreasing function of d. Therefore, the transmitter maximizes

d as in the previous case.

CifInT (ko—k1) < 0, ko+kr < 0, and @2, > |20 since d2(ko+ 1) —

2InT (ko — k1) is initially positive then negative, r*(S,d) is first decreasing

and then increasing with respect to d. Therefore, the transmitter chooses

. . 12 2In7(ko—k1)
the optimal d* such that (d*)* = R (TETa

Bayes risk rf(S, d) for the transmitter. This is depicted in Figure 4.2.

which results in a minimal

ifIn7 (ko — k1) > 0 and ko + ky < 0, then d?(ko + k1) < 2In7(ko — k) is
satisfied Vd, which means that (S, d) is a monotone increasing function of
d. Therefore, the transmitter tries to minimize d; i.e., chooses So = S; so

that d* = 0. In this case, the transmitter does not provide any information
Hi

to the receiver and the decision rule of the receiver in (4.8) becomes 9 : ¢ ;
Ho
(T; i.e., the receiver uses only the prior information, thus the equilibrium

is non-informative.
2InT1(ko—k

Gori ~|» then 7 1S,9)

is a monotone increasing function of d. Therefore, the transmitter chooses

if InT (k:o—kl)ZO, k0+k1>0 andd2

max

So = 57 so that d* = 0. Similar to the previous case, the equilibrium is

non-informative.

CifInT (ko — k) >0, ko + ki > 0, and 2, > ‘% (8, 8) is first

an increasing then a decreasing function of d, which makes the transmitter

choose either the minimum d or the maximum d; i.e., he chooses the one that
results in a lower Bayes risk r/(S,0) for the transmitter. If the minimum

Bayes risk is achieved when d* = 0, then the equilibrium is non-informative;
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otherwise (i.e., when the minimum Bayes risk is achieved when d* = dyay),

the equilibrium is an informative one. There are three possible cases:

() C(1—7)>0:
Ha

i. If d* =0, since ¢ : z (T, the receiver always chooses H;, thus
Ho

Pio = P11 = 1 and Pgy = Po; = 0. Then, from (4.7), r’(S,d) =
mCoo + mCh + m5(Cro — Coo)-

ii. If d* = dmax, by utilizing (4.7) and (4.10), r%(S,0) =
miCly + MOl + TH(Cly — Ci0)Q (¢ (52 + D)) + mh(Cl, -
CiQ (¢ (52 + 2)).

dmax

Then the decision of the transmitter is determined by the following:
d*:dmax

T(Cly— Cly) 2 h(Cly — Clo)Q (C <1H<T> . dmax)>

d*=0 dmax 2

ri(ch - ctye (¢ (52 + =)
(r)  dac ) ) ¢
mi(Clo— i (¢ (52 - f)) 2

dmax 2 d’EO
1 Armax
w(Chy — C1)Q (c (— o) ) o ))
In(7)  dmax d*zﬁma" In(7)  dmax
chre(¢(g - %)) 2 ame (e (-7 2+ %)
(4.12)

(4.12) can be analyzed based on the values of ¢ and 7 as follows:

i.(=land 0 <7 <1: Since In7(kg — k1) > 0= ko — k; <0 and
ko + k1 > 0, k1 > 0 always. Then, (4.12) becomes

d*=dmax
k:_TQ (_ln(T) B %) _0 (_ln(r) N %) ="
1

dmax 2 dmax 2 déo

ii. (=—land7>1: Since In7(ky — k1) > 0 = ko — k; > 0 and
ko + k1 >0, kg > 0 always. Then, (4.12) becomes

k1 In(7)  diax In(7) | dmax d*:gmax
welin %) e (G2+) 2o




(b) ((1—=7)=0<« 7=1: Since kg+k; > 0 and d*(ko+ k1) —2In7 (ko —

k1) >0, r*(8S, ) is a monotone decreasing function of d, which implies

d* = dpmax and informative equilibrium.

(¢c) C1—7)<0:
Hi
i. If d* =0, since § : z (T, the receiver always chooses Hg, thus
Ho
Poo = Po1 = 1 and Py = Py; = 0. Then, from (4.7), r'(S,d) =

mCoo + ™ Oy + 71 (Chy — Cfy)-

ii. If d* = dpax, by utilizing (4.7) and (4.10), r%(S,0) =
miClo + THCh + mh(Clo — Clo)Q (¢ (52 + = ) ) + #H(Chy —
CiQ (¢ (a2 + %)),

Then the decision of the transmitter is determined by the following:

d*=dmax In(7 Armax
(Ch — ) 2 w3<ofo—cso>g(<( ™, ))

d*=0 dmax 2

1 Amax
+71(Ch — C11)Q (C (_ crll(T) * 2 ))
| d. d*=dmax
T (Ch — CH)Q (C ( () - )) =

d*

o
1 dmaX
m0(Clo — Cho) <€ ;l(T) + 5 )>

In(7)  dmax d*zgm“ In(7)  dpax
e (c(72-%2)) 2 e (c(72+%2))

(4.13)

(4.13) can be analyzed based on the values of ¢ and 7 as follows:

i. (=—land 0<7<1:Sinceln7(ky—k;)>0=ky—k; <0and
ko + k1 > 0, k; > 0 always. Then, (4.13) becomes

kot In(7)  dnax In(7)  dpax d*zﬁm"
BT g (- Gmax ) g (- > 9.
kl Q ( dmax 2 ) Q ( dmax " 2 d’io

ii. (=1land7>1: Since In7(kg — k1) > 0 = kg — k; > 0 and
ko + k1 > 0, kg > 0 always. Then, (4.13) becomes
k'l Q (111(7-) . dmax> . Q (IH(T) + dmax) d*zémax 0 '

kor =\ duax 2 Ao 2 ) 5,
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Thus, the comparison of the transmitter Bayes risks for d* = 0 and d* =

dmax reduces to the following rule:

Ry ) ) o 1 i | ¢ e
L o (O] dua) o (1) =
kO T dmax 2 dmax 2 d*=0

(4.14)

The most interesting case is Case-3 in which In7 (kg — k1) < 0,k + k1 < 0,

2 21In7(ko—k1)
and d; .. > ‘W

the minimum or the maximum distance between the signal levels. Further, for

, since in all other cases, the transmitter chooses either

classical hypothesis-testing in the team setup, the optimal distance corresponds
to the maximum separation [72]. However, in Case-3, there is an optimal distance

dr =

2In r(ko—k1)
(ko+Fk1)

as it can be seen in Figure 4.2.

< dpax that makes the Bayes risk of the transmitter minimum

0.58

0.56

0.54
0.52 7
05T 7
0.48 b
0.46 b

0.44 .

Figure 4.2: The Bayes risk of the transmitter versus d when C§y = 0.4,C7, = 0.9,Cq, =
0,Cf; =0,Cf; =0.4,C% =04,Cf, =0.6,C%, =0.6,P, =1,P, = 1,0 = 0.1,7f = 0.25, and

my = 0.25. The optimal d* = ,/‘M = 04704 < dmmaer and its corresponding Bayes

ko+k1

risk are indicated by the star.
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4.7.3 Proof of Theorem 4.4.1

Let the transmitter choose any signals & = {Sp, S1}. Assuming nonzero priors
o, mh, i and 77, the optimal decision for the receiver is given by (4.9). By
applying the same extreme case analysis as in the proof of Theorem 4.2.1, the
equilibrium is non-informative if 7 < 0 or 7 = oo (see Table 4.4); thus, 0 < 7 < 00

can be assumed.

Ha
Now assume that the receiver applies a single-threshold rule; i.e., ¢ : {ay z n
Ho
where a € R — {0}, and n € R. Since
. N(aSO, a202) under H,
aY ~ ,
N(aSl, a202> under H,
the conditional probabilities are
Pio = Pr(y € I't[Ho) = Pr(0(y) = 1[Ho) =1 — Pr(6(y) = 0[Ho)
— 1Py =15 (4.15)
|alo
Por = Pr(d(y) = 0|H1) =1 — Pr((y) = 1|H.1)
Y oY (i Y (I A (4.16)
|alo |alo

Then, by inserting (4.15) and (4.16) in (4.7), the Bayes risk of the transmitter

becomes

Tt(87 5) = 776060 + ﬂiCil + ﬂ-é(cfo o C(t)o)Q (7] - CLSO>

|alo

—as
+wi<031—051>9(—” “ )

jalo

Since the power constraints are |Sy|? < Py and |Si|*> < P, the signals Sy and
S can be regarded as independent, and the optimum signals S = {Sy, S1} can
be found by analyzing the derivative of the Bayes risk of the transmitter with

respect to the signals:

91(S. ) L L —1 1 (n—aS 2] _a
55 - 7o(Clo — COO)E R T ( la|o ) |alo
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!
2
or'(S,0) . u L —1 1/ n—aS\’| a
T0S, —7r1(001—011)—\/%exp o\ a0 w
!
2

sgn(a)

= m”i(cﬁ — Cy) exp {—

Then, for i € {0,1}, the following cases hold:

1. = Cl; = S; has no effect on the Bayes risk of the transmitter.

(i) Ct, < Ct or Ct, > Ct = r'(S, ) is a decreasing (increasing) function of S;

if a(Ct,—C¢;) is negative (positive); thus the transmitter chooses the optimal
signal levels as Sy = —sgn(a)sgn(Cl, — Cly)v'Po and S; = sgn(a)sgn(CE, —

By using the expressions above, the cases can be listed as follows:

1. 7 <0 or 7 = 00 = The equilibrium is non-informative.

2. Cty=Cf, (and/or Cf, = C%,) = Sp (and/or Sy) has no effect on the Bayes

risk of the transmitter; thus it can arbitrarily be chosen by the transmitter.
In this case, if the transmitter chooses Sy = Sj; i.e., he does not send

anything useful to the receiver, and the receiver applies the decision rule

Ha

0:C E (T; i.e., he only considers the prior information (totally discards
Ho

the information sent by the transmitter). Therefore, there exists a non-

informative equilibrium.

. Notice that, since 0 < 7 < oo is assumed, ¢ = sgn(Cy; — C7;) = sgn(Cj, —

C{) is obtained. Now, assume that the decision rule of the receiver is

H1
§:<ay % n. Then, the transmitter selects Sy = —sgn(a)sgn(Ct,—Ct)vV Py
Ho

and S; = sgn(a)sgn(C§, —Ct)v/P; as optimal signals, and the decision rule
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becomes (4.9). By combining the best responses of the transmitter and the

receiver,

a = (81— So) = Csgn(a) (sen(Cly — CL)V/Pr + sgn(Clo — Clo)VRo)
=sgn(a) = Csgn(a) (sgn(Cly — CL)V/Pr + sgn(Clo — Clo) VR

Sgn(cél - Cfl) sgn(Cfo - Céo)
- — P+ " — V>0 (4.17)
Egn(001 - Cll)J fgn(clo - C'00)4
—sgn(€1) —san (&)

is obtained. Here, unless (4.17) is satisfied, the best responses of the trans-
mitter and the receiver cannot match each other. Then, there are four

possible cases:

(a) { < 0and & <0 = (4.17) cannot be satisfied; thus, the best re-

sponses of the transmitter and the receiver do not match each other,

which results in the absence of a Nash equilibrium.

(b) & <0 and & >0 = (4.17) is satisfied only when P, > Fy. If
VP < /Py, (4.17) cannot be satisfied and the best responses of the
transmitter and the receiver do not match each other, which results in

the absence of a Nash equilibrium. If v/ P, = /Py (which implies Sy =
Hi

S1), then the receiver applies ¢ : {§ E (7 asin Case-2, and the receiver
Ho

chooses either always H, or always H;. Hence, there exists a non-

informative equilibrium; i.e., the transmitter sends dummy signals,
and the receiver makes a decision without considering the transmitted

signals.

(c) o >0and § <0 = (4.17) is satisfied only when By > FP. If
VPy < /Py, (4.17) cannot be satisfied and the best responses of the
transmitter and the receiver do not match each other, which results

in the absence of a Nash equilibrium. If /P, = /Py (which implies
Hi

So = S1), then the receiver applies § : 4 ¢ ; (T as in Case-2, and the
Ho

equilibrium is non-informative.

(d) & > 0 and & > 0 = (4.17) is always satisfied; thus, the consistency is

established, and there exists an informative equilibrium.
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4.7.4 Proofs for Section 4.5

4.7.4.1 Proof of Theorem 4.5.1

Let the transmitter choose optimal signals S = {Sy, S1}. Then the measurements
become H; : Y ~ N(S;,%) for i € {0,1}. As in the scalar case in Theorem 4.2.1,
the equilibrium is non-informative for 7 < 0 or 7 = oo; hence, 0 < 7 < oo can be
assumed. Similar to (4.9), the optimal decision rule for the receiver is obtained

by utilizing (4.8) as

Hi
: {Cexp {(81 —Sy)'e ! (Y _ 5 ;— SO)} % (T
Ho

Hi 1
: {q(s1 —-8So)'S'Y 2 ¢ <ln(7') + 5(sl —So)T'u7Y(S, + SO)) . (4.18)

Ho
Since C(Sl — S())Tzle ~N (C(Sl — S())Tzflsi, (Sl — So)Tzil(Sl — S[))) under
hypothesis H; for i € {0,1}, by defining d*> = (S; — So)T7X71(S; — Sp), the

conditional probabilities can be written as follows:

b0 (Cln( 7) \/((;1 ));S 11((;1+so)— 2s0)> 0 (C (m(f) +g>)

0 CIH(T)+%<81—SQ) N (S1+SO—281)
V(81 = S0)"E(S) — So)

ool (5-g)-o( (K1)

Notice that the conditional probabilities are the same in (4.10) and (4.19); there-

fore, in the vector case, the equilibrium is always informative, and the transmitter
always prefers the maximum distance similar to the scalar case. However, select-
ing optimal vector signals is not as trivial as in the scalar case; see Section 4.7.4.4
for details (which is based on [72, pp. 61-63]).
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4.7.4.2 Proof of Theorem 4.5.2

The proof of Theorem 4.3.1 can be applied by modifying the definitions of d and
dmax as in the statement. For d* = d,,.y, the method described in the proof of
Theorem 4.5.1 can be applied for the optimal signal selection, whereas, for d* = 0,
by choosing Sy = S;, the non-informative equilibrium can be achieved. Further,
for Case-3 of Theorem 4.3.1, a similar approach, which utilizes Section 4.7.4.4,

can be taken, as explained in Section 4.7.4.5.

4.7.4.3 Proof of Theorem 4.5.3

Let the transmitter choose any signals S = {Sp, S1}. Assuming nonzero priors
7y, mh, w4 and 7], the optimal decision rule for the receiver is given by (4.18). Sim-
ilar to the team case analysis in Section 4.5.1, the equilibrium is non-informative

if 7 <0 or 7= o00; thus, 0 < 7 < 0o can be assumed.

Hi
Now assume that the receiver applies a single-threshold rule; i.e., ¢ : {aTY z
Ho

n where a € R" — {0}, and n € R. Since

N(aTSO, aTZa> under H,

alY ~ ,
N(aTsl, aTEa> under H,

the conditional probabilities are

T
n—a Sy
Po=1-P _—Q(—), 4.20

10 0 alYa ( )

T
. B _n—a Sl
Pn=1-P; =0 ( W) . (4.21)

Then, by utilizing (4.20) and (4.21) in (4.7), the Bayes risk of the transmitter
becomes

—als
{(S,8) = miCly + miCly + mh(Cly — C Q(—” 2 0)
7’( ) ToLoo ™ T4 7To( 10 00) e
—a’s
LAt — Ot (_77 a 1).
i ( 01 1)@ —aTEa
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Since the power constraints are ||Sy||* < P, and [|S1]|* < P, the signals Sy and
S1 can be regarded as independent. Since Q function is a monotone decreasing,
the following cases hold for i € {0, 1}:

(i) Ci; <Cf = Then, r(S,0) is a decreasing function of a’S;, thus the

transmitter always chooses a’S; as maximum subject to ||S;||* < P;; i.e.,

\/FIIaH
(i) C}; = Cf; = Then S; has no effect on the Bayes risk of the transmitter.

(iii) Cf, > Ct. = Then, r’(S,d) is an increasing function of a’S;, thus the
transmitter always chooses a’'S; as minimum subject to ||S;]|? < P;; i.e.,

\/Fllall

Thus, the the optimal signals can be characterized as Sy = —sgn(C’fo—CSO)\/Poﬁ
and S7 = sgn(C{; — C4)) VP2 ol

By using the expressions above, the cases can be listed as follows:

1. 7 <0 or 7 = 00 = The equilibrium is non-informative.

2. Cty=Cf, (and/or Cf; = C%,) = Sy (and/or Sy) has no effect on the Bayes

risk of the transmitter, thus it can arbitrarily be chosen by the transmitter.

In this case, if the transmitter chooses Sy = S;; i.e., he does not send

anything useful to the receiver, and the receiver applies the decision rule
H1

0:C z (T; i.e., he only considers the prior information (totally discards the
Ho
information sent by the transmitter). Then there exists a non-informative

equilibrium.

3. Notice that, since 0 < 7 < oo is assumed, ¢ = sgn(Cj, — C7;) = sgn(Cy, —

C{) is obtained. Now, assume that the decision rule of the receiver is

Hi

J: {aTY = 7. Then, the transmitter selects Sy = —sgn(Ct, — Coo) vV Porar
Ho

and S; = sgn(Ct; — Cfl)\/ﬂﬁ as optimal signals, and the decision rule
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becomes (4.18). By combining the best responses of the transmitter and

the receiver,

T
a
al =(¢(S; — S’y ! = CH (sgn(Cé1 — Ci)V P +sen(Ch, — Céo)\/P0> n!
Tz—l

—a’a = Wc (sen(Ch = CL)V/Pr + sgn(Clo = Clo) VR

Sgn(Cél - Cfl) Sgn<011to - Céo)
= P+ V) >0 4.22

sen(Ch —C1) V' sen(Cly — Cgy) ¥ 422

—sen(ér) —sgn(£o)

is obtained. Notice that the expressions in (4.22) and (4.17) of Theo-
rem 4.4.1 are the same; hence, the Nash equilibrium solution of Theo-

rem 4.4.1 also holds for the vector case.

4.7.4.4 Optimal Signal Selection to Maximize d*> = (S;—S;)"X71(S;—Sy)

The optimal signal selection method here is based on [72, pp. 61-63]. The positive
definite covariance matrix of the noise can be decomposed as ¥ = > At
where A\1,...,\, and vq,...,v, are the eigenvalues and the corresponding or-

thonormal eigenvectors of 3. Let Ayin = min{\;,..., A, }; then

n

(Sl — So)TE_l(Sl — SQ) = (Sl — SD)T A;lukuf(sl — So)

k=1
< Maa(S1 = S0)" Y v (81 — So)
k=1
= Aain (81— S0)"(S1 — So)
= Aot lIS1 = Sol?

Here, the equality is satisfied if and only if (S; —Sg) is chosen along an eigenvector
corresponding to Api,. Since the eigenvector with the largest (smallest) eigenvalue
of ¥ corresponds to the direction, along which the noise is most (least) powerful,
signaling in the least noisy direction results in the highest signal-to-noise power
ratio for the system. Thus we have d*> = (S; — Sg)TX71(S; — Sy) = 8180l "1y,

min

order to maximize d?, Sy and S; must be chosen in the opposite directions; i.e.,
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S; = —aSp with a > 0. Further, (S; — Sy) must be chosen along v, (that is,
the unit-norm eigenvector corresponding to A, ), thus (S; —Sp) = —(a+1)S, =

CVmin for ¢ € R, which implies Sg = —

1S1-Sol? _ levml?® _ _e2
)\min )\min )\min’

d?. Accordingly, [|So||* < Py = ¢ < (a+1)°F and [|S1[]*? < P = ¢* < —(QIZI)QPl

are obtained. Then,

5 iVmin and S; = vy, Since d? =

c? must be chosen as maximum as possible to maximize

1 P
MH o? < Fl and ¢ = (a + 1)P,
0

P
ia:,lﬁl to maximize ¢?, and ¢ = (\/ Py +\/P1)?,
0

(Oé+ ].)2P0 S

1 P 1\?
MPl_(oz+1)P:>a> andc-<1+—> P
P[) (@)
5! 2
Za=4/5 to maximize ¢, and ¢ = (v/ Py + v/ P1)?.
0
Thus, a = /& and ¢ = F(VBy + V/P;), optimum signals are So = £/ FPyVmin
Po
WJr\/PT)

and Sy = Fv/ PV in, and the corresponding dmaX = 3

4.7.4.5 Optimal Signal Selection to Achieve (d*)> = (S; — Sg)TX71(S; —

| 2mr(ko—k1)
SO) o (k0+0k1) :

Since d,,.y is achieved when the signals are chosen in the direction of the eigenvec-
tor with the smallest eigenvalue of ¥, that is v ,;,, it possible to find a signal pair
{So, S1} with distance d* = %
So = (—vVPy + t)Vmin and Sy = (—/Py + d* + t)vmn, for t € [0,/ P + /Py — d*]
are possible optimal signal pairs. Similarly, Sg = (vV/Py — t)Vmin and S; =
(VPy — d* — t)um, for t € [0,4/P; + /Py — d*] consist of another set of pos-
sible optimal signal pairs. Note that it may be possible to find optimal signal
pairs {Sp,S1} € S that satisfy (S; — So)TS71(S; — Sg) = |urlho—h)

(ko+k1)
other direction rather than the direction of the eigenvector with the smallest

max 1N that direction. Accordingly,

in any

eigenvalue of X, that is v,;,; however, finding a single pair that corresponds to

an equilibrium would be sufficient.
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Chapter 5

On the Number of Equilibria in
Static Cheap Talk

In this chapter, Crawford and Sobel’s cheap talk formulation [16] is investigated
for the exponential and Gaussian sources, after verifying the special case with
uniform source considered therein. The upper bounds on the number of the

quantization bins (if any) are derived depending on the bias b.

The main contributions of this chapter can be summarized as follows:

(i) Under the uniform source assumption, we verify the upper bound on the
number of the quantization bins as a function of the bias b, obtain the total
cost at the equilibrium, and show that the equilibrium with more bins is

preferable for both the encoder and the decoder.

(ii) Under the exponential source assumption, we obtain an upper bound on
the number of bins at the equilibrium for a negative bias; i.e., b < 0; on
the other hand, when the bias is positive; i.e., b > 0, we prove that there
is no upper bound on the number of bins, actually, it is possible to have

equilibria with infinitely many bins.
(iii) Under the Gaussian source assumption, we show that there always exists
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an equilibrium with two bins.

(iv) The equilibrium with two bins is investigated for the double-exponential

and half-normal sources.

5.1 Preliminary Results

Consider an equilibrium with N bins, and let the k-th bin be the interval
[Mig—1,my) with my <y <...<my for k=1,2,...,N. By Theorem 2.2.3, at

the equilibrium, decoder’s best response is characterized by

for the k-th bin. As it can be seen, the optimal decoder action is the centroid
for the corresponding bin. From the encoder’s point of view, the best response of
the encoder is determined by the nearest neighbor condition similar to (2.8) as

follows:

mk:%m. (5.2)

These best responses in (5.1) and (5.2) characterize the equilibrium; i.e., for a
given number of bins, the positions of the bin edges and the centroids can be

determined.

Note that, by Theorem 2.2.3 and Theorem 2.2.4, we know that the distance
between the optimal decoder actions can be at least 2|b|, this is the reason why
the equilibrium must be quantized. Hence, for bounded sources, it can be easily
deduced that the number of bins at the equilibrium must be bounded. At this

point, for unbounded sources, the questions to be asked are the following:

e For unbounded sources, either one-sided or two-sided, is there any upper
bound on the number of bins at the equilibrium as a function of bias b7 As
a special case, is it possible to have only a non-informative equilibrium?

e Is it possible to have an equilibrium with infinitely many bins?
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At this point, one can ask why the number of bins is important: This is useful
since if one can show that there only exists a finite number of bins, and if for
every bin there is a finite, or a unique, number of distinct equilibria, then the
total number of equlibria will be finite; this will allow for a feasible setting where
the decision makers can coordinate their policies. Furthermore, it is a desirable
question to see whether in general more number of bins implies more desirable
equilibria. If such a monotone behavior holds for a class of sources, then both
the encoder and the decoder would prefer to have the equilibrium with the most

number of bins.

In this chapter, we try to answer these questions for exponential and Gaussian
sources, and then based on the answers, we analyze double-exponential and half-
normal sources. But first, in order to be familiar to the concepts, we focus on the

uniform source between [0, 1].

5.2 Uniform Source

The theorems below are valid for M ~ U [0, 1].

Theorem 5.2.1. [16] In order to achieve an equilibrium in the case of two levels
of quantization, |b| must be limited by }1. Otherwise there cannot be more than

one quantization levels, which is completely uninformative equilibrium.

Theorem 5.2.2. (Equation (22) of [16]) The relation between the number of

bins N and bias b in the scalar case at the equilibrium can be characterized by

1
b < s -

Theorem 5.2.3. (Equation (25) of [16]) The total game cost at the equilibrium
with any number of bins N is given by the following:

e[ ke _k *,e ok 1 bz(N2_1) 1 b2<N2_1)
Ty e )T (e, ) = (12]\72 AR +62>+(12N2 T3 )

Theorem 5.2.4. (Theorem 3 of [16]) The most informative equilibrium is reached

with the mazimum possible number of bins; i.e., if there are two different equilibria
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with K and N bins for a constant b where N > K, the equilibrium with N bins

s more informative.

5.3 Exponential Source

In this section, the source is assumed to be exponential and the number of bins
at the equilibria is investigated. Before delving into the technical results on the

equilibria, observe the following fact:

Fact 5.3.1. Let M be an exponentially distributed r.v. with a positive parameter
\: i.e., the probability distribution function of M is f(m) = Xe ™ form > 0. The

expectation and the variance of the truncated exponential r.v. are Elm|a < m <

b =L 4a— =% and Var (m|a < m < b) = & — (b—ap® respectivel
BREDY er(b—a)_1 Vi eMb—a) feg—A(b—a) 97 14 y

The following result is taken from [37], and it shows the existence of an equi-

librium with finitely many bins:

Proposition 5.3.1. [37] Suppose M is exponentially distributed with parameter
A. Then, for b < 0, any Nash equilibrium is deterministic and can have at most

L—ﬁ + 1| bins with monotonically increasing bin-lengths.

The result above does not characterize the equilibrium completely. The fol-
lowing theorem characterizes the equilibrium with two bins, and forms a basis for

equilibria with more bins:

Theorem 5.3.1. When the source has an exponential distribution with a positive

L

parameter A, there exist only non-informative equilibria if and only if b < —55.

The equilibrium with at least two bins is achievable if and only if b > —%.

Contrarily to the negative bias case, the number of bins at the equilibrium
is not bounded when the bias is positive. The following investigates the case in
which b > 0 and is extended from [37]:
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Theorem 5.3.2. When the source has an exponential distribution with parameter

A, for b > 0 and any number of bins N,

(i) There exists a unique equilibrium,

(ii) Bin-lengths are monotonically increasing.

Further, since the two statements above hold for any N € N, there exists no upper

bound on the number of bins at an equilibrium.

By following a similar approach to that in Theorem 5.3.2, the bounds in Propo-

sition 5.3.1 can be refined as follows:

Corollary 5.3.1. (i) There exists an equilibrium with at least two bins if and
only if b > —%.

(11) There exists an equilibrium with at least three bins if and only if b > —%E

Proof. (i) In order to have an equilibrium with at least 2 bins, {y_; > 0 must be

satisfied. From (5.23), if —(2+2\b) < —1 is satisfied, then the solution I,

L
2X°

with 2 bins; otherwise; ie., b <

it is possible to obtain an equilibrium

L
2X7

will be positive. Thus, if b > —
there exists only one bin at the

equilibrium.

(ii) In order to have an equilibrium with at least 3 bins, {y_o > 0 must be
satisfied. From (5.25), if —Acy_o < —1 is satisfied, then the solution Iy _»

will be positive. Then,

—ACy_9 = — A (; + 2b — h(lN_1)> =—A\ (g(lN—l) — h(lN_1>> = —Ay_1<—1

1 1 1
Sy = Wy (—(2+2M)e” @) p o ( S 4 p) > T
A A )
=Wy (—(2+ 2Ab)e”FT20)) > —1 —2)b. (5.3)

Let t £ Wy (—(2 + 2Ab)e"3T2)) then te' = —(2+ 2\b)e~@*22) and —1 <

t < 0. Then, from (5.3), since te’ is increasing function of ¢ for t > —1,
t>—1—2Xb= tel = —(2+2\b)e” 3F2) > (1 4 2)p)e~ (12
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1le—2
242X < (142X b>—— .
=2+ < (1+2Xb)e = b > e 1

(5.4)

Thus, if b > —%‘2:—?, it is possible to obtain an equilibrium with three
1 e=2

bins; otherwise; i.e., b < —5:*=, there can exist at most two bins at the

equilibrium.

Theorem 5.3.2 shows that, when b > 0, it possible to have an equilibrium with
N bins for any finite N. The following elucidates the existence of equilibria with

infinitely many bins:

Theorem 5.3.3. For the exponential source, assuming a positive bias; i.e. b > 0,

there exist equilibria with infinitely many bins.

Heretofore, we show that, at the equilibrium, there is an upper bound on the
number of bins when b < 0; i.e., there can exist finitely many equilibria with
finitely many bins. On the other hand, when b > 0, there is no upper bound on
the number of bins at the equilibrium, and even it is possible to have equilibria
with infinitely many bins. Therefore, at this point, which equilibrium is preferred
by the decision makers must be investigated; i.e., which equilibrium is more

informative.

Theorem 5.3.4. The most informative equilibrium is reached with the mazximum

possible number of bins:

(i) for b < 0, if there are two different equilibria with K and N bins where

N > K, the equilibrium with N bins is more informative.

(i) for b > 0, the equilibrium with infinitely many bins is the most informative

one.
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5.4 (Gaussian Source

Let M be a Gaussian random variable with the mean p and variance o?; i.e., M ~
N (1, 0?%). Let the probability distribution function of a standard Gaussian r.v. be
p(m) = #e_m; for m > 0, and let the cumulative distribution function (CDF)
of a standard Gaussian r.v. be ®(b) = f_boo ¢(m)dm. Then, the expectation of a

truncated Gaussian r.v. is the following:

Fact 5.4.1. The mean of the truncated Gaussian random variable M ~ N (ju, o?)
S(1Z)—o(*H)

is Efmla <m < b = p — O SEE ) e (e
Proof.
(mz_g)i’ fbm L o~ (mz_g) dm
E[mla <m < b] = / \/ﬂa = dm == . V2o T
¢ f 27r0' fa 217rae_ 207 dm
52 g S
sds(mdnf/(/,” fb “//5 as—i—u)r e Tds f(ab 5)//0 = e ds
— 4o
f(b w/o Le*Tds (b=p)/o 1 *2d5
(a—p)/o 2m (a—p)/o V2 ®
u=s2 (-p)?/(20%) 1 _ L g—uju=(-p)?/(20%)
sl Jiampy 2oy Fo¢"du _ Var |u— (a—p)?/(202)
=" u+o - . =u+o 7 -
(1) — o(4) D(=E) — o(%)
. wpy Ola-)/o
ot o) + O(*3H) st/ GO CY RS
(L) — () ®(B) — @(a)

]

Now, as a preliminary result, consider an equilibrium with two bins as follows:

Theorem 5.4.1. When the source has a Gaussian distribution as M ~ N (u, 0?),

there always exists an equilibrium with two bins regardless of the value of b.

Since the pdf of a Gaussian r.v. is symmetrical around its mean, and it satisfies
the monotonicity properties, the following can be observed due to the similar

reasoning in Proposition 5.3.1:
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Proposition 5.4.1. Let there be an equilibrium with N bins for a Gaussian
source M ~ N (u,0?). Then,

(i) if b < 0, bin-lengths are monotonically increasing for m > pu,

(i) if b > 0, bin-lengths are monotonically decreasing for m < p.

5.5 Other Distributions

Since we have equilibria results for the exponential and Gaussian sources, we will

derive the similar results for the double-exponential and half-normal sources.

5.5.1 The Standard Double-Exponential Distribution

Let X be an exponential random variable with a positive parameter A; i.e., f(z) =
Ae ™. Now consider another random variable M, with pdf which consists of
the pdf of X and the pdf of —X. Then, M is a Laplacian random variable

. In other words, M is a

>

with location parameter 0 and the scale parameter
standard double-exponential r.v. with pdf f(m) = 2e™™! for m € (—o0, 00).
Before investigating the equilibrium for the double-exponential source, observe

the following fact:

Fact 5.5.1. The mean of the truncated standard double-exponential distribution

with parameter X\ is the following:

i_‘_a_e)\(l?—_—a%_l O0<a<b
1(era_g=Ab)_(qeatpe—Ab

Efmla < m < b = 4 5t 2()+<)“’ ) a<0<b (5.6)
—%+b+'a)\(,i):—a%_1 a<b<(

Now, as a preliminary result, consider an equilibrium with two bins as follows:
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Theorem 5.5.1. When the source has a standard double-exponential distribution,

there always exists an equilibrium with two bins for any b, and

(i) the boundary between the bins lies on the positive side of the real line if
b >0,

(ii) the boundary between the bins lies on the negative side of the real line if
b <0.

Similar to the Gaussian source case, which also has two-sided infinite support,

it is always possible to have an equilibrium with two bins.

5.5.2 Half-Normal Distribution
Let X be a Gaussian random variable with zero mean and variance o?;

X ~ N(0,0%). Now consider another random variable M, which is a fold of X
at zero; i.e., M = |X|. Then,

ie.,

mo] m2 mo1 m?
PI’(M < m) = Pr(|X| < m) = / e 222dm = 2/ e 222dm
-m To 0

2 2mo

m2
efﬁdm, (57)

:>Pr(M§m)—/0m V2

o

2

which implies that the pdf of the half-normal distribution is f(m) = %e*%

for m > 0. Now, consider the mean of a truncated half-normal distribution:

Fact 5.5.2. The mean of the truncated half-normal distribution with parameter

. T s)-e)
0% is Elmla <m < b] = TR

Proof.
VNG [PmL e 32dm
E[m|a<m<b]:/m%dm: ab Vo —
S REE e Fan
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32
T N S
o b/o _s2 - b/o _s2
fa/g \\/CQT dS fa/o‘ \/%e 2ds
u=s2/2 b?/(20%) 1y 1y u=b?/(202)
dugés i fa2/(202) \/ﬂe du — Y \/ﬂe ‘u:aQ/(202)
(7)) — q’(%) O(2) — ()
oy @=a/o
0 +0(2) Seie_0(B) — ola) 5s)
o(7) — (%) (8) — ®(a)
Note that, for a = 0 and b = oo, the mean of the half-normal distribution is
- o dle)=s0) _ O \/5
obtained as E[M] = T oo —a(® = 0TI =0\ 7 O

Now, as a preliminary result, consider an equilibrium with two bins as follows:

Theorem 5.5.2. When the source has a half-normal distribution, there always
exist an equilibrium with two bins if b > —o4/ %; otherwise, i.e., b < —o4/ 217r

the equilibrium is non-informative; i.e., the equilibrium with one bin.

Similar to the exponential source case, which also has one-sided infinite sup-

port, the existence of an equilibrium with two bins is dependent on b.

5.6 Conclusion

In this chapter, we investigated the upper bounds on the number of bins at the
equilibria under different source assumptions. Since cheap talk has always quan-
tized equilibria with at least 2|b| separation between the centroids, the bounded
sources have always finite number of bins. However, this may not be the case for
the sources with one-sided or two-sided infinite support. In this direction, the
exponential and Gaussian sources are analyzed, and it is shown that, for an ex-
ponential source, there can exist equilibria with infinitely many bins when b < 0
whereas the number of bins is bounded when b < 0. For a Gaussian source, it is

always possible to have an equilibrium with two quantization bins.
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5.7 Proofs

5.7.1 Proofs for Section 5.2
5.7.1.1 Proof of Theorem 5.2.1

Suppose that there are only two bins B* and B?. Recall that, at the equilibrium,

from the view of the encoder,
m® € B* = (m® —u® —b)? < (m® —u” —b)?,

mP € B? = (m? —u’ —b)2 < (m” —u® —b)?,

where u® = E[m|m € B°] and v’ = E[m|m € BP] (since the also aims to minimize
his cost function E[(m — u)?|X = z]). Due to the continuity of (m —u — b)? in
m, 3 m such that

ur P

wWHb—m=m—-u’ —b=>m= 5 +b. (5.9)

Thus, two bins can be characterized as B* = [0,/m] and B = [m, 1]. Then,

u® = Elm|m € B = E[m|m € [0,m]] = =,
2
2 (5.10)
3 3 _ m+ 1
u” = E[m|m € B°] = E[m|m € [m, 1]] =5
By utilizing (5.10) in (5.9), we can obtain
S_Eem 1
771:T+b:>m:§+2be[0,1]:>]b\§1—1 (5.11)

Thus, it can be observed that b has limiting boundary in binary equilibrium case.

5.7.1.2 Proof of Theorem 5.2.2

Suppose that there are N bins at the equilibrium and kth bin is [fg_q, 7],
where Mg = 0 and my = 1 for £ = 1,2,...,N. At the equilibrium, we have

my = % + b (the nearest neighbor condition, follows from the best response
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of the encoder) and wuy = M (the centroid condition, follows from the

best response of the decoder). Let the length of the kth bin be defined as I, £
my — mi_1. Then, by combining the nearest neighbor condition and the best
response condition, the difference equation for bin-lengths can be found as 2m,;, =

Mg_1+ M1 +4b ﬁ lgr1 =l —4b = [y — 4kb. Since the sum of the lengths of the

bins is equal to 1, Zl =Nm —2N(N-1)b=1=m :w Since the

equilibrium is 1nformat1ve with N bins, all bins must have positive lengths; i.e.,

I =T~ = SN 0 and Iy = () —Tmp) —4(N —1)b = 220D o

By combining these inequalities, we obtain |b| <
the results in [16].

INN-T) ]1\,71), which is consistent with

5.7.1.3 Proof of Theorem 5.2.3

Suppose again that there are N bins at the equilibrium and kth bin is By =
[M—1, M| where My = 0 and my = 1 for k = 1,2,..., N. Then total costs for

encoder and decoder are:

N
Je(,y*,e7/y*,d> - ZE[(TI’L — U; — b)2|m S Bz] Pr(m € Bz) s

Ty, ) = E[(m — w;)*lm € Bi]Pr(m € By)].

i=1
Since the centroids of the bins (optimal decoder actions) are uy = E[m|m € By| =

M, the costs of the encoder and the decoder can be obtained as follows:
N
Je(y*e, v = ZE[(m —u; — b)*|m € B;]Pr(m € By)
N
= Z (E[(m — w;)?*|m € B;] — 2bE[(m — u;)|m € B;] + b*) Pr(m € B)
N
=> (E[(m — w;)*|m € B;] — 2bE[(m — E[m|m € Bj])jm € B;] + V%)
x Pr(m € B;)
N
— Z (E[(m — u')*lm € B)| +b°) Pr(m € B;) (= J*(v"°,v"%) +b%)
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m;—1 N

(/mi (m —w;)*  p(dm) +b2> Pr(m € B;)
—_———

dm/(m;—mi—1) mi—mi—1
N m
Z/ (m — u;)* dm + b
=1 Y Mi-1
N 3 m=m;
Z [% —uym?* + (ul)zm} + b
1=1 Mm=m;_1

a + b?

g; (<mz>3 —3<m-—1> - T () — ()
(7, + 4%1)2 (= 77:1)) + 1

i ((mo —3<m-1>3 o T P - m“)) L

ij; (7 —1?21) e

+ b (5.12)

2
. 1
oNe t 3 +0b (5.13)

5.7.1.4 Proof of Theorem 5.2.4

Suppose there exist two equilibria with K bins and N bins with N > K. Then,

1 1
bl < svov—y < TR
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when there are K bins. Then,

1 R(K?—1) 1 B(N?-1)
dK _ jdN _ _
/ / (12}(2 T3 ) (12N2 T3 )

1 v?
12K2N? 3

(
> (N? — K?) (12](121\[2 B 12N2(J1V— 1)2)
( 1;];2;\7125\7_—[22)2 )

Thus, as the number of bins increases for a constant b, both the encoder and the

decoder cost decrease.

5.7.2 Proofs for Section 5.3
5.7.2.1 Proof of Fact 5.3.1

Consider the following integral:

u=s,dv=e~%ds/A

s=A\m 1 _ —s —s
- ds=ad oy du=ds,v=—c5/x —S€ —e
/)\me Amm, 422 m/xse *ds = - ds

A A
 en—S -s m —Am
- S; - eA 2 _peim & N (5.14)
Then, the expectation of a truncated exponential r.v. will be
_ —Am __ e ™
b e fb mAe~"dm ( me A >
E[mla <m <b] = [ m—p——dm = =% = : =
a [ AeAm [ Ae=Amdm .
a —e m
—be~ — $ +ae M + % 1 ae? — bete
- —e M 4 g TN T TN e
1 eMb—a) 1 b—a
I WS Vs VRl WL Yo e i (5.15)
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Now consider the following integral:

u=Am2, dv:e’/\mgm “am “am
/)\m2e_)‘mdm du=2Amdm p==eTA 2 e)\ — / e)\ 2Amdm
2
= —m2e M 4+ X//\me’\mdm
(a) 2 —am 2me =™ _ 2eAm (5.16)

- e X\ N

where the integral in (5.14) is utilized in (a). Then,

Var (m|la <m < b) = E[m2|a <m < bl — (E[m|a <m < b))

—Xb “xa \ 2
= TTL _ dm — PV T
f Ae—Am eV +e

e 20 (AZD2 + 2X\b + 2) + S (A2a2 4 2)a + 2)
- e b 1 e—)\a
Ab —Aa 2
(— (b+1)+ 5% (Qa+ 1))
B (—e=2b 4 ef)\a)Q
LS (AP 4200+ 2) + S (Va® + 20a + 2)
n (e e—Aa)
e (A\2a2 + X202 + 2Xa + 2Xb + 4)
(_ —Ab + e—)\a)
2)\b 219 2)\a 2 9
S (PR 2+ ) + S5 (W’ +2Xa + 1)
(_ —\b + e—)\a)
e 25 (2X%ab + 2ha + 2)b + 2)
( —)\b + e—)\a)
B e—)\z;\b e;\?;a . 7/\>(\;+b) ()\2 2 )\2b2 +92 - 2)\2(119)
B (—e—X 4 o—ra)?
et e D (R (h— a)?)
- e~ 2M 4 o—2Xa _ Qe—A(a-l—b)
1 (b—a)?
T N2 e Abtha fehatab _ 9
1 b—a)?
(b—a) (5.17)

/\2 eA(b—a) + e—Ab—a) _ 9"
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5.7.2.2 Proof of Proposition 5.3.1

Consider an equilibrium with N bins. The k-th bin is defined as the interval
[M_1,My), where My = 0 and My = 400, and [} denotes the length of the k-th
bin; i.e., I, = My — Myi_1. Due to the equilibrium definitions, the best responses
of the encoder and the decoder must satisfy (5.1) and (5.2). Hence,

uk+1—mk:(mk—uk)—2b fOl"k‘Zl,Q,...,N—l, (518)

and

1
uy = Emmy_ 1 <m <y =o0] =Ty_1+ —.

A
This leads us to

1 _ __
Y Uy T TN- = (My_1 —un—1) —2b

> (U,N_1 — WN_Q) —2b

= (m]v_g — UN_Q) — 2(2b)

> uy —771g — (N — 1)(2b)
> (N —1)(2b).

Here, the inequalities follow from the fact that the exponential pdf is monotoni-

cally decreasing. Hence, for b < 0,

—1 —1
- < I .
N<2b)\+1:>N_ LQbA+1J

Now, consider bin-lengths as follows:

by =My, — Mgy = (M, — wg) + (we — Mg—1) > (w — Mg—1) + (ugp — My—1)
= (Mp—1 — up—1 — 2b) + (Mp—1 — up—1 — 2b)
> (Mg—1 — ug—1 — 2b) + (ug—1 — Mp—_o — 2b)
= (Mp—1 — up—1) + (Up—1 — Mp—2) — 4b =gy — My—o — 4b =1 — 4b
=1 > . (5.19)

Thus, bin-lengths are monotonically increasing; i.e., I} < ly < ... <lIy_1 <lIy =

Q.
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5.7.2.3 Proof of Theorem 5.3.1

Let there be an equilibrium with two bins such that the first bin is [0 = g, 71)

and the second bin is [f1, My = 00). The centroids of the bins (the action of the

decoder) can be derived from (5.15) as uy = E[m|0 < m < my] = 1 — —ft— and
uy = Elm|m; < m < oo] = + 4+ my. Then, by utilizing (5.2),
1__m 1.y = N7
U + Us Y T oy Tyt m, e 1
b = = ——— = — b
my = 5 + 2 + 5 o — 1\ +
— (1 m 1
Ay 1)
= —+b—— | =—-+0b. 5.20
e (A +b— 5 ) T+ (5.20)

Note that, in (5.20), m; = 0 is always a solution; however, in order to have an
equilibrium with two bins, we need a non-zero solution to (5.20); i.e., m; > 0. For
this purpose, the Lambert W-function will be utilized. Although the Lambert
W-function is defined for complex variables, we restrict our attention to the real-
valued W-function. Then, the W-function is defined as

W(ze®) = x for x >0,
Wo(xze®) =z for — 1<z <0,

W_i(ze®) =x for o < —1.

As it can be seen, for x > 0, W(ze®) is a well-defined single-valued function.
However, for 2 < 0, W (xe®) is doubly valued, such as W (ze”) € (—<,0) and there
exists x1 and xo that satisfy x1e™ = x9e™ where x; € (—1,0) and x5 € (—o0, —1).
In order to distinguish these values, the principal branch of the Lambert W-
function is defined to represent values greater than —1; e.g., z7 = Wy(x1e™) =
Wo(x9e™). Similarly, the lower branch of the Lambert W-function represent
values smaller than —1; e.g, o = W_q(xe™) = W_ (xge”). Further, for x =
—1, two branches of the W-function coincide' ie., — Wo(=1) = W_i(=2).
Regarding the definition above, by letting ¢ = 2\ (m? — b) the solution of
(5.20) can be found as follows:

1_
BY

1
t+2+2)\b (2;> _ X +bh= tel — (2 + 2/\b) (2+2Xb) = t = WO ( (2 + 2)\[)) 2+2>\b)>

(5.21)
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Note that, in (5.21), depending on the values of —(2 + 2Ab), the following cases

can be considered:

(1) —(2+2Xb) >0 : te! = —(2+2X\b)e” 22 = ¢ = —(2 4+ 2)\b) = m; = 0,
which implies a non-informative equilibrium; i.e., the equilibrium with one

bin.

(ii) —1 < —(2+42\b) < 0 : Since te! = —(2 + 2\b)e~*+2M)_ there are two pos-

sible solutions:

(a) If t = Wy (—(2 + 2Ab)e™F2M)) = —(2 4 2\b), we have Ty = 0 as in
the previous case.

(b) If t = W_i(=(2+42X)e” V) = ¢ < -1 = -1 > ¢ =
2A (Bt — 1 —b) = Amy —2—2X\b > Amy — 1 = Amy < 0, which

is not possible.

i) —(2 4 2X\b) = —1 : Since tet = —(2 + 2X\b)e~2+22) there is only one solu-
(iii) —( , y
tion, t = —(2 4+ 2Ab) = —1 = ™y = 0, which implies the non-informative

equilibrium.

(iv) —(242Ab) < —1 : Since te! = —(2 + 2\b)e~T2M) there are two possible

solutions:

(a) If t = Wy (—(2 4 2Xb)e~F22)) = — (2 + 2Xb), we have T; = 0 as in

the first case.

(b) If t = Wy (—(2+ 2Xb)e~ T2 we have —1 <t < 0 = —1 < Nmy —

22X\ < 0= 1 +2b <y < %+ 2b. Thus, if we have { +2b >0 =

L
2X°

equilibrium with two bins.

b > —=-, then we have positive m;, which implies the existence of an

L
2X°

can be only non-informative equilibria; and the equilibrium with two bins can
be achieved only if b > —.. In this case, m; = LWy (—(2 4 2Ab)e~@+23) 4
2 (3 4+ b). Note that, since —1 < Wy(-) < 0, the boundary between two bins lies

within the interval % +2b<my < % + 2b.

Thus, as long as b < —z+, there exists only one bin at the equilibrium; i.e., there
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5.7.2.4 Proof of Theorem 5.3.2

The proof consists of three main parts. After characterizing the equilibrium,
the monotonicity of bin-lengths and the upper bound on the number of bins are

investigated.

Part-I: Equilibrium Solution : Consider an equilibrium with N bins, and let

the k-th bin be the interval [m;_1, ) where My = 0 and Ty = 400, I}, denotes
the length of the k-th bin; i.e., I, = T, — M1, and the centroid of the k-th bin
(i.e., the corresponding action of the decoder) is uy = E[m|mg_1 < m < ).
Then, by utilizing (5.2) and (5.15),

— UN—1 + UN (mN*2 + % - exll]y:fil) + (mN,l + %)
D e b
2 2
eMn—1 2
1 1
> vor = W (<24 200 ) 2 (S +). (5.23)

By utilizing (5.15) and (5.18), the length of the k-th bin for k =1,2,..., N —2

can be found as follows:

Up+1 — mk = mk — Ui — 2b = (mk — mk,l) — (uk — mk,l) —2b

:lk% = ; +2b— @ﬁ% . (5.24)
If we let ¢ £ % +2b — eMl:fll,p the solution to (5.24) is
L= S, (=Acke™*) + ¢ (5.25)

A
It can be observed from (5.23) and (5.25) that bin-lengths Iy, (s, ...,ly_1 have a

unique solution, which implies that the bin edges have unique values as my = 0,
Ty :Zlelk fork=1,2,...,N — 1, and my = oo.

In order to represent the solutions in a more compact form recursively, define
g(lx) = lkef}Z—lil and h(l,) £ —%—. Then, the recursions in (5.22) and (5.24) can

eAlk_l .
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be written as:

2

g(lel) = X -+ 2b, (526&)
2

g(ly,) = X+2b_h(lk+1)’ fork=1,2,...,N—2. (5.26b)

Part-IT: Monotonically Increasing Bin-Lengths : The proof is based on induc-

tion. Before the induction step, in order to utilize (5.26b), we examine the struc-
ture of g and h. First note that both functions are continuous and differentiable

on [0,00). Now, g has the following properties:

. As H . H A~ .
e g(0) = lims o Xo— = limsyo “&’\5 = % > 0 (= represents I’'Hospital’s
rule),
: : sers  H g 14-)s
o lim, 9(5) = limg ;o0 As_1 lim, o0 N — 99,
d T er(er—As—1) H . Xe?s(2er—Xs—2) H ;. 2heM -\
e 1:(9(s))]s=0 = lims0 Tew oz T limg 9 T —1) limg o 5557 =
1
3 > O,

Y s groo (s
4 (g(s)) = LA _ M T, O

Z T (oo 0, for any s > 0.

All of the above imply that g is a positive, strictly increasing and unbounded

function on Rx.

Similarly, the properties of h can be listed as follows:

. H ;.
— s 2 1 1
L] h(O) = 1111’15%0 P v hmsﬁo vy > 0,

. . H .. 1
o lim, . h(s) = lim, o eks;_l = lim, 00 Aers 0,

d R eAS()\s—l)-i-l E . —A2 s E . A .
b @(h(s))’szo = limg o T enon? . T lim, o m = lim, 0 — 50 =

1
—5 < 0,
As(Nea_ (a)

° %(h(s)) = —% < 0, foranys >0,

where (a) follows from the fact that <L (—e**(As — 1) — 1) = —A%se? < 0
for any s > 0, and —e®(A(0) — 1) — 1 =0.
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All of the above imply that h is a positive and strictly decreasing function on
Rzo.

Further, notice the following properties:

g(lg) = h(lg) + U,

eV

g(lk) = lke)\lk 1 > lkﬂ (527)
Iy I Ui I, 1
T S o T e, T

Now consider the length of the (N — 2)-nd bin. By utilizing the properties in
(5.27) on the recursion in (5.26b),

2
g(lN_Q) - X + 2b — h(lN_l) = g(lN—l) — h(lN_l) = lN—l

= In—1=9(In—2) = Iy—2+ h(In-2)

1
= lN_z < lN—l < lN_Q + X (528)

is obtained. Similarly, for the (N — 3)-rd bin, the following relations hold:

g(lN_g) = ; + 2b — h(lN_Q) = g(lN_g) + h(lN—l) - h(lN_Q) == lN_Q + h(lN_l)

9(In=3) = In—o + h(ly-1) < Iy—2+ h(ln—2) = 9(In—2) = In—3 < In_2
1

IN—2 <In-a+h(ln-1) =g(In-3) =In-3+ h(ln-3) <In-3+ N

1
= In_3 <lIy_o <lIn_3+ X . (529)

Now, by following the similar approach, suppose that Iy_1 > Iy_o > ... > [} is
obtained. Then, consider the (k — 1)-st bin:

G(lkr) = > +2b— h(ly) = g(le) + hllker) — h(ls) = b + h(lis)

A
g(lk—l) = lk + h(lk—i-l) < lk —+ h(lk) = g(lk) = lk:—l < lk
1
Iy <l +h(lg1) = g(lg—1) = L1 + h(l—1) < lp—1 + 3
1
=l <l <lp_1+ X . (530)

Thus, bin-lengths form a monotonically increasing sequence.
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Part-I1I: Number of Bins : Consider the length of the (N — 1)-st bin: Notice
that, in (5.23), since b > 0, —(2 + 2A\b) < —2 < —1, the Lambert W-function
returns ¢ = Wy (—(2 4 2Ab)e”**2)) such that te! = —(2 + 2Ab)e”*™*) and
—1 < t < 0, which results in %Jr 2b > Iy_1 > % +2b > %; i.e., the (N — 1)-st bin
has a positive length.

For the other bins, since ¢, = % + 2b — eMl:jll_l = % +2b — h(lgs1) > % +
2b —

$ =1+ 2bfor b > 0, we have —A¢; = —1 — 2Ab < —1, which implies that
Wo (—)\cke_’\ck) has a solution ¢ such that te! = —Ace ™% and —1 < t < 0.
Hence, from (5.25), I = %WO (—)\cke’)‘ck) + ¢ > %(—1) + % +2b=2b>01is
obtained. This means that, for any given number of bins N, when b > 0, it is

possible to obtain an equilibrium with positive bin-lengths 1, ls, ..., Ix_o.

To summarize the results, for every N, with [y = oo, there exists a solution
ll,lg, ce ,lN so that

(i) these construct a unique equilibrium,
(ii) each of these are non-zero,

(iii) these form a monotonically increasing sequence.

5.7.2.5 Proof of Theorem 5.3.3

For any equilibrium, consider a bin with a finite length, let’s say the k-th bin,
and by utilizing (5.26b) and (5.27), we have the following:

2
~ +2b=g(l) + h(lk11) = 9(lx) + gUrr1) = lerr > b + lipr — i = U

A
2
=1, < X + Zb,
2 1 1 2
=l > 2b.

Thus, all bin-lengths are bounded from above and below: 2b < [ < % + 2b.

Now consider the fixed-point solution of the recursion in (5.26b); i.e., g(I*) =
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%+ 20— h(I*). Then, by letting ¢ £ § + 20,

e [+ N . .
le)\l*—_lzc—e)\l*_lﬁle/\l*_1:C:>(C—l)e —(C+l):0 (531)

In order to investigate if (5.31) has a unique solution [* such that 2b < [* < %—1-21),
let U(s) £ (c— s)e* — (c+s) for s € (2b,2 +2b) and notice the following

properties:

o U(20)= 2 — (2 4 4b) =2 (e —1—2Xb)
WL 1 — 2>\b) —2 (z —Qz‘,’)k) >0,

\I’(§+2b):0xe2+2“’—(§+4b) =—(§+4b) <0,

o U'(s)= L(U(s)) =e(Nc—s)—1)—1,

ds

o U(20) =e? (A(3)—1) —1=e—1>0,

° \1//(% +20) =P (Ax0—1)—1= - 1 <0,
o U(s) =L (W) =xe™ (A(c—s)—2),since s € (2b,% +2b) and ¢ = 3 +2b,

wehave 0 <c—s<2=-2<Ac—s5)—2<0=V"(s) >0,

All of the above implies that W(s) is a concave function of s for s € (2b, % + 2b),
W(2b) > 0, ¥(s) reaches its maximum value on the interval (2b,2 4 2b); i.e

when W'(s*) = 0, and W(3 + 2b) < 0; thus, U(s) crosses the s-axis only once,
which implies that W(s) = 0 has a unique solution on the interval (2b, % + Qb).
In other words, the fixed-point solution of the recursion in (5.26b) is unique; i.e.,

T(l*) = 0.

Hence, if the length of the first bin is [*; i.e., [; = [*, then, all bins must have
a length of [*; ie., Iy =l = I3 = ... = [*. Thus, there exist equilibria with
infinitely many equi-length bins.

Now, suppose that /; < I*. Then, by (5.26b), h(l2) = § 2+ 2b—g(l,). Since g in
an increasing function, I; < I* = g(I;) < g(I*). Let g(I*) — g(l1) = A > 0, then,
2
g() +h(l") = g(h) + h(le) = 3 + 20 = A = g(I") = g(h) = h(lz) — ().
(5.32)
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From Theorem 5.3.2, we know that h(s) = =

R (s) = QDAL - for 5 > 0 and W(0) = —1. Slightly changing the

(eXs—1)2 ~ ~ °
notation, let h'(s) = W/($); ie., I(s) = <=2, Then, h"(s) = L(W/(s)) =

(e5—1)2 s
- es(etl)(((iejz)ietsfm. Now, let o(s) = 2e® — se® — s — 2, and observe the following:

is a decreasing function with

o(s) =2¢° —se® —s—2=p(0)=0,

o(s) = %(Q(S)) =e’—se®— 1= ¢(0)=0,
0"(s) = %(@'(8)) = —s¢* <0=(¢"(0) =0

= (s) < 0fors>0= o(s) <0fors>0= h"(s)>0fors>0. (533)

Thus, //(s) is an increasing function, which implies that A/(s) is also an increasing
function. Since h'(0) = —3, W/(s) > —1 for s > 0, it follows that %Z(b)
—l= =2 > 1o, >2A From (5.32),

1*—lo

>

A+ A= (gl") —g(h)) + (hllz) = h(I")) = g(I") — g(l) + (9(l2) = l2) = (g(I") = 17)

=g(l2) —g(li) +1" =y = g(la) —g(l1) <0 =1y <1y (5.34)
>2A
Proceeding similarly, [* > [; > Iy > ... can be obtained. Now, notice that, since

h(lx) is a monotone function and 2b < [, < 2 + 2b, the recursion in (5.26b) can
be satisfied if
2 2 2 2
(5.35)

Let [ and [ and defined as g(I) = 2 + 2b — h(2b) and g(I) = 2+ 2b — h (2 + 2b),
respectively. Thus, if I, ¢ (L, 1), then there is no solution to l;; for the recursion
in (5.26b). Since the sequence of bin-lengths is monotonically decreasing, there
is a natural number K such that [x > [ and [x,1 < [, which implies that there is

no solution to lx 2. Thus, there cannot be any equilibrium (with finite or infinite
bins) if I, < [*.

A similar approach can be taken for [; > [*: Since ¢ is an increasing function,
Lo> 1= g(l) > g(l*). Let g(ly)—g(I*) = A>0= g(ly)—g(lI*) = h(I*)=h(ls) =
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A. Then, since i'(s) > —1 for s > 0, % > 1= lg_TAz* > -1l -0 >
2A. From (5.32),

A+ A= (g(l) = g(") + (R(I*) = h(la)) = g(ly) — g(I*) + (9(I*) = %) — (g(l2) — L)

= g(ll) — g(lg) + lg — "= g(ll) — g(lg) <0= ll < l2 . (536)
>2A
Proceeding similarly, {* < [; < Iy < ... can be obtained. Since the sequence of

bin-lengths is monotonically increasing, there is a natural number K such that
Iz < land [ Rl 2 {, which implies that there is no solution to Z4o- Thus, there
cannot be any equilibrium with infinite number of bins if [; > [*. Notice that, it
is possible to have an equilibrium with finite number of bins: for the last bin with
a finite length, (5.26a) is utilized. Further, it is shown that, at the equilibria, any
finite bin-length must be greater than or equal to I*; ie., 2b < [* < [ < % + 2b

must be satisfied.

5.7.2.6 Proof of Theorem 5.3.4

Suppose there exists an equilibrium with N bins, and the corresponding bin-
lengths are [ < ly < ... < ly = oo with bin-edges 0 =my <y < ... <Mmy_1 <

my = oo. Then, the decoder cost is

JEN — ]E[(m _ U)Q] — ]E[(m — E[m‘l’]f]

o

E [(m — E[m|m1,1 <m< mz])Q |mi71 <m< ml} Pr(mi,1 <m < mz)

=1

Var (m|mi_1 <m< mz) Pr(mi_l <m < ml>

-

=1

WE

| 2 N
(p T o Lo _2) (e (1—e)) . (5.37)

i=1

Now, consider an equilibrium with N + 1 bins with bin-lengths E < Z; <. <
7N+1 = oo and bin-edges 0 = mg < m; < ... < my < myy1 = oo. The
relation between bin-lengths and bin-edges can be expressed as [, = 7k+1 and

My = Mpy1 — 71, respectively, for k = 1,2,..., N by Theorem 5.3.2. Then, the
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decoder cost at the equilibrium with N 4+ 1 bins can be written as

d,N+1 (1 2? — i —N;
Jv :Z - = = = (e ’l(l—e ’))
A2 M e A 9

=1

_ (i_ B )(m (1-e)
A2 QM fe—AL — 9

(- —) (1)
A2 M e 9

N+1 1 l2 ~
L i1 A i—o+) (1 _ A=A
+ 22 ()\2 it —|-e—>\l¢—1 — 2) <e 27T (1 e 1))
= i — — l% — (1 _ e_)\’lvl)
N e g
~ N 1 l?
—Al 7 — )\ _ —Al;
te 1(2 <ﬁ_e,\li+e—,\zi_2) (e Hl-e )))

JAN
(a) 7 -
Y gdN (1 _ ef/\h) L JhNg-A _ jdN - (5.38)

Thus, JEV+1 < J%N is obtained, which implies that the equilibrium with more

bins is more informative. Here, (a) follows from the fact below:

v s 1 i X SY
J == Z ﬁ - eMi + e,/\li ) (e (1 —¢ ))
< <_ S - ) Pr(m;,_1 <m <m;)

=1
1 [k -
ol i > Pr(miy <m <m;)
=1

_ (2 2? (5.39)
B DS VISV DY '

where the inequality holds since Tl <l <lp<...<lyand p(s) = Sy 18

a decreasing function of s, as shown below:

82 82e/\s

- eAs+e—As -9 o (e)\s _ 1)2 )
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, ser (e — 1)(2e* — Ase? — As —2)  se™(e™ —1)p(As) (@)
¢'(s) = (e — 1) - (er —1)4 <0, (540)

where (a) follows from (5.33).

Now consider the equilibria with infinitely many bins: by Theorem 5.3.3, bin-
lengths are [y = [, = ... = [*, where [* is the fixed-point solution of the recursion
in (5.26b); i.e., g(I*) = % + 2b — h(l*), and bin-edges are My, = ki*. Then, the

decoder cost is

oo — i <i _ (I*)? > (ef)\(ifl)l* (1 _ ef)\l*))
A2 Nt L NT 9

i=1

1 () =y
- <ﬁ PSP _2) (=)

+ i (i . (1*)? ) (e—)\(i—l)l* (1 _ e—Al*))
A2 Nt LT 9
i=2

- (B~ apemrmg) -0
Y () (O =)

- (B s o) 1=
Fe Y (- ey ) O )
N ~~ _

- e 1 (1%)? o
=J* (1—e )\l): (ﬁ_e/\l*—i—e)‘l*—Q) (1—e M)

. gdeo _ (i N (") ) . (5.41)

)\2 e)\l* + e—)\l* -9

Since bin-lengths at the equilibria with finitely many bins are greater than [*
by Theorem 5.3.3, and due to similar reasoning in (5.38) (indeed, by replacing
1, with %), J%° < J%N can be obtained for any finite N. Actually, J¢V is a
monotonically decreasing sequence with limit limy_,o J*Y = J4. Thus, the

lowest equilibrium cost is achieved with infinitely many quantization bins.
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5.7.3 Proofs for Section 5.4

5.7.3.1 Proof of Theorem 5.4.1

Consider an equilibrium with two bins such that the first bin is (—oo = g, ;)

and the second bin is [, My = 00). The centroids of the bins (the action of the

decoder) can be derived from (5.5) as u1 = E[m| —oco <m <] = p— ai((%))
and uy = E[m|m; <m < oo] = pu+ 0%. Then, by utilizing (5.2),
$(TE) p(TLE)
__mtuy M7 Teeme M= b
T2 - 2
mi—p mi—p
2\1-0(%F)  e(%7F)
S o o) ¢
= — - b
= oc+p u+2 1~ o) o) +
¢(c) | 9ole) _2b
2 = —. 5.42
Tz D(c) * O(c) o (5.42)
Let f(c) = 2c — 1?5()6) + i((?), then, observe the following:
¢(c) ¢(c)
1 =1 2c —
Jim f(e) = lim ( ‘17300 T a0
0
. ¢(c) : ¢
1 2 —
cir-“oo( ‘T30 ) 2B T a0
(2080 1 0(0)
c——00 @(c)
20
2 lim ( (c) + C¢(C)) (2 represents 1'Hospital’s rule)
AT 6
_ 2 2
2 Him 39(c) — “9(c) = lim 3¢ T Yim 2¢ — —00,
c——00 —cgb(c) c——00 —c c——00
. . ¢lc) ., ¢
1 =1 2c —
Jim fle) = Jim ( “TIZa o)
0
: ¢(c)
CEEO< CTTT00) ) TR D(0)
_ fim 2c — 2¢®(c) — ¢(c)
c—00 1-— @(C



Hopo 2 —2®(c) — co(c)
‘cioo( ~6(0 )
i (TG ) = i () £ pm e
oy =g HOEA = B(0) — H-6(0) | =0 — )0l
(1= o) 2(c)?

, 1 1 1 1
=2-9(9 ((1 — ®(c))? " <I>(c)2) +edle) (1 —®(c) <I>(c))
I A I Ce
220 (Fem o) s v 543

It can be seen that, by using the identities ¢(c) = ¢(—c) and ®(c) =1 — ®(—c¢),
f'(c) is an even function of ¢; i.e., f(c) = f(—c). Thus, it can be assumed that

¢ > 0. Then, the analysis of (5.43) can be done as follows:

1-®(c) 2
¢(c) o) N _VeFd+elVe+ite |
1—®(c) \1—P(c) 2 2
_V@HdtevP+d—c
B 2 2 o
e Since E[z| —oc0o <z < (] = —g((?) for standard normal distribution, i((i)) is
#(c) < $0) /2

a decreasing function of ¢, and for ¢ > 0, a0 < 30 = \/ =

™

o Let g(c) = ?((5)), then ¢'(c) = ¢(c) (%%). If we let h(c) = (1 —
)@ (c) — c(c), then I (c) = =2c@(c) + (1 = ¢*)¢(c) — ¢(c) — c(c)(—c) =
—2c¢P(c¢) < 0 for ¢ > 0. Thus, ¢”(c) < 0, which implies that g(c) is a
concave function of ¢, and takes its maximum value at g(c¢*) which satisfies
g'(¢*) = h(c*) = 0. By solving numerically, we obtain ¢* ~ 0.9557 and

g(c*) ~ 0.2908.

By utilizing the results above, (5.43) becomes

2
fe)>2—1—2-0.2908 ~0.0726 > 0. (5.44)
m
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Thus, f(c) is a monotone increasing function and it takes values between

2b

(—00,00); thus, (5.42) has always a unique solution to f(c) = =*. This assures

that, there always exists an equilibrium with two bins regardless of the value of
b. Further, since f(0) =2 x 0 — 1fg)()0) + % = 0, the signs of b and ¢ must be
the same; i.e., if b < 0, the boundary between two bins is smaller than the mean

(my < p); if b > 0, the boundary between two bins is greater than the mean

5.7.3.2 Proof of Proposition 5.4.1

Consider an equilibrium with N bins for a Gaussian source M ~ N (i, 0?): the
k-th bin is [mg_1, M%), and the centroid of the k-th bin (i..e, the corresponding
action of the decoder) is u, = E[m|mi_1 < m < My so that —co = my <
U <My < Uy < Mg < ... <<My_9 <uUny_1 <My_1 < uy < my = oo. Further,
assume that p is in the ¢-th bin; i.e., m; 1 < p < my. Due to the nearest neighbor
condition (the best response of the encoder) we have uy 1 — Mg = (Mg — uy) — 20;

and due to the centroid condition (the best response of the decoder), we have
H(TEE) o ()
q)(mk*li)i(b(mk—l_“ ’
half of the Gaussian source; i.e., m > p, and thus my_; > p, and for the N-th

bin, the following holds:

up =Emmg_y <m <y =p—o Now consider the right-

¢(WN(—T1*M> o
— —m
1 — q)(mN;l_N)

uy —my_1 =Emmy_ 1 <m<oo]—Tmy_1=p+0o

@ \/<mNa_1_u>2 +4 4 T

<ut+o

I

RS

«
A~
R

=

SHRA

|

=

~— | o
(Y]
+

o

|

S

=

SR

|

=
\_/2

_ % <mN1 —H 1o My-1 —M> — . (5.45)
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Here, (a) follows from the inequality on the upper bound of the Mill’s ratio [125].

Now, observe the following:

O>Uuy —Mmy_1 = (m]v_l — UN—l) —2b
> (UN—I — mN_Q) —2b

= (WN,Q — UN,Q) — 2(2b)

> gy — T — (N — ¢ — 1)(2b)
7, — g — (N — £)(2b)
> (N —1)(2b),

where the inequalities follow from the fact that the Gaussian pdf of M is mono-
tonically decreasing for m > u. Hence, for b < 0, N —t < —,
that the number of bins on the right-half is bounded by L — %J Further, when

b < 0, the following relation holds for bin-lengths:

which implies

Ly =My, — Mgy = (Mg, — wg) + (wp — Mg—1) > (up — Mg—1) + (up — Mg—1)
= (Mp—1 — up—1 — 2b) + (Mp—1 — up—1 — 2b)
> (Mg—1 — ug—1 — 2b) + (ug—1 — Mg—_o — 2b)
= (M1 — up—1) + (Up—1 — Mp—2) — 4b =Ty — My_o — 4b =1 — 4b

=l > 1. (546)
Thus, bin-lengths are monotonically increasing on the right-half when b < 0.

Similarly, consider the left-half of the Gaussian source; i.e., m < u, and thus

1 > my, and for the first bin, the following holds:

my —u =My —Em|—oco <m <] =M —p+ —Mﬁl{f_u)
my Uy = mq m o0 m mi| = My 1% 0'(1) m1—,u)

(a) p(E Py

=0 —— —0

1—<I>(“_Gm1) o
® (=) +a+ 0
<0
2 o
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Il
2ol Q

<“_m1+2—“_m1>:a. (5.47)
o o

Here, (a) holds since ¢(x) = ¢(—x) and ®(x) = 1 — &(—z), (b) follows from
the inequality on the upper bound of the Mill’s ratio [125]. Now, observe the

following:

o>Mmy — U = uy —my +2b
> g — Ug + 2b

= Uz — mo + 2(2b)

> M1 — w1 + (t —2)(2b)
= Ut — mt_1 + (t - 1)(2b)
> (t —1)(20),

where the inequalities follow from the fact that the Gaussian pdf of M is mono-
tonically increasing for m < pu. Hence, for b > 0,1 —1 < Z,
the number of bins on the left-half is bounded by [%J Further, when b > 0, the

following relation holds for bin-lengths:

which implies that

lp =My — M1 = (Mg — ug) + (up — Mg—1) > (Mg — ug) + (Mx — ug)
= (Ugy1 — Mg + 2b) + (ugy1 — My + 20)
> (M1 — Ugs1 + 20) + (g1 — Mg + 20)
= (Mps1 — Upp1) + (Upg1r — M) + 40 = Mgqy — Mg + 4b = [ + 40

=l < lpyq - (5.48)

Thus, bin-lengths are monotonically decreasing on the left-half when b > 0.
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5.7.4 Proofs for Section 5.5

5.7.4.1 Proof of Fact 5.5.1

Due to the absolute value in the pdf of M, there may be three different cases as

will be investigated below:

(i) 0 < a <b: This case is equivalent to the standard exponential case, thus

we have E[m|a < m < b] = 1 + a — =4~ as shown below:

E[m|la <m < b] =

/ )\ —/\|m| fab m}\e—)\mdm
f

T xa A —)\\m| f,f Ae—*mdm,
. b
< me™ " — &5 >a —be*Ab—#%—ae*A“jL%

- b - “e N 4 eAa

_ef)\m
1 ae —ber 1 e*(b—a)
_X+ eAb _ oha _X+a_ oMb _ eha
1 b—a
AT e 1

(ii) a<0<b : In this case, the mean of a truncated standard double-
exponential distribution can be obtained as follows:
b 2ehm [P mae*mdm + [} mie > mdm
e~ dm = 5 5
a [ 5eAml [, Aermdm + [ Ae=Amdm

0 b
_ —Am __ e ’m
+< me X )
0

(eXm)

+ (—emm)

a 0
(—% — aeM + e%) + (—be_)‘b —=
(1—e) + (—e 2+ 1)
(X — o) — (e + be )
2 — (M 4+ e '

)

>

1
_ A
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(i) a <b<0 : In this case, the mean of a truncated standard double-

exponential distribution can be obtained as follows:

b

b (me)‘m — eA—m>
’\ e Alm| [ mAer™dm A
E[mla <m < b] = —2———dm = =% = . t
f Ae=AIml [ Aermdm
a e)\m
hett — % — et + eATa 1 bett — ger
- oM _ eha TN TN e
1 A (h —a) 1 b—a
Y b+ e _ oha _X+b+eA(b a) _1q

5.7.4.2 Proof of Theorem 5.5.1

Consider an equilibrium with two bins such that the first bin is [0 = 779, 7;)
and the second bin is [, M2 = 00). Then, based on the value of the boundary

between two bins M, there are two possible cases:

(i) m; > 0: The centroids of the bins (the action of the decoder) can be derived
1 (0—e= A1) — (04710721 )
2—(0+e= A1)

from (5.6) as u; = E[m| — 0o < m < Ty} = —
WH—%

—sow2s and uy = E[m|m; < m < oo] = m; + . Then, by utilizing (5.2),

Mty a4 L o
_at 21 T mEx Ly,
2 2eMm — 1 )

E

lee)‘ml —+ %
= Y= =
2eAm1 — ] A

— A —1— =2t 2
t=N\ 1:>1 2\b et+1+2>\bT — X + 2b = tet - _ (1 + )\b) e—(l-‘r?)\b) ) (549)

In order to have a real solution for ¢, since te! > —% vVt € R,
—(1+ ) e W20 > 1 = (1 4+ Np)e™ < 1 = P — A —1>0
must be satisfied. Let f(z) = e?* — 2 — 1, then we are looking for z values
which satisfy f(z) > 0. Since f/'(z) = 2¢** — 1 and f"(z) = 4e** > 0,
f(z) is a convex function of z, and it takes its minimum value when
fl®) = 2* =1 =0 = = = —22 and f(—22) < 0. Therefore,
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f(z) takes negative values between two solutions of f(z) = 0, and since

—1 < Wy(+) < 0, the solutions can be found as follows:

f(l'):0:>62:C_$_1:O:>(l-_|_1)e—2x:1u=ia>3+2 ge_u+2:1
W(—2e™2
= —ue " =—-2 = u=—-W(-2?) éx:—%_l
Wo(—2e~2 1
=2; =0 and —1<x2:_¥_1<_5‘

W0(726_2)

5 —1 <z <0, f(x) takes negative values; in other

Hence, for —
words, Ab cannot take values between —w —1 and 0 (in other words,
it is not possible to have —w — 1 < Ab < 0) in order to have an
equilibrium with two bins in which the boundary between the bins lies in
the positive side of the real line; i.e., m; > 0.

Wi (—20-2) Wi (~20-2)
2 2

1+ 2Xb < 0. Further, since we must have m; > 0 = § + i +20>0=1>
—(142Xb). Then, by combining the inequalities, we have ¢t > —(142\b) >

0= — (14 Ab) e (F2%) = tet > —(1 4 2Ab)e~(1F22) = \p > 0, which is a
Wo(—2e"%) 1
> .

Now, assume that \b < — —1= X< — —1<—%:>

contradiction. Thus, it is not possible to have A\b < —

As it can be observed above, in order to have m; > 0, we must have A\b > 0.
Further, the converse also holds: as long as A\b > 0 = b > 0, it is always

possible to have an equilibrium with two bins where m; > 0.

(ii) M1 < 0 : The similar analysis holds, but the details are provided below for

completeness:

The centroids of the bins (the action of the decoder) can be derived from

(5.6) as uy = E[m| — oo < m < my| = — 3 and up = E[m[m; < m <

_AET0) (e | m )

0] = 3= (1 70) = —5=wm—7- Lhen, by utilizing (5.2),
U +u ml—l——mﬁ% my — = 1
_ 1 2 A 2 mi_] — 1= X
— b= b= — 2 = —— 42D
m 5 2 R v R W
2mye MM — £ 1 . 2
= A= 4= (D db—2my ) = -2 + 20
T N e N m N
t:Amgkmb e,tﬂ,nb—% _ _z L9k = _fet — (—1+ \b) o 1H22b
A A '

(5.50)
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In order to have a real solution for ¢, since te! > —é vVt € R,
(14 Xp)e 2 > L = (—14A)e* > -1 = e+ X —-12>0
must be satisfied. Let g(z) £ e™% + 2 — 1, then we are looking for x values
which satisfy g(z) > 0. Since ¢'(z) = —2¢72* + 1 and ¢"(z) = 4e7%* > 0,
g(x) is a convex function of z, and it takes its minimum value when
gx) = =22 +1 =0 = z = 22 and g(22) < 0. Therefore,
g(x) takes negative values between two solutions of g(z) = 0, and since

—1 < Wy(+) < 0, the solutions can be found as follows:

glz)=0=e ¥4+ -1=0= (l—x)eh:l“:h_2 _geuw:l
W(—2e2
:>U€u=—2672:>u:W(—2672):>x: ( 26 )+1
1 Wo(—2e72

w +1, g(x) takes negative values; in other words,

Hence, for 0 < x <
Ab cannot take values between 0 and w +1 (in other words, it is not
possible to have 0 < A\b < w + —1) in order to have an equilibrium
with two bins in which the boundary between the bins lies in the negative
side of the real line; i.e., m; < 0.

Wo(—2e=2)
2

2Ab > 0. Further, since we must have m; < 0 = % — % +26<0=>1t<

Wo(—2e"2)

Now, assume that A\b > +1:>)\b>T+1>%:>—1+

1 — 2X\b. Then, by combining the inequalities, we have —t > —1 4+ 2\b >
0= (—1+Xb)e 2 = —te= > (=1 + 2\b)e 122 = \b < 0, which is a

contradiction. Thus, it is not possible to have Ab > w + 1.

As it can be observed above, in order to have m; < 0, we must have Ab < 0.
Further, the converse also holds: as long as Ab < 0 = b < 0, it is always

possible to have an equilibrium with two bins where m; < 0.

5.7.4.3 Proof of Theorem 5.5.2

Consider an equilibrium with two bins such that the first bin is [0 = 7, 7;) and

the second bin is [, My = c0). The centroids of the bins (the action of the
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decoder) can be derived from (5.8) as u; = E[m|0 < m <] = —0o
and uy = E[m|m; <m < oo} = Jli(b?@)l). Then, by utilizing (5.2),

lim f(c) =

c—0

=

=

my = 5 +b= z 22 =) 4
o[ M) -7m, (B
5\ ey )
cé% o ¢(C> — \/%7 ¢(C>
= 0_0—5 _(I)(C)—% +1—q)(c) —|—b
o)~ 7 gl 2
T o)=L 1-d() o
+ (bg()c_)j - 1¢‘(;()c)’ then, observe the following:
i {2t B(c) -1 1-(c)
. ¢(c) — L% ' o(c)
i (G ) + 1 (- 20
. ¢(c) — \/%7 2
S \e0-1 ) Va
i (290 _ 2
c—0 (b(c) T
2 2
i (=e) =\ 2 =\ 5
. ¢~ 7= ¢(c)
Him | 2+ dle)—1  1-9(c)

i :
i (O S0y 2
() -

i ()

()3
(5.51)



fllc) =2 5
o (20— )
S (=o)L = 9(e)) — dle) ()
(1- ()

e (F00) g (40 )
O(c) — 3 (®(c) — 3)? 1—2(c) \1-®(c)
et (FE00)00 g .
0(c) — 5 (®(c) — 1) 1—®(c) \1—®(c)

(5.52)

Then, observe the following:

e In [125], the inequality on the upper bound of the Mill’s ratio is proved as
o) ””2;4“. Then,

é(c) < é(c) _C><<\h§;4r%0<y@i+4ﬁ‘c_c>
) 2 2

1—®(c) \1-—(c
_Ve@Hdtevl+d—c
B 2 2 o
e Since 0 < ¢(c) < W’ we have (%;fi))f@ >0
o Let g(C) £ 37 )( )1’ then g( ) (b(C) ((1—02)(21)((00))_—5))2—045(0)) If we let h(C) A
(1=c*)(2(c) — )—ch(C), then '(c) = =2¢(®(c) — 3) + (1= *)p(c) — d(c) —

cp(c)(—c) = =2¢(®(c) — 1) < 0 for ¢ > 0. Thus, ¢"(c) < 0, which implies
that g(c) is a concave function of ¢, and takes its maximum value at g(c*)
which satisfies ¢’(¢*) = h(c*) = 0. By solving numerically, we obtain ¢* ~ 0
and g(c*) ~ 1.

By utilizing the results above, (5.52) becomes

fe)>2-140-1>0. (5.53)
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Thus, f(c) is a monotone increasing function and it takes values between
<—\/g, oo); however, if 2 < —\/g, (5.42) cannot have a solution to f(c) = 2.

g

Therefore,

(i) if 2 > —\/g, then (5.42) has always a unique solution to f(c) = 22, which

assures that, there always exists an equilibrium with two bins.

(ii) if %b < —\/g , there cannot be an equilibrium with two bins; i.e., the only

equilibrium is the non-informative one (the equilibrium with one bin).
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Chapter 6

Summary and Conclusion

6.1 Summary

In this dissertation, we considered the cheap talk setup of Crawford and Sobel [16],

and introduced a signaling game formulation in the hypothesis testing context.

In Chapter 2, we studied the decentralized quadratic cheap talk and signaling
game problems, which refers to a class of two-player games of incomplete infor-
mation in which an informed decision maker (encoder) transmits information to
another decision maker (decoder). For a strategic information transmission prob-
lem under quadratic criteria with a non-zero bias term leading to a mismatch
in the encoder and the decoder objective functions, Nash and Stackelberg equi-
libria have been investigated in a number of setups. It has been proven that
for any arbitrary scalar source, in the presence of misalignment, the quantized
nature of Nash equilibrium policies hold whereas all Stackelberg equilibrium poli-
cies are fully informative. Further, it has been shown that the Nash equilibrium
policies may be non-discrete and even linear for a multi-dimensional cheap talk
problem, unlike the scalar case. The additive noisy channel setup with Gaussian
statistics has also been studied, such a case leads to a signaling game due to the

communication constraints in the transmission. Conditions for the existence of
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informative affine Nash equilibrium policies were presented for both the scalar
and multi-dimensional setups. Lastly, we proved that the only equilibrium in
the Stackelberg noisy setup is the linear equilibrium. Table 2.1 summarizes the

results of this chapter.

In Chapter 3, dynamic (multi-stage) signaling games involving an encoder
and a decoder who have subjective models on the cost functions or the proba-
bilistic model were considered. Nash (simultaneous-move game) and Stackelberg
(leader-follower game) equilibria of multi-stage quadratic cheap talk and signal-
ing game problems were investigated under a perfect Bayesian formulation. We
established qualitative (e.g. on full revelation, quantization nature, linearity, in-
formativeness and non-informativeness) and quantitative properties (on linearity
or explicit computation) of Nash and Stackelberg equilibria under either subjec-
tive/inconsistent cost models or priors. For the multi-stage scalar cheap talk, a
zero-delay communication setup was considered for i.i.d. and Markov sources; it
was shown that the final stage equilibrium is always quantized and under further
conditions the equilibria for all time stages must be quantized under the Nash
assumption. In contrast, the Stackelberg equilibria are always fully revealing. In
the multi-stage signaling game where the transmission of a Gauss-Markov source
over a memoryless Gaussian channel was considered, affine policies constitute an
invariant subspace under best response maps for scalar and multi-dimensional
sources under Nash equilibria. However, for multi-stage Stackelberg signaling
games involving Gauss-Markov sources and memoryless Gaussian channels, we
have proved that, for scalar setups, linear policies are optimal and the only equi-
librium is the linear one, whereas this is not the case for general multi-dimensional
setups. We have obtained an explicit dynamic recursion for optimal linear en-
coding policies for multi-dimensional sources, and derive conditions under which
Stackelberg equilibria are non-informative. For the case where the encoder and
the decoder have subjective priors on the source distribution, under identical costs
and mutual absolute continuity, we have shown that there exist fully informative
Nash and Stackelberg equilibria for the dynamic cheap talk as in the team theo-
retic setup. In particular, for the cheap talk problem, the equilibrium behavior is

robust to a class of perturbations in the priors, but not to the perturbations in the

189



cost models in general. For the signaling game, however, Stackelberg equilibrium
policies are robust to perturbations in the cost but not to the priors considered

in this chapter. Table 3.1 summarizes the results of this chapter.

In Chapter 4, we considered binary signaling problems in the hypothesis test-
ing context, in which the decision makers (the transmitter and the receiver) have
subjective priors and/or misaligned objective functions. Depending on the com-
mitment nature of the transmitter to his policies, we formulated the binary sig-
naling problem as a Bayesian game under either Nash or Stackelberg equilibrium
concepts and established equilibrium solutions and their properties. We showed
that there can be informative or non-informative equilibria in the binary signaling
game under the Stackelberg assumption, but there always exists an equilibrium.
However, apart from the informative and non-informative equilibria cases, there
may not be a Nash equilibrium when the receiver is restricted to use determin-
istic policies. We also studied the effects of small perturbations at the point of
identical priors and costs and showed that the game equilibrium behavior around
the team setup is robust under the Nash assumption, whereas it is not robust

under the Stackelberg assumption.

In Chapter 5, we investigated the number of bins at the equilibrium under the
cheap talk setup with exponential and Gaussian sources as to whether there are
finitely many bins or countably infinite number of bins in any equilibrium. It is
shown that, for exponential sources, when the bias is negative, the number of bins
at the equilibrium is bounded, whereas there is no bound on the number of bins
for the positive bias, indeed, it is possible to have an equilibrium with infinitely
many bins. For the Gaussian case, there can always exist an equilibrium with

two bins.

6.2 Future Directions

A possible future research direction related to Chapter 2 and Chapter 3 is to in-

vestigate the convergence properties for Nash and Stackelberg equilibria; i.e., an
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iterative convergence rate of the best responses can be analyzed. Another direc-
tion is to consider more general cost functions and source distributions in cheap
talk and signaling game formulations. Obtaining the structural results depending
on the cost functions and different type of sources will give significant perspec-
tives to model and comment on the equilibrium states of many decentralized and

networked control systems possibly will be in use in the near future.

Regarding Chapter 4, the binary setup considered here can be extended to
the M-ary hypothesis testing setup, and the corresponding signaling game struc-
ture can be formed in order to model a game between players with a multiple-bit
communication channel. The extension to more general noise distributions is pos-
sible: the Nash equilibrium analysis holds identically when the noise distribution
leads to a single-threshold test. Finally, in addition to the Bayesian approach
considered here, different cost structures and parameters can be introduced by

investigating the game under Neyman-Pearson and minimax criteria.

Generalization of Lloyd-Max quantizers can be studied related to Chapter 5
in order to analyze the number of bins (whether finite or infinite) at the equilib-
rium. The possible approaches can be the best-response analysis and fixed point
analysis. Further, for more general sources, besides the number of bins, it is a
desirable question to see whether in general more number of bins implies more

desirable equilibria.
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