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Abstract. We consider an arbitrary representation of the additive group G, over a field of
characteristic zero and give an explicit description of a finite separating set in the corre-
sponding ring of invariants.

1. Introduction

The problem of distinguishing the orbits of an action of a group G on a vector
space V is one of the most fundamental in mathematics, and some of the most
widely studied questions in mathematics are merely special cases of this problem.
For example, if we take G to be the group GL, (k) acting by conjugation on the
vector space of n x n matrices over a field k, then this is the problem of classifying
square matrices up to conjugacy. If we take G to be the group SL,(k) and V to be
the nth symmetric power, S (W) of the natural representation W, then this is the
problem of classifying binary forms of degree n over k up to equivalence.

The classical approach to solving these problems is to construct “invariant
polynomials”. These are polynomial functions V' — k which are constant on the
G-orbits. One can also view these as the G-fixed points k[V]° of the k-algebra
k[V] of polynomial functions from V to k, where G acts on k[V] via

g-fw=fg " v

forv e V,g € G and f € k[V]. From this point of view it is clear that k[V]C is
a subalgebra of k[V']. A natural approach to the orbit problem is then to try to find
algebra generators.

Invariant theory can be considered to be the study of the subalgebras k[V]° <
k[V]. The problem of finding algebra generators has been studied rather exten-
sively over the past 200 years, but we are still a very long way from being able
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to write down algebra generators in the general case. For example, in the case of
SLy(k) acting on S (W), a complete set of algebra generators is known only for
n < 10, and the number of generators required appears to grow very quickly with n.
While the list of groups and representations for which a complete set of generating
invariants is known is very small, the problem has been solved algorithmically for
reductive algebraic groups acting on an algebraic variety ([2,10, 11]) and for certain
non-reductive algebraic groups ([4, 18]). Many of these algorithms rely on Grébner
basis calculations, which have a tendency to explode in higher dimensions. For this
reason, using full sets of generating invariants to separate orbits is rarely a realistic
proposition.

It has been known for a number of years that one can sometimes obtain as much
information about the orbits of a group using a smaller subset of k[V]9; for a very
simple example, see [3, Example 2.3.9]. With this in mind, a new trend in invariant
theory has emerged, based around the following definition:

Definition 1. (Derksen and Kemper [3, Definition 2.3.8]) A separating set for the
ring of invariants k[ V]9 is a subset S C k[V]¢ with the following property: given
v, w € V, if there exists an invariant f such that f(v) # f(w), then there also
exists s € S such that s(v) # s(w).

Separating sets have, in many respects, “nicer’”’ properties than generating sets.
As a first example, it is well known that if G is finite and the characteristic of k does
not divide |G|, then k[ V1€ is generated by elements of degree < |G| [7,8], but this
is not necessarily true in the modular case [16]. On the other hand, the analogue for
separating invariants holds in arbitary characteristic [3, Theorem 3.9.13]. Second,
Nagata famously showed that if G is not reductive, then k[V ]€ is not always finitely
generated [13]. On the other hand, regardless of whether k[V ¢ is finitely gener-
ated, it must contain a finite separating set [3, Theorem 2.3.15]. Unfortunately, this
existence proof is non-constructive. No algorithm is known for computing finite
separating sets of invariants for non-reductive groups.

In this paper, we describe a finite separating set for any finite dimensional rep-
resentation of the additive group G, over a field k of characteristic zero, extending
the results of Elmer and Kohls for the indecomposable representations (see [6]).
Accordingly, from now on, k denotes a field of characteristic zero and G, its addi-
tive group. The group G, is in some sense the simplest of all non-reductive groups.
We describe briefly its representation theory. In each dimension there is exactly
one indecomposable representation. Following the classical convention, we let V,
denote the indecomposable representation of dimension n 4 1. We have V,, = V'
There is a basis xo, . .., x, for V. such that the action of G, on V," is given by

i .
ol .
o X = E Txi_j fora € G;,, 0<i<n.
j=0""

In this case, we say that G, acts basically with respect to the basis {xg, ..., x,}.
Note that G, acts on V, via upper triangular and on V,, via lower triangular matri-
ces. We note that V,* is isomorphic to the nth symmetric power S" (V}") of V*; if
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G, acts basically on V]* with respect to the basis {xg, x1}, then it acts basically on
S"(V}*) with respect to the basis {%xg_]x{ 0<j<n)

For any finite dimensional representation W of G,, there is a multiset of non-
negative integers n := {ny,na,...,ngysuchthat W =V, @V,, d... 5V,
as representations of G,. For shorthand, we let V() denote the latter and iden-
tify K[V ] with k[x; ; | 0 < i < n;, 1 < j < k]. For convenience, we will
assume that ny, ny, ..., ni are ordered so that n; is even for 1 < j <[ and odd
for/ +1 < j < k, and further assume thatn; =2 mod 4 for 1 < j < !’ and
nj=0 mod4for!’+ 1 < j <. As the problem of computing separating sets
for indecomposable linear G,-actions was considered in [6], we assume throughout
that k > 2.

The main result of this paper is as follows:

Theorem 1. Let V be a finite dimensional representation of G,, with dim(V) = n.
Then there exists a separating set S C K[V G« with the following properties:

1. S consists of invariants of degree at most 2n — 1.

2. The size of S is quadratic in n.

3. S consists of invariants which involve variables coming from at most 2 inde-
composable summands.

This result will be proved in Sect. 2. We also discuss and compare the number
and degrees of elements in S with those of generating invariants in known cases.
It should be noted that, while we can describe explicitly a separating set for any
ring of invariants of a linear G,-action, generating sets are known only in small
dimensions. Section 3 explains the interest in the third property.

This work was carried out during a visit of the first author to Bilkent University
funded by Tiiba-Gebip and a later visit of the second author to Universitéit Basel.
The authors would like to thank Hanspeter Kraft for making this visit possible.

2. Separating sets

Let V, be the indecomposable representation of G, of dimension 7 + 1 and suppose
Gy acts basically with respect to the basis {xo, ..., x,} of V,*. The action of G, is
given by the formula

a- f=explaDy)f for oeG,, fek[V,],

where D, is the Weitzenbock derivation

d
D, =x0— 4+ -4+ x,_ .
" xoaxl n laxn

The algebra of invariants ]k[Vn]G“ is precisely the kernel of the derivation D,,.
More generally, the ring of invariants ]k[V(,,)]G“ coincides with the kernel of the

derivation
k

ad ad
D = Zxo’j axi,j A +x"f_l*fm'
s Js

j=1
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Letn = (n1,n2,...,n;) and n’ = (n},n}, ..., n}) be two vectors in NF with
nj > n', for 1 < j < k. Define the linear map I, , : Vwy = Vi to be the map
induced by the linear maps V,, — V,,,

J

(ao"/,...,an},j)l—) (0,...,0,610,],...,an//_’j).

The map I1,, , is G,-equivariant, and so we have H;“l’n,(k[V(,,)]Ga) - ]k[V(,,/)]G“,
where H:’n, is the corresponding algebra map. For a vector n = (ny, na, ..., ng)
set |n/2] = (|n1/2], |n2/2], ..., |nk/2]), where the symbol |x| denotes the
largest integer less than or equal to x. We let n denote the dimension of V(). Note

thatn = 35_ (nj +1).
Proposition 2. Assume the convention of Sect. 1. Then we have

I o) K[V %) S klxoj | 1</ <11.

Moreover, H:;,Ln/ZJ (k[V(,,)]G“) is contained in the ring of invariants of the cyclic
group of order two acting on k[xo j | 1 < j < l] as multiplication by —1 on x_;
for 1 < j <" and trivially on the remaining variables.

Proof. The proof essentially carries over from the indecomposable case (see [0,
Proposition 3.1]). The isomorphisms Vn*j = §" (V) extend the G4-action on k[ V]
to a SL>(k)-action when we identify V" with the natural representation of SL; (k).
A well known theorem of Roberts [17] states that the G,-equivariant linear map

DV — Vi@ W
v > (v,(0,1)

induces an isomorphism ®* : k[ V() & V]]SLZ(H‘) — ]k[V(n)]G”. The elements iy
and 7 of SL> (k) acting on V|* via

a 0 0 -1
/La:(o a‘l) for o €k\ {0}, and r:(l 0)

acton V() @ Vj as follows:
Mo+ (...,ai,j,...,b(),bl) = (...,O[zi_njlli’j,...,Ol_lb(),otbl)

c !
1:~(...,a,-,j,...,b(),b1)= (...,(—1)lmanj_,‘,j,...,bl,—b()).

Let f € k[V()]% and pick i € k[V(n) @ V11522® such that &*(h) = f. Then h
is fixed by uy and so, for all o € k \ {0},

fC.aij,..)=h(...aij,....,0, ) =h(...,a* g, ....0a).
Thus, for all ¢ € k \ {0}, we have

(H;kl,\_n/ij)(""aiqj’"') :f(...,O,...,ao’j,...,a\_,,j/gJ,j,...)

=h(...,0,...,a"/_zt"f/zjao,j,...,a"fal,,j/zJ_j,...,O,a).
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Since this is a polynomial equation in « and k is an infinite field, the equality
must also hold for « = 0, in which case we have:

(T o O Covtig ) = h(...,0,. . ag;.0,....0,0),

where 2|n ;, proving the first statement.
To prove the second assertion, we use that / is also fixed by t. We then have

(H:;’Ln/zjf)(...,ai’j,...) =h(...,0,...,a0,j,0, ...,0,0)
=h(....0.(=1)Fag;.0,....0,0),
ending the proof. O

Let f, g be two polynomials in k[ V() @ Vi IR La() | Agsume that the total degrees
of these polynomials in the variables yg, y; are d; and dy, respectively, where we
identify k[ V] with k[yo, y1]. Then for » < min(dj, d>), the polynomial

. r\N 9 f dg
S () :

7=0 ByO qayl 8y08y

also lies in k[ V() ® Vl]SLZ(“‘) (see, for example, [15, p. 88]). This polynomial
is called the rth transvectant of fand g and is denoted by ( f, g)". Together with
Roberts’ isomorphism this process produces a new invariant in ]k[V(,,)]G“ from a
given pair as follows. Let f1, fo € ]k[V(,,)]G“, and let d; and d» denote the total
degrees in yy, y of <I>*_1(f1) and ®* ! (f2), respectively. For r < min(dy, d>) the
rth semitransvectant of f1 and f» is defined by

Lf1, o) = &*((@* (f1), @ (f)))

A crucial part of our separating set consists of semitransvectants of two polyno-
mials each depending on only one summand. For these invariants, the inverse of
Roberts’ isomorphism is given in terms of a derivation. For 1 < j < k, set

nj

o 0
Aj = Z(n] =D+ Dxjp1,j—-
“ dxi,j

Let f be in k[xo,j,X1.j. ..., %n; ;1% for some 1 < j < k. Then f is called
en; . .

isobaric of weight m, if all of the monomials xo ]xl it -xni" ;in f satisfy m =

Zi:()("j — 2i)e;. For an isobaric f € Kk[xq,;, x1,j, ... ,x,,j,j]G“ of weight m, the

inverse of Roberts’ isomorphism is given by

§f)

A OE Z( D =y

see[9, p.43]. For 1 < jj # j» <I,let N denote the least common multiple of nj

N/nj N/"/z]N

and nj,. We define wjy j, := [x, ; * X ;,
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Proposition 3. Let 1 < j; # jo < !'. There exists a non-zero scalar d such that
N/n; N/nj
I, 2y W)y j) = dxg ;x5 7
Proof. Let0 < g < N be an integer. Since the weight of the invariant X ]/Inj Tis N,

the formula for ®*~! in the previous paragraph yields

N g*—1 N/”fl) N— i (N/"f'l) . .
TP ('xO,jl . Zq (—l)i Ajl X0, ji i! (N —1i)! yi—N+qu—i—q
oy oyl A i i —N+Q!(N—i—g)° !
_ N— N/nj
= (~DV1g1a} ‘f(xo,j] “).

Similarly, we have

Ngx—1 ((N/np N/njz)
L (xo 2 ) z( 1), ]2 (xoyjz i! (N —1)! z qu i
aydayN i e

_ (—1)'1(N —q)1a, (xévj/z"fz) .
Using that ®* is an algebra homomorphism, we get
N
= S () a8 (7).
q=0

Since both j; and j, are congruent to two modulo four, we have 1'[; n/2) (xi,;) =0
ifi <nj/2,and IT; Ln/ZJ(x’?J') =X ifi —nj/2 > 0forj = ji, jo. There-
. -4,

fore to compute IT, |, > (wjy. j,). it suffices to consider w j; j, modulo the ideal of

k[V(u)] generated by xo j,, ..., x’%,] i X0, jps - x”%,] X Call this ideal 1.
en .
A monomial xo j]xl j] -~xnj':£jl in Kk[xo j,..., xn_/l,jl] is said to have
ji-weight p if p = i=0’ei- Let m be a monomial with jj-weight p and m’

be any other monomial appearing in A j, (m). Then m and m’ have the same degree
and the jj-weight of m’ is p + 1. It follows that the j;-weight of any monomial
. N/n:
appearing in A’jl (xoﬁj/.ln’ ") is i. But the smallest possible j;-weight of a monomial
of degree N/nj, ink[xn; PRETEY Xnj, .ii]1is N /2. Hence all monomials of degree
2 »J1

N/nj of ji-weight less than N/2 lie in I. It follows that A’ (x0 i “) € [ for
i < N/2. Similarly, A’ (x0 T "2) e I fori < N/2. Therefore we have

5 N/n; N/nj,
wjl’hz(—l)N!Ajzl (xo’j1 ”)A2 ( X0.j» ) mod 1.

. N N/nj . . . .
Furthermore, we claim that A J.Zl (% J/.l 1) is equivalent to a non-zero multiple
N

of xnj 1‘ - modulo I. To see this, first note that the jj-weight of monomials appear-

T’-/l

N/nj, . . .
ing in A]l (x0 i "y s & But xni{n’} is the only monomial of degree N/nj, in
el
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N
k[xn;, i s Xng it ] with ji-weight N /2. Thus it suffices to show that x,,f’.l‘
21 ' 5.1

N
appears with a non-zero coefficient in A (xo /') This follows because for an arbi-
trary monomial m € Kk[xg,j,, ..., X, i ]1] any monomial that appears in A, (m)
N N
has positive coefficients, and x ,',l p can be obtained from x(;l”:}l in N /2 steps by
replacing a variable u with anothzcaf variable appearing in A j, (u) at each step. This

N
establishes the claim. A similar argument shows that A (xo 2 ) is equivalent to a

N
non-zero multiple of xng - modulo I. The assertion of the proposition now fol-

2 )2 ﬂ N
lows because ITy /2] is an algebra homomorphism and IT; 1n)2 | (x ’7 /) = xo;/j
for j = j1, jo. O

We introduce some invariants which will play a key role in the construction of
our separating set, as they did in the construction of separating sets for the inde-
composable representations, see [6]. For 1 < j <kand1 <i < |n;/2] define

i—1

fii =D (=1)xg jx2i g+ = < 1)'x

q=0

. i—1
and fp ; = xo,j. Also, for 1 <i < Ln-’TJ set

i .
2i+1—-2q
Sij = Z(—l)qqu,sziH—q,j
q=0

and s, ; = x1,;. Note that we have D) (s;, ;) = fi,j for0 <i <

ment f in k[ V(,)] is called a local slice if D(,)(f) € k V(,,)]G“ . For a non-zero ele-
ment f € k[Vp) ], let v(f) denote the maximum integer d such that Dfn) (f) #O.
For a local slice s and an arbitrary polynomial f define

V(f)( 1)4
&(f) =) q—(D ' )59 (Diays)" 74

q=0

We remark that €;,(f) € ]k[V(,,)]Ga. Furthermore, for I’ + 1 < j < [, we define
zj = [x0,j, fn /4, ;j1"/. We can now make our main result precise:

Theorem 4. Let T denote the union of the following set of polynomials in ]k[V(,,)]G“.
1. fijfor1 < j<kand0<i<|n;/2].
2. Gsiz,jz(xil,ﬁ)f(’rl <j1 < j» <k, V’E—AJ <iy<njand0 <ip < V’ZTAJ

. . ni—1 . .
3oeg, (i) forl < j <k 0=<is< L o) J,lz <i; <nj.
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. . . . nj,—1
4. 63,-2’/‘2(Xi1,j1)f071 <jp<j1<k0<ii<n;,0<ir< L % J

Sowj j,forl < ji# p<I.
6.zjforl' +1<j <l

Then T is a separating set for ]k[V(,,)]G“.

Proof. We first show that the invariants labelled (1)—(4) above separate any pair
of vectors that do not simultaneously lie in VV(”) XKigp 1 1 = jp<k 0=<iy <
-1 .
Ln’22 D.If vy = (a;,j) and v = (b; ;) are any two such vectors, then there exists

g—1 .
1 < j' < k such that, for some 0 < i’ < L"-’/z 1, ajr j» and by jr are not simul-

taneously zero. We assume that i’ and ;" are minimal among such indices, that is,
that we have

(1) aj,j = bi,j’ =0fori <i’.
nj—1

() aj,j =b;j=0forj < jand0 <i < [-5—].

If exactly one of a;s j» and b;: j: is zero, then fis ;» separates vy and v,. Otherwise
the value of any invariant at vy and v; is determined by the set { f;/ j, €5 (X, |
0 <iy <nj, 1 <j1 <k} Indeed, as Dysir j» = fir s, the “Slice Theorem"
[18, 2.1] implies that

Gy . .
k[V(n)]fi/‘j, =kles, , (xiyj) |0 =i1 =nj, 1< j1 <klg, .

n_il -1

On the other hand, if iy < i’ and j; = j' orif 0 <i; < | | and j; < j/, then

Esy (x;,,j;) vanishes at v; and v,. It follows that the set

nj —
2

./ . ./ . .
Ulesy (i ) 110 < iy = njpry Uleg, () [ < g, 0<ip < njy}

1 . L
firjr Ulesy o (xiy i) | { J <ii<nj, j1<j}

separates v; and v, whenever they are separated by some invariant.

It remains to show that T is a separating set on the zero set of the ideal
[ = (i, | 1 < jo <k 0<iy< [“27)) Note that k[Vi]/I =
H;:,Ln/Zj &[VuyD = k[V({n/2))]- Thus, finding a set which separates on Vv(n)(l)

is equivalent to finding a subset £ C ]k[V(,,)]G“ such that H:‘E’Ln /2J(E) sep-
arates the same points of V([n/2)) as H:;,Ln 2] (lk[V(n)]G“). By Proposition 2,
H;,Lnﬂj (]k[V(,,)]G") Cklxpj |1 =<j< 11€2, where the cyclic group of order
two C acts as multiplication by —1 on the first I’ variables and trivially on the
remaining variables.
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Consider the subset B C ITy 1n/2) (T) formed by the following:

o T o) (fnjj20.) = 35 o for 1 < j < I,
N N
o T o i) = dxg b xg o for 1< ji # jo < I/ where d # 0 and N

is the least common multlple ofnj andnj.
o I} @) = xgyj forl’ +1 < j <1, see [6, Lemma 5.4].

Showing that B is a separating set for k[xo ; | 1 < j < 112 will end the proof.
More precisely, we show that value of the generators of k[xo ; | 1 < j </ 1€2
is entirely determined by the value of the elements of B. The ring of invariants is
given by

klxo; |1 <j <% =Kklxo X0 %0, |1 <j<jp<l,l'+1<j<Il

Suppose 1 < ji # j» <1'.Notethat N/nj and N /n j, are odd integers. On points
where either xé j or xé j, 1S Zero, so is xo, j X0, j,- Otherwise, we have

dx N/nj N/n_,-2
X0, 1 X0, 5y = X0,j1 %0,
s J1 ,J2 T L
d(x(%,jl)lﬂ(N/n“ l)(xg’jz)l/Z(N/n]2 1)

Now suppose I’ +1 < j < 1. On points where xg j is zero, so s xg_ j, and otherwise,
X0,j = xg j /xg j Therefore B C IT, n/2) (T) is a separating set. O

Theorem 1 is an easy consequence of Theorem 4:

Proof of Theorem 1. The degree of the each invariant f; ; is two, and the invari-
ants z; all have degree three. The degree of w; j, is N/nj + N/nj,, where
N =lem(nj,nj). Since 1 < ji, j» < I', we have N < (njnj,)/2 and so the
degree of wj, j, is at most (nj, + nj,)/2. Finally, the degree of &5, ; (xi; ;) is
deg(si,, j,)i1 + 1 which is less than or equal to 2n;, + 1 which is in turn at most
2n —1,sincen; <n—1forall 1 < j < k. It then follows that the degree of each
invariant in 7 is at most 2n — 1, as claimed.
The number of invariants of the form f; ; in our separating set is

|2 =5

Jj=1

Since 1 < k < n, this is linear in n. Note at this point that for each ji, jo, ir we
have €51y (x0,j;) = fo,j,» so we have already counted these elements. The number
of further invariants in 7' of the form &5, , (xi ;) is

i—1
. L./z J
nj]\\njz'i‘lJ Z Z(n] h+1)—1
+1 j=1 i2=0

1

[ ][]

k
2
=1 =
k
+2
J2=1

J2—

k
=)
1=

J
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Here the three terms correspond to the invariants labeled (4),(3), and (2) in our
definition of 7'. Using that for any half-integer x we have x — % < |x] < x (which
we also used to derive the third term above), the first term is bounded above by

k k
1
52 2 matp+

=1 ji=j2+1

| k k k r_1 &

5 _
sall2omn | 2Zme ) = 22m ) + 5= 2o
Js1=1 Ja=1 j=1 j=1

k
1 1
=Z(n—k)(n+k—2)—zzn§.

j=1
For the same reason, the second term is bounded above by
k k k
1 1 2 3
Zl E(nj +1)?% - zl EMHZJ =3 Z -+ linear terms.

The third term is bounded above by

k 1
> 5 st
J2=1ji1=1
k ol k ja—1
-y ety S e
=1 j1=1 =1 ji=1
1 k 1 k 1 k k
P ATESLRSES PITEDES PIPHTLE
=t j=1 =1 =1

k k
1 1 1
~1 E (nj, +1) = —n? — 3 E n? + an + linear terms.
Jj=l j=1

Moreover, there are %l (I’ — 1) invariants of the form w ji,jorand I — !’ of the form
z;j. Ignoring linear terms, the size of T is therefore bounded above by

1 3, 1,5, 1,
4nk + 3" 4k + 21
which is indeed quadratic in 7 as claimed, since I’ < k and k < n. Note that when
k = 1 we get a separating set of size approximately %nz, which coincides with the
size of the separating set found in [6]. Indeed, our separating set specializes to the
separating set found in [6] when k = 1.

The following tables show the exact size of T for certain representations V of
Gy. Tt also shows the size of a minimal generating set ¢;, of k[V(,,)]G", when this
is known. The data for the numbers ¢, was taken from Andries Brouwer’s website
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[1]. Note that n Vy is taken to mean the direct sum of n copies of Vi. The generators
of nV; which coincide with our separating set T were first conjectured by Nowicki
[14], and first proved by Khoury [12]. The case n'V, was recently solved by Wehlau
[19].

\% 2V2 3V2 4V2 an V3 2V3 3V3 4V3 5V3 nV3
IT| 10 21 36 2n%+n 7 24 51 108 135 5n% +2n
lcal 6 13 24 In(n®>+3n+8) 4 26 97 280 689 ?

V. V4 2V43Vy 4V4 5Vy nVy Vs 2Vs nVs nVeg

IT| 11 35 75 128 195 7n® +4n 16 56 120> +4n 1(31n>+9n)
lcnl 5 28 103 305 ? ? 237 7 ?

V ViV VieVa VieVy VieVs Vod Vs Vod Va Vo @ Vs VadVy V3 Vs
7| 7 12 17 23 15 21 29 30 39
lenl 5 13 20 94 15 18 92 63 ?

To prove that T contains only invariants depending on at most two summands,
simply observe that the invariants f; ; and z; are non-zero only on the summand
Vi, of Viny, while g, ; (xi;,j;) and wj, j, are non-zero on only on V,,; and V.

O

3. A note on Helly dimension

In [5], the authors define the Helly dimension of an algebraic group as follows:

Definition 2. (see [5, Definition 1.1]) The Helly dimension k(G) of an algebraic
group is the minimal natural number d such that any finite system of closed cosets
in G with empty intersection, has a subsystem consisting of at most d cosets with
empty intersection. We define « (G) := oo, if there are no such natural numbers.

They go on to show that if k is a field of characteristic zero, and G acts on the
affine k-variety X := l'[i.‘z 1 Xi, then there exists a dense G-stable open subset U of
X and aset S C k[X]€ of invariants each depending on at most « (G) indecompos-
able factors of X such that S is a separating set on U [5, Theorem 4.1]. It is easy
to see that the Helly dimension of G, is two: in characteristic zero, the additive
group does not have any proper nontrivial closed subgroups. That is, its only proper
subgroup is {0}, and the only possible cosets are singletons. In particular, it follows
from their work that for any product of G,-varieties, we should be able to find an
ideal 7 of k[ X]C« and a set S C k[X]C« of invariants each depending on at most
two factors, such that § is a separating set on the open set X \ V(I). We recover
this result for representations of G, in the first part of the proof of Theorem 4.
In fact, one could easily prove the same result directly for a product of arbitrary
Gg-varieties by applying the “Slice Theorem” with a local slice depending on just
one factor.
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For X aproduct of G-varieties, Domokos and Szabo also consider the quantities
0(G, X) :=min{d | 35 C k[X1¢, a separating set depending on d factors of X},

and 6 (G, X), defined as the minimum natural number d such that given x € X with
Gx closed in X, there exists a set {ji, jo2, ..., jq} such that the projection y of x
onto the subvariety ¥ := Hl‘.lle j: has Gy closed in Y with the same dimension
as Gx. The supremum of these quantities over all possible product varieties are
denoted by o (G) and 6 (G), respectively. They remark that for any unipotent group
G, §(G) < dim(G) [5, Section 5], and in particular § (G,) = 1. Finally, they show
that for any reductive group G, we have [5, Lemma 5.9]

0(G) =k(G) +4(G).

We do not know whether this inequality holds for non-reductive groups. If it did, it
would follow that, given any affine G,-variety X, we could find a separating sub-
set of k[X ]9 depending on at most 3 indecomposable factors of X. Theorem 4(3)
shows that, provided G, acts linearly, two factors suffices. It would be interesting
to know whether this holds for products of arbitrary affine G-varieties.
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