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Coded Caching With User Grouping Over Wireless Channels

Busra Tegin

Abstract—We study coded caching over non-ergodic fading
channels. As the multicast capacity of a broadcast channel is
restricted by the user experiencing the worst channel conditions,
we formulate an optimization problem to minimize the transmis-
sion time by grouping users based on their channel conditions,
and transmit coded messages according to the worst channel
conditions in the group, as opposed to the worst among all.
We develop two algorithms to determine the user groups: a
locally optimal iterative algorithm and a numerically more effi-
cient solution through a shortest path problem, and we illustrate
the effectiveness of developed solutions via numerical examples.

Index Terms—Coded caching, wireless fading channels.

I. INTRODUCTION

ACHING is a strategy to prefetch server’s contents at

individual user caches during off-peak hours, i.e., when
the network is not congested, and to exploit the cache con-
tents during the delivery phase where communication is more
expensive. In [1], a novel centralized coded caching scheme
which provides a global caching gain by jointly optimiz-
ing the placement and delivery phases along with the usual
local caching gain is introduced. In [2], a decentralized coded
caching scheme is developed outperforming the traditional
caching strategies without any coordination in the placement
phase.

Coded caching has drawn significant attention and vari-
ous extensions have been proposed over the last few years.
References [3]-[4] consider variants of coded caching schemes
over fading channels. MIMO extensions of the problem are
considered in [5]-[6], while [7] applies interference manage-
ment to alleviate the negative effects of link quality difference
among users. Closely related to our present set-up, in [8], the
authors aim to overcome detrimental effects of weak users by
designing opportunistic scheduling policies using a long-term
average rate utility function. They also propose a threshold-
based scheduling algorithm for asymmetric channel statistics
to achieve fairness among users. Both of these approaches
focus on long-term averages and ignore the users whose
channel gains are below a threshold, and hence, are not served.

In this letter, we follow a coded caching model where the
placement phase is performed in a decentralized manner and
the delivery phase takes place over a wireless fading channel.
Different from [8], which considers long-term average rates,
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our interest is to study non-ergodic channels and minimize
the transmission time by letting some of the weak users to be
in outage. With a fixed outage probability, we formulate an
optimization problem to reduce the total transmission time by
grouping the participating users to overcome the detrimental
effects of channel fading. We also develop a locally optimal
iterative algorithm to compute the signal to noise ratio (SNR)
thresholds. Furthermore, we quantize the SNR thresholds, and
model the optimization process as a shortest path problem,
and obtain a reduced complexity solution.

This letter is organized as follows. Section II introduces
the system model and preliminaries. Proposed user grouping
approaches are described in Sections III and I'V. Performance
of the developed approaches are studied via simulations in
Section V, and the letter is concluded in Section VI.

Throughout the letter, we will use the notation [a b] to
indicate the integer set {a,...,b} where a < b, a and b are
positive integers, and simply [b] = [1 b].

II. SYSTEM MODEL AND PRELIMINARIES

We consider a system which contains a server with N files
each of size F bits connected through a fading channel to K
users. Users are equipped with local caches which are able
to store MF bits. The normalized cache size for each user is
defined as m = M/N. We consider the decentralized coded
caching framework introduced in [2], where the placement
phase is performed during the off-peak hours over an error-
free shared link. However, the delivery phase takes place over
a wireless (fading) channel.

We model the channel between the server and the users
during the delivery phase as a quasi-static fading channel.
We examine the coded caching system where the server only
knows the channel statistics to determine the SNR thresholds
of user groups. During the delivery phase, it receives lim-
ited feedback from the users indicating their groups with a
low overhead (a few bits of feedback). Since the channels are
non-ergodic, the server chooses not to serve the users with
low SNRs, and puts them in outage. If user & € [K] is not in
outage, it receives y, = /prh;X + n where the coded mes-
sage X is constructed according to [2], components of n are
independent and identically distributed (i.i.d.) zero mean circu-
larly symmetric complex Gaussian random variables, i.e., each
follows ~ CN (0, 1). hy’s are fading coefficients which are
independent complex random variables. For instance, if hg’s
are zero mean circularly symmetric complex Gaussian with
variance 1/2 per dimension, then the channels are Rayleigh
fading with p; denoting the average SNR for user k.

Receiver k € [K] reconstructs its demanded content based
on y, cache content and the demand vector, and an error
occurs for the user when the reconstructed content is different
than the requested one.
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III. GROUPING USERS USING CHANNEL STATISTICS

In this section, we examine the optimal user grouping
problem for the case where the server only has access
to the channel statistics of users. First, we note that for
multicast transmission to a group of users, the capacity of
the channel is restricted by the user with the worst chan-
nel condition [5], and conditioned on the channel gains, it
is given by R(A,c(y,]) = loga(l + min,¢c(y,j An) where
Ny is the number of users in consideration, and A, is the
instantaneous SNR of user n. Therefore, the rate R(A nel Ng])
dictates the reliable transmission limit. The corresponding
T(m,Ny)
R(Ane Ng )
the normalized length of the coded message to serve Ng
users each equipped with a normalized cache size of m is

T(m,Ng) = =1 (1 — (1 — m)No) [5].

By taking into consideration the limitation due to the user
with the worst channel condition, creating a single coded mes-
sage for all the users which are to be served may increase the
total transmission time dramatically. We argue that this can
be alleviated by grouping users and creating specific coded
messages to different groups experiencing instantaneous SNRs
close to each other. Based on this intuition, we formulate an
optimization problem to minimize the total transmission time.
Also, since the server does not have access to the instanta-
neous SNR values as it only receives limited feedback from
users indicating their group, we use a single transmission rate
for every user in the same group.

transmission takes Tyeq = units of time [8] where

A. Optimization Problem for Threshold Determination

Since the individual links between the server and the users
are modeled as non-ergodic channels, Shannon type capacity
is zero, hence we adopt an outage capacity formulation. For
a given rate R, the outage probability for user k € [K] is
Pout = P(C(\) < R) with C(Ag) = logy(1 + A\) where
A\, = |hg|%py is the effective SNR of user k with cumulative
distribution function (CDF) Fy(+).

Let us denote the SNR thresholds for user groups by w;,
j=20,1,...,t — 1 where ¢ is the number of groups and zy
is the SNR threshold that determines the users in outage, i.e.,
users with a lower instantaneous SNR than zy are not served.
The number of users in group j is denoted by Kj.

Proposition 1: For independent fading links, the outage
SNR threshold zg with a given expected ratio of users that
are not served (Poyt) can be obtained by solving

K
1
Pout:K<K_kz_:11_Fk(-r0)>a (D

where F(+) is the CDF of the effective SNR for user k € [K],
and K is the total number of users.

Proposition 2: For independent fading links, the expected
number of users in a group formed by users with SNR &
[%—1,7;) (denoted by K;) is given by

K

Kj =Y (Fylay) — Frlzj—1)), )
k=1
where j = 0,1,...,t, z_1 = 0, 2; = 0o, Ky is the expected

number of users in outage.

Note that, if b, ~ CN(0, 1), we have Rayleigh fading
Y
channels, which result in Pout = K(K K b_qe Pk), and

Ti—1
Kj=Y0 (e o —e o).

To calculate the transmission time to serve the requests of
group j, we focus on the coded message constructed for that
group with a normalized length of T'(m, K;), and the worst
case rate of logy (1 + zj_1). We emphasize that the server
does not have access to the instantaneous SNR values as each
user only sends [logy(t)] bits of feedback indicating their
group along with their demands at the beginning of the deliv-
ery phase. This limited feedback enables the server to create
coded messages for different user groups separately. The total
required time to satisfy all the requests except for those in
outage can be written as

Treq = Zlo ~ 1 HZ_ 7 3)

Since T'(m, K;) is a concave function of K;, using Jensen’s
T(m,K;)

lnequahty, we have E[Treq] < Z’L 1 W

Given the number of groups ¢ and the outage
SNR threshold 1y, we are interested in minimizing
t T(m,Ki)

i=1Tog, (14m-1) which is a bound for expected trans-

mission time [E[7ieq] over the SNR threshold vector

x=[1 - m_1], e
minimize
Ty T1 Zlogz 1+9[:Z 1)
subject to z;_1 < wx;, i=1,...,t—1. P
T(m,K;)

Note that for a large number of users, ZZ 1 Togy (142 1)
2 %

converges to E[Treq] as Kj — K; by the law of large numbers.

Since P does not have any appeahng structure, it requires a
brute force search to determine the continuous valued param-
eters xy, x2, ..., Ts—1, which is infeasible for nontrivial values
of t. To reduce the computational complexity, we propose an
iterative algorithm to find the threshold values. The proposed
approach is practical, and it is guaranteed to converge to a
locally optimal solution.

B. An Efficient Algorithm for Threshold Determination

We notice that each parameter to be optimized in Py is only
present in two different terms of the objective function. Let us
now focus on the terms that involve a given threshold value
7 of the summation. That is, for the SNR threshold Tj, We
consider

T T(ma R])
7 logy (1 + Tj—1)

T(m, Rj+1)
logy (14 zj)

“)

Recall that Rj’s can be calculated using (2). It is clear that
if j is even, the only other dependence is to the adjacent odd
indexes and vice versa. Hence, to simplify the optimization
process, we can exploit this structure to obtain sub-problems
which only depend on a single parameter and solve the original
problem by using an iterative approach. Our proposed solu-
tion proceeds as follows: we first select arbitrary initial values
for z;’s. We minimize (4) over the odd indexed thresholds
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by fixing the even indexed ones. And then, we apply same
procedure by reversing the roles of odd and even indices. We
continue these iterations for a predetermined number of times
to find the final set of SNR thresholds.

The proposed approach divides the initial problem into two
sub-problems each containing #/2 minimization problems with
a single unknown parameter in each step, hence simplifying
the search considerably. We also note that, the overall cost
function reduces at each iteration, and since it is bounded
from below, the algorithm is guaranteed to converge by the
Monotone Convergence Theorem [9]. However, since the
problem is not convex, the algorithm is only guaranteed to be
locally optimal. Therefore, we repeat the above described steps
for different number of thresholds, and the solution which
gives the minimum transmission time is selected as the final
result.

IV. A REDUCED COMPLEXITY GROUPING APPROACH

In this section, we propose a reduced complexity approach
for user grouping. We first quantize the SNR threshold val-
ues using a large number of possible groups, denoted by gq.
Although different quantizers can be used, we utilize a uniform
quantizer where 7; is the ith boundary with s =1,...,¢— 1.
With this discretization, the problem P; can be converted into
the following integer program which minimizes the bound on
the total transmission time over the set of SNR thresholds x:

K;)
iz 10g2 + Ti—1)

subject to z;_1 < x;, i =1,...

mlmmlze
“Tg—1
yd — 17

7Tq—1}aj:17"'7q7]-a (PQ)

where 1z is predetermined using (1) for a given P, and K;’s
are calculated using (2). Note that, even though we start with
a large number of possible groups ¢, the solution determines
the optimal number of groups which minimizes the overall
transmission time.

Although formulating P2 as an integer program and uti-
lizing quantized thresholds decreases the complexity of the
brute force search based solution, the problem still does not
have any appealing structure to be exploited. Therefore, to
interpret the optimization problem further, we construct a
directed graph G = (V, E) which comprises of a set V of
vertices and a set E of edges. In this model, each vertex rep-
resents a quantization level for the SNR thresholds and each
edge carries the corresponding transmission time by choosing
the thresholds according to its incident vertices. With this, the
minimization problem given in P2 becomes an instance of a
well-known graph theory problem, namely, the shortest path
problem which can be solved in polynomial time if there are
no negative dicycles [10]. In this way, the worst case com-
plexity can be reduced to O(q2) using existing approaches
in the literature. In the shortest path problem, the aim is to
minimize the length of the path (transmission time) between
the starting vertex and the terminating one. It is clear that
determination of shortest path automatically finds the optimal
number of user groups, and hence there is no need to try dif-
ferent number of groups as needed for the case of the iterative
approach proposed in Section III.

:EjE{Tl,...
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Fig. 1.
costs Cij-

Sample of a directed graph with 3 quantization levels and edge

To compose the corresponding graph and determine the
cost of each edge, the expected number of users whose
SNRs are between 7; and 7; with 7; < 7; can be found as

Zk 1(Fi(1j) — Fy(7;)). And, the cost (bound on
the requlred transmission time) of each edge (for the users
whose SNRs are between 7; and 7;) can be calculated as
cij = T(m, Kij)/logy(1 + 7).

An illustration is given in Fig. 1 where c;;’s represent edge
costs. If the optimal solution contains only the starting and
terminating vertices, there will only be a single edge in the
solution. Hence, we need to create a single coded message
for all the users using the algorithm introduced in [2]. If the
optimal solution contains vertices other than the starting and
terminating ones, the users will be placed in multiple groups,
and separate coded messages will be created.

V. NUMERICAL EXAMPLES

We consider Rayleigh fading, i.e., h;’s are independent zero
mean circularly symmetric complex Gaussian random vari-
ables with variance 1/2 per dimension. In the first example,
the total number of users is K = 400, the mean values of
user SNRs are taken as —3, 0, 3, and 6 dB each for a quarter
of users. The server contains N = 1000 files, and the outage
probability is set to Poyt = 0.05. For the iterative algorithm
of Section III-B, the maximum number of thresholds ¢4, is
set to 8. The number of quantization levels in the shortest path
algorithm is determined by quantizing the SNR range from the
outage SNR threshold zy to 30 dB uniformly with a step size
of 0.3 dB.

The normalized required transmission time obtained by
solving P1 with brute force search and different cache capac-
ities are illustrated in Fig. 2a. It is observed that coded
caching is effective, and allowing a greater number of user
groups results in lower normalized transmission times. Also,
as expected, all of the proposed algorithms outperform the
coded caching solution without any user grouping. For this
specific example, when m = 0.025, the shortest path algorithm
achieves a 44% decrease in the normalized transmission time
compared to sending without grouping, and a 38% decrease
compared to uncoded caching.

As another example, we consider a network whose param-
eters are the same as the one above, except that we set
N = K = 5000, and the user SNRs are exponentially
distributed with means —6, 0, 6, and 12 dB, each for a quarter
of them. The normalized transmission times are depicted as
a function of the normalized cache size in Fig. 2b. We note
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Fig. 2. (a) Simulation results with uncoded caching, coded caching with
groups, iterative and shortest path solutions, (b) Effect of normalized cache
size (m) on shortest path solution for different cases.

that, for relatively low normalized cache sizes, grouping gain
is particularly higher.

Next, without changing the other parameters of the network,
we set the normalized cache size to m = 0.0025, and consider
the number of quantization levels as a variable by changing the
quantization step size. Fig. 3a shows the performance results
for both cases of exact SNR knowledge and using channel
statistics only. It is obvious that increasing the number of quan-
tization levels decreases the normalized transmission times as
it allows for further grouping opportunities for the users, how-
ever, the optimal solution may not contain all of the threshold
values. For this specific example, when ¢ = 60, the short-
est path approach with the exact SNR knowledge divides the
users into 20 groups while the one with the channel statistics
forms 16 groups. We also observe that the performance with
only the channel statistics is inferior to the one with the exact
SNR knowledge, but it still performs better than no grouping
and uncoded caching as shown in Figs. 2b and 3a. Note that,
for this specific example, users send only [logy 607 = 6 bits
of feedback each instead of a heavy feedback required with
instantaneous user SNRs.

Finally, in Fig. 3b, we consider a network whose parame-
ters are the same as the one above, except all the user SNRs
are exponentially distributed with mean —6 dB. We remark
that, even when all of the users have same channel statis-
tics, as the instantaneous SNRs are different due to channel
fading, the proposed grouping approach attains lower trans-
mission time than no grouping and uncoded caching. For
instance, when m = 10*3, the transmission time of the short-
est path algorithm is 28.9% and 24.6% less than no grouping
and uncoded caching, respectively. For further illustration, we
also depict the direct result of the optimization problem which
is a bound on the average transmission time on the same
figure.

@
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Fig. 3. (a) Effects of number of quantization levels on the shortest path

solution, (b) Effects of normalized cache size (1) on the shortest path solution
for i.i.d. user statistics.

VI. CONCLUSION

We propose grouping of users for coded caching over non-
ergodic fading channels to minimize the total transmission
time by utilizing only the channel statistics of users for thresh-
old determination, and relying on a few bits of feedback from
each user indicating the group it belongs to. The first proposed
approach for the threshold determination is a locally optimal
iterative solution, while in the second one, we quantize the
possible threshold values and obtain a shortest path problem
enabling highly efficient solutions with a slight sacrifice in
performance. The results demonstrate that user grouping for
coded caching over wireless channels is highly advantageous,
particularly, when the cache sizes are small.
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