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Abstract. Let A be a group acting on a p-group P coprimely. We show
that if A centralizes some specified abelian subgroups of P, then A acts trivially
on P. As a consequence of this, we obtain that the special rank of Cp(A) is
strictly less than that of P unless the action of A on P is trivial. Secondly, we
prove that if A acts on a group G coprimely and [G, A] = G, then the exponent
of Ca(A)/(Ca(A)) divides |G : Ca(A)|.

1. Introduction

All groups considered in this paper are finite. Notation and terminology
are standard as in [2]. Let A be a group acting on a group G via automor-
phisms. In the case that (|A],|G|) = 1, we say that A acts coprimely on G.
Now let p be a prime and A be a group acting on a p-group P coprimely.
Recall that Q;(P) is defined to be (x € P | 2P" = 1) for each positive inte-
ger i and we simply write Q(P) when ¢ = 1. The following result in coprime
action is quite useful and well known:

THEOREM. Assume [Q(P),A] =1 in the case that p is odd and assume
[Q2(P), Al =1 in the case that p = 2. Then A acts trivially on P.

Isaacs and Navarro improved this result for p = 2 (see [3, Theorem B]).
A simpler (character free) proof of [3, Theorem B] is given in [4] by the
author. We shall improve [3, Theorem B] by refining the proof of [4, The-
orem BJ| in our first main result. We also note that there is a small gap (a
missed subcase) in the proof of [4, Corollary C]. We shall remedy this by
obtaining a generalization of the result in Corollary B. Before stating our
main results, we note some of our conventions:

Recall that an element x of a group G is called a real element if there
exists y € G such that 2¥ = 27!, We say that x is a special real element if
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x is of order 4 and the inverting element y can be chosen of order 4. Let
P be a p-group, and let £(P) be the set of all maximal elementary abelian
subgroups of P. Now consider the set of all abelian subgroups of P having a
generating set whose each element is of order p or is a special real element.
We define £*(P) to be the set of all maximal members of these subgroups
under inclusion. Note that £*(P) = £(P) when p is odd.

A p-group P is said to be of rank n if p" = max{|E| | E € £(P)}. Sim-
ilarly, we define the special rank of P to be the natural number n where
p" =max{|E|| E € £(P)}. We denote the rank and the special rank of P
by rk(P) and srk(P), respectively. Note that rk(P) = srk(P) when p is odd,
however, the rank and the special rank of a 2-group can be different. For
example, if P is a quaternion group, then rk(P) = 1, but srk(P) = 2.

THEOREM A. Let A be a group acting coprimely on a p-group P and
E e & (P). If [E,A] =1, then A acts trivially on P.

In the case that p is odd, the above result can be obtained by the main
theorem of [1], and so the main contribution of the above theorem is for
p=2.

Let I" be the nontrivial semidirect product of Z4 by Z4. We say that P is
of odd type if P has no subgroup isomorphic to QJg and I'. Notice that P is
always of odd type when p is odd.

COROLLARY B. Let A be a group acting coprimely on a p-group P and
E € E(P). If P is of odd type and [E, Al =1, then A acts trivially on P.

By Corollary B, we see that there are only two possible “bad subgroups”,
namely, “Qg and I'”. On the absence of these subgroups, the p = 2 case
behaves like odd primes. The assumption of being of odd type is weaker
than that of being quaternion free (see Example 4.1). On the other hand,
we only suppose [E, A] = 1 instead of [Q2(P), A]=1, and so this generalizes [4,
Corollary C] in two different directions. The following corollary is immediate
from Theorem A and Corollary B.

COROLLARY C. Let A be a group acting on a p-group P nontrivially
and coprimely. Then the inequality stk(Cp(A)) < stk(P) holds. Moreover,
rk(Cp(A)) < tk(P) if P is of odd type.

REMARK 1.1. The above corollary can be quite useful especially when
P is of “small rank”. For example it implies that if stk(P) = 2, then Cp(A)
is cyclic unless A acts trivially on P.

DEFINITION 1.2. Let P be a p-group. In the case that £(P) has a
member of order p™, we define w,,(P) to be the subgroup generated by all
members of £(P) of order p™. When m is the smallest possible, we shall
simply write w(P). Similarly, we define w?,(P) and w*(P) by replacing £(P)
with £*(P).
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Clearly, both wy,(P) and w},(P) are characteristic subgroups of P that
are contained in Q(P) and y(P) respectively for all possible m. The con-
tainment might be proper (see Example 4.2).

COROLLARY D. Let A be a group acting coprimely on a p-group P. As-
sume one of the following:

(a) [A,wy, (P)] =1 for some m.

(b) [A,wm(P)] =1 for some m and P is of odd type.
Then A acts trivially on P.

The transfer homomorphism generally produces useful results when the
target group is a Sylow or a Hall subgroup. Surprisingly, we obtain the
following result via the transfer map v: G — Cg(A)/(Ca(A))". The proof
uses a basic observation Lemma 3.2, which simply says that the transfer map
is invariant under the action of automorphisms.

THEOREM E. Let A be a group acting on a group G coprimely with
(G, A] = G. Then the exponent of Cq(A)/(Ca(A)) divides |G : Cq(A).

The following corollary shows that Theorem E can be used to bound the
exponent of the fixed point subgroup in a p-group, although possibly the
bound is not the best possible for large n.

COROLLARY F. Let A be a group acting on a p-group P of order p"

coprimely where n > 5 and [P, A] = P. Then Cp(A) is of exponent at most
-3
P

2. Proof of Theorem A

The following lemma is possibly noted somewhere but we could not find
a reference.

LEMMA 2.1. Let A be a group acting on a p-group P coprimely, and
write C = Cp(A). If Cp(C) < C, then C' = P, that is, A acts trivially on P.

PrOOF. Assume that C' < P and set N = Np(C). Then C < N as P is
a p-group. Moreover, N is an A-invariant subgroup of P.

Now we have [A,C, N] = [C, N, A] = 1, which yields that [NV, A,C] =1
by three subgroups lemma. Thus, [N, A] < Cp(C) < C. Then [N, A, A] =1,
and so [N, A] =1 due to the coprime action. It follows that N = Np(C)
< C'. This contradiction completes the proof. [J

COROLLARY 2.2. Let A be a group acting on a p-group P coprimely and
let D < P. If [P,A] # 1, then [DCp(D), A] # 1.

PrROOF. Assume [DCp(D),A]=1. Then DCp(D) < Cp(A), and so
Cp(Cp(A)) < Cp(D) < Cp(A). It follows that [P,A] =1 by Lemma 2.1.
g
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REMARK 2.3. It seems that Corollary 2.2 is equivalent to the P x @
lemma of Thompson (see [2, Theorem 4.31)).

LEMMA 2.4. Let P be a p-group and E € £*(P). Then Q(E)€&*(Cp(E)).

Proor. Write C' = Cp(E). Assume that ¢ € C is a special real element
in C. Then c is also a special real element in P, and so ¢ € E as [E,c| =1
and E € £*(P). However, c € E < Z(C), which leads that ¢ can not be
a special real element in C'. Thus, C' does not have any special real ele-
ments. Now let d € C' of order p. Since [d, E] =1, we obtain that d € E,
and so d € Q(E). The absence of a special real element in C' leads to Q(E)
e&C)=&(Cp(E)). O

LEMMA 2.5 [4, Lemma D]. Let G be a group and x,y € G be of order 4
such that % = y? and [z,y] is an involution lying in Z(G). Then xy is a
special real element.

REMARK 2.6. The following proof can be shortened by appealing the
known results in that type that are mentioned in the introduction. However,
we would like to present a proof which covers the previous known results as
well at once. Beside some of the well known reductions, we use some of the
ideas from the proof of [4, Theorem B].

PROOF OF THEOREM A. Let P be a minimal counter example to the
theorem. Then [P, A] # 1 but [E, A] = 1 where E is a member of £*(P). Note
that £ < Cp(FE) as E is abelian and clearly Cp(F) is A-invariant. Then we
see that [Cp(E), A] # 1 by Corollary 2.2. Now assume that Cp(E) < P.
Since Q(F) € £*(Cp(F)) by Lemma 2.4 and [Q2(E),A] =1, we get that
[Cp(FE),A] =1 by the minimality of P. This contradiction shows that
P =Cp(E), thatis, E < Z(P). In particular, we see that Q(P) = E < Z(P)
and there is no special real element lying in P. We also see that P is non-
abelian by [2, Corollary 4.35].

Now let D be an A-invariant proper subgroup of P. Note that E N D =
QD) e &X(D) and [Q(D),A] =1. Thus we obtain that [4,D] =1 by
the inductive argument. If Cp(D) is also proper in P, then we have
[Cp(D),A] =1, and so [DCp(D), Al =1, which is not possible by Corol-
lary 2.2. Thus, Cp(D) = P, that is, every A-invariant proper subgroup of P
is contained in Z(P). In particular, we have P’ < ®(P) < Z(P).

Note that [P, A] is an A-invariant subgroup of P and if [P, A] < P, then
[P, A, A] = 1. The coprime action yields that [P, A] = 1, which is not the case.
Thus, [P, A] = P, and so [P/P', A] = P/P" which yields that Cp/p./(A4) =1
by [2, Theorem 4.34]. Consequently, we have Z(P) = ®(P) = P as Z(P)/P’
< Cp/p/(4) =1.

We have 1 = [2P,y| = [z,y]P as ®(P) < Z(P), and so P’ is of exponent p.
Now assume that p is odd. Then we have (zy)? = aPyP[z, y|PP~D/2 = zPyp
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for all x,y € P as P is of class 2 and P’ is of exponent p. Then
[z,a]P = (z7'2%)P = 7P (2P)* = [2P,a] = 1

for all a € A and x € P. That leads that [P, A] < Q(P) = E < P, which is
a contradiction. Thus, p = 2.

Let = be an element of order 4 in P and a € A such that [x,z%] # 1. Set
y = 2% Note that (22)* = 22 as 22 € E. Then we see that 22 = y?. Since
P’ is of exponent p = 2, we obtain that 1 # [z, y] is an involution lying in
the center of P. It follows that xy is a special real element by Lemma 2.5,
which is not the case. This contradiction shows that [z, %] = 1, and so (z)
is an abelian group. Note that (z4) is a proper A-invariant subgroup as P
is nonabelian. Then we have (z4) < Z(P). Consequently, each element of
order 4 lies in Z(P). However, P/ = Z(P) is of exponent 2, and so there is
no element of order 4 in P, that is, £ = P. This contradiction completes
the proof. [

PrROOF OF COROLLARY B. Let z be a special real element in P. Then
we have y € P of order 4 such that 2¥ = 2! by the definition of a spe-
cial real element. In the case that (z) N (y) =1, we have (x)(y) =TI. If
[(x) N (y)| = 2, then 2? = y?, which leads (z,y) = Qs. Both cases are im-
possible as P is of odd type. Hence, there is no special real element in P,
which leads to £*(P) = £(P).

By hypothesis we have E € £(P) such that [A,E] =1. We see that
E € £*(P) by the previous paragraph, and so we obtain that [P, A] = 1 by
Theorem A. [

3. Proof of Theorem E

DEFINITION 3.1. Let A be a group acting on groups G and H via au-
tomorphisms. A homomorphism ¢ from G to H is called A-invariant if

d(g)* = ¢(g) for all g € G and a € A.

If ¢ is an A-invariant homomorphism from G to H, then one can ob-
serve that ¢(G) and Ker(¢) are A-invariant subgroups of H and G, respec-
tively. Moreover, the action of A on ¢(G) is equivalent to the action of A
on G/ Ker(¢).

LEMMA 3.2. Let A be a group acting on a group G via automorphisms
and H be an A-invariant subgroup of G. The transfer map v from G to
H/H' is A-invariant.

PROOF. Let T' = {t1,t2,...,t,} be a transversal set for the right cosets of
H in G. Consider the usual right action of G on T'. Pick g € G, a € A. Then
ti.g = ty, where ty, € T and Ht;g = Hty,. Hence, we get (Ht;9)* = (Hty,)".
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It follows that Ht!¢g* = H ty. - The previous equality holds as H is A-invari-
ant. Consequently, we can say that

(1) (ti-g)" = 1§, = t7.(9").

Note that both t¢ and t§ are elements of the set T* = {t® | t € T'}, which
is also a right transversal for H in G as a permutes the cosets of H in G.

Now let V' be a pretransfer map from G to H constructed by using 7.
Then V(g) = [ tig(ti.g)~*. Tt follows that

= <H tig(ti-g)_l> = [ o) ((tig)) ™"
t, €T t,eT
= [[ tig"ti9n" = I tig*(ti9") ™" = V(g*) mod H'
t;€T teeTe

by using (1) in the third equality. Thus, V(g)® = V(¢*) mod H'. The con-
gruence relation holds as the transfer homomorphism is independent of the
choice of transversal set (see [2, Theorem 5.1]). Hence, v(g)* = v(g®) for all
g € G and a € A as required. [J

COROLLARY 3.3. Let N be a normal subgroup of a group G and v be a
transfer map from G to N/N'. Then v(G) < Z(G/N'). In particular, if N is
abelian, then v(G) is central in G.

PRrROOF. As both G and N are G-invariant under the conjugation action
of G, the transfer map v: G — N/N’ is also G-invariant by Lemma 3.2. Note
that G acts trivially on G/Ker(v) as G’ < Ker(v). Thus, G acts trivially
on v(G). Hence, v(G) < Z(G/N'). Then the result follows. O

PrROOF OF THEOREM E. Let V be a transfer map from G to Cg(A)
and v be the corresponding transfer map from G to Cg(A)/(Cg(A))'. Note
that the transfer map v: G — Cg(A)/(Ca(A))" is A-invariant by Lemma 3.2.
Thus, the action of A on v(G) is equivalent to the action of A on G/ Ker(v).
As A acts trivially on Cg(A)/(Ca(A)), it also acts trivially on G/ Ker(v),
and so G = [G, A] < Ker(v). As a result v is the trivial map.

Let = be an element of Cg(A) such that the order of the image of x
in the quotient group Cg(A)/(Ce(A)) is equal to the exponent e of
Ca(A)/(Ce(A)). We have

V(z) = H tiz™it; ! mod (Cg(A))

t; €Ty

where ny, is a positive integer for each t; € Ty such that >, cp ny, =
|G- Ca(A)] (see [2, Lemma 5.5(b) and (c)]). Note also that t;z™¢; ' and
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™ are elements of Cg(A) (see [2, Lemma 5.5(a)]). Then we see that they
are also conjugate via an element of C¢(A) by [2, Theorem 3.26]. Now set
tix™ tl-_1 = c;z" ci_1
for some ¢; € Ci(A).
Then we have

V(z) = H cix™ic;l = H 2™ mod (Cx(A))".

ti€To t;€To

Thus, V(z) = 2/l mod (Ca(A)) by [2, Lemma 5.5(c)]. Note that
V(z) € (Cq(A)) as v is the trivial map. Then z/CeMl e (Cx(A)). It
follows that e divides |G : C(A)| as desired. [

ProOF OF COROLLARY F'. It is enough to show that A does not cen-
tralize any element of order p"~2. Assume the contrary and let [A, u] =1
for some u € P of order p"~2. If Cp(A) is abelian, then p"~2 is a divi-
sor of |P: Cp(A)| € {p,p*} by Theorem E, which is impossible as n > 5.
Thus, Cp(A) is nonabelian. In particular we have (u) < Cp(A) < P, which
forces that |Cp(A)| = p"~ 1. Now set C = Cp(Cp(A)). Note that C € Cp(A)
by Lemma 2.1, and so Cp(A)C =P as Cp(A) is a maximal subgroup
of P. Since C' is also A-invariant, [P, A] = [Cp(A)C, A] = [C, A] = P, that
is, C' = P. It follows that Cp(A) < Z(P), and so Cp(A) is abelian. This
contradiction completes the proof. [J

4. Examples

Note that I' = (z,y | 2* = y* = 1,y tay = 271), and so I'/(2%y~2) = Q5.
Thus, if a p-group P is quaternion free, then it has no subgroup isomorphic
to Qg or I', that is, P is of odd type. The following example shows there are
2-groups of odd type which are not quaternion free, and so the assumption
of being of odd type is weaker than that of being quaternion free.

EXAMPLE 4.1. Let P = (a,b | a® =b® =1, b71ab=a~!). Then it is easy
to check that the elements of the form a"b™ where m or n is odd are of or-
der 8. Thus, all elements of order 4 are of the form a?*b*™ for some suitable
m and n. It follows that Qy(P) is abelian, and so P has no subgroup iso-
morphic to Qg or I, that is, P is of odd type. Let Z = (a*, b*, a®b~2). Then
P/Z =(z,y|2a*=y* =1, 22 =9% ylay =27 !), and so P/Z = Qg. Thus,
P is not quaternion free.

In the following example, we see that in general w(P) # Q(P) and w*(P)
# Qo(P).
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EXAMPLE 4.2. We shall appeal to GAP[5] for the first example. Con-
sider the group P = SmallGroup(81,7), which is isomorphic to Zz ! Zs and a
Sylow 3-subgroup of Sy. Note that up to conjugacy £(P) involves two groups
whose orders are 9 and 27. Both w(P) = ws(P) and w3(P) are groups of or-
der 27. They are proper in Q(P) as Q(P) = P.

Now let P = Qg X Z4. Then any special real element u of P is in the
form of (x,y) where z € {i,7,k} and y € {0,2}. Thus, each E € £*(P) has
order 8 and w*(P) = wi(P) = Qg x {0,2} < P = Qy(P).
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