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ABSTRACT

ON THE DISTRIBUTION OF THROUGHPUT OF
TRANSFER LINES

Bahar Deler
M.S. in Industrial Engineering

Supervisor: Assoc. Prof. Cemal Dinger
June, 1998

A transfer line corresponds to a manufacturing system consisting of a number
of work stations in series integrated into one system by a common transfer
mechanism and a control system. There is a vast literature on the transfer
lines. However, little has been done on the transient analysis of these systems
by making use of the higher order moments of their performance measures
due to the difficulty in determining the evolution of the stochastic processes
under consideration. This thesis examines the transient behavior of relatively
short transfer lines and derives the distribution of the performance measures
of interest. The proposed method based on the analytical derivation of the
distribution of throughput is also applied to the systems with two-part types.
An experiment is designed in order to compare the results of this study with the
state-space representations and the simulation. They are also interpreted from
the point of view of the line behavior and design issue. Furthermore, extensions

are briefly discussed and directions for future research are suggested.

Key words: Distribution of Throughput, Transfer Lines, Stochastic Process

Evolution, Transient Analysis, Steady-State Analysis.
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OZET

SERI URETIM HATLARINDA I$ CIKARMA
YETENEGININ DAGILIMI UZERINE...

Bahar Deler
Endustri Mihendisligi Bolumu Yiiksek Lisans
Tez Yoneticisi: Doc¢. Cemal Dinger
Haziran, 1998

Seri liretim hatlar1 parca akigim ve uretim agamalarinin etkilesimini en basit
bicimde temsil etmektedir. Bu sistemlerle ilgili genig bir literatiir bulun-
maktadir. Fakat, soz konusu rassal sure¢ evriminin belirlenmesindeki zorluk
sebebiyle bagarim olglitlerinin yiliksek sira momentleri kullanilarak seri tiretim
hatlarinin gegici durum ¢éziimlemeleri tizerine egilinmemigtir. Bu ¢aligmada
seri uretim hatlarimin gegici durumu incelenmektedir. Ayrica, onerilen yontem
tissel dagilan aravarig ve iggorii stirelerine sahip ¢ok parcali sistemlere de
uygulanmigtir. Bu caligmada kullanilan-yontem, sonuglarinin durum uzay: "
betimleme ve benzetim sonuglar ile kiyaslanmasiyla dogrulanmistir. Bunlarin
yanisira, sonuglar hat davranigi ve tasarimi agisindan da degerlendirilmektedir.

Ayrica, yeni aragtirma noktalarina da igaret edilmektedir.

Anahtar sézcikler: Is Cikarma Yeteneginin Dagilimi, Seri Uretim Hatlarn,

Rassal Stire¢ Evrimi, Gegici Durum (éztimlemesi, Kalicit Durum Céziimlemesi.

v



To my mother, to my father, and to Onur



ACKNOWLEDGEMENT

[ would like to express my gratitude to Assoc. Prof. Cemal Dinger due to his

supervision, suggestions, and understanding to bring this thesis to an end.

| am indebted to Assoc. Prof. Thsan Sabuncuoglu and Assoc. Prof. Erdal
Erel for showing keen interest to the subject matter and accepting to read and

review this thesis.

I would like to thank Muhittin Demir, Nebahat Dénmez, Liitfiye Durak,
Bahar Kara, Alev Kaya, Giithan Kok, Hakan Ozaktag, Eylem Tekin, and Ayten

Tiirkcan for their moral support and help during the preparation of this thesis.

vi



Contents

1
2
2.1
2.2
2.3
3
3.1
3.2

Introduction

Serial Line Production System: A review

Steady-state behavior . . . . . . . ... L
y
Transient behavior characterization . . . . .. ... .. .. ...

2.2.1 Evolution of the work on the transient analysis of serial

lines . . .. ...
2.2.2 A topology

Summary

On the Distribution of Throughput

Introduction . . . . .. ... .. L L
3.1.1 The model assumptions and notation . . . . .. .. ...
3.1.2  Organization

The model development . . . . ... ... ... .. .......

3.2.1 Modeling

Vil

46

47

47

47

48

50

50



CONTENTS
322 Approach . .. .. ... ... oo
3.3 Numerical Results. . . . . . . . .. .. .. ... .. . ...,
3.3.1 Computer Codes . ... .. ... ... ... .......
3.3.2 Validation . . . . . ... .. ..

3.4 Summary

4 Extension of the Method: Two-Part Types
4.1 Introduction . . . . . . . ... ... ..
4.1.1 The model assumptions and notation . . . ... .. ...
4.1.2  Organization
4.2 The model development . . . . .. ... ... ... .......

4.2.1 Modeling

422 Approach . .. .. ... ...
4.3 Numerical Results. . . . . ... ... ... .. ... L.
4.3.1 Computer Codes . . . ... ... ... ... .......
43.2 Validation . . ... ... ... ... ... ... . ... .

4.4 Summary

5 Extension, conclusion, and future research
51 Extension . .. ... . ... ...
5.1.1 Line Behavior and Design Issues . . . . ... ... ....

5.1.2 Longer transfer lines . . . ... ... ... ........

viii

33

57

57

59

63

65

65

66

67

67

67

72

72

73

73

76

78



CONTENTS

5.1.3 Non-exponential distributions . . . .. ... . ... ...
51.4 Pull-typesystems . . . .. .. ... oL
5.1.5 General networks . . . ... ... ... Lo

5.2 Conclusion and future research

A Typical serial lines: Analytical derivations
A.1 Two-machine-one buffer system . ... .. ... .........
A.2 Three-machine-two-buffer system . . . . ... ... ... ....
A.3 Formulations for the descriptions of the system behavior

A.3.1 Atomicmodel . . . . . . . ...

A.3.3 Three-machine-one-buffer model . . . . . . . .. ... ..
A.4 Computational results . . . . ... ... ... o 0L
A4l Atomicmodel . . . ... oo
A.4.2 Two-machine-one-buffer system . . .. .. ... .. ...

A.4.3 Three-machine-two-buffer system . .. ... ... . ...

B Two-part type systems: Analytical derivations
B.1 Two-machine-one-buffer system . . .. ... ... ... .....

B.2 Three-machine-two-buffer system . . . .. .. .. ... .. ...

ix

81

82

83

84

108

108

113

. 122

122
123
124
130
130
133

136

139



List of Figures

1.1

3.6

3.7

4.1

4.2

4.4

Two-Machine Serial Line Production System. 1
T ~ exp(X), T ~ exp(ps) Vi; bo = 0 & by = oo 50
Evolution of the stochastic process, Ny(t). 51
Ti ~ exp()), Tﬁj ~exp(p;) Vi, 3 = 1,200 =0, b; >0, & by = 00. 51

T,( ~ 61,'})(/\), T/i] ~ e:vp(u]) VZ,] = 17273; bO = 07 bl Z 07 b2 2 07

& b3 =00. . . . . . 53
Mean and Variance vs time: the atomic model . . . . . .. . .. 61
Mean and Variance vs time: the two-machine model . . . . . . . 62
Mean and Variance vs time: the three-machine model . . . . . . 63

T ~ exp(N), T~ eap(png) Vi &j = 1,25bo; = 0 & byj = oo
j=1,2. 68

Evolution of the stochastic process, Ny(t). . ... ... .. ... 68

T ~ exp()), T[;fi ~ exp(us;) Yi&ky = 1,2,s= 1,2;bg; = 0,
bljZO,&sz:ooj:I,Q. .................... 71

Tg,i ~ 6:13p()\), T;i;lj ~ exp(/-tsj) VZ’] = 1,2,s= 1>213;b0j =0,
byj 20,& bgj =00,j=12& s=12. . . .. ... ... ... 71



LIST OF FIGURES xi

4.5 Mean and Variance vs time: the atomic model . . . . . .. . .. 75
4.6 Mean and Variance vs time: the two-machine model . . . . . . . 76
4.7 Mean and Variance vs time: the three-machine model . . . . . . 7
A.1 Evolution of the stochastic process, Ny(t) & No(¢). . . . . . .. 109
A.2 Evolution of the stochastic process, Ny(t), bi(t), & Na(t). . . . . 109
A.3 Evolution of the stochastic processes Ny(t), bi(t), & Na(t) ). . . 110

A.4 Mean and Variance vs time: the atomic model . . . . . . . . .. 131



List of Tables

o
—

o
(O

2.4

2.5

3.1

3.2

3.3

3.4

3.6

3.7

3.8

Classification from the applications objective viewpoint . . . . . 17
Classification from the viewpoint of performance criteria . . . . 19
Classification on the basis of the methodology followed . . . . . 21
Assumptions considered in the literature . . . . ... ... ... 28
Classification from the methodology viewpoint . . . . . .. . .. 34
The assumptions . . . . . ... ... ... 48
The notation 49 -

Analytical results vs state-space representations: the atomic model 59

Analytical results vs state-space representations: the two-

machine model . . . . . . . .. ... 59

Analytical results vs state-space representations: the three-

machinemodel . . . . ... ... ... ... . 60
Analytical results vs simulation: the atomic model . . . . . . . . 61
Analytical results vs simulation: the two-machine model . . . . 62
Analytical results vs simulation: the three-machine model . . . . 63

Xii



LIST OF TABLES il

4.1

5.1

Al

A2

A3

A4

A6

A7

A8

A9

The additional assumptions . . . . . ... ... ... ... ... 66
The additional notation 67
Analytical results vs state-space representations: the atomic model 73

Analytical results vs state-space representations: the two-

machine model 73

Analytical results vs state-space representations: the three-

machine model 74
Analytical results vs simulation: the atomic model . . . . . . . . 75
Analytical results vs simulation: the two-machine model . ... 76
Analytical results vs simulation: the three-machine model. . . . 77

Mean and Coefficient of Variation vs time: the two-machine model 79

Analytical results vs state-space representations: the atomic model 130

Mean and Variance vs time: the atomic model . . . . . . . ... 131
Mean and Variance vs time: the atomic model . . . . . . . ... 132
Mean and Variance vs time: the atomic model . . . . . . . . .. 132

Analytical results- vs state-space representations: the two-

machinemodel . . . ... ... ... 133
Mean and Variance vs time: the two-machine model . . . . . . . 134
Mean and Variance vs time: the two-machine model . . . . . . . 134
Mean and Variance vs time: the two-machine model . . . . . . . 135
Mean and Variance vs time: the two-machine model . . . . . . . 135



LIST OF TABLES Xiv

A.10 Analytical results vs state-space representations: the three-

machinemodel . . . ... ... .. o o 136
A.11 Mean and Variance vs time: the three-machine model . . . . . . 137
A.12 Mean and Variance vs time: the three-machine model . . . . . . 137
A.13 Mean and Variance vs time: the three-machine model . . . . . . 138

A.14 Mean and Variance vs time: the three-machine model . . . . . . 138



Chapter 1
Introduction

A transfer line is a manufacturing system with a very special structure. It is
a linear network of service stations or machines (M;, Ms, ..., M,,) separated by
buffer storages (Bo, B1, ..., Br). Material flows from outside the system to By,
then to M, then to B;, and so forth until it reaches B, after which it leaves.
Figure 1.1 depicts a two-machine transfer line. The squares represent machines

and the triangles represent buffers.

L=l —p

Figure 1.1: Two-Machine Serial Line Production System.

There are two major reasons for studying the transfer lines in this thesis.
The first one is that they are of economic importance as they are generaﬂly
used in high volume production. The second reason is that transfer lines
represent the simplest form of the interactions of manufacturing stages and

their decoupling by means of buffers (Gershwin [74}).

There is a vast literature on modeling and analysis of the transfer lines.
However, most of the results are for steady-state operation, i.e., they pertain
to the characteristics of the system of interest as the time from initialization

becomes very large and the initial conditions no longer have any effect on

1



CHAPTER 1. INTRODUCTION 2

the system performance. The literature emphasizes this type of analysis
because the equations involved are considerably simplified in the limit, and
relatively straightforward techniques such as balance equations can then be
used. Therefore, they are modeled as Markov chains. However, Markov
chain models of such systems are difficult to treat because of their large
state spaces and indecomposibility. Besides, such steady-state analyses are
inappropriate in many applied situations since the time horizon of operation
naturally terminates, steady-state measures of system simply do not make
sense. Therefore, in applied queueing theory, it is often important to know,
at least approximately, the manner in which a queueing system approaches
the steady-state behavior. However, transient results can be quite difficult
to obtain, tend to be rather complicated, and are available only for a fairly

restricted class of models.

In the literature, almost all the methods deal with steady-state average
production rates and steady-state average buffer levels. However, the variance
of the production and of the buffer levels during a time period is also important.
Today, manufacturers deliver products on a daily or weekly basis. “Informal
numerical and simulation experimentation, as well as factory observation,
indicate that the standard deviation of weekly production can be over 10 percent
of the mean. This implies that, over the course of a year, it is not surprising
to sec that the production of some weeks can be half that of other weeks. This
variability is an inherent characteristic of the manufacturing systems. It is
striking that this area is so little appreciated by researchers. Perhaps it is of
greater importance now than in the past because of the current emphasis on

“just-in-time” production” (Dallery and Gershwin [56]).

A common assumption in the production line literature is that only
one type of part is produced (Dallery and Gershwin [56]). This brings
a considerable amount of simplification in modeling the system of interest
by not taking the batching and setup issues into consideration. However,
transfer lines are common in industries such as food, automotive, electronics,
and pharmaceutical, among many others (Altiok [11]). By means of the

development in the machine design, any machine can act as a single-server
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attending the requests for production of different types of products with its
own pool of production orders. At this point, the transient and steady-state
analyses of the output process of the transfer lines with multiple-part types
gain importance. Moreover, there also exist manufacturing systems exhibiting
more general structures such as the assembly systems that can be viewed as
the extensions of the flow line structures. Since the fundamental characteristic
of assembly systems is that a certain number of units from different input
material are assembled to produce one unit of the finished product, the flow

lines included in the assembly structure act like the lines with multiple-part

types.

This thesis shows how to calculate the mean and the variance of the
throughput rate, which we define as the number of parts produced by
a transfer line with buffer inventories and exponentially distributed inter-
arrival and processing times per unit time, and then allows to calculate
interval estimates for the number of parts produced. These interval estimates
provide an operational guide for the production manager. Also, and perhaps
more importantly, we are now able to examine the transient behavior of
relatively short transfer lines (up to three stages) and derive the distribution of
throughput that can be defined as the number of parts produced by a transfer
line with buffer inventories and exponentially distributed inter-arrival and
processing times. Since transfer lines with high efficiencies and low variances
are generally preferred, our results can be used to help design economically
feasible transfer lines. Moreover, both the transient and the long run behavior

of systems with two-part types can now be determined.

Organization of the thesis is as follows: The next chapter reviews the
transfer line literature by emphasizing the studies on the transient and steady-
state analyses by the calculation of the first and second order moments
of performance measures of interest. Chapter 3 shows how the proposed
model is developed. In this chapter, illustrative examples are given and also
an experiment is designed in order to compare the results with state-space
representations and simulation. Chapter 4 applies the proposed method to the

typical transfer lines (up to three stages) with two-part types. Finally, the
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thesis ends with extensions to this research, conclusion, and suggested avenues

for future research.



Chapter 2

Serial Line Production System:

A review

The emphasis in the literature has been on the calculation of the first order
moment of the steady-state performance measures. The issues of the transient
analysis and the second order moment of the performance measures have been
mostly neglected. Therefore, very few papers have attempted to analyze
the transient behavior of transfer lines and calculate the variance of the

performance measures of interest.

To be able to compare the existing studies, we divide the models into
two parts: models for determining the first and second order moments of the
performance measures in the steady-state are reviewed in Section 2.1, and the
models for analyzing the transient behavior of the transfer lines are reviewed

in Section 2.2.

2.1 Steady-state behavior

There are three important review papers on the steady-state analysis of the

transfer lines. The first one is by Dallery and Gershwin [56] in which the
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most important models and results of the manufacturing flow line literature
are described. These include the major. classes of models (asynchronous,
synchronous, and continuous); the major features (blocking, processing times,
failures and repairs); the major properties (conservation of flow, flow rate-
idle time, reversibility, and others); and the relationships among different
models. Exact and approximate methods for obtaining quantitative measures
of performance are also reviewed. The exact methods are appropriate for small
systems. The approximate methods, which are the only means available for
large systems, are generally based on decomposition, and make use of the exact
methods for small systems. The second review is accomplished by Buzacott and
Shanthikumar [42] in which design issues of flow lines as well as various types
of manufacturing systems such as automatic transfer lines, job shops, flexible
machining systems, flexible assembly systems, and multiple cell systems are
addressed. Approaches to resolving the design issues of these systems using
queueing models are also reviewed. In particular, they show how the structural
properties that are recently derived for single and multiple-stage queueing
systems can be used effectively in the solution of certain design optimization
problems. The third review is by Papadopoulos and Heavey [180] in which a
bibliography of material (from 1992 to early 1995) concerned with modeling
of production and transfer lines using queueing networks is provided. As well
as providing a bibliography of material, a contribution of this paper is also
the systematic categorization of the queueing network models based on their

assumptions.

Below, we review the recent studies that have been published since 1992.
We emphasize the ones analyzing the systems in terms of their first and second
order moments of the steady-state performance measures. The models of
interest are explained briefly. Then, the limitations of the existing models

are stated.

Hong, Glassey and Seong [104] develop an efficient analytical method for
the analysis of an n-machine production line with unreliable machines and
random processing times. The behavior of the n-machine line is approximated

by the behaviors of the (n — 1) two-machine lines based on the decomposition
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technique proposed by Gershwin [73]. Although there is minor difference
between the solutions of this method and the method by Choong and Gershwin
[45], simulation and numerical experiments indicate that this method has

advantages over the existing ones.

Hendricks [100] develops a technique to analytically describe the output
process of a serial production line of n machines with exponential processing
time distributions and finite buffer capacities. Extensive exact results are used
to examine the effects of line length, buffer capacity and buffer placement on
the inter-departure distribution, correlation structure, and variability of the
output process of the production line. These results are used to determine
the extent to which buffer allocation can be used to control the variability of
the output process (and thereby the amount of work-in-process required to
downstream subsystems). In addition, insights are provided to help explain

why small buffers in production lines are normally adequate.

Hendricks and McClain [101] examine the output process of a serial
production line of n machines with general processing time distributions and
finite buffer capacities. Simulation is used to observe the effects of line length,
buffer capacity, and buffer placement on the inter-departure distribution and
correlation structure of the output process of the production line. Results from
this analysis is also useful in setting production line design parameters and in
determining the extent to which buffer replacement can be used to control the
variability of the output process. Additional insights are provided to help us

better understand the effects of buffers on i;ightly coupled production systems.

Papadopoulos [176] considers the throughput rate of multi-station reliable
production lines with no intermediate buffers. Processing times at the service
stations are independent exponential random variables, possibly with different
means. This study is an extension of the work started in Muth [166] to provide
an algorithm that allows for the efficient computation of longer lines and to
provide results for the non-identical server case. The results provides the

distribution function of the holding time at the stations. Furthermore, the
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mean performance of multi-station production lines with and without inter-
station buffers is determined either exactly by generating the state-space model
automatically and solving the system of equations (Papadopoulos [177, 178])

or approximately by decomposition (Tan and Yeralan [228]).

Glassey and Hong [75] develop an efficient method to analyze the behavior
of an unreliable n-stage transfer line with (n — 1) finite inter-stage storage
buffers to extend Hong, Glassey and Seong’s serial model [104]. They make
use of the steady-state output of stage M; in the n-stage line rather than the
flow rate-idle time relationship. In this way, they show that the analytical
approximation compares quite well both in cases of equal production rates and

in cases of unequal production rates.

Papadopoulos and O’Kelly [181] develop an exact procedure for the analysis
of a production line consisting of single machines linked in series with no
intermediate buffers between them. Arrivals occur only at the first queue,
which is assumed infinite, according to a Poisson distribution. All processing
times and inter-arrival times are assumed to be exponentially distributed.
Departures from the system may only occur from the last machine. The
feedback case is also included. The exact algorithm gives the marginal
probability distribution of the number of units in each machine, the mean

queue length and the critical input rate, i.e., the throughput rate of the line.

Heavey, Papadopoulos and Browne [96] examine unreliable multi-station
series production lines. The first station 13 never starved and the last station is
never blocked. The processing times at each station j is Erlang-type distributed
with the number of phases allowed to vary for each station. Buffers of non-
identical capacities are also- allowed between successive stations, time to failure
is assumed to be exponentially distributed, and repair times are considered
to be Erlang-type distributed with the number of phases allowed to vary at
each station. They propose a methodology for generating the associated set
of linear equations. These set of linear equations are solved via the use of
the Successive Over-Relaxation (SOR) method with a dynamically adjusted

relaxation factor. Referring to the throughput rate of the production lines,
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many numerical results are solved and documented. These exact results are
of use for comparison purposes against approximate results which exist in the

literature.

Springer [221] proposes a new approximation for estimating the throughput
rate and work-in-process inventory of finite-buffer exponential queues in series.
The approximation is applied to several sets of previously published test
problems and is shown to consistently perform well relative to existing models.
In addition, a large simulation experiment is conductéd to examine the

robustness of the approximation under a wide range of parameter settings.

I'rein, Commault and Dallery [69] propose an analytical method for
the performance evaluation of closed-loop production lines with unreliable
machines and finite buffers. They assume that machines have deterministic
processing times but are subject to failures. Failures and repair times are
exponentially distributed. They approximate the behavior of this system by a
continuous flow model that is analyzed with a decomposition technique, which
is similar to that used for (open) production lines. Numerical experiments

show that the results provided by this method are in general fairly accurate.

Papadopoulos [L79] derives an approximate analytical formula, using the
holding time model (HTM) method, for calculating the average throughput rate
of a n-station production line with exponential service times, manufacturing -
blocking, and no intermediate buffers between adjacent stations. The
usefulness of the proposed analytical formula relies on the fact that it can
handle the (general) case of workstations with different mean processing times
- this being the contribution of this work compared against that of Alkaff and

Muth [10] - provided a good estimation of some coefficients involved is being

made.

Finally, Dinger and Donmez [59] propose a Markov model for transfer lines
consisting of n reliable machines with Erlang processing times and finite buffers.
The arrivals to the system is Poisson distributed. A program coded in C which
is capable of solving the Markov model of a three-machine transfer line is

also developed. They calculate the mean throughput rate, machine utilization,



CHAPTER 2. SERIAL LINE PRODUCTION SYSTEM: A REVIEW 10

expected value of WIP level, and also the variance of WIP.

The performance measures of almost all the studies correspond to the
steady-state average production rates and steady-state average buffer levels.
However, the essence of transfer lines is their variability and this issue has
been entirely neglected. As far as we are aware of, there are only two published
papers that deal with the calculation of the variance of the behavior of a transfer

line over a limited period: Lavenberg [134] and Miltenburg [155].

Lavenberg [L34] derives an expression for the Laplace-Stieltjes transform of
the steady-state distribution of the queueing time for the M/G/1 finite capacity
queue. The derivation proceeds in terms of a related two-stage closed cyclic
queueing network. The resulting expression is a rational function of the steady-
state probabilities of the embedded Markov chain at departure epochs and of
the Laplace-Stieltjes transform of the service time distribution. The expression
can be differentiated readily in order to obtain higher order moments of the
steady-state queueing time. He concludes that the higher order moments about
the origin of the steady-state queueing time for the M/G/1 finite capacity
queue does not depend on the service time distribution only through its first
m + | moments as is the case for the M/G/1 infinite capacity queue. Also,
they show that the mean queueing time does not necessarily increase as the

variance of the service time increases.

Miltenburg [155] models the transfer line with an ergodic Markov chain.
He presents a procedure for calculating the variance of the number of units
produced by the transfer line during a period of length T cycles. It makes use
of the fundamental matrix for a Markov chain and obtains a representation
(cap) for the limiting covariance for the number of times state a and state b are
each occupied over T cycles. Then, it is concluded that the representation of
Caq 15 the limiting variance for the number of times state a is occupied over T
cycles. As the number of cycles T gets large, the influence of the initial starting
state diminishes. Finally, they use the mean and the variance to construct an
interval estimate for the number of units produced during a shift. This interval

estimate is an operational guide for the production manager.
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There are also four working papers by Ou and Gershwin [175], Gershwin

[214], Wu [245], and Tan [227]:

Ou and Gershwin [175] derive a closed form expression for the variance of
the lead time distribution of a two-machine transfer line with a finite buffer

and Gershwin [214] analyzes the variance of a tandem production system.

Wu [245] contributes to two related problem categories for transfer lines.
First, algorithms are developed to calculate the variance of the number of
departures at a fixed time interval from transfer lines with finite buffer
inventories. Both tandem queueing network models and discrete-time models
with breakdowns and repairs are taken into consideration while the algorithms
of interest are based on existent decomposition algorithms for calculating the .
throughput rate. Second, the variance calculation is incorporated into planning
and designing procedures of transfer lines, and also basic issues such as due

time performance, quota setting and characterization of departure process are

considered.

Finally, Tan [227] determines analytically the variance of the throughput
rate of a n-machine production line with no intermediate buffers and time-
dependent failures. The analytical method, which yields a closed-form
expression for the variance of the throughput rate, is based on determining the
limiting variance of the total residence (sojourn) time in a specific state of an
irreducible recurrent Markov process from the probability of visiting that state
at an arbitrary instant given an initial state. The corresponding procedure can
also be applied to determine the variance of the throughput rate of various
arrangements of workstations including series, parallel, series—pa.rallel systems

provided that the instantaneous availabilities of these systems can be written

explicitly.
The limitations of these analytical models can be stated as follows:
e The main missing area is that of variability. As has been indicated, there

are only two published papers that deal with the variance of the output

of a transfer line that only treat two-machine lines, and obtain results
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that are difficult to use and to understand intuitively. It is not clear how
to extend the results of these papers either exactly or approximately.
Therefore, this class of problems should be high on the research agenda

of the field.

e Almost all the models in the transfer line literature make the assumption
that the first machine never gets idle and the last machine never gets
blocked. However, the general case in the real-world settings is that both

the input and the output buffer storages are of finite size.

e Methods that can handle more general distributions of inter-arrival time,
service rates, times to failure and times to repair other than exponential

(or geometric) distribution, should also be developed.

e Approximation methods for flow lines with parallel machines will prove

useful.

e Other issues include multiple-part types, routing, control, correlated
failures, and systems with machines of different types. An example
of the latter is a system with batched continuous material so the
upstream portion of the line is continuous and the downstream portion is
synchronous. Another example is a line consisting of some automated
stations and some manual stations. A portion of the line might be

synchronous while the rest is asynchronous.

e Almost all the systems in the literature are modeled as push-type systems.
However, attention should be given to the finished-product inventory by
modeling the systems under consideration as pull-type systems. This
area and the general issue of just-in-time production are pertinent to the

transfer line literature and will prove to be important in the near future.

e There is already sufficient number of works in the literature that deals
with the allocation of storage or machine capacity, particularly based
on optimization methods. It would however be of interest to develop
simple rules of thumb for resource allocation and to prove bounds on

their distance from optimality.
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2.2 Transient behavior characterization

In this section, the most important models and results of transient behavior
of transfer line literature are described. Furthermore, a unifying classification
scheme is developed for the transient analysis of the serial lines with respect

to design and operating characteristics.

The first section gives a brief review on how the work on the transient
analysis of serial lines began and evolved in the late and early 1950s and early
1980s. The next one presents a topology of the recent serial line production
system literature beginning from the mid 80s. The succeeding sections will

review the recent literature along the dimensions of this topology.

2.2.1 Evolution of the work on the transient analysis

of serial lines

Much of the work on the transient behavior of serial lines is conducted in
the late 1950s and early 1960s. Efforts are mainly devoted to M/M/1 queue
or its variations. See, for example, Bailey [20, 21], Saaty [204], Bhat and
Sahin [28], Heathcote and Winer [95], Morisaku [161], and the references cited
therein. The transient behavior of M/G/1 queue (and more general models)
is also studied extensively, so that there is a substantial literature including
the early papers by Kendall [121, 122], Takacs [223, 225], Benes [23], and
Keilson and Kooharian [117]; the advanced books by Takacs [224, 226], Benes
[24], Prabhu [187]. However, the most important observation has been the
following: for many serial production systems, “the rate at which a queue
converges to ils steady-state characteristics, independently of the system’s
initial state, eventually becomes (for large values of time t) dominated by an
exponential term of the form exp(—t/T) where T is a characteristic of the
queueing system” (Odoni and Roth [172]). Karlin and McGregor [113] first
prove this result for finite-state and infinite-state birth-and-death processes. It

is subsequently extended to M/G/1 and GI/M/1 queueing systems by Kendall
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[123], to GI/E,/1, and E,/G/1 systems by Vere-Jones [233], and, finally, to
GI/G/1 systems, with some minor restrictions, by Cohen [47]. The latter
also describes a procedure for obtaining the characteristic time constant 7,
the relaxation time, for GI/G/1 systems (Section II1.7.3 of Cohen [47]). The
concept of relaxation time for queues is first introduced by Morse [163, 164]. In
another noteworthy work, Heathcote [94] discusses the concept of exponential

convergence within the general context of Markov chains and of random walks.

By 1970s, “work on the transient behavior of serial line production
systems has concentrated increasingly on approzimations and on numerical
techniques. This change in emphasis is undoubtedly motivated, in part, by
the analytical complexity of the problems involved in a theoretical analysis,
amply demonstrated in the body of work that has already been cited (Gross
and Harris [89], Heyman and Sobel [103], and Keilson [116])” (Odoni and
Roth [172]). There appears two principle methods that are the randomization
technique introduced by Grassman [86] and numerical integration method of

the Kolmogorov differential equations (Gross and Harris [89], section 7.3.2 and

references therein).

In general, analytical investigations of the transient period of serial line
production systems are rare: “Newell [171] refers briefly to the problem of time
to steady-state in his work on the diffusion approzimation of GI/G/1 queueing
systems under heavy traffic. He obtains a closed form expression and proposes
an order of magnitude estimate of the time required for the transient effects
to become negligible. Barzily and Gross [22] examine the transient response
of the stationary, finite-source M/M/n queueing system. Their particular
concern is to measure the amount of time that the system takes to reach
equilibrium. They compare four measures of the distance of the system from
steady-state. Their report contains some interesting intuitive observations as
well as numerical examples, but does not progress to the point of specifying
a procedure for predicting the time to equilibrium. Finally, a paper by Marks
[150] applies regression techniques to study the manner in which the time to
steady-state depends on the traffic intensity. He fits linear, quadratic, and

parabolic regression models to simulation results of an infinite-capacity, single
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queue M/M/m system. The work depends on the accurate determination of the
point, t.,, after which the system is in equilibrium. This is a difficult problem

in simulation, and Marks’ choice of to, seems rather arbitrary” (Odoni and

Roth [172]).

“Much important work is done on approzimate or exact numerical solution
techniques that can be used to investigate the transient behavior (e.g., Koopman
[132], Neuts [170], Moore [159], Rider [192], Mori [160], Collings and
Stoneman [48], Chang [{4], Grassman [86, 87], Kotiah [133], Grassman and
Servranckz [88], and Rothkopf and Oren [203])” (Odoni and Roth [172]).

The transient behaviors of the M/G/1 and GI/M/1 queues are also
studied in detail by Kingman [124], Heyman [102], Ott [173, 174], Harrison
[93], Middleton [154], Prabhu [188], Stanford, Pagurek, and Woodside [222],
Asmussen [13], and Neuts [169]. In another noteworthy study, Ramaswami
[191] characterizes the busy period of a G/PH/1 queue using the matrix

geometric approach. A good basic reference is Kleinrock [125].

2.2.2 A topology

The recent literature on the transient analysis of the serial line production
systems addresses the problems at many levels of detail using various
techniques. A convenient classification, which captures the essential differences

in the publications, is along the following dimensions:

(1) Applications objective. Serial line production systems can be classified
in many different ways (Dallery and Gershwin [56], Buzacott and
Shanthikumar [42]). One convenient way of classification is made
according to the objective of the study: performance evaluation,
determination of bounds on the system performance measures, and

transient period determination.

(2) System assumptions considered. Although a serial line production system

is said to represent the simplest form of the interactions of manufacturing
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stages and their decoupling by means of buffers, it is a complex system
with a number of assumptions characterizing the real-life settings: line
length, arrival type, queue discipline, multiple servers, and multiple-part

types. Very few authors have addressed all of this complexity.

(3) Methodology used in resolving the problems. The literature can be
distinguished on the basis of the technique employed by the authors.
Most authors have cast the problems into a mathematical model. Some
authors have investigated heuristics. A few authors have used simulation-

based techniques.

In the following sections we present the review of available literature from

the above viewpoints.

Applications objective

Based on the objective in the transient analysis of serial line production

systems, the related literature can be classified as follows:

(1) Performance evaluation.
(2) Determination of bounds on the system performance measures.

(3) Transient period determination.

The classification of the literature based on the applications objective is given

in Table 2.1.

Performance evaluation

The impact of a policy decision or design change on the behavior of a system
may be either measured by observation or estimated using a methodology.

This is usually called performance evaluation. The prerequisite of performance
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Table 2.1: Classification from the applications objective viewpoint

Application | Publications
objective

Performance
Analysis Lavenberg [134];Jenq [110];Clark [46];Halfin & Whitt [91];

Machihara [148];Pegden & Rosenshine [184];0doni & Roth [172];

Rosenkrantz [197];Stanford et al. [222];Roth [198];Lee [145];

Kelton & Law [120];Abate & Whitt [1, 2, 3];Towsley [230];

Parthasarathy [182];Mitra & Weiss [156];Murray & Kelton [165];

Abate & Whitt [7, 5, 4, 6];Parthasarathy & Sharafali [183];

Zhang & Coyle [249, 250];Lee [144];Lin & Cochran [146];

Baccelli & Makowski [16, 17];Knessl [127];Yunus [248];

Sohraby & Zhang [219];Bertsimas et al. [25, 26];

Saito & Machihara [205];Klutke & Seiford [126];

Daigle & Magalhaes [55];Bruneel [41];

Asmussen [14];Gopalan & Dinesh Kumar [84];Csenki [54];

Horvath [105];Kobayashi & Ren [130, 129];

Karpelevitch & Kreinin [114];Bertsimas & Nakazato [27];

Bohm & Mohanty [32, 33];Lee & Li [141, 142];

Bohm [31];Xie & Knessl [247, 246];Lee & Roth [143];

Morris & Perros [162];Kanwar & Jain [111];Gall [71];

Kanwar et al. [112];Browne & Steele [36];

Conolly & Langaris [49];Sohraby & Zhang [220];

Boéhm & Mohanty [35, 34];Wall & Worthington [235];

Gopalan & Dinesh Kumar [85];Abate & Whitt [8];

Serfozo et al. [215]; Louchard [147];

Jean-Marie & Robert [109];Narahari & Viswanadham [168];

Kobayashi & Ren [131];Guillemin et al. [90];

Bai & Elhafsi [18];Narahari et al. [167];

Tan & Knessl [229]

Bounds Tsoucas & Walrand [232]; Massey [151, 152]

evaluation. The prerequisite of performance evaluation is to decide on the
performance criteria, which may be a single measure or a set of measures.
Typical measures in the serial line production system literature are output
rates or throughput rate (number of parts produced per unit time), output
time (expected time a part leaves the system), queue length (number of parts
in the queues), congestion level (number of parts in the system), workload

(unfinished work), utilization (percentage of time a machine is busy), idle
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Table 2.1: Classification from the applications objective viewpoint (cont’d)

Application | Publications
objective

Transient
period Moeller & Kobayashi [157];Wilson & Pritsker [244, 243];

Gafarian et al. [70]; Kelton [118];Whitt [238];

Schruben [210, 211];Welch [236, 237]; Law & Kelton [138];

Adlakha & Fishman [9];Schruben et al. [213];

Heidelberger & Welch [99];Kelton & Law [119]; Law [136];

Law & Kelton [139]; Snell & Schruben [218];Roth [198];

Ripley [194]; Whitt [240, 239];Law & Kelton [140];Roth [199];

Glynn & Heidelberger [77];Roth & Josephy [200];Robinson [195];

Asmussen et al. [15]; Raatikainen [190];Glynn [76];

Whitt [241, 242];Glynn & Heidelberger [79, 78];Jacobson [107];

Roth & Josephy [201];Rosetti & Delaney [197];

Gallagher et al. [72];Deler & Sabuncuoglu [58]

period (percentage of time a machine is idle), blocking probability (percentage
of time a machine is blocked), queueing time (average time a part spends in
the queue), and sojourn time (average time a part spends in the system). The
classification of the literature based on the performance criteria is provided in
Table 2.2. The impact of a number of changes on the system’s behavior in
terms of these measures usually requires an analysis of the system. In most
cases this analysis is carried out with the help of a mathematical or a computer

simulation model of the system.

Bounds on the performance measures

When tractable techniques become insufficient in analyzing the model of
a system, numerical techniques, simulation, or approximations are often used.
In the lack of exact results, bounds are useful to test approximations, or they
are simply the only information that can be obtained for certain measures.
Furthermore, a bound may exhibit similar behavior to that of the measure

itself. Then, at times it may be sufficient to observe the behavior of the bounds

for design purposes.
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Table 2.2: Classification from the viewpoint of performance criteria

Performance criteria | Publications
Throughput Rate

Towsley [230];Daigle & Magalhdes [55];

Morris & Perros [162];Bohm & Mohanty [35];
Narahari & Viswanadham [168];Bai & Elhafsi [18];
Narahari et al. [167]

Output time Klutke & Seiford [126]

Queue length Odoni & Roth [172];Roth [198];Massey [152];
Abate & Whitt [3, 7];Bertsimas et al. [26];
Karpelevitch & Kreinin [114];Lee & Li [141, 142];
Bertsimas & Nakazato [27];Lee & Roth [143];
Morris & Perros [162]; Jean-Marie & Robert [109];
Sohraby & Zhang [220]

Congestion
level Kelton & Law [120]; Baccelli & Makowski [16, 17];

Lin & Cochran [146]; Xie & Knessl [247, 246];
Abate & Whitt [8]; Tan & Knessl [229]

Workload Tan & Knessl [229]

Utilization Bertsimas et al. [26]; Gopalan & Dinesh Kumar [84];
Browne & Steele [36); Gopalan & Dinesh Kumar [85]

Idle period Conolly & Langaris [49]; Sohraby & Zhang [220];
Gopalan & Dinesh Kumar [85]

Blocking

probability Mitra & Weiss [156]; Yunus [248];Morris & Perros [162];

Saito & Machihara [205);Gopalan & Dinesh Kumar [85]
Queueing time Lavenberg [134];Murray & Kelton [165];

Karpelevitch & Kreinin [114];Bertsimas & Nakazato [27];
Serfozo et al. [215];Narahari & Viswanadham [168];
Narahari et al. [167];Lin & Cochran [146};

Sojourn time Csenki [54]; Gall [71]

In the literature, the only system for which a family of stochastic bounds
are derived is the Jackson network with single-server nodes. Such a network,
(M/M]1)", is a collection of m M/M/1 queues where the i** one has (external)
arrival rate A; and service rate u;. Jackson [106] derives the joint queue-
length distribution for the steady-state. Massey [151] obtains a stochastic
upper bound for the transient joint-queue length distribution of (M/M/1)" as
a product of distributions for M/M/1 queues. That each node can be bounded
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above by an M/M/1 queue is not surprising and this can be proved through
path-wise arguments. What is not as intuitive is the claim that the product
of these bounds serve as an upper bound for the joint tail distribution of the
queue-length process. Tsoucas and Walrand {232] give an alternate proof for
the results of Massey [151] using stochastic differentials generalizing to similar
networks that are non-Markov. Massey [152] generalizes the bound of Massey
[151] for (M/M/1)*. What Massey [152] proves is that if the set {1,2,...,n}
is partitioned into disjoint index sets I and each subnetwork is bounded by
an (M/M/1)! network, then the product of these bounds is a bound for the
transient distribution of the entire (M/M/1)* system. However, this type
of bound cannot be extended to a sample-path comparison between the two

processes.

It would be of interest to prove bounds on the performance criteria as well
as their distance from optimality for a variety of serial line production systems

(Dallery and Gershwin [56]).
Transient period determination

The steady-state analyses of serial line production systems are inappropri-
ate in some real-life situations. When the time horizon of operation naturally
terminates, steady-state measures of system simply do not make sense due
to frequent changes in the system. Therefore, it is important to know, at
least approximately, how long it takes for a serial line production system to
effectively reach steady-state. There are a number of methods suggested in
the literature for choosing the transient period. A classification of the related

literature based on the methodology followed is given in Table 2.3.

We start with estimation procedures that focus on deletion (or truncation)
of some initial portion of the run where the transient bias is most severe. These
methods attempt to identify at what point in the output process the system
reaches to steady-state and data are retained only from this point on. There

are six fundamental approaches for addressing the problem (Law and Kelton

[140]):
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The first one is the replication/deletion approach for obtaining a point
estimate and confidence interval for the steady-state mean. The simplest
and most general technique is a graphical procedure due to Welch [236, 237].
However, the application of Welch’s procedure turns out to be rather difficult
in practice when the required number of replications are relatively large and

the process under consideration is highly variable.

Table 2.3: Classification on the basis of the methodology followed

Methodology Publications
Estimation Procedures
. Replication/deletion | Welch [236, 237)
. Batch means Law [135];Sargent et al. [206];
Meketon & Schmeiser [153];Schmeiser [207];
Law & Carson [137];Bischak [29]

. Autoregressive Fishman [63, 64, 68]; Schriber & Andrews [209]
. Spectral Fishman [62];Raatikainen [190, 189];

Law & Kelton [139];Heidelberger & Welch [99, 97, 98];
. Regenerative Fishman [65, 66]; Crane & Iglehart [50, 51, 52];

Crane & Lemoine [53]; Fishman [67]

. Standard time series | Schruben [211, 212]; Schruben et al. [213];

Goldsman & Schruben [82]; Goldsman & Meketon [81];
Duersch & Schruben [60]; Sargent et al. [206];
Goldsman & Schruben [83]; Glynn & Iglehart [80]
Analytical queueing
approximations Whitt [240, 242]; Asmussen et al. [15];
Rossetti & Delaney [197]; Glynn [76]
Method of independent

replications Glynn & Heidelberger [77, 79, 78]

Heuristics Odoni & Roth [172]; Roth & Josephy [200, 201]
Roth-[199]; Robinson [195]

Harmonic analysis Jacobson [107]

Bayesian Technique

(MMAE) Gallagher et al. [72]

The method of batch means, like the replication/deletion approach, seeks
to obtain independent observations. However, since the batch-means method
is based on a single run, it has to go through the transient period only once.

Law [135] shows that the sample mean of the first delays for the M/M/1 queue
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is approximately normally distributed if the length of the batches is large. Law
and Carson [137] develop a sequential procedure based on batch means and a
relative-error stopping rule. There have been several variations of batch means
proposed in the literature. Meketon and Schmeiser [153] introduce the method
of overlapping batch means. Bischak [29] studies the idea of weighted batch
means. Other papers that discuss batch means, in general, are Schmeiser [207]

and Sargent,Kang, and Goldsman [206].

The autoregressive method, developed by Fishman [63, 64, 68], uses the
estimates of the autocorrelation structure of the underlying stochastic process
to obtain an estimate of the variance of the sample mean and ultimately to
construct a confidence interval for the steady-state mean. A major concern
in using this approach is whether the autoregressive model provides a good
representation for an arbitrary stochastic process. Schriber and Andrews [209]
give a generalization of the autoregressive method that allows for moving-

average components as well.

The most complicated technique, requiring a fairly sophisticated back-
ground on the part of the analyst is the spectral approach. Moreover, there is no
definitive procedure for choosing the value of the weighting function. Detailed
discussions of spectral methods can be found in Heidelberger and Welch
[99, 97, 98]. The recent studies using the spectral method are accomplished by
Raatikainen [189] in which a procedure is proposed for estimating quantiles
based on the P? algorithm of Jain and Chlamtac [108], which does not
require storing and sorting the observation. In another study, Raatikainen
[190] combines the spectral method introduced by Heidelberger and Welch
[97] and the method of independent replications for run length control in
parallel simulation. The objective is to determine whether a fixed number
of independent replications executed in parallel and the spectral method can
provide estimates that are accurate enough. Results from extensive simulation
experiments indicate that the method is an attractive way of using parallelism

in networks of 5-10 workstations.



CHAPTER 2. SERIAL LINE PRODUCTION SYSTEM: A REVIEW 23

The regenerative approach is an altogether different approach to simulation
and thus leads to different approaches to constructing a confidence interval for
the steady-state mean. This method is developed simultaneously by Crane and
Iglehart [50, 51, 52] and by Fishman [65, 66]. In another study, Fishman [67]
develops a procedure based on the regenerative method and on absolute-error
stopping rule. A more complete discussion of the regenerative method can be

found in Crane and Lemoine [53].

The last approach to be mentioned is the standard time series approach.
The major source of error for standard time series is choosing the batch size too
small (see Goldsman and Schruben [83] for details). It should be noted that this
approach is based on the same underlying theory as Schruben’s test [211]. In
this important paper, Schruben [211] develops a very general procedure based
on standard time series and tests his procedure on several stochastic models and
finds that it has high power in detecting initialization bias. A variation of this
initialization-bias test is given by Schruben, Singh & Tierney [213]. Additional
references for standard time series, including alternative confidence-interval
formulations, are Goldsman and Schruben [82], Goldsman and Meketon [81],
Duersch and Schruben [60], Sargent, Kang, and Goldsman [206], Goldsman
and Schruben [83], and Glynn and Iglehart [80].

A detailed description and comparison of these estimation procedures can
be found in Wilson and Pritsker [244, 243], Gafarian, Ancker, and Morisaku
[70], Law [136], Snell and Schruben [218], and Law and Kelton [138, 139, 140].
A nicely written overview of simulation methodology that includes the analysis

of output data is also done by Ripley [194] .

We secondly consider analytical queueing approximation. Whitt [240] uses
the exponential approximations to determine the initial portion to delete.
Preliminary estimates of required run lengthé are estimated by calculating the
asymptotic variance and the asymptotic bias of the sample mean in the Markov
model. In another study, Whitt [242] reviews the positive recurrent potential
theory, by which the asymptotic variance, the second-order asymptotic of the

variance, and the asymptotic bias of the sample mean of a function of an ergodic
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Markov process are expressed in terms of solutions of Poisson’s equations,
giving special attention to continuous-time Markov chains. He provides explicit
formulas for birth-and-death processes, diffusion processes, and recursive
computational procedures for skip-free chains that can be used to design
simulation experiments after approximating the stochastic process of interest
by one of the elementary Markov processes under consideration. Asmussen,
Glynn, and Thorisson [13] are concerned with the question of existence and
construction of stationarity detection times and suitable generalizations. The
algorithms they develop are intended primarily to establish the boundaries
of what is theoretically possible rather than as proposals to the practical
simulation analyst as how to eliminate initial bias in real-world simulations.
This study indicates that one must take advantage of a priori knowledge of the
tail behavior of the regenerative cycle-length random variable in a regenerative
setting. Rossetti and Delaney [197] investigate the use of analytical queueing
approximations to assist in mitigating the effects of the initial transient period
in steady-state GI /(G /n queueing simulations. The result of their methodology
is a less biased and less variable estimator of the expected waiting time in the
queue. Glynn [76] reports a new finding pertaining to the transient period
detection test proposed by Schruben [211]; he develops asymptotics that are

suggestive of the types of initial transients that the test is capable of detecting.

Glynn and Heidelberger [77] consider the method of independent repli-
cations with initial transient deletion for generating confidence intervals
for steady-state quantities. To produce intervals with good convergence
characteristics, the relative growth rates of the number of replications, the
length of each replication, and the deletion period are controlled, and also
critical rates for these parameters are determined. Besides, they provide
some theoretical insight into the problem of initial transient deletion in the
multiple replicate steady-state simulation setting. In another study, Glynn
and Heidelberger [79] investigate theoretical properties of a simple method for
using parallel processors in discrete event simulations: running independent
replications on multiple processors and averaging the results at the end of

the runs. Specifically, the problem of estimating steady-state parameters
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from such an experiment is considered. Glynn and Heidelberger [78] are also
concerned with using the method of parallel replications for estimating steady-
state performance measures of queueing network simulation experiments. Their
results indicate that a non-standard estimation procedure in the context
of steady-state simulation, a ratio estimator, is required on highly parallel
machines. The experiments also show that use of the ratio estimator is
advantageous even on machines with only a moderate degree of parallelism.
Actually, the results of this paper extend those of Glynn and Heidelberger [77]
and Glynn and Heidelberger [79].

An alternative approach exploits the characteristics of the underlying
theoretical queueing model in an attempt to determine which portion of the
simulation data to retain. This technique, the relaxation time heuristic,
is a technique for reducing initialization bias in Monte-Carlo simulation of
stationary, infinite-capacity, Markovian queueing systems. It is based on
system relaxation times first introduced in an M/M/1 settings by Roth and
Rutan [202] and further studied by Blanc and Van Doorn [30]. For simulation of
transient behavior, this technique may be used to estimate the effective length
of the transient period (see Odoni and Roth [172] for greater detail). This is
verified by Roth and Josephy [200] for M/E,/1 and E,/M/1 models. Roth
and Josephy [201] also apply and evaluate the relaxation time heuristic for
estimation of the steady-state expected number of customers in M/E, /1 and
E,/M/1 queueing systems. Roth [199] takes a similar approach to validate
the technique for estimating the steady-state expected number of customers
in M/M/n queueing systems. In another study, Robinson [195] proposes a
method that enables a simulation user to select a suitable run length for a non-
terminating steady-state simulation. A heuristic technique is used to enable

both expert and non-expert users to determine a suitable run length.

Jacobson [107] quantifies the initial transient effect on the harmonic analysis

and finite difference gradient estimators. Four additive initial transient models

are developed.
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Gallagher, Bauer, and Maybeck [72] propose an algorithm for determining
the appropriate initial-data truncation point for univariate output. The
technique entails averaging across independent replications and estimating a
steady-state output. A Bayesian technique called Multiple Models Adaptive
Estimation (MMAE) is applied to compute a time varying estimate of the

output’s steady-state mean.

The review of the existing studies for the transient period analysis (Table
2.3) of the serial line production systems indicates that almost all the
researchers in this area have dealt with improving the efficiency and accuracy
of the solution techniques instead of using their results to draw conclusions
on general attributes of transient behavior. There are only few studies in the
literature filling this gap to an extent, for example Deler and Sabuncuoglu [58]
examine the effects of the factors (e.g., arrival, service, failure, and repair rates,
buffer allocation, distribution type of the service, failure, and repair times, the
number of servers at each station, and the number of part types in the system)
on the length of the transient period of the output process of the serial line
production systems as well as characterize approximately the general form of
some transient effects based on empirical observations. However, this study
expects the future researchers to provide a consistent theoretical framework
for their empirical observations. In addition to developing a better theoretical
understanding of transient behavior, there are two other general areas to which
their empirical results can be extended. One is to obtain similar experience with
other types of manufacturing systems. The second area for extensions is the
use of results such as those to develop inexpensive computational techniques

for approximating the behavior of manufacturing systems with complicated

state descriptions.

System assumptions considered

What makes a serial line production system to represent the simplest form
of the interactions of manufacturing stages and their decoupling by means of

buffers are a number of simplifying assumptions on the features such as line
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length, arrival type, queue discipline, multiple servers, and multiple-part types.

Most of the results in the literature are based on the following assumptions.

The first machine is never starved and the last machine is never blocked.
All the random variables (processing times, uptime, downtime) are independent,
random variables. The setup time and the transfer time through the buffers is
negligible. The failures are single-machine failures and either time dependent
or operation dependent failures. When a failure occurs, the part stays on the
machine; it can be reworked when the machine is up again (i.e., there is no
scrapping of parts); the work resumes exactly at the point it stops. inter-arrival
times, processing times, times to failure, and times to repair of machines are
generally assumed to be exponentially distributed when time is continuous,

geometrically distributed when time is discrete.

Based on this consideration, Table 2.4 depicts a classification on the basis

of assumptions considered in the available literature.

One of the features that make the real-life serial line production systems
difficult to deal with is the existence of parallel servers. Systems are built with
machines in parallel for two reasons: either to achieve a greater production
rate or to achieve a greater reliability. The first case is often observed when
some operation is inherently much slower than the others. The second case
is encountered when some machine is much less reliable than the others.
Grassman [87] considers the transient and steady-state results for two parallel
queues. Murray and Kelton [165] also study the time dependent behavior of a
system consisting of a single queue feeding two servers who work in parallel, the
M/ E, [2 queueing system. The probabilistic structure of the transient M/E, /2
queue is derived in discrete time where F, denotes a r-Erlang distribution. This
queue has a two-dimensional state-space. Expressions for the expected delay
in queue are formulated in terms of transition probabilities. It is shown that
the results are in close agreement with previously published results which are
solely for single dimensional state-space systems. Sharma, Ravichandran, and
Dass [217] analyze the transient behavior of cold and warm standby systems

as well as parallel redundancy. Specifically, for multiple-unit reliability system
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Table 2.4: Assumptions considered in the literature

Assumptions Publications
Line length
. Single machine Odoni & Roth [172);Kelton & Law [120];

Towsley [230];Abate & Whitt [1, 2, 3];
Murray and Kelton [165];Mitra & Weiss [156];
Abate & Whitt [7, 5, 4, 6];Parthasarathy [182];
Parthasarathy & Sharafali [183];Yunus [248];
Baccelli & Makowski [16, 17];Browne & Steele [36];
Saito & Machihara [205);Lee & Li [142];
Daigle & Magalhdes [55];
Bertsimas et al. [26];Bertsimas & Nakazato [27];
Karpelevitch & Kreinin {114];
Conolly & Langaris [49];Xie & Knessl [247, 246];
Abate & Whitt [8];Bohm & Mohanty [35];
Sohraby & Zhang [220];Serfozo et al. [215];
Wall and Worthington [235];
Jean-Marie & Robert [109];
Guillemin et al. [90];Tan & Knessl [229]
. Longer lines Lavenberg [134];Roth [198];Massey [152];
Lin & Cochran [146];Klutke & Seiford [126];
Gopalan & Dinesh Kumar [84];Csenki [54];
Lee & Roth [143];Deler & Sabuncuoglu [58]
Gall [71];Gopalan & Dinesh Kumar [85];
Morris & Perros [162]
Unreliable machine Jenq [110]; Lin & Cochran [146];Bruneel [41]
Arrival type
. Switched Poisson
arrival Lee & Li [141]
. Markov-modulated
Poisson arrival Lee & Li [142]

the reliability and availability functions are derived in an explicit form. The
stationary availability and mean time to system failure are deduced from
the main results as special cases. Duyn Schoute and Wartenhorst [208] also
consider the transient analysis of a two-unit standby system with Markovian
degrading units. They derive the explicit expressions for the Laplace transforms
of the up- and down-periods of this system, which provide insight in the
availability of the system and which can be used to obtain approximations for

the interval availability distribution. An iterative numerical procedure for the
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Table 2.4: Assumptions considered in the literature (cont’d)

Assumptions Publications

. Batch arrivals Bohm & Mohanty [31];Sohraby & Zhang [220]
. Non-Poisson arrival | Lin & Cochran [146];Bertsimas et al. [26];
Bertsimas & Nakazato [27];Lee & Roth [143];
Morris & Perros [162];Serfozo et al. [215]
Non-exponential service
time distribution

. Erlang Murray & Kelton [165]

. Non-Markovian Lavenberg [134];Morris & Perros [162];
Lin & Cochran [146]; Bertsimas et al. [25];
Bertsimas & Nakazato [27]; Browne & Steele [36];
Gall [71);Baccelli & Makowski [16, 17];
Jean-Marie & Robert [109]; Wall and Worthington [235];
Bohm & Mohanty [31]; Sohraby & Zhang [220];

Serfozo et al. [215]; Abate & Whitt [8]
Parallel servers Kelton & Law [120]; Murray & Kelton [165];
Mitra & Weiss [156];Saito & Machihara [205];
Yunus [248]; Lee & Li [141];
Browne & Steele [36];Sohraby & Zhang [220];
Gopalan & Kumar [85];Xie & Knessl [247];
Multiple-part types Daigle & Magalhades [55]
Setup time Narahari & Viswanadham [168];
Bai & Elhafsi [18]; Narahari et al. [167]

special case of generalized Erlangian distributed repair times is also presented.

Another complexity in modeling the real-life serial line production systems
is the existence of machine breakdowns. While Lin and Cochran [146] make
use of a simulation based approach in order to study the transient behavior of
assembly line with machine breakdown, Jenq [110] and Bruneel [41] follow an
analytical approach to analyze the transient behavior of a buffer system. Jenq
[110] develops an approximate algorithm to calculate the mean and the variance
of the queue length for a discrete-time buffer system with service interruptions
and Bruneel [41] presents a new analytical technique for the derivation of the
exact time-dependent queueing behavior of exactly the same model as in Jenq
[110]. The comparison reveals that the results of Jenq’s approximate algorithm

and Bruneel’s exact algorithm are quite close to each other. However, their
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analyses are restricted to infinite-capacity queues, and these algorithms will
be of a more complex nature as more complicated state descriptions and more
general types of server interruption processes (Bruneel [37, 38, 39, 40]) are

involved in such systems.

The arrival process is typically assumed to be Poisson because the expo-
nential distribution is the only continuous distribution with the memoryless
property. There are only three papers distinguishing the Poisson arrival type
in the literature: Lee and Li [141] analyze the transient behavior of Markov-
modulated Poisson arrival queues with multiple exponential servers. The queue
is modeled in discrete-time domain with its time index characterized by packet
arrivals. They first derive expressions for the one-step transition probabilities
of the queue. Taking advantage of the matrix geometric solution for the one-
step transition probability matrices, they simplify the evaluation of transient
queue length distributions. Compared with the conventional transient analysis,
their method can analyze a queue with overload control and finite buffer size.
Lee and Li [142] also present a methodology to analyze the transient behavior
of a queue-length-dependent switched Poisson arrival queue. The queue has
infinite buffer capacity with an exponential server with its rate driven by a two-
state Markov chain. It can be considered as a special quasi-birth-death (QBD)
process whose transient behavior is analyzed in detail by Zhang and Coyle
[249]. However, their result does not lead directly to transient analysis of such
systems under overload control. Lee and Li [142] take a different approach from
Zhang and Coyle [249]. A discrete-time technique is used to attack the problem
where the time is indexed at packet arrivals. They first derive expressions for
the one-step transition probabilities. The probability distributions of queue
length at any arrival epoch can be iteratively calculated using the Kolmogorov
forward equation. Taking advantage of the geometric form of the transition
probabilities, they further simplify the evaluation of the forward equation.
Actually, a complete algorithm for evaluation of transient queue can be found
in Lee [144]. They also explore the queue transient performance as affected by
the mean sojourn times of the underlying two-state Markov chain for the arrival

process. Finally, Bohm and Mohanty [35] consider a Markovian queueing
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system in discrete time in which parts arrive from different sources in batches
of various size. Using a lattice path representation in higher dimensional space
they derive the time-dependent joint distribution of the number of arrivals of
various types and the number of completed services. The distribution for the

corresponding continuous time model is found by using weak convergence.

The typical queue discipline assumed in the serial line literature is the first-
come-first-served (FCFS) discipline. However, Jean-Marie and Robert [109]
analyze the transient behavior of the single server queue under the processor
sharing discipline. Under fairly general assumptions, they give the rate of
growth of the number of customers in the queue as well as the asymptotic

behavior of the residual service times described in terms of renormalized point

process.

In the general context, a multiple-part type serial line production system
is a n-machine m-part-type serial production line. The system consists of
n machines and (n-1)m buffers. Type i parts travel in a fixed sequence:
Buffer (0,:), Machine 1, Buffer (1,7), Machine 2, Buffer (2,¢),...., Buffer(n-1,7),
Machine n, Buffer(n,:). Buffers are assumed homogeneous. That is, Buffer(j,:)
holds only identical, interchangeable parts: Type ¢ parts that have completed
operations on Machine j and are waiting for an operation on Machine j+1.
This brief explanation about the configuration of the multiple-part type serial
line production systems indicates that such a system is difficult to analyze.
Therefore, very few authors have attempted to study such systems. Among
these, Daigle and Magalhaes [55] obtain the time-dependent probabilities for
the joint distribution of the number of arrivals and departures in [0,t] for the
M/M" [1 queue. This queue has the exponential service with parameters y;;,
depending on the types of the successive parts attended. Their results, which
are presented in the matrix form, have a simple intuitive interpretation. These
results complement those of Magalhdes and Disney [149] which address the
characteristics of the stationary departure process of this system. In another
study, Bai and Elhafsi [18] study a deterministic one-machine two-product
manufacturing system with setup changes. They formulate the problem as

an optimal control. The transient solution is obtained by partitioning the



CHAPTER 2. SERIAL LINE PRODUCTION SYSTEM: A REVIEW 32

surplus/backlog space into two mutually exclusive major regions. In one
region the optimal solution is obtained by inspection. In the second region

an algorithm that gives the optimal state trajectory is developed.

The setup time or switch-over time is assumed to be negligible because
most of the relevant studies in the literature analyze the production systems
with single-class of items. There are only few studies in the literature filling
this gap to an extent, for example Narahari and Viswanadham [168], Bai and
Elhafsi [18], and Narahari, Hemachondra & Gaur [167] analyze the transient
state of a production system with setup changes: Bai and Elhafsi [18] consider
a deterministic one-machine two-item production system. They formulate the
problem as an optimal control and divide the planning horizon into a transient
period and a steady-state period. For the transient period, an algorithm
involving a line search procedure is developed and a feedback control policy
is found to be the optimal solution. Narahari and Viswanadham [168] and
Narahari, Hemachondra & Gaur [167] focus on transient analysis of Markovian
models of production systems. Narahari and Viswanadham [168] discuss two
problems for demonstrating the importance of transient analysis: the first
problem is concerned with the computation of distribution of time to absorption
in Markov models of production systems with deadlocks or failures, and the
second problem shows the relevance of transient analysis to a multi-class
production system with significant setup times. Such a facility that involves the
production of several classes of items belonging to different priority levels and
involving significant setup times is studied in detail by Narahari, Hemachondra
& Gaur [167]. The numerical experiments of the two studies confirm that
the transient performance of the system can be significantly different from the
performance predicted by the steady-state analysis and conclude that transient

analysis has important implications for decision making during design and

operation.

The existing studies should be extended to develop methods for the
analysis of more complicated systems such as longer lines with non-exponential
distributions and multiple-part types. As can be seen from Table 2.4, literature

is lacking in this regard. Thus, there is the opportunity for developing
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approaches that address the complexity of serial line production systems by

combining the existing approaches or otherwise.

Methodology

Based on the methodology followed, the transient analysis literature of the

serial line production systems can be classified in the following ways:

(1) Analytical approach (exact vs approximate analysis).
(2) Heuristics oriented approach.

(3) Simulation based approach.

The classification of the literature based on the methodology followed is

presented in Table 2.5.

There is some cross fertilization among these approaches. For example,
some analytical approaches use simulation to generate or evaluate alternative
initial states. In the following discussion, the approaches are classified on the

basis of their main emphasis.

Analytical approach

If the relationships that compose the models are simple enough, it is possible
to use mathematical methods (such as algebra, calculus, or probability theory)
to obtain exact information on questions of interest. However, only special
systems have exact solutions due to the complexities introduced by the buffers
in the serial line production systems. In such cases, the use of approximate

methods is the only alternative.

FEzact analysis

In this section, we describe serial line production system models that

have exact analytical solutions. Such models are important because (1) exact
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Table 2.5: Classification from the methodology viewpoint

Methodology Publications
Analytical methods
. Exact analysis Lavenberg [134];0doni & Roth [172];

Kelton & Law [120];Abate & Whitt [1, 2, 3];
Parthasarathy [182];Mitra & Weiss [156];
Murray & Kelton [156];Bruneel [41];

Abate & Whitt [7, 5, 4, 6];Yunus [248];
Parthasarathy & Sharafali [183];Gall [71];
Baccelli & Makowski [16, 17];

Daigle & Magalhaes [55];

Bertsimas et al. [25, 26];Abate & Whitt [8];
Klutke & Seiford [126];Whitt [242];

Gopalan & Kumar [84];Tan & Knessl [229];
Karpelevitch & Kreinin [114];

Conolly & Langaris [49];Gopalan & Kumar [85];
Narahari & Viswanadham [168];

Narahari et al. [167]

. Approximate analysis | Jenq [110];Massey [152];Whitt [242];

Saito & Machihara [205];Raatikainen [190];
Csenki [54];Bertsimas & Nakazato [27];
Asmussen et al. [15];Lee & Li [141, 142];
Morris & Perros [162];Bai & Elhafsi [18];

Xie & Knessl [247, 246];Browne & Steele [36];
Jean-Marie & Robert [109];Glynn [76];

Wall & Worthington [235];Jacobson [107]
Serfozo et al. [215];Sohraby & Zhang [220];
Bohm & Mohanty [31];Guillemin et al. [90];
Rossetti & Delaney [197]);Gallagher et al. [72];

solutions are better than simulations or approximations when the models fit
real systems closely, (2) they provide useful qualitative insight into the behavior
of systems, and (3) the fact that they can be solved rapidly makes them

essential parts of the decomposition and aggregation methods.

Most of the results pertaining to the exact analysis of serial line models

are based on the derivation of the joint distributions of the performance
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Table 2.5: Classification from the methodology viewpoint (cont’d)

Methodology Publications

Heuristics Roth [198];Lee & Roth [143];0doni & Roth [172];
Roth & Josephy [201];Roth [199];Robinson [195)
Simulation based | Lin & Cochran [146];Deler & Sabuncuoglu [58];
Glynn & Heidelberger [79, 78]

criteria of interest via the use of transition probabilities. In order to be
able to describe the behavior of a serial line production system by a Markov
process, the distributions have to be of special form: exponential or, more
generally, continuous phase-type distributions in the case of continuous time
models; geometric or, more generally, discrete phase-type distributions in case
of discrete time models. In particular, a Markov model can also be generated
using higher level models such as stochastic Petri nets and discrete event
simulation (Viswanadham and Narahari [234]). However, there are some
exceptions for which the analysis is not based on Markov models. These

exceptions are most often encountered in serial lines with no intermediate

storage.

The Markov process is often described by a set of difference-differential
equations. Odoni and Roth [172] estimate the expected number of customers
in queue at an arbitrary instant by numerically solving the sets of simultaneous,
first-order differential equations in order to examine the transient behavior of
infinite-capacity, single-server, Markovian queueing systems. Abate and ‘Whitt
[8] also use the differential equations in order to describe the time-dependent
moments of the workload process in the M/G/1 queue. The M/M/1 workload

process is also discussed in Section 6 of Abate and Whitt [7].

Another set characterizing the transient behavior is of the integral
equations. Gopalan and Dinesh Kumar [84, 85] deal with a merge production
system to study the effect of the parameters on utilization and availability, busy
period, and blocked period of various machines in the system, respectively.
For this purpose, they develop a mathematical model using semi-regenerative

phenomena and system of integral equations satisfied by various state
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probabilities are obtained. An efficient numerical method is used to solve the
system of integral equations obtained. Tan and Knessl [229] derive integral
representations for the time-dependent distribution functions of the M/M/1
queue described by the unfinished work and also a finite-capacity version of
the model where the parts who would cause the unfinished work to exceed a
given capacity are rejected and lost. This yields a new set of approximations
for describing the transient behavior of the M/M/1 queue and they also show
that their formulas yield some interesting insights into how the process settles

to its steady-state distribution.

Bailey [20, 21, 19] show that the transient behavior of the queue-length
process in the M/M/1 model can be described using double transforms with
respect to space and time. Abate and Whitt [7] discuss how the Laplace
transform analysis of Bailey [20, 21] can be persuaded to yield additional
insights about the time-dependent behavior of the queue-length process in
the M/M/1 model. They establish a transform factorization that leads to
a decomposition of the first moment as a function of time into two monotone
components and also facilitates developing approximations for the moments
and determining their asymptotic behavior in the long run. Parthasarathy
[182] and Parthasarathy and Sharafali [183] also obtain the transient solution
for the single-server and the many-server Poisson queue via the use of
Laplace transforms. Bertsimas et al [25] formulate the problem of finding
simultaneously the waiting time distribution and the busy period distribution
of the GI/G/1 queue with arbitrary distributions as a Hilbert problem..
Bertsimas et al [26] further obtain closed form-expressions also for the Laplace
transforms of the waiting-time distribution and the busy-period distribution
by formulating the problem as a two-dimensional Lindley process and then
transforming it to a Hilbert factorization problem. Laplace transforms are also
used in developing a series expansion that is known as the methodology of
Sharma [216). Conolly and Langaris [49] discuss a series formula of Sharma
[216] for the computation of tirhe—dependent state probabilities in M/M/1
queueing systems with emphasis on methods that avoid Bessel functions.

Solution methods based on complex analysis techniques for a more general
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class of continuous time quasi-birth-death (QBD) processes using Laplace
inversions are also provided in Zhang and Coyle [250] and Kobayashi and Ren
[130, 129, 131]. The last use of the Laplace transforms to be mentioned is that
they help the development of most of the asymptotic expansions. Mitra and
Weiss [156] analyze a model of blocking in teletraffic using a combination of

Laplace integral asymptotics and large deviations theory.

In the literature, very few authors have analyzed the transient behavior of
the serial line production systems by making use of the higher order moments
of the performance measures of interest due to the difficulty involved. Gall
[71] makes use of the Laplace-Stieltjes transforms to derive the probability
distribution of the overall sojourn time of a serial line production system
in case of a renewal arrival process and arbitrarily distributed identical
successive service times. Abate and Whitt [3] show that the factorial moments
of the queue length as functions of time when the M/M/1 queue starts
empty have interesting structure, which facilitates developing approximations.
Simple exponential and hyperexponential approximations for the first two
moment functions help to show how the queue approaches steady-state as time
evolves. These formulas also help to determine if steady-state descriptions are
reasonable when the arrival and service rates are nearly constant over some
interval but the process does not start in steady-state. Abate and Whitt [8] also
characterize the time-dependent moments of the workload process in terms of a
differential equation involving lower moment functions and the time-dependent

server-occupation probability.

Another way of analyzing the transient behavior of the queueing systems is
via the use of generating functions. Baccelli and Makowski [16, 17] make use of
an exponential martingale used by Rosenkrantz [197] in order to calculate the
Laplace transform of the length of the busy period for the M/GI/1 queue. It
provides a unified probabilistic framework for deriving well-known generating
functions for the M/GI/1 queue with the help of arguments from renewal
theory. Some of these generating functions are the Pollaczek-Khintchine
formula, the transient generating function of the number of customers at

departure epochs and the generating function of the number of customers
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served in a busy period. Karpelevitch and Kreinin [114] also treat the
generating function of the joint waiting-time and queue-length distributions

at the arrival epochs of Poissonian serial lines.

Most of the authors in the literature assume empty initial conditions.
However, there is a study by Yunus [248] that presents an exact expression for
the transient blocking probability in the M/M/n loss system, assuming any
initial condition. This is a generalization of Riordan’s result [193] and could find
application in a method to approximate loss systems with non-homogeneous
Poisson arrivals. In addition, Kelton [119], Kelton and Law [120], and Murray
and Kelton [165] present transient results for M/M/n, M/E. /1, E./M/1,
and M/FE,/2 queues and use them as benchmarks to evaluate alternative

initialization methods for simulation of similar systems.
Approxzimate analysis

It appears from the preceding section that exact solutions of relatively short
serial lines are available for a wide range of models. However, it seems hopeless
to expect to obtain exact solutions of serial lines with more machines even when
more powerful computers are available. The work on the longer lines involves
models that are not tractable, or are subject to numerical problems, or are too
limited to be of interest. Therefore, the use of approximate solutions is the
only viable alternative. The purpose of this section is to review the literature

devoted to approximate methods.

Towsley [230] applies the well-known reflection principle for random walks
to the analysis of transient M/M/1 queueing system. A closed-form solution
is obtained for the probability that exact number of arrivals and departures
occur over an integral of length ¢ in an M/M/1 queueing system that contains
a particular number of parts at the beginning of the interval. The derivation
of this probability is based on the calculation of the number of paths between
two paths in a two-dimensional coordinate system. It is easier to solve for
the probability of a specific sample path during the time interval for the
joint distribution of the number of arrivals and departures within that specific

interval. Application of the reflection principle then allows to determine the
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latter distribution.

Abate and Whitt [1, 2, 3, 7, 5, 4, 6] describe the transient behavior of one-
dimensional reflected Brownian motion (RBM) associated with the M/M/1
queue. Since RBM can serve as rough approximations for many queueing
processes, the results help to describe how a large class of queueing processes
approach steady-state. These results provide simple analytical approximations
in the spirit of the empirical work by Odoni and Roth [172]. The RBM is also
applied to gain additional insight into queueing simulations in Whitt [240, 239].
Asmussen [14] makes use of the Brownian approximations in order to study the
heavy traffic behavior of a number of standard queueing simulation procedures
like sample averaging and regenerative simulation. In another study, Louchard
[147] shows that several stochastic variables associated with a finite population
queueing system can also be approximated by Brownian motions using weak
convergence theorems. The result of this study suggests that queue length,
unfinished work, storage occupied (in a computer model), and idle time show

different limiting behavior depending on the arrival and service distribution.

Guillemin, Mazumdar, and Simonian [90] show that the classical diffusion
approximation by an Ornstein-Uhlenbeck process captures well the average
values of the transient variables of M/M/oco queueing system while the
asymptotic distributions of these variables depart from those corresponding
to the Ornstein-Uhlenbeck process. They also find out that local Brownian
approximation gives the same asymptotic results along with the respective tail
behavior of the limit distributions regarding the transient characteristics of the

M/M /oo system.

Saito and Machihara [205] analyze the transient behavior of a Markovian
loss system with heterogeneous inputs. They apply .the properties of system
recovery and covariance functions to the analysis of the time congestion
measurement whose variance is obtained for a single machine model with
multiple servers by Machihara [148] via the use of the properties of eigenvalues.
Approximations are proposed using these properties. The results are significant

for management and control in the integrated services digital network.
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The sample path behavior of any serial line can be described by means
of recursive equations, mainly for establishing qualitative properties such as
monotonicity and reversibility. The approach of Klutke and Seiford [126] uses
these equations to compute the transient expected output times from serial

line production systems with no waiting positions.

Bertsimas and Nakazato [27] use the method of stages combined with the
separation of variables and root finding techniques together with linear and
tensor algebra in order to study the transient behavior of the MGEL/MGEw /1
queueing system, where MGFE is the class of mixed generalized Erlang
distributions which can approximate any arbitrary distribution. They also
make use of the Laplace transforms to find simple closed-form expressions for
the queue-length distribution and the waiting-time distribution under FCFS

discipline when the system is initially empty, and the busy-period distribution.

Knessl [127] analyzes the transient behavior of the classic Erlang loss model.
Xie and Knessl [247] further obtain several asymptotic formulas for this model
under the heavy usage conditions. In constructing these approximations,
the singular perturbation techniques such as the ray method, boundary layer
theory, and the method of matched asymptotic expansions are used. Xie and
Knessl [246] also take a similar approach in giving asymptotic expansions for
the probability that the system contains a particular number of parts at time
t in the classic M/M/1 queue with finite/infinite capacity. Their results are
based on both the asymptotic expansion of an exact integral representation for
the probability of interest and applying the ray method to a scaled form of the
forward Kolmogorov equation describing the time evolution of the probability.
Actually, the model on which Knessl [127], Xie and Knessl [247], and Xie and
Knessl [246] study is exactly the same as the one used by Mitra and Weiss
[156] to analyze the transient behavior in the Erlang’s model for large trunk
groups and various traffic conditions. Serfozo, Szczotka, and Topolski [215]
characterize the asymptotic distribution of the difference between the waiting
time and the service time of any part. Their results apply, in particular, to the
GI/G/1 system and systems in which the inter-arrival and service times are

stationary, regenerative, semi-stationary, asymptotically stationary, and their
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sums satisfy certain functional limit laws.

Browne and Steele [36] obtain the distribution of the busy period in
an M/G /oo queueing system with exceptional first service by deriving the
distribution of the length of a clump in a coverage process where the first
line segment of a clump has a distribution that differs from the remaining
segments of the clump. Their result also provides the tool necessary to analyze
the transient behavior of an ordinary coverage process, namely the depletion

time of the ordinary M/G/oo system.

Lee and Li [141, 142] take an approach that is different from the
conventional transform approach, a discrete-time analysis with its time indexed
by packet arrivals. They derive expressions for the transition probabilities
of the two dimensional Markov chain formed by the queue length and the
underlying Markov chain in adjacent intervals. The probability distribution
of queue size at any arrival epoch can then be calculated iteratively using the
Kolmogorov forward equation. Due to the geometric solutions for the one-step
transition probabilities, they are able to devise an efficient algorithm to reduce

the complexity of directly evaluating the forward equation.

In solving discrete time queueing models by numerical techniques, the
computational requirements (computer memory and time) are practical
limitations and are particularly dependent on the number of discrete time
intervals required in the discrete distribution chosen to match the general
service time distribution. Wall and Worthington [235] show that the minimum
number of points required for matching to the first two moments depends on

the size of the discrete interval relative to the mean and also on the coefficient

of variation.

Most approximate methods are based on decomposition. The common idea
is to decompose the analysis of the original model into the analysis of a set of

smaller subsystems which are easier to analyze.

Csenki [54] shows that a suitable probabilistic reasoning using absorbing

Markov chains can be used to obtain the probability mass function and the



CHAPTER 2. SERIAL LINE PRODUCTION SYSTEM: A REVIEW 42

cumulative distribution function of the joint distribution of the sojourn times.
The key method of analysis employed in this study is based on the introduction
of equivalent absorbing Markov chains whose state space is partitioned into
groups of states which are visited in a predetermined order, each one, until
absorption takes place. This device allows the variables of interest to be studied

by using elementary techniques for absorbing Markov chains.

Morris and Perros [162] present an approximation algorithm for the analysis
of a discrete-time tandem network of cut-through queues. The tandem network
is analyzed by decomposing it into individual queues. Each cut-through queue
is then analyzed numerically in isolation assuming that its arrival and service
processes are known. Using this approach, the queue-length distribution, the
packet loss, the blocking probability between queues, and the throughput rate is
obtained for different traffic parameters, subpacket-to-packet ratios, and queue

sizes.

The technique proposed by Bohm and Mohanty [31] presents a sample
path of the queueing process by a lattice path which can be decomposed into
distinct segments corresponding to periods where the server is idle or busy.
These segments can be enumerated (and thus their probability distribution
can be determined) by standard methods of lattice path combinatorics. The
approach can be considered as a reasonable alternative to analytical methods.
Actually, this point of view is by no means new. Takacs [225] and Feller
[61] have demonstrated very clearly the power of combinatorial methods in
applications to stochastic processes. Moreover, this approach is successfully -
applied to Markovian queueing systems in discrete time by Bohm [31], Bohm
and Mohanty [32, 33, 35], Kanwar and Jain [111], and Kanwar, Jain, and Gupta
[112].

In the transient analysis of multi-server discrete-time queues, Sohraby and
Zhang [220] show that once the spectral decomposition of the probability
generating matrix of the arrival process is obtained, the complete solution
in the transform domain may be given. Using the complex analysis technique

and Cauchy’s integral formula, they present an efficient numerical method for
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the numerical calculation of a few performance measures of interest, namely
transient probability of queue being empty, and the mean of the queue-length
distribution. Actually, this study is the generalization of the previous work
by Sohraby and Zhang [219] where the spectral decomposition is used for the

transient analysis of a single server queue.

The bulk of the published literature on the transient analysis of the serial
line production system takes the analytical approach. The main problem
with this work is the very narrow applicability of the models: they do not
consider the full complexity of general production systems, i.e., almost all of
the studies assume reliable machines. Indeed, some models are so singular that
the problems seem to be contrived to fit the model rather than the other way
around. Another difficulty is the computational effort involved: it is hard to
find models that will solve reasonably sized problems efficiently. The models
are also excessively rigid. There is a need to develop models that factor in the
full complexity of the serial line production systems (perhaps hierarchically),
yet are efficient enough to obtain solutions in real time where needed, and are

flexible enough to distinguish between soft goals and hard constraints.

Heuristics oriented approach

There are many classes of serial line production systems for which, due
to the mathematical complexities, exact solutions cannot be obtained in a
form useful for applications. In fact, even for simple systems few results are
available to characterize transient response. However, use of heuristics has not

been actively investigated in the literature.

Through an examination of numerical solutions to Markovian queueing
systems, Roth [198] shows that the expected queue length eventually
approaches to an equilibrium value in an approximately exponential manner.
Based on this observation a heuristic is proposed for approximating the

transient expected queue length for Markovian systems by scaling the numerical

solution of an M/M/1 system.
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Lee and Roth [143] present an approximation for the transient expected
queue length (excluding the customer in service). This work is based on Lee
[145] and is an extension of the empirical research conducted by Odoni and
Roth [172] on the transient response of stationary Markovian queueing systems.
This earlier work establishes guidelines for estimating the effective length of the
transient period. Using these results, they propose a heuristic for estimating
transient behavior. This work is application oriented and their objective is to

provide a closed form-expression for non-specialists to use in practice.

It is important to recognize that the existing heuristics examine the
accuracy of the solution techniques only for Markovian systems. Verification
for truly general cases is a difficult task. At this time, for more general systems,
it is not possible to obtain transient solutions which are sufficiently accurate to
verify the accuracy of approximate solutions generated by the heuristic. This

is certainly one area for further research.
Simulation based approach

Simulation is certainly more tractable than analytical formulations of
production system problems. With simulation, there is no concern about
feasibility since there is no need to make any unnecessary simplifying
assumptions. The simulation model can be built as close to reality as one
needs to. Therefore, simulation is proposed as a tool for the transient analysis

of the serial line production systems.

Lin and Cochran [146] study the transient behavior of assembly line for
the often encountered dynamic event of machine breakdown, in much detailed
by computer simulation. The event of a machine breakdown is simulated by
stopping the operation of one or more servers at a user-selected work station for
some time period specified in the experimental design frame. Due to system and
job characteristics complexity, they utilize the discrete-event simulation that
provides a modeling power unavailable from analytical models. To combine
the advantages of analytical and simulation methods, the simulation results
of assembly line transient behavior are modeled by dynamic meta models in

the form of first-order continuous exponential delay functions which are the
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solutions to continuous first-order differential equations. Estimating late part
finishing due to machine breakdown is easily accomplished from the meta model

and has been useful to management involved in production control.

Andradottir [12] considers the optimization of the transient behavior of
a discrete event system modeled as a general state space Markov chain
whose distribution depends on the decision parameters. They also show
how simulation and the likelihood ratio method can be used to evaluate the
performance measures of interest and its gradient, and they present conditions
that guarantee the convergence of the Robbins-Monro stochastic approximation

algorithm to the optimal values of the decision parameters.

The integrated research approach of using simulation in modeling system
details and analytical method in describing system transient behavior is
a powerful methodology for analyzing complex large-scale systems. It
provides meaningful results that cannot be achieved by either analytical or
simulation methods alone. There is much scope for developing and evaluating
simulation based techniques for other operational problems specific to serial

line production systems.

The limitations of the existing models can be stated as follows:

e Almost all the models consider the systems of very limited size. Kelton
and Law [120], Lin and Cochran [146] study one-machine systems while

Gopalan and Dinesh Kumar [84], Klutke and Seiford [126] consider two-

machine systems.

o The assumptions of the corresponding studies are so limiting that they
do not reflect the common nature of the transfer lines of practical

importance.
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2.3 Summary

Works on the transient behavior of the output process of transfer lines are
scarce in the literature. And also, there are little implications about the
solution techniques. However, more importantly, there is no work that exactly
matches with our models that will be described and solved in the succeeding

chapters.



Chapter 3

On the Distribution of
Throughput

3.1 Introduction

As seen from the previous chapter, most of the works in the literature deals
with the calculation of the first order moment of the steady-state performance
measures. However, it is easily seen that there is a lack in the issues of the
transient analysis and the second order moment of the performance measures
even in Markovian systems, where all the distributions are exponential or
phase-type. In this chapter, we propose an analytical method for estimating
the performance measures of a serial production line with reliable machines

and finite buffers.

3.1.1 The model assumptions and notation
Before going into details, it will be beneficial to state the major assumptions.

The assumptions listed in Table 3.1 describe the mostly encountered production

line in the literature (Dallery and Gershwin [56]).

47
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Table 3.1: The assumptions

~

The production line is a serial arrangement of a finite number of n machines.
Each machine can operate on one unit of product at a time and has internal
storage capacity for that unit.

The arrival process is assumed to be Poisson. Therefore, the inter-arrival
times for part 7, T} ( i=1,... ), are independent identically distributed
exponential random variables with density function f;(t) = Ae™%, A > 0.
The machines M; (j = 1,...,n) have mutually independent processing times
that are also exponentially distributed with density function f;(t) = pje ",
pi > 0.

The first buffer of the line is assumed to have zero capacity (i.e., the parts
arriving the system while the first machine is busy are lost) and the last
buffer is considered to have infinite capacity (i.e., last machine never gets
blocked).

The buffers between the machines of the line have finite storage capacities.
There are no overflows or lost parts. If a machine has finished working on

a part and the next downstream buffer is full, that machine becomes blocked
and stops processing parts until a buffer slot becomes available (blocking-
after-service policy).

All machines are reliable and produce no bad parts.

No batching and no setup times (single product) are considered.

The output process is not necessarily stationary (i.e., a steady-state
distribution for the output of the system under consideration may not exist).
The production line assumes idle and empty initial conditions.

Since the same notation is used throughout the thesis, it would be beneficial

to give the common notation at the very beginning (Table 3.2).

3.1.2 Organization

In this chapter, we propose an analytical method for estimating the
performance measures of a serial production line with reliable machines and
finite buffers. First section is devoted to the model development. In this
section, the evolutions of the stochastic processes of the random variable, Ny(t)
for the atomic model, Ny(t) for the two-machine-one-buffer system, and N3(¢)

for the three-machine-two-buffer system, respectively, are determined. And
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Table 3.2: The notation

random variable of the number of parts that have left machine j up to time ¢
in an n-machine transfer line, y = 1,...,n

number of parts leaving the system at an instance in time

index of the period in which the system is

number of parts arriving the system under Case ¢ in period k

number of machines in the system

arrival rate to the system

service rate of machine 3,5 = 1,...;n

inter-arrival time for part ¢

service time for part z on machine 7, 7 = 1,...,n

size of the m®* buffer in the n-machine transfer line, m = 0,1,...,n

size of the m** buffer in the n-machine transfer line at the instant the :** part
leaves the system of interest, m = 0,1,...,n

probability density function with parameters A and y;

cumulative distribution function with parameters A and u;

[** convolution of the density function fy,,(t)

[** convolution of the distribution function Fy (1)

mean of the throughput, the number of parts leaving the n-machine system at time ¢
variance of the throughput, the number of parts leaving the n-machine system at time ¢
mean of the throughput rate at time ¢

variance of the throughput rate at time ¢

coefficient of variation of throughput rate at time ¢.

steady-state mean of the throughput rate

steady-state variance of the throughput rate

steady-state coeflicient of variation of throughput rate

desired throughput rate

also, how the corresponding characterizations of the distribution of the output
process of the systems under consideration can be readily utilized to obtain
the various moments of throughput, is explained in this section. The final
section consists of an experimental design that helps to determine whether the

model can capture the true transient and steady-state behaviors of the relevant

systems.
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3.2 The model development

3.2.1 Modeling

As stated in the previous section, the general system under consideration is
an n-machine-(n+1)-buffer line. However, we specialize on three systems :
The atomic model, two-machine-one-buffer system, and three-machine-two-
buffer system. This section gives the verbal and graphical descriptions of the
transient behavior of these systems. The corresponding descriptions help us to
write down the representations for the number of parts leaving the system at
arbitrary instants in time. Then, the relevant representations are utilized to
obtain the distribution of throughput by which the mean and variance of the
number of parts leaving the system are calculated. This approach is explained
in detail after presentation of the stochastic process evolutions of the related

systems.

The atomic model

The atomic model corresponds to one-machine system as depicted in Figure

3.1:

Figure 3.1: T} ~ exp()), T ~ exp(p1) Vi; bo = 0 & by = oo.

The evolution of the stochastic process of the random variable, N;(t), is

presented in Figure 3.2,

The memorylessness property of the inter-arrival times (i.e., the Poisson
arrival process) and the zero capacity of the first buffer in the line facilitate
the representation of the stochastic process evolution for the atomic model.
Whenever a part leaves the system, say part (i — 1), the next one arrives T;

time units later. Hence, the number of parts leaving the system at time ¢ can
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Figure 3.2: Evolution of the stochastic process, Ny(¢).

be written as
(0 if 0<t<Ti+TE

i TH4+TL <t < S (Ti+TE)
2 if 12=1(T,( + /.Ll) < t < Z I(T\ + /.L])
Ny(t) = - o
1 ) l— 1 if i:i(T;\ -+ l"l) <t< ZI_I(T\ + [.Ll)
i T(TE+TE) < t < SHUT{+ TE)
I4+1 if 2’+1(TA+IU,) <t<THENTI+TE)

Two-machine-one-buffer system

The system under consideration is illustrated in Figure 3.3:

b K by K b

L[]\ o] —/\—

51

(1)

Figure 3.3: T ~ exp(X), T[;J. ~exp(p;) Ve, 7 =1,2;00=0,00 >0, & by =0

Now, there occurs an increase in the number of the sources of variability

(Ti, T , and T}

n2?

the system of interest and this leads to the existence of two mutually exclusive
and collectively exhaustive events that describe the behavior of the system:

Y+ T > Tt and T{ + Ti < T.! for each part, i. In the first case,

B2

¢ > 1) due to the more number of machines and buffers in
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no part accumulates in the buffer. In the second one, the first machine gets
blocked some time depending on the relative magnitudes of the inter-arrival
times and the service times of the machines, and also the capacity of the second
buffer of the line, b;. In order to capture the true behavior of the system, we
consider an aggregate case in which the first condition, T} + TZ;] > Tﬁ;l, is let
be valid for p** parts and the second condition, T} + Tz;l < T;;;l, is let be
valid for p** parts in period k . By the way, a period is defined as the time
frame in which mutually exclusive and collectively exhaustive descriptions of
the system behavior appear. However, there may be time frames in which the
conditions for particular cases may not hold. That is, during the evolution of
the stochastic process, N(t), which is defined as the number of parts leaving
the two-machine transfer line under the aggregate case, time frames in which
pb*/p** is equal to 0 in period k can be observed. This means that all the
parts leaving the first machine find the second machine busy/starved in period
k. Appendix A.l clarifies the advantage of making the definition of “ period
” in terms of obtaining the corresponding analytical derivations in a simpler
way. The p'"* and p** variables are considered to be known in advance by the
production manager and, accordingly, the analytical derivations for the number
of parts leaving the system, Ny(t), can be modified at any instance in time.
The evolution of the stochastic processes and the corresponding analytical
derivations for Nj(¢) under Case 1, Case 2, and the aggregate case, in which
the first case holds for p** parts and the second case for p** parts in period

k, for the two-machine transfer line with finite buffer storage, are given in the

Appendix A.l.

Three-machine-two-buffer system

The system under consideration is illustrated in Figure 3.4:

In this system, there arises four mutually exclusive and collectively
exhaustive events that describe the behavior of the line: T} + T;;l > T;gl and

Tit Th+ Ty 2 T + T T4 T, 2 T and T T + T4, < T4 TR,

H2 K3 ? 131
Ti+T,, < Tt and T2 > Ti-', and TS+ T, < T, " and T.-2 < T;-'. In the
first condition, there is hardly ever an accumulation in the buffers. However,



CHAPTER 3. ON THE DISTRIBUTION OF THROUGHPUT 53

G-

Figure 3.4: TY ~ exp()), T, ~ exp(p;) Vi, §j = 1,2,3; b0 = 0, by > 0, b, > 0, &
b3 = 0O0.

significant changes take place in the buffer levels of the system in the second,
third, and fourth conditions. Therefore, none of these cases uniquely represent
the true system behavior by itself. Similarly, each condition is allowed to be
valid for particular number of parts in each period under the aggregate case,

which are assumed to be known in advance.

The corresponding analytical derivation for N5(t) under Case 1, Case 2,
(lase 3, Case 4, and the aggregate case, in which Case ¢ holds for p>* parts in
period k, c= 1,2,3,4, for three-machine transfer line with finite buffer storages,

are also given in the Appendix A.2.

3.2.2 Approach

In this section, we explain how the analytical derivations for the number of
parts leaving the system at an instance in time can be readily utilized to
obtain the various moments of the throughput. This is shown on the atomic
model due to the simplicity in deriving the first and second order moments of

the throughput rate of the system.

The number of parts leaving the system, the atomic model, at time ¢ has

been obtained as (1) on page 50. It is deduced from this statement that,

PO<t<Ty+T)) = P(Ny(t)=0), (2)

and

l . ‘ I+1 ) )
PO T3+ T, <t<) Ti+T,) = P(Ni(t)=10), I=12.. (3)
i=1

=1
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By definition of the ewpectation

I+1
E(Ny(t)) Zl X P(Z Ti4+ T <t<y Ti+T5) (4)
=1
Simultaneously, P(Ny(t) = 1), { =1,2,.... can be written as the difference of
the convolution of distribution functions,
P(Ny(t)=1) = F{, (t)- F*L(1). (5)

If this is substituted into the expression (4), then we determine the mean

and the variance of the number of parts leaving the system at time t,

E[Ni(t)] = szu\m — F{tL (1)), (6)

BV x (Mt) = 1)] = Soix (-1 x (FL, () - F¥ @y, (1)
=2

and
V[N:(t)] = E[Ni(t) x (N:1(t) ~ 1)] + E[N1(2)] = E[N1(2))*. (8)

Then, the mean and the variance of the throughput rate over a length of time

t, can he written as,

E’(t) - E[Nl(t)] — E[A;l(t)]’ (9)
and

The mean and the variance of the throughput rate in the steady-state can also

be calculated as

tlim E(t)y = E, (11)
and
tli]fgo Vi) = V. (12)

The major difficulty is due to the development of the closed-form expressions
for the mean and the variance of Ny(t), which are expressed as in (6) and
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(8). Therefore, the essential step turns out to be the determination of -
fold convolution of distribution function, F{ , (¢). In fact, this is the l-
fold convolution of the random variable T} + T}, , which is hypoexponentially
distributed with parameters A and p;, respectively, in case A # uy. Otherwise,
the [-fold convolution of the random variable T§ 4+ T} has an Erlang-type
distribution. In other words, Ti + T ~ hypo(A, u1) if A # g and T} + T}, ~
Erlang(pq) if A = u1. In case the arrival rate is equal to the service rate of
the server, A = pu;, the closed-form expressions for the probability density
function and the distribution function can be readily obtained by the definition
of the Erlang distribution function (Rohatgi [196]). However, although the sum
of hypoexponentially distributed random variables is also hypoexponentially
distributed with the requirement that all the random variables are independent
with different parameters (Trivedi [231]), there is no concrete information about
whether the sum of hypoexponentially distributed random variables is also
hypoexponential in case the parameters of the random variables are identical.
At this point, we recommend to make use of the convolution method by which

the closed-form expression of Fy , (t) can be obtained (Rohatgi [196]):

Theorem 1. Let (X,Y) be a random variable of the continuous type with
probability density function f. Let Z = X +Y. Then the probability density

function of Z is given by

fil2) = /_;f(:c,z—:c)dx.

Corollary 1. If X and Y are independent with probability density functions
fi and f,, respectively, then

fz(z) = /; fl(il?) X f2(Z —ZI}) dx.

In this way, the closed-form expressions for the probability density function
and the distribution function are obtained as in case A # py:

_Axmx(eTth—et) ifl=0
H1—A
o) = Mxpd xemt1x 3™ (=1) 4 x Ay xth = x (A= pg ) (13)
Apir b (-1)1X(\—pp) 21 .
Mxph xe= xS0 (=1)"F 1 x Ay xt! = x (u=2) 7
* SV Y

ifl>1
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and
SR =
ol _ ) A xys (G X Aixa () x (M- m)
FA,m(t) - : Z(l—l)!x()\—m)ﬂ_l (14)
A x 3 (=) x Ay xhy i (8) x (ma—=2)
_I_ 1 ](1_1)!x(“l_)\)21_1 lf l Z 1

where g;_;(t) and h;_;(t) are incomplete gamma functions that can be defined
as gi_i(t) = [zt x e dx  and  h_i(t) = fya!™ x e7® dx, and also
the coeflicients A; are numerically calculated in the Maple V environment by
convoluting the relevant density functions. Simultaneously, these expressions
are checked whether they are probability density functions and the distribution
functions by the application of the following two and three-step tests,

respectively in the Maple V environment:

° f/l\“(t) >0 forallt>0,

o 5 Sule)dx=1.
and
o F{ (t)is nondecreasing,

e F{ ,(t) is right continuous,

o lim;_o F} ,(t) = 0 and lim;_, Fy (1) =1

The substitution of expression (14) in (6) and (7) leads to the determination
of exact values of the mean and the variance of number of parts leaving the
system at time ¢. Finally, the mean and the variance of the throughput rate as
a function of time ¢ and the steady-state mean and variance of the throughput

rate by letting time, t, approach infinity, are numerically obtained.
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3.3 Numerical Results

In the previous section, analytical results corresponding to the evolution of
the stochastic processes under consideration are given. In this section, the
numerical results concerning the output process of transfer lines are divided
into two main parts: Computational efforts required and accuracy of the
approximation in the estimation of the performance measures, which are the

mean and variance of throughput rate.

The organization of this section is as follows: next section explains the
coding environment of the proposed method. Succeeding section is devoted to
the numerical results concerning the approximation accuracy. Moreover, an
experiment is designed to determine whether the models can capture the true

transient and steady-state behaviors of the corresponding systems.

3.3.1 Computer Codes

As explained in detail in the previous section, the expressions for P(N,(t) =
), n =1,2,3and | =0,1,2,.... are deduced from the analytical derivations
obtained via the evolution of the corresponding stochastic processes. And
also, it is mentioned that substitution of P(N,(t) = 1), n = 1,2,3 and
I = 0,1,2,... into E[Ny(t)] = 72,1 x P(N,(t) = I) enables us to obtain
the analytical representation of the mean of the number of parts leaving the
n-machine transfer line. The numerical results are obtained by developing
the necessary codes in the Maple V environment and the relevant coefficients
are also numerically calculated by convoluting the related density functions.
Furthermore, V[N,(t)], variance of the number of units leaving the n-machine
transfer line, can be obtained both analytically and numerically by substituting

the relevant expressions into E[N,(t) x (N,(t) — 1)] + E[Nn(t)] = E[Na(1)).

The hardest problem to be dealt with at the point of deriving a closed-form
expression for the particular probability density and cumulative distribution

functions is the determination of the coefficients A;,2 > 1. The calculation
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of the corresponding coefficients via the use of the codes developed in the
Maple V environment turns out to be the second step. The third one is
the replacement of the coefficients in the probability density and distribution
functions. Respectively, both the transient-state and steady-state probabilities
are calculated. Finally, the performance measures, that are the mean and
variance of throughput rate, are calculated by also using the Maple V codes.

In summary:

Algorithm.

1. Analytical derivation of the closed-form expressions of the output
process based on the evolution of the corresponding stochastic

processes.

2. Determination of the coefficients in the closed-form expression of

the distribution function via the convolution method (MAPLE V).

3. Check whether the probability density and distribution functions
conform to the corresponding tests in case the coeflicients, which
are determined in Step 2, are substituted into the closed-form

expressions of the relevant functions (MAPLE V).
4. Calculation of the transient state probabilities (MAPLE V).
5. Calculation of the steady-state probabilities (MAPLE V).

6. Calculation of the performance measures (MAPLE V).

The next section includes the comparison between the analytical results
and the state-space representation and the comparison between the analytical
results and the simulation. The results corresponding to the state-space
representation are obtained via the codes in the Maple environment that help to
calculate the performance measures in the long run and the ones corresponding
to the simulation are developed in the Siman environment to calculate the

performance measures at arbitrary instants in time.



CHAPTER 3. ON THE DISTRIBUTION OF THROUGHPUT 59

3.3.2 Validation

After the development of the model, an experiment is designed in order to
determine whether the model can capture the true transient and steady-state

behaviors of the corresponding systems.

State-space representation

For each system, the mean and the variance of throughput rate obtained
by the analytical method are compared with the ones given by the state-
space representations, which are developed under exactly the same assumptions
for the analytical models (Tables 3.3-3.5). The state-space representations
correspond to the Markov chain models that are developed via the use of
balance equations and that are used to obtain the steady-state performance

measures of the systems.

| (A, p1) | Analytical Method | Markov Chain |

| Mean | Variance | Mean | Variance
(3,3) | 3.000 9.000 3.000 9.000

(1,0.5) | 0.499 0.249 0.500 0.250

(0.5,1) | 0.499 0.249 0.500 0.250

Table 3.3: Analytical results vs state-space representations: the atomic model

| (b1, A, g1, pt2) | Analytical Method | Markov Chain |
Mean | Variance | Mean | Variance
(0,1,3,3) 0.727 1.650 0.727 1.653
(0,1,7,3) 0.834 1.804 0.833 1.804
(2,1,3,3) 0.748 1.686 0.749 1.687
(2,1,7,3) 0.871 1.854 0.873 1.857
(5,1,3,3) 0.748 1.686 0.750 1.687
(5,1,7,3) 0.874 1.856 0.875 1.859

Table 3.4: Analytical results vs state-space representations: the two-machine

model
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| (b1, b2, ), p1, 12, pi3) | Analytical Method | Markov Chain |
Mean | Variance | Mean | Variance
0,0,1,33,3) | 0239 | 1832 |0241| 1.833
(0,0,1,6,4,3) 0.274 2.000 0.275 1.999
2,2,1,3,3,3,) | 0282 | 0128 |0285 | 0.31
(2,2,1,6,4,3) 0.392 0.164 0.388 | 0.163
(2,5,1,6,4,3,) 0.401 0.207 0.398 | 0.205
(5,2,1,6,4,3,) 0.408 0.209 0.409 0.211
(5,5,1,6,4,3) 0412 | 0214 | 04i2| 0213

Table 3.5: Analytical results vs state-space representations: the three-machine
model

The design used for the experiments is the paired comparison design in
which the precision can be greatly improved by making comparisons within
pairs of experimental results at a significance level of 95 %. The results of
the experimental design show that there is no evidence to indicate that the
two approaches produce statistically significant difference in the estimation of

performance measures, which are the mean and the variance of the throughput

rate.

Simulation

The simulation analysis helps to determine whether the model operates
appropriately in the transient state. The codes to simulate the systems,
which are developed under exactly the same assumptions for the analytical
models, are written in the SIMAN simulation language (Pegden, Shannon,
and Sadowski [185]). While obtaining the numerical results for the mean
and variance of throughput rate at arbitrary instants in time via the use of

simulation models, the following formulas are used:

E(Na(t) = 239 Ml ang  var(V,@) = 250 MO-E))*

— ~y=1 500 y=1 499 ’
where NY(t) corresponds to the number of parts leaving the n-machine system

at time t in the y** replication. These formulas are basically the definitions of

the sample mean and the sample variance that are available in the reference of
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Montgomery [158]. Then, the mean and variance of throughput rate of the n-
Nn(tl] — E[N"(m
t - t

machine transfer line can be numerically calculated by E(t) = E[
and V(t) = V[N—"t(ﬂ] = ‘L"t’;ﬁﬂ, respectively, at time ¢.

| (A, g, t) | Analytical Method | Simulation |
Mean | Variance | Mean | Variance
(2,20,2) | 1.802 1.422 1.809 1.431
(2,20,5) | 1.816 1.434 1.824 1.438
(2,20,10) | 1.882 1.496 1.885 1.501
(2,20,25) | 1.844 | 1.450 | 1.846 | 1.451
(2,20,50) | 1.837 1.451 1.838 1.449
(2,20,100) | 1.828 | 1.451 | 1.827 | 1. 449

Table 3.6: Analytical results vs simulation: the atomic model

hoan o e trougtons e
»arurea o e trorghoce rae

1
] 30 ) 0 ™ 0 0 100 10 ) 0 ) 0 @ ™ ) 0 100
e

Figure 3.5: Mean and Variance vs time: the atomic model

It is observed that the pattern which analytical results follow is smoother
than the one of the simulation results (Figures 3.5-3.7). This is due to the
random number generator that is one of the main mechanism of the simulation

software.
The simulation analysis indicates that the proposed method works fairly

well in reflecting the transient behavior of the systems under consideration.
This is confirmed by the paired comparison design that is done at a significance
level of 95 % with the result that the analytical and simulation based approach
do not produce statistically significant difference in the estimation of mean and

variance of throughput rate.

Finally, I must note the two important findings via the use of the figures
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| (b1, A, pi1, fi2, ) | Analytical Method | SimulationJ
Mean | Variance | Mean | Variance
(5,1,3,3,2) 0.869 0.318 0.872 | 0.320
(5,1,3,3,5) 0.801 0.267 0.794 | 0.270
(5,1,3,3,10) [ 0.772 0.242 0.776 | 0.249
(5,1,3,3,25) | 0.761 0.238 0.762 | 0.239
(5,1,3,3,50) | 0.755 0.235 0.752 | 0.238
(5,1,3,3,100) | 0.743 0.231 0.742 | 0.231
(5,1,3,3,250) | 0.732 0.227 0.732 | 0.227
(5,1,3,3,500) | 0.732 0.227 0.732 | 0.227

Table 3.7: Analytical results vs simulation: the two-machine model
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Figure 3.6: Mean and Variance vs time: the two-machine model

3.5-3.7. The first one is that the existence of the buffers in a system smooths
out the pattern indicating the behavior of the throughput in time. Observe
that the patterns of the mean and variance of the throughput in the single
machine system (figure 3.5) are sharper than those of the relevant measures in
the longer lines (figures 3.6-3.7). This observation is due to the description of
the relevant systems. While the single-machine system has zero buffer capacity
(i.e., b = 0), the two- and three-machine systems have finite buffer storages,
respectively (i.e., by, b, > 0). The second finding is that the throughput rate
decreases in time while the contrary holds for longer lines (observe how the
throughput rate changes in time for the two-machine system (Figure 3.6) and
for the three-machine system (figure 3.7)).The decrease in the throughput rate

is due to the definition of the mean and variance of the throughput rate (i.e.,

E(t) = E[X2W) = BNt onq y(r) = v[Mel) = YIN(])  The changes in

t
the mean and variance of the throughput are smaller than the lengths of the
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ubl,bz,A,ul,;tz,yg,t) I Analytical Method | Simulation J
Mean | Variance | Mean | Variance
(2,5,20,6,4,3,2) 2.012 1.364 1.767 1.361
(2,5,20,6,4,3,5) 2.296 1.492 2.287 1.467
(2,5,20,6,4,3,10) 2.511 1.668 2.509 1.666
(2,5,20,6,4,3,25) 2.674 1.692 2.666 1.678
(2,5,20,6,4,3,50) 2.703 1.715 2.699 1.716
(2,5,20,6,4,3,100) 2.713 1.728 2.713 1.727
(2,5,20,6,4,3,250) 2.703 1.721 2.701 1.719
(2,5,20,6,4,3,500) 2.689 1.712 2.688 1.711
(2,5,20,6,4,3,1000) | 2.689 1.712 2.689 1.712

Table 3.8: Analytical results vs simulation: the three-machine model
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Figure 3.7: Mean and Variance vs time: the three-machine model

time intervals under consideration. However, as the number of machines in the
system increase, significant increases in E(t) and V() are observed in time due
to the additional buffers existing in the relevant systems. The more detailed
results and discussion on the behavior of the throughput of transfer lines can

be found in Deler and Dinger [57].

3.4 Summary

In this section, the transient behavior of transfer lines with reliable machines
and finite buffers is examined and the distribution of the performance
measures of interest is derived. The results of the proposed analytical
method are compared with the state-space representations and the simulation

for validation. Both transient and steady-state behavior of this system



CHAPTER 3. ON THE DISTRIBUTION OF THROUGHPUT 64

are determined by using the evolution of the stochastic processes under
consideration. The proposed method based on the analytical derivation of
the distribution of the throughput of the system provides good results for
typical transfer lines (up to three stages) encountered in real applications. The

detailed results are given in Appendix A.3.



Chapter 4

Extension of the Method:
Two-Part Types

4.1 Introduction

In the general context, a multiple-part-type tandem system is a n-machine,
m-part-type tandem production line. The system consists of n machines and
(n+1)m buffers. Type 7 parts travel in a fixed sequence: Buffer (0,7), Machine
1, Buffer (1,7), Machine 2, Buffer (2,7),...., Buffer(n-1,7), Machine n, Buffer(n,?).
Buffers are assumed homogeneous. That is, Buffer(j,:) holds only identical,
interchangeable parts: Type ¢ parts that have completed operations on Machine |

j and are waiting for an operation on Machine 5 + 1.

This brief explanation about the configuration of the multiple-part-type
tandem systems indicates that such a system is difficult to analyze due to the
increase in the number of the additional sources of randomness which are lthe
part types and their associated buffers. However, transfer lines are common in
industries such as food, automotive, electronics, and pharmaceutical, among
many others (Altiok [11]). By means of the development in the machine design,
any machine can act as a single-server attending the requests for production of
different types of products with its own pool of production orders. In such a

multi-product environment, there are two important issues, which are “when

65
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to switch to a new product” and “what product to switch to”. While the
first issue can be handled by an (R,r)-type inventory control policy, the second
one can be resolved by using priorities. However, the literature makes the
assumption that the relevant systems are in their steady-states. As discussed
in Chapter 1, since the time horizon of operation naturally terminates, steady-
state measures of system simply do not make sense leading to the important
conclusion that such steady-state analyses are inappropriate in many applied
situations. Therefore, the models and solution methods that could capture
both the transient behavior of the n-machine, m-part type tandem production
line should be investigated. [n this chapter, we extend the new method to the

typical transfer lines (up to three stages) with two-part types.

4.1.1 The model assumptions and notation

Before going into details, it will be beneficial to state the major assumptions:
The assumptions listed in Table 3.1 are still valid, however, there are some

items to be added to the list (Table 4.1).

Table 4.1: The additional assumptions

I*.

11.

12.

The two-part type production line is a serial arrangement of a finite number
of n machines and 2(n-1) buffers. Each machine can operate on one unit of
product at a time and has internal storage capacity for that unit.

All buffers are assumed homogeneous. That is, Buffer(j,7) holds only identical,
interchangeable parts: Type i parts that have completed operations on
Machine j and are waiting for an operation on Machine j + 1.

Parts leave the buffers to be processed in the downstream machines according
to the order of their arrivals.

The following notation is introduced as addition to the ones listed in Table 4.2.
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Table 4.2: The additional notation

i
i
T/\]_"::
T

fhsj
b1_7'2
b2]’1

number of parts of type j arriving the system in the k** period

number of parts of type 5 arriving the system under Case ¢ in the kth period
inter-arrival time for the i part of type j

service time for the ¢** part of type j on machine s, s=1,...,n

service rate of machine s for part type j, s=1,....n

capacity of the buffer between the first and second machines holding part type j

capacity of the buffer between the second and third machines holding part type j

4.1.2 Organization

In this chapter, we extend the analytical method for estimating the
performance measures of a serial production line with reliable machines and
finite buffers to the systems with two-part types. First section is devoted to the
model development. In this section, the evolutions of the stochastic processes of
the random variable N;(t) for the atomic model, Ny(t) for the two-machine-one-
buffer system, and N3(t) for the three-machine-two-buffer system, respectively,
and the corresponding analytical derivations are determined. The final section
consists of an experimental design that helps to determine whether the model
can capture the true transient and steady-state behaviors of the corresponding

systems.

4.2 The model development

4.2.1 Modeling

This section gives the verbal and graphical descriptions of the transient
behavior of the systems. The corresponding descriptions help us to write down
the representations for the number of parts leaving the systems at arbitrary

instants in time.
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The atomic model

The atomic model corresponds to one-machine system as depicted in Figure

4.1:

Ay,
A A

The evolution of the stochastic process of the random variable, Ny(%), is

presented below.
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Figure 4.2: Evolution of the stochastic process, N;(t).

The number of parts leaving the atomic model at time ¢, Ny(t), can be

written as

if 0<t<Ty + TN
1if T\“+T11<t<z (T + T”
if 1(T1'+T“)<t<z _1(Ty +T5;
Mit) =9 praj ypt T“)<t<2,_l(T§’ Tl{l’)+T/\,p1-1+1_,_T‘fl’”l’l“
Pt 157 ( F T+ TP T <t < T (0 + T+
=1(T,\’p +1+T2p“+2)

(1)
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Similarly, the assumptions that facilitate the representation of the stochas-
tic process evolution in such a clear and neat way are the memorylessness
property of the exponential distribution and zero buffer capacity of the first
buffer in the line. Moreover, the number of parts of different types arriving the -
system are known in advance. In case of a sudden change in the order of part
types’ arrivals to the system, the method brings the flexibility of recalculation
of the performance measures via the use of parameter p”*, that is the number

of parts of type j arriving the system in the k** period.
Two-machine-one-buffer system
The system under consideration is illustrated in Figure 4.3:

In this system, the sources of variability turn out to be T Tﬁ; , T‘{; , and by
for each part 7 of type j and this leads to the existence of the following mutually

exclusive and collectively exhaustive events that describe the behavior of the
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Py b
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Figure 4.3: T{" ~ exp()), Tl{'fj ~ exp(usi) Vikj =1,2,5=1,2;bp; = 0, by; 2 0,
&bgj:OOj:1,2.

system : T5" + Ti > T2 and T 4 T3 < Ti#+=1 for each part i of type j.
In the first case, no part accumulates in the buffer. In the second one, the first
machine gets blocked some time depending on the relative magnitudes of the
inter-arrival times and the service times of the machines, and also the capacity
of the second buffer of the line. Since the consideration of these mutually
exclusive and collectively exhaustive descriptions of the system behavior does
not capture the true system behavior, an aggregate case is considered under
which each condition is let be valid for particular number of parts arriving the
system. In this way, we obtain the evolution of the stochastic process in which

the strict assumptions of the basic conditions are relaxed.

The analytical derivations for N,(¢) under Case 1, Case 2, which are the
basic descriptions of the system behavior for the two-machine transfer line with

finite buffer storage, are given in the Appendix B.1.

Three-machine-two-buffer system

The system under consideration is illustrated in Figure 4.4:

Ny

A A R g
~ e " [_M—,c—l | e v
A A A A

Figure 4.4: T{' ~ exp()), Tii ~ exp(ps;) Vi, j = 1,2,8= 1,2,3;bo; = 0,
bsj _>_ 0, & b3j = 00, j=1,2 & S=1,2.

In this system, there arises the following mutually exclusive and collectively

exhaustive events representing the behavior of the three-machine transfer line:
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233
T{" + T3% < T3=' and T#i=% < Ti ! for each part of type j. Since none of
the conditions uniquely represent the true system behavior by itself, similarly,
each condition is allowed to be valid for particular number of parts in each

period under the aggregate case, which are assumed to be known in advance.

The analytical derivations for N3(¢) under Case 1, Case 2, Case 3, Case
4, which are the basic descriptions of the system behavior for three-machine

transfer line with finite buffer storages, are also given in the Appendix B.2.

4.2.2 Approach

In the previous section, the evolution of the stochastic processes of interest are
given. The way in which the corresponding characterizations of the distribution
of the output process of the systems under consideration is utilized to obtain
the moments of throughput, is exactly the same way as expressed in Section
3.2.2. The expressions for P(N,(t) = I), n = 1,2,3 and I = 0,1,2,.... are
deduced from the available analytical derivations. Similarly, substitution of
P(N,(t)=1), n=1,2,3and [ =0,1,2,....into E[Nn(t)] = 3721 x P(Ny(t) =1)

enables us to obtain the analytical representation of the mean of the number
of parts leaving the n-machine transfer line. Furthermore, V[N,(t)], variance -
of the number of units leaving the n-machine transfer line, can be obtained

both analytically and numerically by substituting the relevant expressions into

E[Ny(t) x (No(t) — 1)] + E[Ny(2)] — E[Na(1)]?.
4.3 Numerical Results

Succeeding sections is devoted to the explanation of the coding environment
and the numerical results concerning the approximation accuracy. Moreover,
an experiment is designed to determine whether the models can capture the

true transient and steady-state behaviors of the corresponding systems.
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4.3.1 Computer Codes

The coding environment of the proposed method for the two-part type system

is similar to the one mentioned in Section 3.3.1.

4.3.2 Validation

After the development of the model, an experiment is designed in order to

determine whether the model can capture the true transient and steady-state

behaviors of the corresponding systems.
State-space representation

For each system, the mean and the variance of the throughput rate obtained
by the analytical method, are compared with the ones given by the state-
space representations developed under exactly the same assumptions for the

analytical models (Tables 4.3-4.5).

[ (), pi,43) | Analytical Method | Markov Chain |
Mean | Variance | Mean | Variance
(355 | 2.855 | 5.622 | 2.856 | 5.622
(3,2,7) | 2.045 3.678 2.045 3.675 -
(3,7,2) 1.729 2.859 1.731 2.857

Table 4.3: Analytical results vs state-space representations: the atomic model

| (61,65, ), 11, 143, 43, 42) | Analytical Method [ Markov Chain |
Mean | Variance | Mean | Variance
(0,0,1,3,3,3,3) 0.798 1.376 0.797 1.375

(0,0,1,7,3,7,3) 0.972 1.525 0.972 1.524
(2,2,1,3,3,3,3) 0.812 1.436 0.812 1.436
(2,2,1,7,37,3) | 1.003 | 1572 | L1002 | 1.572
( )
( )

5,5,1,3,3,3.3 0.934 | 1.499 0933 | 1.501
55,1,7,3,7,3 1.038 | 1.634 | 1.038 | 1.635

Table 4.4: Analytical results vs state-space representations: the two-machine

model
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[ (b1, 02,03, 02, X, pul, pd, 3, i3, p}, 43) | Analytical Method | Markov Chain |
Mean | Variance | Mean | Variance
) 0.552 1.226 0.553 1.226
(0,0,0,0,1,6,2,4,7,3,6) 0.635 1.108 0.634 1.009
(2,2,2,2,1,3,3,3,3,3,3) 0.629 0.903 0.632 0.905
(2,2,2,2,1,6,2,4,7,3,6) 0814 | 1128 |0814| 1.128

)

)

)

(0,0,0,0,1,3,3,3,3,3,3

(2,2,5,5,1,6,2,4,7,3,6 0.738 | 1.102 | 0.741 | 1.105
(5,5,2,2,1,6,2,4,7,3.6 0.957 | 1.214 | 0.957 | l.214
(5,5,5,5,1,6,2,4,7,3,6 0412 | 0214 0412 0213

‘able 4.5: Analytical results vs state-space representations: the three-machine

modlel

The design used for the experiments is the paired comparison design in
which the precision can be greatly improved by making comparisons within
pairs of experimental results at a significance level of 95 %. The results of
the experimental design show that there is no evidence to indicate that the
two approaches produce statistically significant difference in the estimation of

performance measures, which are the mean and the variance of the throughput

rate.
Simaulation

The simulation analysis helps to determine whether the model operates
appropriately in the transient state. The codes to simulate the systems
developed under exactly the same assumptions for the analytical models,
are also written in the SIMAN simulation language (Pegden, Shannon, and
Sadowski [185]). While obtaining the numerical results for the mean and
variance of throughput at arbitrary instants in time via the use of simulation

models, the following formulas are used:

E(Na(t)) = 559 Ml and var(Na(t)) = 7500 M2O-BX)?

— &y=1 500 y=1 499 ’
where NY¥(t) corresponds to the number of parts leaving the n-machine system
at time t in the y** replication. These formulas are basically the definitions of
the sample mean and the sample variance that are available in the reference

of Montgomery [158]. Then, the mean and variance of throughput rate rate of
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[Zald))

the n-machine transfer line can be numerically calculated by E(t) = E[=5

M and V(¢) = [i(—l] = le—ﬂ, respectively, at time .

[ (A, pl,42,t) | Analytical Method | Simulation |
Mean | Variance [ Mean | Variance
(2 2,5,2) 1.995 1.376 1.996 1.375

2,5,5) | 1.968 1.377 1.968 1.376
(2 2 ,5,10) 1.962 1.333 1.961 1.335
(2,2,5,25) 1.955 1.355 1.954 1.355
(2,2,5,50) 1.957 1.357 1.956 1.357
(2,2,5,100) | 1.962 | 1358 | 1.961 | 1.359
(2,2,5,250) | 1.983 | 1.362 | 1.982 | 1.361
(2,2,5,300) | 1.982 1.362 1.982 1.362

Table 4.6: Analytical results vs simulation: the atomic model

The simulation analysis indicates that the proposed method works fairly
well in reflecting the transient behavior of the systems under consideration
(Tables 4.6-4.8 and figures 4.5-4.7). This is confirmed by the paired comparison
design that is done at a significance level of 95 % with the result that
the analytical and simulation based approach do not produce statistically

significant difference in the estimation of mean and variance of throughput

rate.
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Figure 4.5: Mean and Variance vs time: the atomic model

As noted in the previous chapter, the two important findings on the

behavior of throughput of transfer lines also hold for multiple-part type
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[(61,62, )\, p}, p3, 43, 113, t) | Analytical Method | Simulation |
Mean | Variance | Mean | Variance

(5,5,1,3,4,3,4,2) 3.744 2.405 3.745 2.401
(5,5,1,3,4,3,4,5) 3.106 2.379 3.304 2.362
(5,5,1,3,4,3,4,10) 3.234 2.096 3.235 2.092
(5,5,1,3,4,3,4,25) 2.842 1.972 2.842 1.974
(5.5,1,3,4,3,4,50) | 2.668 | 1.886 | 2.668 | 1.885
(5,5,1,3,4,3,4,100) 2.591 1.728 2.590 1.727
(5,5.1,3,4,3,4,250) | 2.367 | 1.438 | 2.366 | 1.437
(5,5,1,3,4,3,4,500) | 2.035 | 1.257 | 2.034 | 1.256
(5,5,1,3,4,3,4,600) | 2.048 | 1.023 | 2.048 | 1.022
(5,5,1,3,4,34,750) | 2.048 | 1.023 | 2.048 | 1.023

Table 4.7: Analytical results vs simulation: the two-machine model
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Figure 4.6: Mean and Variance vs time: the two-machine model

systems. However, the length of the transient period for a multiple-part type

system is larger than that of the single-part type system due to the considerable
amount of variability introduced to the system by both the processing times
of different part types and the fluctuations in the buffer levels (Deler and
Sabuncuoglu [58]). The more detailed results and discussion on the behavior

of throughput of transfer lines can also be found in Deler and Dinger [57].

4.4 Summary

In this section, the new method introduced in the previous chapter is extended

to the systems with two-part types. Both transient and steady-state behavior

of this system are determined by using the evolution of the stochastic processes
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[(0],82,05,62,\, ul, 2, 3, p2, pl, 42, 1) | Analytical Method | Simulation |
Mean | Variance | Mean | Variance
(2,2,5,5,20,6,2,4,7,3,6,2) 3.116 3.123 3.115 3.125
(2,2,5,5,20,6,2,4,7,3,6,5) 3142 | 3.224 |[3.141| 3.225
(2,2,5,5,20,6,2,4,7,3,6,10) 3.178 3.435 3.179 3.434
(2,2,5,5,20,6,2,4,7,3,6,25) 3.185 | 3538 | 3.185 | 3.538
(2,2,5,5,20,6,2,4,7,3,6,50) 3.185 3.677 3.187 | 3.678
(2,2,5,5,20,6,2,4,7,3,6,100) 3.196 3.873 3.195 | 3.873
(2,2,5,5,20,6,2,4,7,3,6,250) 3.204 3.879 3.201 3.876
(2,2,5,5,20,6,2,4,7,3,6,500) 3212 | 3002 |3.211| 3.901
(2,2,5,5,20,6,2,4,7,3,6,1000) 3216 | 3912 | 3216 | 3012
(2,2,5,5,20,6,2,4,7,3,6,1200) 3.221 3.909 3.220 3.908
(2,2,5,5,20,6,2,4,7,3,6,1500) 3.221 | 3.909 |3.221 | 3.909

Table 4.8: Analytical results vs simulation: the three-machine model
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Figure 4.7: Mean and Variance vs time: the three-machine model

under consideration. The numerical results of the proposed analytical method
for two-part type systems are obtained. The comparison of the analytical
models with the the simulation models for the transient behavior and with the

state-space representations for the long run behavior verify the accuracy of the

methodology developed in this thesis.



Chapter 5

Extension, conclusion, and

future research

5.1 Extension

In this section, we briefly discuss certain issues requiring further investigations.
Each issue can be interpreted as a future research direction on the work

accomplished in this thesis.

5.1.1 Line Behavior and Design Issues

The line design problem is that of choosing buffer sizes or machine parameters
to maximize performance or minimize cost subject to constraints. In order to
solve such a problem, it is necessary to evaluate the performance measures of
lines. The best performance measure of a transfer line implies the maximum
throughput rate. The throughput rate is a nondecreasing function of the arrival
rate of the parts, the machine parameters and the buffer capacities. This

leads to the optimization problem of finding the arrival rate and the machine

78
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parameters and the buffer allocation with the restriction of achieving a desired
throughput rate Fy:
Find »  E(X p1,y ...y fon, bo, ..., by) such that E > Ej.

p1-pn
bg...bn

However, in the above statement, variability is ignored since there are
essentially no methods for evaluating variability. However, this study enables
us to analyze the system under consideration in terms of both the mean and
the variance of the throughput rate. Meanwhile, we recommend to make use
of the coeflicient of variation rather than the variance since the former is more
meaningful when comparing the variability of the random variables having
different means. Table 5.1 presents an example in which the objective is to
determine the size of the second buffer (b = 5 or b, = 20) while achieving a

target throughput rate in a time interval of (0,100].

| (_bl,A,,U.l,,U,z,/IB,t) l 1)2:5 | bg =20 I
Mean | CV | Mean | CV
(2,20,6,4,3,2) 2.012 | 0.580 { 1.733 | 0.627
(2,20,6,4,3,5) 2.296 | 0.532 | 2.260 | 0.564
(2,20,6,4,3,10) 2.511 [ 0.514 | 2.591 | 0.557
(2,20,6,4,3,25) 2.674 | 0.486 | 2.815 | 0.542
(2,20,6,4,3,50) 2.703 | 0.484 | 2.898 | 0.574
(2,20,6,4,3,100) | 2.713 | 0.485 | 2.947 | 0.589
(2,20,6,4,3,200) | 2.714 | 0.488 | 2.946 | 0.591

Table 5.1: Mean and Coefficient of Variation vs time: the two-machine model

The steady-state mean and variance of the throughput rate of the system
with a larger buffer size is expected to be higher than that of the system with
a smaller buffer size. In the above example, although the variance of the latter
system (i.e., by = 20) is larger at each instant in time due to its large buffer
size, the mean throughput rate of the corresponding system is smaller in the
time interval of (0,5]. This is mainly due to the assumption of empty and initial
conditions. As the time from initialization becomes large, the parts start to
accumulate in the buffer and the effect of the buffer size becomes apparent on
the mean and variance of the throughput rate of the system under consideration

and what is expected holds for the time starting from the instant of 10 time
units (i.e., Fp,=5(t) < Ep=20(t) and Vj,=5(t) < Vo,=20(t), t>5).
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Since it has been observed that the coefficient of variation for different
alternatives either in the transient period or in the long run, achieves convexity,
the following optimization problem can be utilized in order to minimize the
variability of the throughput rate with the restriction of achieving a desired

throughput rate Ey:
Min CV(t) such that E(t) > Ey.

In this problem, the mean and the variance of the throughput rate are
the functions of time. By letting, in the limit, time approach infinity, the
corresponding optimization problem can be written in terms of the steady-

state performance measures of the system:

Miwin CV such that £ > FEjy.

However, there exists an advantage in making use of the second formulation
rather than the last one. It brings the flexibility of optimizing a particular
system for varying time instants. Meanwhile, these formulations enable us
to determine the system with the minimum coefficient of variation of the
throughput rate among different alternative systems achieving the desired

mean throughput rate.

This way of interpretation might remove a deficiency in the transfer-line
models in the literature-namely, that they do not accurately model the daily
operation of the transfer line. Since the mean and the variance of the number .
of units leaving the transfer line, are calculated, then an interval estimate
for the actual production during a period of time that can be interpreted as
a production shift, can be calculated. Such an interval estimate allows the

manager to plan for shifts where output might be higher or lower than planned.

5.1.2 Longer transfer lines

Since the number of states of the Markov chains grows very fast with the

number of machines, the buffer capacities, and the number of phases of the
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distributions, the tractable models in the transfer line literature are mostly
of limited sizes. A similar statement applies to our case. As the number of
machines and buffers in the system increase, the tractability of the evolution of
the stochastic processes decreases by a considerable amount even if the arrival
and service times are exponentially distributed. Therefore, it becomes harder
to write down the corresponding representations as well as the codes in the
Maple environment. So, decomposition techniques together with the proposed
method should be utilized in order to obtain the distribution of the throughput

of the longer lines.

5.1.3 Non-exponential distributions

The Markovian class includes systems in which the arrival and service processes
can be represented as exponential, Erlangian, hyperexponential, and phase-
type random variables. The general assumption in the transfer line literature
1s that the arrival and service processes are represented via the exponential
distribution. It is argued that the distribution type that is the best in reflecting
the real system behavior is the truncated normal distribution. Simultaneously,
Knott and Sury [128] and Buzacott and Shantikumar [43] suggest that the
real work stations exhibit positive skewness as does the lognormal distribution.
Powell and Pyke [186] examine commonly used distributions (uniform, normal,
and lognormal), and the beta distribution with both standard and unusual
shapes. Their results indicate that the differences among different distributions
increase with the complexity of the line and the coefficient of variation. The
magnitude of the differences is around 2% for standard distributions, but can
rise to 5% for distributions with identical first two moments and similar shapes.
Distributions with non-standard shapes can give rise to differences many
times larger than these. Therefore, the common assumption of exponential

distribution turns out to be an.important deficiency in the transfer line

literature.

In this research, the machines are considered to have mutually independent
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processing times that are exponentially distributed. Despite this assumption,
the evolutions of the output processes of the corresponding systems also hold for
the systems with non-exponential processing times. However, the closed-form
expressions for the mean and variance of the throughput rate of the system
of interest will differ from the available ones depending on the probability
density and distribution functions of the relevant distributions that are readily
convoluted via the convolution method (Rohatgi [196]) to obtain exact values

of the mean and variance of the performance measure as explained in detail in

Section 3.3.2.

In the graphical illustration of the stochastic processes under consideration,
we make use of the memorylessness property of the inter-arrival times. In case
of the distributions other than the exponential ( or geometric) distribution to
represent the arrival process, a method that keeps track of the arrival instants
of the parts should be recommended. Our approach can then be utilized,
however, such a method introduces a considerable amount of complexity in
terms of the mathematical calculations. We believe that the advancement in
the related software technology can help to alleviate such difficulties today.
Therefore, this study can be extended to the systems with non-Poisson arrival

process by relaxing the strict assumption of the exponential distribution.

5.1.4 Pull-type systems

In general, flow lines are push-type systems where little attention is given to the
finished-product inventory. The line is to produce as much as it can with the
assumption that all finished products are either used or demanded. Otherwise,

it has to stop producing when there is an excessive accumulation of finished

products. Those systems are known as pull-type systems.

The general philosophy of pull systems is to produce as much as needed,
while that of push systems is to produce as much as possible. It is conceivable
that pull systems may adapt to external changes faster than push systems

and may have a smaller inventory accumulation. Therefore, the modeling of
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transfer lines as push-type systems rather than the pull-type systems turns out

to be a deficiency in the transfer line literature.

We may assume an infinite supply of raw material for the facility to process.
The finished products are stored in the warehouse until they are used to satisfy
customer demand. Production may continue as long as the inventory level
in the warehouse is below a target level. That is, it stops as soon as the
inventory level reaches its target, and it restarts when the level drops below
the target. This principle of operation is known as the base-stock policy in
the classical inventory theory. It can be utilized by a control mechanism that
would incorporate the proposed model and the solution technique. This would

help to remove the corresponding deficiency in the transfer line literature.

5.1.5 General networks

Throughout the paper, we have been concerned with flow line models. The
special structure of these models, ie., a series of machines separated by buffers,
allows many results to be obtained. Although flow line structures are often
encountered in industry, there also exist manufacturing systems exhibiting
more general structures. Among these, assembly systems are of great interest

and can be viewed as an extension of the flow line structure.

There has been relatively little work on Assembly/Disassembly networks
compared with the vast queueing theory literature. This may be due to one
of the earliest results: Harrison [92] found that assembly systems with infinite
buffers are inherently unstable. That is, there is no steady-state probability
distribution and that at least one buffer level increases without hounds. This
result must have been discouraging to those who wished to study assembly

systems by means of traditional queueing theory methods.

Actually, these systems can be reduced to a flow line structure in case of

satisfying a set of assumptions :
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e The routing is entirely deterministic. That is, the path that each part

follows in the system is known in advance and the contents of each buffer

are homogeneous .

o The only source of randomness is the variation of processing times of the

machines.

e They should be connected tree-structured networks in which exactly one
sequence of machines and buffers connects any two machines in the
network. If there are nyy = n machines, then there are ng = n — 1

buffers. In fact, this is a generalization of a transfer line.

Then, the proposed method can calculate the mean and the variance of the

throughput rate of these systems.

5.2 Conclusion and future research

In this thesis we propose an analytical method for estimating the performance
measures of a serial production line with reliable machines and finite buffers.
The transient and steady-state behaviors of this system are determined by using
the evolution of the stochastic processes under consideration. The analysis of
the evolution of stochastic processes enables us to derive the distribution of the
throughput of the system. This distribution is then utilized to find the higher
order moments of the throughput in measuring the performance of the system.
The method based on the analytical derivation of the distribution provides
good results for typical transfer line models encountered in real applications.
Moreover, the iterative algorithms coded in Maple V environment seem to be
efficient: in all examples we tested, it always converged and in general very
rapidly. Furthermore, the analytical models are compared with the state-space
representations and simulation models in which the results verified the accuracy

of the methodology developed in this thesis.

In the literature, there is only Karpelevitch and Kreinin [115] who consider
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the joint stationary distribution of the waiting times of the part at the ;™
station and the joint stationary distribution of the number of parts at the
arrival epoch. However, we examine the transient behavior of transfer lines up
to three machines and then derive the distribution of the performance measures
of interest. The major contribution of this work is that it makes use of the
evolution of the stochastic processes in determining the higher order moments

of the performance measures over a period of any length.

This research should be extended to develop analytical methods for the
analysis of more complicated systems such as longer transfer lines with non-
exponential distributions and multiple-part types. Although our models make
a number of simplifying assumptions, the proposed method can be utilized
to calculate the mean and variance of throughput of transfer lines with their
mostly encountered assumptions in the literature as relaxed: The first buffer
of the line is assumed to have zero capacity ((i.e., the parts arriving the system
while the first machine is busy are lost). In case of determining the evolution
of the output process from the first machine of the line, this assumption can
be readily relaxed by generalizing the system behavior starting from a typical
realization for a system with a finite capacity of the first buffer in the line. In
this way, all the parts arriving the system when the first machine is busy are
not necessarily lost. Similarly, the assumption of the infinite capacity of the
last buffer in the line (i.e., last machine never gets blocked) can be relaxed by
determining the evolution of the output process from the last machine of the
line. Another simplifying assumption for the model of interest is the existence
of empty and idle initial conditions. This assumption can be readily relaxed
by shifting the evolution of the output process of the line up by the number of
parts initially present. This leads to an increase of the initial number of parts
in the system in the mean of the number of parts leaving the relevant system
at an arbitrary instant in time while the variance of throughput rate of the

current system is as the same as the one of the system with empty and idle

initial conditions.

Furthermore, line design issues, pull-type systems, and general networks

can be studied by making use of this method.
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Appendix A

Typical serial lines: Analytical

derivations

A.1 Two-machine-one buffer system

The evolution of the :

stochastic processes and the corresponding analytical

derivations for N,(t) under Case 1, Case 2, and Case 3, in which the first

case holds for p*** parts and the second case for p** parts in period k, for the

two-machine transfer line with finite buffer storage, are given.

Case 1 14+ T, >T.*

0 if

if

2 if
0=y
l if

I4+1 if

for each part, <.

0<t<T{+TL +T,,
T\-f-T1 +T1 <1‘<T32+E T;u)
Z I(T,\+ ;L1)<t<7 +Z I(T\+],LL1)
I‘l/.ll.g1 (T/\ + 1:1) <t < ltz + Zl I(TA + )
+ Zz—l(T,\ + ) <t< T;IL;H ZH-I(T\ + /.q)
T’+1 z’“m + T;”) <t< T[,jz z’“’m +Ti)

B2

108
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T T'+”EI" TR 3 (TiTA) (B TOueT !y STl T '

N(D) A AT TATHEA S R (TUTY) (BTOMET) ATLTY)
U 1 11 :l 2 2 3 3ori i t
1‘7\.“ T“l Ty, "‘Tl‘]"TH 2 T“ i-( i:‘:l'l'}"__,_']"dl) ']L {(IETA*TH l)

Figure A.1: Evolution of the stochastic process, Ni(t) & Ny(t).

fam O TN i =1 ot g
Case 2 T} + T, <1, for each part, z.
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o : ¢p b
Wi TRy

Figure A.2: Evolution of the stochastic process, N;(t), by(t), & Ny(t).

0 if 0<t<Ty+T, +T),
if Th+T, +Th, <t<Ti+TL + (X, T)

Na(t) = | I-1 if TI+TL +(CITiTL) <t <TH+TL +(Tiey TE,)
L TP HTL + (T Th,) <t <Th+Th + (5 TE)
it TL+TL + (SETE) <t < T4 T + (I TE)

=1 " p2

[+1
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Figure A.3: Evolution of the stochastic processes Ni(t), b;(t), & Na(t) ).
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Aggregate Case Ti + T: > T:-! holds for p'** parts in the k** period, T} + T. < Ti ! holds

for p** parts in the k** period.

Nz(t) = 4

0 if 0<t<Ti+T, +Tp,

1 if TY+T. +Tp, <t<T32+z2 (TL+T)

2 if T2+ (Ti+TE) <t<T2 433 1(T\+C[m)

p" if Tzz:"+z""‘(T<‘+T:;1><t<TP"‘+1+z" 1)

pli41 it TR ST LT ) <t < SR N TE T ) + DL, TR
phl42 if ”“+1(TA+T[“)+Z VTR <t < YR T 4T )+

Tpl l+l

pllyp2l if ZP +1(T,\+ m)-l-z T“+’<t<2p +1(T,\+ Z'l)+

2,1
po 1 pll 4
t=1 Tuz

p1,1+p2,1+1 if ZP +1(T/{+ M)_i_zp 41 T;IL)o“-H <t<zP +1(T/(+ ;t1)+

2,1
P42 pplil 4y
=1 Tltz

P1’1+P2’1 + b11 A gp2il +1
if Ep 141 (T/{ n Tﬁl) n Z"ﬂ.l Tp1,1+i) n Zb])1,1+p2,11+1 Tpl,l_l_pZ,.l +i <t<
pllgp2labl 41
p +1 bb+b+2 114 +p i+ plil .
(Ti+Ti)+ Xy Th T+ Zz b+l 42 T,
Pl’l‘l'pz’l + b Pl pp2.l +2
Lig,23 0pl 4
pt +1 i by+b'+2 o1y prrApTT b, .
if Z (T/( + Nl) + Ez 1 T/fz "+ Z:i—b1+b1+2 ’ Tl-ztz <i<

pldpp2l 4bl 42
plil4 ; b} +b +2 aplil +p + Pl i
Z: (T,\ + T ) + Z Tﬁz + Z _bl+b1+2 T/,Lz

E? (pu) * p“ b} +b! b4l bl b
1 +bl 42 4,100 p 0l +2+i +b1 4241
if Yyt (TA+TZ“)+Z e+ 4+ 500 1(T + Tuy )
by +b1 +2+p* 1, bl bl 42 0,0, :
+Tm PRt < ST 4 T ) + et ey
( b +b1 4244 bj+b! +2+z) b +b! +24p" 2+1

I + T

E?_l(Pl ') + P2 T4 ” L
1,1 : bl bl 45! ¢ by +b i
i ST+ T + T I D it e

p b +24p17 41 by+b'+2 o1
FTATT < ST+ T + S T T
Zp (Tb1+b 24 Tb +b! +2+z) +Y2 b +b +24ph2+i

1 1

Z?—l(l’l'urpz'i) bbb 42 L2 bbbl 424 | bR 2
. +142, 10 2 by +bl 2+ i
if 2” +1(T;Jr DT TR (T + Tt )

1 1 : .
+Z R <t < D@ 4T + D

uz
bl 4+b! 244 by +b1 4244 2241 mbp +b 4 24pli2 44
(T +Tm )+ z” iy (LH5%?)
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3 . ) 1,2 E=loLipp2i) g Li g2 ) g
S (ph + ™) if LHS»-14507 +1(T/\Z'=1 (pH 402+ Z, L (M) o
byt 4b! +2+p1*+z

b=yl 42 14,21, 2,k
b Ll gp2, p2E by
22it Th 4 i=1 Lz

uz
1,249 bl 24 b‘ bl 24 o
P (b + )< t< LHS¥ 14
1,2 1 l t_l_p (pl,i+p2,i)+i
P + (FZ' 1 E )+
= 1+b +2 00 g 2k g bE T bl fzpplik g
b P +l P i

2iy Toy i T

k—1
p12+1(T\ 1! +2+z+Tb +b +2+z) (= LHS“)

: o ; , k 12,8y
VP41 if LHS2”“<t<LH,S'2”“+Zf=1T%:'=‘(p AR

k 144,28V,
SN PP b a1 LHS’“+Z”“””’“ i (PO

1,2 2,1
LHS? k+zb pHot 42 Z, W Ligp?t)+i ZZi:l(p +r )+b;1,k+p2,k+l
Tz i=bk 4b142
k Sy
p by +b' 42 i (PP
1(1)1‘+])‘)‘”)+b])1k+p2k+2 if LHS +30] g:—l +

k 1,7 2,
Zz (P ')+bplk+p21\

K
[‘#2

T <t< LHS™4+

Zi_b"+b 142 2
k i 2,1
s +2 i P ZEi:l(pl, NGRS L
I-Lo i:bl’:‘ +b1 42 12
Nz(t) — . eaa see LRy
. X o
. . . b +b +2 e (])l‘l+])2")+l
SEL () + T () it LHS™ 4 S T +
”“(T bY+b! 4244 +Tb’“+b]+2+z) +Tb‘+b1+2+7)1 A
A M
<1< LHSY 4 S pli Bt
2
“H(T SO 24 n b+t +2+z) + +b1+2+p“+1+1
A 1
bhyblyz 50 p"’+p2")-lzi
SEI M)+ T () 41 if LHS2E S pi ;

ll~+1 b +b1 4240 bE+bt 4244 by +24ph R 4
(Ty + Ty )+ Tuj

k .
b bl42 D 1.!+ 2,t +
<t<LH5‘2’“+Z 2 S GO

b +b! 424 b*+bl+2+z % bl 24plitl 4y
+ Tﬂl ) + Z N2 )

1 k+1

(T,

if LH92‘~+2" He+e TZ' 0 g
e gl
fi':“ T£§+b1+2+pl'k+ ot < DHSYhy
bE+b 42 Z, (PN P+

Yiz1 L +

P! L+1 bE+b +24i bY b +2+44
(T\ + T/.L] )+

p2 "+l+l Tbk+bl+2+pl k+l+i
=1 H2

Zk+1(p1,-i + ])2,1')
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where

bt = (maxy (T8, (Ti+T5) <TY+ TL +TL) - 1,

b = (b} — 1)s0 + (maxy (S (T{ + TE ) < TH+ TY + Y2, Th ) — 2),

bt = (bh_y — Do + (maxa (T8 (T + T2 < T+ T2 + S5, TE) - k),

if0) = (b5_y —1)yot+((maxe (T (T3+T},) < Th+T, + 20, T, )—s) = 0141
then
if S AT 4 TE) < T3, and TP HE 4 TR < TH then
bl = b' + 1 {blocked again} and I)g“le”“”t’”"i"d =
else
1
bypr = 01 1= (T 42 4 TR0 /Tt
else if b} = (b}_; —1)>0+((max, (X7, _’[‘({-I-TI’;]) <STYHTY +35, Tf@ _
s) < b' + 1 then
by = (b — 1)z + (maxy (S (T5 + TE) < T + T}, +
2oi=1]HITE )~ (s+1))

A.2 Three-machine-two-buffer system

Case 1l T} + T% > Ti-vand T + T8, + T, > Tt + T7* holds for every part
1.

if 0<t<T)\+T, +Ti+T,,

if T3+ T + T, + Ty <t < ST+ T, ) + T2, +T5,)

if (T +T) + Ty + oy <t < LT+ T3,) + T,

N = O

A=Y ko1 if ST 4T )+ TE 4 T <t < SE(TE 4+ T3 +

t2 a3

+ 1)

mk
[ﬂ

2

+Tk)

koo LR (T{+TE) + T + T8 < t < SHNTL+ T + TE 4 ThH)
k+1 i SENT+TE) + TP + Tt <t < ST+ TE) + TEF? + 15
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Case 2 T} + Ti > T.;! and Ti+Ti + T, <Ti' +T; " holds for every part

1.

,

N3(1) =

Case 3 T/{ +

N3(t) =
Case 4 T/{ +

0
1
2

k-1
k
k41

T < T%=! and T°=2 > T*~1 holds for

i
1
2

k-1
k.
k+1

1

0
1
2
k-1
k
k+1

f0<t<Ty+Th +T. + Tk .

Ty + T +Th, +Th <t <Th+ T +Th + (T2 Thy)
if T+ Th + T, + (X Ti) < t<TH+ Th + T + (25 Tyy)
if T)% + Tl}] + T[}g + ( ikz_ll T/.ltg) < t < T/{. + T,thl _*- T/.}z + (Ef:l /.Z;,g)
T+ T, + T + (S T <t < T} +TL +TL + (Zi’;:f Ti)

T+ T + T+ (S T ) <t <TH+ TL + TL + (X T

3

' > T every part .
Ho<t<" ¥TV+TL +T) |
T+ T + T, + T <t <Ty+Th +Th + (XL, T},)

if T3+ T, + T, + (T i) < E < T4 T, + Ty + (K0 Ty
if TAI + Tél + TéZ + (zi';fr:r‘;;s) <t< T§ + Ti}, + Tifz + (Zgi'} i)
T+ TL + T+ (ST ) <t < T+ TL + T, + (SHETE)

H2

Ti < Ti>'and Ti;? < Ti7! holds for every part i.

2 2

fo<t<Ty+TL +T,, +T,,

if T3+ Ty + T + Ty <t <Th 4T, + (S T,) + Ty
HTY+Th + (Tra Thy) + T, <t <Ty +Tp 4+ (20, T,) + T3,
T+ Th + (S T+ T <t < T+ Th + (S5 T2 + T,
if T4+ T, + (5 Th,) + Ty <t <Th+ Ty, + (S84 TE) + ThH
if T3+ T, + (S T + T <t < TY+ Ty, + (ST, ) + ThF

Aggregate Case T: + Tlil > T;;;l ‘and T/{ +T[;1. -I—T,i2 > T;;;l -‘I-T;;;l. holds‘for pl”f parts in
the k*" period, T} + T, >Ty  and T3+ T, + T, < T;Lz‘l +T1 holds

w2

for p»* parts in the k™ period, T§ + T}, < Ti;' and Ti;? > Ti! holds
for p3* parts in the k** period, and T} + T" < Tﬁ;l and Tﬁa‘Q < T;;;l
holds for p** parts in the k" period.

1



. 1=
(}+[‘9d+l.zd+mdl ZZ)
e\ [=tr7> €, 1=2 Zr £/ "
+(g+ At ZiLL)I, dZ) + (H'I‘ ZILL . dz + I+ al + i+ al + T+ jl)
T T'e T r'e T re 't
ey 21 I Y=t . € e\ 1=
H al+ D + ( oL+ fl) de) > 12 I gl pgdt L T (;+ [‘zd+[.[(ll)l,cdz)
e o =1 145 Taf ¢ e T 1£2) Y 5y 1=t
it 1 a S H g dl o dl g ad) (el + el + A+ 30 ) B
T+ ped + ppd 4 4qd
— ol pi dd od ol ripd4 rocd
ey ‘I‘Ird ST+t +redty 17q 4 1 +rgdt q J
e/ k474
. o+ pedt prodt pgdid + T ool gt oyl
i e\ 1= o 1=1 £r z I =2
Ui gt g @L) T v pgd g ol g dl + CRL+ 5D oK >0 >
e = o 1= e ol 12} v 1=t
;+I.Zd+I.IdLL :,C('ZZ + -+ I.IZILL [I‘zéz + InIdlL + [+I.I(11LL + ( ;J; 'I' tz(LL)H.I,[d:Z Jn
I‘ed + I‘zd + I‘Id
4 1=:

SR LR Lt gl + (AL S

>1> 0 SR+ Lt el + (D 10X B
1+ 1‘3‘[ + [‘Id

e TR A RO
(WL 50 aX > 1> L IR ALt el + (XD IR

Ilzd + -[(-[d

€ =1 €1
;+[+[.Idl [z + I+I‘Id‘L

trepgal + L+ 5D TaZ > 0> G+ oyl + (W +50), X #
T+ 4

v kel + (ML + XD T > 0> 4 G+ (DX ¢
I‘Id

v,

todl + (LA XD > 1> i+ o an+ (N KD, R

T—qd

TL+ L+ LA S>> T+ T+ T+ S »
T

TL+ QL+ Yr+fr>1>0 n
0

STISNOLLVAIHAA TVOLLATVNY ‘SUNIT TVIHHS TVOIdAL 'V XIANAddV



APPENDIX A.

Ns(t) =

TYPICAL SERIAL LINES: ANALYTICAL DERIVATIONS116

1,1 +p2,1+p3,1+p4,1
if (SR (TS + T) + T2 + 7o )+(T'“+1+TP“+*+T£§‘“+Z Tﬁi‘*'

23 U3

( 1<TP“+P“+1>+(2"' T ) < (B4 TE) + T
T (T T T T T (S

13 12
(El) 4 Tpl ‘+p“+p3"+1) + Tpl Yp?tp4ptl 41 (= LHS™)
ellsle 'szt; 114 211+p31 + b2 Ll 4p2d gpi +1< P , then
pt+pt +pt 41
if ( T+ Ti) +To " + T8 + (1] +1+:r;;j1+1+frp“+l + T

K3
( .,'=1 (Tp1,1+p2 1+,) + Tpl Lt o (Zi=1 (T/\ + 17“) + Tﬁz' + Tﬁs )+
1,1 2,1 31 20 1
(T)l\) +1 + TZZ: A1 + T;]le 2ES + Zp Tﬁ: 1+z) + (Z?: 1531 Lyp2dygg )+
(22 , T51,1+p2 1+])3'1+l)
. = 3

ph! +P2'1 + P 4 (bll ‘+p2 1+p3 1, + b21 '+p2 14p3.1 +1

it (T + T8 ) + T2 + T2y + (TP +‘+TP“+1+TP“+1+2 L Tt
+b?

P31 L1204 p11+p21+,,31_1 ot 20 43T Ly p2,0 031,
(Zi: (TP P )+(Z Tﬁ., +p " +p™ +)<t<
e A e NI IR R INCR IR 2 Ok 2
pllpp2ilypdid o1 TPl g2 43, i i

i=1 (T +T/.L1 )+

S v A LU R RO R RS LR INPRUNERE oYL
2

pUlpp2 gyl 2
(S 4 +(b! L pp20 43, 1_1+bp1.1+},2.1 1 +1)+1
#3

pll 4 p2l 4 pdl 4 piid

(Pt 4+p? 1 43 (b2 o1l 2] 431 +b211 21,31t
, A )
if Zz— +pritp +p<t +p (T)‘ + . )_|_
Zpl 1pp2d 43 ptid TP o2 4p 1+l+
(P I+p2 P24l 2, 1_1+b21 14p2, 1+p3 PH)HL TR
114,20 43,1 2
TP o2 4pi il <t< E(Pl +por i +p* +( ol 4p2.] 4p3s 1_1+bp1,1+p2,1+p3,1 +1)+1
13 i=
103,203,141 102,003,004,
t p=t+pSt +p +p™ p i 4pS Tt 4pT T +pT 1
(T/\ + Tl—tl) + Tﬂa + T/J-s
10 42,0 43,0 441 .
pti4p?t4pl4pt et 4P 4pP (= [ g4t
Z =(p! o+ 4 pll4p2:0 4p31 —1+b12)1n1 +p2: 1 4p301 +1)+1 7 h2 ( )

0 by g gt on O g i pen 12 P, then
pl,l +p2,1 +p3,1 _I_pll,l +1

if LHS*' 4T, <t<LHSY"+3TL T
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lf LHS‘”+Z C T <t<LHS“+Z:”.+1T;L3 (LH.S’I'Z)

13
else if bl plldp2l 4pdd ppti g T bp1 L2l i pptt T 1< pY%, then

p11+p21+p31+p11+1
if LHS™+TL <t<LHS™+ YL, T

1,1 2,1 3,1 1 2 1
pr P +p + bpl 1+p2 Lypddpptd 1 +b pLlpp2l 4p3d gptit T 1

+?
: 41 4 pl Lpp2idgpddpptd o1 Pttt ey T
lf LHg Z T[.I,3

<t<

(”+p21+p3‘+p“+(b“ Naar +1)+2 .
pll4p2lp3il 1 Topld 4521 43,1 ‘ i
2i=1 (Ti + T )+
105,21
T,ff +p34p3l 4t 4 (b! ol 1_”,2,1_“,3,1_l+l’;2)1,1+p2,1+p3,1 +1)+2
115,213, .
;(zp +p5 7 4p% 4ptd (b oL 4p2,1 4p3,0 — +bf,1,1+p2,1+p3,1 +1)+2
2

(0 + P 4 pt 4t
K 2,14.3,1 , . 2 1,i 2,1, .3,1,.4,1
i ZZ, L (1) +p2 1 4p* 4t (T(JFTZI)JFTEM(Z) JH ettt

i1 (PU) PP 4p% 4t 2 (MBS et ;
T <<y (7§ + T}, )+
2 1,6y4.2,1 43,1 . 4,1 2 1,6 2,1 4,314 4,1
_ . pp2l 4p3ilppts . ) pp2l pp3l il
Ns(t) = < T#Z?:,_l(l’ )+t 4+p> 4p +T%:“‘(p )+ +p> +p (= LHSMY)

it LHS <1< LHS 24T

?:1(1)1,1,) +p2,1 +p3,l _|_p4,1 _I_ 2
. 3 T
it LHSW 4T <t< LHS™ + YL, T

i 1:15r912+21_2 T[La <t< LHSYW 40T
(Pt P 495+ pM 4
if LHSY 4+ YT <t < LHSY 4+ S, 2T

Y2 (P + P+ p3"') + p“'l
zf LHS1 2y O § R TR g LES1 4 YT 4

1,2 4.,2,2 1,222 3,2
+ +p* 2 4pP 2 41
T” P +1+T53 pH2+p*

if b;l spppapprea T 0iagpapne 12 pM, then

(])lz+p21+p32)+p41+1
LA + Zz-z T + Ty | TR PP TRty Sy

3

, 1,24 .,2,2 1,24,2,24,3,2 0.5
[z +Z TP +p® +L+Zi=lT/.IL)3 +pP4pT 4
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?zl(pl,i+p2i+p3i+p4i)
'Lf LHSI’Z-}- P' T’ + p’ Tp12+p22+,+zp 2 (Tpl,2+p22+p32+i) i<

%3 13
2,2 . 1,24.2,2 1,2,.2,2_ 3,2
LHSY 4 o .+ Z T[t)a 5t P 1(TP3 +p=4p +z)+
T51'2+p2’2+p3 2 4pt 2+1(: LH.94’2)
3 .
else if ?;1,2+p?,2+p3,?_1 + b]2)1’2+p2'2+p3'2 +1<p»?, then
i (pV P+ ™) + p“'1 +1
if LHSY + z'.ﬂﬁ Ti, + S0y To o+t L ottt et g L gty
2,2 . 1,24,22 1,2,.2,2,.3,2
z 5 Ma + Z T;’L)a +pe4i + Zi:l Tlll)s S4pYrtdpt i
l(plz+p2z+p3z+p4z)
if LHSY + z T, + z” L TP L S TR et et )
2,2 1,2 42,2 40 4,2 ) ) 244
LHSY? 4 z \ us + Z Tﬁa +pP2 i Z?=1 (.T,Ll:; 2+P22+P32+z)+
T51'2+”2'2+7’3 24t 41 (= [ §2)
3 X
6136 if l‘);)‘l'2+p'2'2+p3'2.—1 + b]271'2+p2'2+])3’2 + ]. < ])4,2, then
L2=1(p1,z +p2,z _|_p3,z) +p4'1 _|_1

. 1,2 2,2 4 1,2 2,2 3,2
i f LHSL2 + G T 4 I TR Rl ety gty
2,2 1,2 2,2 1,2 2,2 3,24,
2 2 ua + E TP +p* i + Z Tﬁs +pttptttr

2 i 2 3, 4,1

i (p! +pz+P1)+P +bll+p2l+p3l+p41 1+b11+p21+p31+p41+1
. 1,2 12_|_z ),2+ 22+,

if LHS™ + Z T” )+ Z Ttlta P+

b! +b ,

ile,1+p2,1+p3,1+p4,1_1 oLl 4p2d pp3id gttt (Tp1,2+p2,2+p3.2+2) <i<

1,6 2,t 3,¢ 4,1
Dimt (PP D G ot H 2 e e 1] (TS + T¢ )+

Zi"l 1

2 1,464,286 ,3,8 4,1 2
T§i=1(p +p7+p2 )Pt 4( p1,1+p2,1+p3,1+p4,1_,+bp1,1+p2,1+p3,1+p4,1+1)+

164260304 41 2
T/.LZ: _1 (P P2 p® ) +pt +(bp1 14p20 4p3dgphid +bp1,1 $p2l 4p3d ptid +1)+1
3

9 . , . .
L (pl,z + p2,z + pB,z + p4,z)
1,8 2,t 3,t 4,1 2
if 221 (PP ) 4T +(bP’ Lip2:l 4531 4pts 1—l+bzl>1'l-+122'1+1J3'1+p4'1 +1)+1(T,{ + T )‘|‘
=1 3
EE‘ L1 pP i pht) (Tp1,2+p2,2+p:3.
=1(p1 W4p2i4pdi)4pt 1+(b:,1,1+p2,1 43 4ptil -1 +b:1,1 4p2id 4 pdid gptil +1)+1°7 42

2 (ol gp2f B gl 2 (pligp24 3,0 04,
;=1 (PP PSP 4P iy (Pt Pt pT i p%t )]
+T5= )<t <t Ly

Z (pl I+p2 t+p3 t)+p4 1+( b +b2 +1)+1 . .
=1 1l 4p2d gpBilgptil = 1,0 452,11 03,1 4 04,1
Zi_i +pori+poii+pht =1 phii4pSi4pSii tp (T/{ + T )+
2 1ig 02,0 4 3,0 0, .
ZZ,- (plr4p?t4p%t +pt) T51,2+p2,2+p.,
2 .
1——2,_ (P! 4p2i4pii)4phl +(b] P14 p2 1 4p3,0 ot Loy P00 2,0 43,0 g pt 2 +1)+1° #2

(= LHS?)
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N3(t) =

if bzl,l,k—1+p2,k—1+p3,k—1+p4,k—1__1 + b?,l,k-l_l_pz,k—l_,_pa,k—l+p4,k—1 +12> Pl’ka then
: 4,k—1 1 k- 2 ;
if LHSY14T) <t< LHSY™ 142 T

Sl (V) + TS (0P 4 0 4 )

it LHSY 14 YT <t < LHSW=1 4 SO T (= LHSU)

clse if b;l,k-1+p2,k—l+p3,k—1 Fphh=1_1 + b72)1,k—1+p2,k—1+p3,k—l+p=l,k—1 +1< pl,k, ther
SN 495 4 M+ )+ 1

if LHS% 14Tl <t<LHS* 1437 T.

k—1/.1, 2,0 3,0 4,1 1
i (et P+ pM) + bpl,k—1+p2,k—1 Fpok=lppth-1 g T

2
bpl,k-—l +p2,k—l +p3,k—l+p4,k—1 + 1
4.k—1 b:,] k=14 p2,k—1 4 53,k—1 4 pd k-1 1+b,2,1 k=14p2,k=14,3,k—1pt,k—1 1
M Y. W= ) » ’ " -— » p r p' 1 + 13
lf L.Hb + Zi:l T[.l.3 < t

LA 7 WIS X S N 3 1 2
ZE;:; (P1r 42 4B ) (b 1y okt ket gtk T ko 2 ket ket ke F1)
i=1
i i
(Ty + T,,)+

k=1, 144,264 ,3,i 4, 4, 1 2
TP;‘:; G R £ £ A L S R S S VY S S WS Sy S G RSP E O L
2
k=1, 16, 24, 3,1 4, 1 2
TZ¢=1 e L L LS WP S G S G S S, LS W S G ppdk—1 g ph by T
H3
i

(P TS (P 4 P4 )
ko1 k=1 244,36 4, ) . k 1,4 kel 2 3,04 44
if Zg{ﬂ(p MY iy (PP 4% +p )(T/{ ST+ TZ,=1(1) MY iy PP P> 4ptt)

2] +

kooon k=1 2,64 3,63 4,0 LN k=1 2,4 3,i4 4, . .
TE’EI(” )Y s,y (PP 4p>i4p )<t<E§;=“” MY iy (P 4 4 )(T,{+T;“)+

Tlf?:;l(p1,i)+zik=——ll(pz,i+p3,.’+p4,-‘) N Tzf=l(p1,i)+zf;11 (P?F 0% +pti )41 (: LHSI»L’)

M3

L) RIS 0 ™ ) 4 ]
if LHSY <t<LHSY+TZ

BN 4 DR (% 4 Y 4 ph) + 2
if LHSY+T2 <t<LHSY+33,T:
i'c_—_l(pl’i + pZ,i) + E{_C;ll (p3,i + 1)4,i)
if LHSY  + Y05 T <t < LHSY 4 S0a+ i
Zf:l(l’l’i + P2'i) + 25;11 (PB'i + P4’i) +1

2

- LD 1 ke 2K 42 g
it LHSY 4+ S, M T <t < LHSY 4+ Y0, T8

oo
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else if b§1,1+7,2,1 < b% + 1, then
bzl,1+p2,l+1 = (bZ1,1+p2,1 +1 1)20 + ((maxx( f:l(T/{ + ul) < T\+

1 1
T+ Lo + Licaprissiagy ) (pragp2041)

if b2 a1 = b? 41, then

plt+p2i4p

i 2PN T ) < T and Tttt 2

1,1 4.2, 4.3,1
ng +p°+p ,
then

bzll

plid4p2l4pl 41
else

= b? + 1 {blocked again}

a 1,1 2,1 3,1
b2 S L (TP T T
P1’1+P2’1+P2'1+1 - M

else if bzl'l+p2'l+p3'1 < b2+ 1, then
= (b2

1,1 2,1 3,1
b2 g pprar = (Bprngpan oy —1)p0+((maxy (8, T, 1P 4P +) <

1,1 2,1 3,1
poi+pt +pT 1 ;
=1 T;,) - (p"! + p*' + p>' + 1))
1,1 2,1 3,1 4,1
bzl Lpp2id gt pptil 41 = (b21 L2l ppdil pt ~1)>0+((max, (37 1 TR +p24p% pht 4y

< Zpl Lyp2d 4530 4 ptid gy Tz ) (pl,l + p2,1 +p3,l + p4,1 + 1))
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A.3 Formulations for the descriptions of
the system behavior

A.3.1 Atomic model

20 Al S (1) LA (A = ) T - i t) T(1—i,t)
E N t — l 1 =1\ tl 1 " —(=1 I—: . "
( 1(, )) g [ (1 _ l)'(/\ — ,Ltl)zl_l ( /-Lll_l ( ) /\[l_z )
AL LSS L ikt ooy Nl)l—iH(I‘(l -1+ 1,1) (1 11— T+ 1 =4, 1)
- I\ — pp )21 = —(=1) A= )]

. A Tima (=D A — ) D=6, 8)
E(Nl(t)(Nl(t) - I')) - I—Zzl(l - 1)[ (l _ 1)'(}\ — /,111)21_1 ( ,u,ll_i

_(“1),_,.r(_1 - i,t)) AL S (D) A = ) (r(z —i+1,1)
. )\ll—z l!()\ — 1y )2l+1 : f“11+1~1

LT+ 1—6,0)
—(-1)"* —‘—/\m—‘)]
1

V(Ni(t)) = E(N1(t)(N1(t) — 1)) + E(Ny(t)) — E(Ny(t))?

Mi(t), _ E((1)

B(t) = B(= t

Ni(t),  V(Nq(t))
t )=

V()= V( tz

E = lim E(t)

V= tlim V(_ t)
where

A;: Coefficients obtained by the convolution of hypoexponentially distributed
tandom variables

I': Incomplete gamma function
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A.3.2 Two-machine-one-buffer model

Case 1

— A g l i+ i
E(N,(t) =Y "1 11 (=) A=) U Zo (=i, gy — 2= Za(1=5, A—p1p))
2)) l:Zl [(l_l)!()\_ul)ﬂ_l ; ) . ll) 428 11 ,L?) 2% Ha),

/\l+1Ml+1,LL I+1 ) )
st YD A=) oL i)~ a0 15 A )
- i=1

)\l i l . .
E(No(8)(Na(t)~ Zl(l l)[(l 1)'(51_;21)21_1 D (=1 A=) " (Za(l =, =)
o =1

/\l+1“l+1# 141

—Za(l=1, A—p2)) - WZ( DA A=) Zo (1414, py —pa)

~Zo(l+1—i,A— p2))]

V(Na(t)) = E(No(t)(Na(t) = 1)) + E(Na(t)) — E(No(t))*

Nz(t) _ E(N,(1))

E(t) = E( t

Nz(t)) _ V(Na(2)

V(t) = V( ﬁ

FE = tlim E(t)

V = lim V(1)

where

Zo(z,y) / ['(z+ 1,ys)e”#** ds
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Case 2
_5\ Mupy T+ LY |
E(N2(t))_;l[(l_ 1)'(,“1—/\)( I\ _(Zl(l_ 17”1 _/\))
A pstl T4 2,1)
e /\)(‘(l+ DA+Z (21,1 = M)
At i I'(l+1,1)
E(Na(t)(No(t)- Zla Dl ),gﬂf_ N e (A=l =)

Ay T(L+2,8) )
l'(#l /\)((l+1),\l+2 (Z1(l, 1 — A))]

V(Na(t)) = E(No(t)(Na(t) — 1)) + E(No(t)) — E(No(t))?

E(t) = E( "

E = tlim E(t)
V= tlim V(t)
where

t
Z1(z,y) = yix/ Iz +1,ys)e " ds
0

A.3.3 Three-machine-one-buffer model

Case 1

: % N papia N gy i
E(NB(t))‘;l[(l_1)!(/\_'“1)21_1(“3_“2) Z( l) Az()‘ Nl) (Z2(l (29451 /1'2)

. _14i . . AL o
—Zg(l—z,,ur,UB)"(—l)l 1+ (Zz(l—z,)\—uz)+23(l—2,/\—#3)))—“(/\ 102 (g — )
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i+1

D (=1 A=) (2ol 1=, = i) = Za(14- 1=, i =z )= (= 1) F( Za(14 1=, A= pip)
=1
+Z3(l+1—1,X— p3)))
Moy N paps g L
S()(Na(t)=1)) = Y I(1-1 “1) AN —py )
E(N3(t)( 3(t) )) lg; ( )[(l—1)!()\_N1)21_1(N3_/-‘2) ;( 1) Ai(A ﬂl)

(Zo(1~i, p1—piz) — Za(I1—1, pr—pa) — (= 1) " (Za(1—i, A—pia) + Z3(1—3, A= pia)))—

M s 1o
1) 4\ = Zo(l41 =4, py— ) — Za(I+1—i, oy —psz)— .
l!(/\—ul)21+l(p3—u2)§( ) (A—p1) (Za( p1—pt2)—Za( f '“3)_-;»

(D) Za(l+ 1= i, A = p2) + Zs(1 + 1= i, A — pig)))

V(N3(t)) = E(N3(t)(N3(t) — 1)) + E(Na(t)) — E(N3(t))?

Ni(t), _ E(Nj(t))
(=)=

E(t)=E t

V(t)=V(

Ns(t), _ V(Ns(1))
¢ )= 2

E = tlim E(t)
V= tlim V(t)
where

t
Zo(z,y) = yix/ (x4 1,ys)e #2° ds
0

t
Z3(z,y) = yix/ I(z + 1,ys)e™#° ds
0
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Case 2

o0

)‘#1/12,“3 1 —1, A=po)— !
E(N?’(t))_zl[(l 1)I(x - m)((ul—uz)(A~uz)"1Z2(l A G O !

1 tl‘H) /\ul,ug,ul"'l 1
(A=)l +17 (A= pa) (A= p1)(A = po)t

Zl(l 1/\ ,ul) ()\ )lZZ(_l_l?/\_/-’Q)"'

1 1 1 {it?

2l A G Oy AT Ry A A G 1 2

PR = Ve A pipapis i+1
BINS()(Na(t)=1)) = 2 1=V 5i3 — o100 — ) Z( DH A=)

(Za(1~i, pr—p2) = Z3(1—i, py—pi3) —(— 1)1 ( Zo(1—d, A= pip)+ Z3(1—%, A— pi3)))

AL g H ; '
_ 1A A i ) (Zy (11—, iy — pig ) — Za (11—, g — o
mx—uﬂ%uwa—m)gy AL i)l S

~(=D)*H(Za(l 4+ 1 =i, = pa) + Za(l + 1 = 6, = 1))

V(N3(1)) = E(N3(t)(N3(t) — 1)) + E(Ns(t)) — E(Ns(t))*

Na(t) E(Ns(t))

B(t) = B(~2) = ==

Na(t)) _ V(Ns(2)
) =

V()= VI E

E = lim E(t)

V= tlim V(t)

where

Zy(z,y) / P(z +1,ys)e ™% ds

1 t
ZZ(_:I:7 y) = y—””/o F(CL‘ + 1) ys)e‘-ﬂqs ds
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Case 3
N Mgty 1 . 1
E(Ns(t)) =1 Zy(1=1, A—ptz) —
()= Z =00 = ) T = )3 = gy B (=)= )
1 gt 1
Zy(1=1, A= py) = —— Za(I—1, A—p; ) :
! My PN ) T+ D 0= 1) O = )~ )
1 1 1 (42

Zo(l, A=) — Zy(l, A=y )= ~———=Z2(1, A— .
2( H“2) (i — 1) — 1) 1( ) O — piz)! 2( '“2)+(l+1)()\—,u2)l+2)

20N _ _ % _ Nl paps il g oy =i
BUNON(0-D) = 310505 = i MZ)Z —DF (A=)

(Za(l=i, p1—piz) = Z3(I~i, pa—pi3) ~(=1)' 1 (Za(1~1, A= pr)+ Z3(I =4, A= pis)))

/\I+1,Ltll+1lt2ﬂ3 Iii 41 I+1—
— (=1 A (A—p) z(Zz(l+l —t, o1 —pig)— Z3(l+1—1, oy —p3)
l bl
IO = )2 (3 — p2) &

—(=1)(Zy(I+ 1 =i, A — ) + Za(l+ 1 — i, A — p3)))

V(N3(t)) = E(N3(t)(Ns(t) — 1)) + E(Na(t)) — E(N3(t))?

E(t) = E( NC;(t)) _ E(j\is(t))
v( = vl - YUS0)

b=l b0

V = tlim V(t)
where

t
Zi(z,y) = yix/o (x4 1,ys)e™™° ds

1 st
Za(z,y) = y—x/o I'(z 4+ 1,ys)e #2° ds
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Case 4
1

, o Ap1phpis 1
BNS()) = 2 =i = ) G = 0 = ot 22 = A ) G =

¢! A pist s 1

. Y _
21 A=) =y s 2= A R Ty T 0 ) G = )0 )

1 1 tl+2
Za(1, \—pi3)~ Zi(l A=) = g Za(l, A= 3
(b A=)y A AT o B Akt e g e )

] , Xy nr | AMhpia 1 .
Nj(t)— = — - -
L(NB(t)( 3(t) 1)) Z;l(l 1)[(1— l)|(/\_u1)((’u'1 _/1'3)()‘_;u'3)l_1 Z’3(l -I-’/\ /J'S)

tl+1
W+ DA~ ps)

1
(w1 — H3)(A = )2

1
Zy(l-1, /\—ltl)—mzs(l—l, A—p3)+

Mgt s 1 !
( Z3(l, A — — Zoll, A — ug)—
I'(/\ — “1) (ﬂl _ /113)(/\ _ u3)l 3(_ /"’3) (/Jfl — /1'3)(/\ — #1)1 1( N])

1 _zanx e
PR e R A (S (F s

-----

V(N3(t)) = E(Na(t)(Na(t) - 1)) + E(N3(t)) — E(Ns(2))?

N3(t)) — E(NS(t))

B(t) = B(= t

N3(t), _ VI(Ns(t))
t )=

V(t) = V( 12

E = lim E(t)
t—00 )

V= lim V(1)
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where

1 t
Zi(zy) = y7/ P(z + 1,ys)e™* ds
0

1 t
Za(,y) = y—x/O P(z +1,ys)e™" ds
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A.4 Computational results

A.4.1 Atomic model

Analytical results vs state-space representation

[ (A, 11) | Analytical Method | Markov Chain |

Mean | Variance | Mean | Variance
(1,2) | 0.668 0.382 0.668 0.381
(2,1) | 0.664 0.384 0.663 0.385
(1,5) | 0.839 0.658 0.837 0.659
(5,1) |0.833 0.636 0.832 0.635
(1,20) | 0.956 0.952 0.958 0.953
(20,1) | 0.951 | 0.883 | 0.951 | 0.880
(2,5) | 1.431 0.824 1.428 0.825
(5,2) | 1.432 0.815 1.432 0.814
(2,20) | 1.827 1.581 1.825 1.580
(20,2) | 1.822 1.533 1.822 1.534
(
(

5,20) | 3.999 2.532 4.001 2.536
20,5) | 3.989 2.784 3.987 | 2.785

Table A.1: Analytical results vs state-space representations: the atomic model
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Analytical results vs simulation

[ (\p,t) | Analytical Model | Simulation Model |

Mean | Variance | Mean | Variance
(1,2,2) | 0.890 0.374 0.882 0.383
(1,2,5) | 0.732 0.372 0.744 0.373
(1,2,10) | 0.654 0.374 0.641 0.372
(1,2,25) | 0.685 0.393 0.686 0.391
(1,2,50) | 0.678 0.383 0.675 0.385

(1,2,100) | 0.666 0.384 0.668 0.384

Vanance of e Dvougrout rate
° 2 °

nnnnnnnnnnnnnn

Figure A.4: Mean and Variance vs time: the atomic model

[ (\u,t) | Analytical Model | Simulation Model |
Mean | Variance | Mean | Variance
(2,1,2) 0.790 0.474 0.780 0.462
(2,1,5) | 0.622 0.388 0.620 0.396
(2,1,10) | 0.674 0.374 0.680 0.371
(2,1,25) | 0.665 0.403 0.662 0.395
(2,1,50) | 0.668 0.383 0.664 0.386
(2,1,100) | 0.664 0.384 0.663 0.385

|

meen of the teoughpus rate
Vanence of the Sroughet rate
° 3

w 00 ™ ] 0 100
ume

Table A.2: Mean and Variance vs time: the atomic model
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[ (\u,t) [ Analytical Model | Simulation Model |

Mean | Variance | Mean | Variance
(1,5,2) | 0.764 0.557 0.760 0.553
(1,5,5) | 0.806 0.538 0.816 0.536
(1,5,10) | 0.819 0.509 0.823 0.506
(1,5,25) | 0.840 0.512 0.843 0.516

)

(1,5,50) [0.842 | 0514 | 0.847 | 0514
(1,5,100) | 0.840 | 0515 | 0.841 | 0.515

Table A.3: Mean and Variance vs time: the atomic model

[ (A\u,t) | Analytical Model | Simulation Model |

Mean | Variance | Mean | Variance
(2,20,2) | 1.798 0.736 1.803 0.731
(2,20,5) | 1.812 1.388 1.808 1.486
(2,20,10) | 1.892 1.496 1.896 1.501

(2,20,25) 1.842 1.450 1.841 1.451
(2,20,50) | 1.834 1.451 1.831 1.449
(2,20,100) | 1.829 1.449 1.827 1.449
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Table A.4: Mean and Variance vs time: the atomic model
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A.4.2 Two-machine-one-buffer system

Analytical results vs state-space representation

| (b1, A, a1, pi2) | Analytical Method | Markov Chain J
Mean | Variance | Mean | Variance
(0,2,3,3) 0.970 0.361 0.971 0.361
(0,5,3,3) | 1.289 | 0487 | 1.286 | 0.483
(0,20,3,3) 1.473 0.741 1.474 0.739
(1,1,3,3) 0.738 0.431 0.739 0.434
(1,2,33) | 1.137 | 0481 | 1.137 | 0.480
(1,5,3,3) 1.619 0.608 1.620 0.608
(1,20.33) | 1.019 | 1.008 | 1.921 | 1.01L
(5.2,3,3) | 1.109 | 0581 | 1.196 | 0.582
(5,5,3,3) 1.843 0.992 1.845 0.991
(5.2033) | 2391 | 1.230 |2.389 | 1.229
0.2,7.3) | 1122 | 0478 | 1124 | 0479
(0,5,7,3) 1.640 0.681 1.639 0.682
(0,20,7,3) | 2.025 | 1.112 | 2.027 | 1114
(1,2,7,3) | 1.394 | 0.641 | 1.393 | 0.641
(15,7,3) | 2124 | 0895 |[2.123 | 0.89%
(1,20,7,3) 2.574 1.583 2.575 1.584
(5,2,7,3) 1.541 0.966 1.540 0.967
(5,57,3) | 2.609 | 1164 | 2.605| 1.163
(5.20,7,3) | 2.065 | 2.512 | 2.966 | 2.510
0,23,7) | 1121 | 0515 | 1.123| 0518
(0,5,3,7) 1.641 0.686 1.640 0.685
(0,20,3,7) 2.024 1.163 2.020 1.161
(1,2,3,7) | 11904 | 0575 | 1.194 | 0.576
(1,5,3,7) 1.840 0.856 1.841 0.856
(1,20,3,7) 2.430 1.635 2.432 1.631
(5.2,3,7) | 1200 | 0582 | 1.199 | 0.579
(5,9,3,7) 1.872 0.971 1.878 0.974
(5,20,3,7) 2.596 0.814 2.597 0.815

Table A.5: Analytical results vs state-space representations: the two-machine

model
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Analytical results vs simulation

L (D, ), pia, 2, t) | Analytical Model | Simulation Model |

Mean | Variance | Mean | Variance
(0,1,3,3,2) 0.780 0.271 0.798 0.263
(0,1,3,3,5) 0.730 0.287 0.712 0.281
(0,1,3,3,10) | 0.683 0.291 0.688 0.298
(0,1,3,3,25) | 0.667 0.296 0.669 0.295
(0,1,3,3,50) | 0.662 0.293 0.664 0.294

(0,1,3,3,100) | 0.665 0.295 0.665 0.293
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60
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Table A.6: Mean and Variance vs time: the two-machine model

| (0, ), p1, i, 1) | Analytical Model | Simulation Model |
Mean | Variance | Mean | Variance
(5,1,3,3,2) 0.869 0.318 0.872 0.320
(5,1,3,3,5) 0.801 0.368 0.794 0.371
(5,1,3,3,10) | 0.772 0.413 0.776 0.420
(5,1,3,3,25) | 0.761 0.432 0.762 0.433
(5,1,3,3,50) | 0.755 0.461 0.752 0.464
(5,1,3,3,100) | 0.753 0.481 0.752 0.480

Table A.7: Mean and Variance vs time: the two-machine model
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[ (b, ), p1, p2, 1) | Analytical Model | Simulation Model |

Mean | Variance | Mean | Variance
(0,1,7,3,2) 0.918 0.397 0.921 0.395
(0,1,7,3,5) 0.802 0.405 0.805 0.403
(0,1,7,3,10) | 0.767 0.401 0.771 0.403
(0,1,7,3,25) | 0.742 0.391 0.744 0.390
(0,1,7,3,50) | 0.728 0.400 0.729 0.398

(0,1,7,3,100) | 0.725 0.423 0.725 0.422
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Table A.8: Mean and Variance vs time: the two-machine model

| (b, ), pi1, g2, 1) | Analytical Model | Simulation Model]
Mean | Variance | Mean | Variance
(5,1,7,3,2) 0.982 0.602 1.042 0.623
(5,1,7,3,5) 0.968 0.616 0.971 0.618
(5,1,7,3,10) | 0.932 0.627 0.933 0.625
(5,1,7,3,25) | 0.902 0.638 0.891 0.638
(5,1,7,3,50) | 0.884 0.659 0.886 0.656
(5,1,7,3,100) | 0.878 0.688 0.879 0.691
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Table A.9: Mean and Variance vs time: the two-machine model
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A.4.3 Three-machine-two-buffer system

Analytical results vs state-space representation

L(bl, bay Ay 1, fh2, U43) | Analytical Method | Markov Chain I

Mean | Variance | Mean | Variance
(2,5,1,3,3,3) 0.747 0.465 0.748 0.466
(5,2,1,3,3,3) 0.744 0.420 0.745 0.421
(5,5,1,3,3,3) 0.750 0.461 0.749 0.460
(5,20,1,3,3,3) 0.748 0.462 0.749 0.461
(20 5,1,3,3,3) 0.749 0.462 0.749 0.462
(20,20,1,3,3,3) 0.751 0.464 0.749 0.463
(2,5,20,3,4,6) 2.351 1.459 2.349 1.458
(5,2,20,3,4,6) 2.436 1.466 2.439 1.466
(5,5,20,3,4,6) 2.531 1.608 2.534 1.607
(5,20,20,3,4,6) 2.536 1.625 2.539 1.623
(20,5,20,3,4,6) 2.574 1.842 2.572 1.841
(20,20,20,3,4,6) 2.574 1.901 2.575 1.900
(2,5,20,4,36) | 2424 | 1.249 | 2.425 | 1.249
(5,5,20,4,3,6) 2.706 1.552 2.707 1.550
(5,20,20,4,3,6) 2.717 1.782 2.717 1.783
(20,5,20,4,3,6) | 2.884 | 2.221 | 2.884 | 2.223
(20,20,20,4,3,6) 2.899 2.096 2.898 2.095
(2,5,20,6,4,3) 2.725 1.651 2.723 1.654
(5,5,20,6,4,3) 2.798 1.846 2.797 1.848
(5,20,20,6,4,3) 2.947 2.687 2.947 2.686
(20,5,20,6,4,3) 2.832 2.294 2.829 2.290
(20,20,20,6,4,3) 2.946 3.025 2.947 3.023

Table A.10: Analytical results vs state-space representations: the three-
machine model
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Analytical results vs simulation

| (b, A, p1,p2,t) | Analytical Model | Simulation Model |

Mean | Variance | Mean | Variance
(2,2,20,6,4,3,2) | 1.856 1.277 1.769 1.281
(2,2,20,6,4,3,5) | 2.168 1.346 2.164 1.425
(2,2,20,6,4,3,10) | 2.305 1.371 2.302 1.377
(2,2,20,6,4,3,25) | 2.382 1.387 2.378 1.390
(2,2,20,6,4,3,50) | 2.402 1.392 2.398 1.394
(2,2,20,6,4,3,100) | 2.417 1.406 2.416 1.402
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Table A.11: Mean and Variance vs time: the three-machine model

| (b,), p1,p2,t) | Analytical Model | Simulation Model |
Mean | Variance | Mean | Variance
(2,5,20,6,4,3,2) | 2.012 1.364 1.767 1.361
(2,5,20,6,4,3,5) | 2.296 1.492 2.287 1.467
(2,5,20,6,4,3,10) | 2.511 1.668 2.509 1.666
(2,5,20,6,4,3,25) | 2.674 1.692 2.666 1.688
(2,5,20,6,4,3,50) | 2.703 1.715 2.699 1.716
(2,5,20,6,4,3,100) | 2.723 1.728 2.723 1.727
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Table A.12: Mean and Variance vs time: the three-machine model
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[ (b, A, g1, o, t) | Analytical Model | Simulation Model I

Mean | Variance | Mean | Variance
(5,2,20,6,4,3,2) | 1.872 1.312 1.695 1.257
(5,2,20,6,4,3,5) | 2.268 1.348 2.160 1.350
(5,2,20,6,4,3,10) | 2.322 1.398 2.318 1.408
(5,2,20,6,4,3,25) | 2.436 1.418 2.428 1.422
(5,2,20,6,4,3,50) | 2.453 1.424 2.454 1.428
(5,2,20,6,4,3,100) | 2.472 1.432 2.473 1.431
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Table A.13: Mean and Variance vs time: the three-machine model

r (b, A, pt1, p12,t) | Analytical Model | Simulation Model |
Mean | Variance | Mean | Variance
(5,5,20,6,4,3,2) | 1.735 1.402 1.733 1.395
(5,5,20,6,4,3,5) | 2.319 1.662 2.320 1.665
(5,5,20,6,4,3,10) | 2.528 1.713 2.523 1.628
(5,5,20,6,4,3,25) | 2.720 1.798 2.713 1.803
(5,5,20,6,4,3,50) | 2.771 1.814 2.767 1.811
(5,5,20,6,4,3,100) | 2.976 1.847 2.997 1.848
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Table A.14: Mean and Variance vs time: the three-machine model



Appendix B

Two-part type systems:
Analytical derivations

B.1 Two-machine-one-buffer system

Case 1 : T){’i + Tgfli > T#=1 holds for each part i of type j.

No(t) =

s
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Case 2: TJ' + TP < T“ ~1 holds for each part i of type j.
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B.2 Three-machine-two-buffer system
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)+ Ty, Ty, +

22: 1(”“ +Zz 1(7’2l)+1+T2 Zl 1(7’“ +Z _1(7’ J+

22[ 1(p1 l+P21)+T2 Zl 1(7:'l tp?t) )+T1 Z; 1(pll+P9’)+1+

TI’Z"=1 (P +p™)+1

+ T‘l Zz_l(pl :+p2 z)+1 + Tl E:—l(pl '+p2 1)+

’““(pl ) + Z,—l(pz’)

if (21—1(2 1(T

ll+p2l)+plv

12

T,

2, i_ 1,1 + —
j—l(TA 21_1(7’ ) Z

121 l(pl'l+p2’l)+] 12! l(pl l+p2l)+])

+ Ty +

! z, Lt
+ Y (I 0P+

+T

2,— P (p1,1+p2,1) 2 (P47 ! 1.+1 1 Zi— (p1 +p? )i
Tﬂzzl_l El 1 )) ( +

LZ:;I (" +p? )+z )

<t<(2

LT 12““ “)+Z,_1(P2')+T1 S )+, (07

( ( Z, iR '+p2')+J+T1 Sy (! '+p“)+j)+

lzl l(pll+p2t)+p1z IZ (pll+pzl)+p1:+

Mz

] =1

Ty,

( 22! 1(p ZI 1(7) TZ Zz 1(7’ )+Zl 1(1)2[)+J+
T’ S 1(,,1 yp? l) 2,2, U )) p! 1.+1 1 Sk (pl.i+1)2,i)+i+
l Zt 1(pl t+p2 t)+,) 1 Zh+l(p1 lH‘Z: l(pz ;) L Tl zk+1(p1 z)_l_z' . 2: +

7‘2 Z:‘jll (pl * +Z'—1 (p2 z)+1 E?jll (plv‘ +Z'_ (p2 t)+1+
ZW(PI DY, (P ')+1 Z"“(H HEYE ()
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Zk-l—l(]?l’i"‘i' p2,i)
i Zk+1(z 1(T LYo oM 4P+ n T;;Z;:(P”ﬂﬂ ')+J')_I_
le ll+p2l)+plt +T]Z 1l+p2,l)+pl,i+
1(T2 ZI , (! l)"'z: 1(7’ + T2 Zl (et ’)+Z (Pz'l)“l'j_l_
N(t) = 322‘ (P e ke s ) i
11 Z, e '+p2')+1) Tl S (M ) Tl El LMty pt +
l(T2 Zl 1(’:'l 4 +Zl 1(p + T2 Zl 1(7’1 ) +E P+ + T322;=1(p1'l+p2'l)
+T2 Dty (PP ’)) n TLZZL*E (p" 4+p*") T;IZ,HII (P +p2¥)+1

7! Zj"‘”(p1 St gl Ef_*f (P 4p%)+1

(U )+

Case 2: T” + T > TJ" 1 and T]’ + T3+ Thy < Tﬂ’;‘l + Tﬁg”l hold for each

K1

part ¢ of type 7.

0 it 0<t< T TH 4 T 4 Ty
Lo T§’1+T“+T“+Tﬁ£<t<T“+Tﬁ,1)++T11)+2lTﬂw’

2 i TV HTEY TN YL T <t < T+ TR + T + 20 T
A k2 g He T

) Ry : 11 20 b
i T L T T8 T g > I} T+ T
P T then
=1 " u3
1,1
p 1
if Tll T11)+T1 l)+z le <t< E I(T;l Tll)_I_T ph+1 +T3},p1.1

K 13

Tz,p1 l+1 + TZ,p1 g ( LHSY 1)

H2

61362 1(T“+T“)+T”’ 2ot 2R P TR+ T+

M1
1,0
Na(t) = p, Tua then
i TR T + T 4 S0 T <t < (T + T + T + S T+
T2p" 41 (= LHSM)
pl’l + l 1,1
if LHSYW <t< LHSY ¢ Z? Tﬁ;” i

Zf Z (Tl ) + Tl z) + z ( 2,p1 i + T2 Pl 1+z) + Tlﬂ?l 1+712 A1 4 T;;P1’1+P2’l+1'_|

Tl b 1+p2 s> LHSV 4 T TZ") "+ then

[) 1 + p21
it LHSW 4 Y0 T2 <t < STV + TE) + 38 ST+ TR+
11;,])1,14_7,2,1_,_1 + Tlilpl 1+p2 A 41 + Tﬁfl Lpp2tg + Tﬁapl A2l (_ LHS? 1)
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1,1 i , 2,1 - A 20
r else l:i’:lgl +Tll.ll)+z l(sz + +T2p11+2)+717]9 +P +1 _I_Fl};pl l-l-,) T
FTLP L ¢ [ gLl S TR e
p1,1 + p2,1
i LHSW 4 0 T2 < < DHSYY 4 I TP Tt et

TLp" 1+P“+1( LHS™ 1y

pl 1 + p2 1 + 1
if LHS> <t< LHS + YL Thot ph +i

i (ST + T‘ ) 4 S (R T L)) g (T (e
T+ + TZ e l)+p2 T im0 + T, i (L

M1 2 1 . >
LHSY + Y0 TLP 40"+ fhen

(M) + ™! L
it LHS™ + 3L Tl”“*"“+‘<t<(z STV T + S (T

T2 pl 1+l)) + (Z: , ,pl 1+p2 l+l + Tl pl 1+P2 1+2)) + T2 Zt—- (pl l)+p21 +1 I.
N3(t) = 22; I(P]')+p21+1 +T3221 l(pll +P +1( LH S'l 2) ‘
else (37 1(TA“ Toh) + SR (TR 4 T2 ) 4 (D (7
T PP +p? i )+T22‘ ) (P )+P21+1+ 2,3 I(P")+p“+1+ 2,50 (YR
l‘l uq .
LHS'21 +3r] T1 R e R

?:1(1)1"2.)+Z72211 1 11+ 21+1 21 2 1 1,1+ 2'l+i
if LHS®! 300 | Thr +7 H <t < DHS® 4+ 300 (TLr +7 )4

22; NCE ')'H’“'H 4+ T 22: 1(7’“)"'” 'H( LHSI,Z)

?:1(7’ ") +p¥ 41
1,0 2,04,
if LHSY? <t < LHSY? + Zz—l Tjsz,_l(l? )2+

-

. .’.. i ; ...1'2 1.’.1. -
if (ZPII(T;' -I-Tl z)_l__zp I(T,\,p + +T2,p“+z)) ( l( lp +po + +
Tl Pl 1+P21+z)+z I(Tz Zz l(p1 l)-}_1)214_"_"__1"2 El l(pl ')+p21+1))+

lz:' l(pl z+p2 ')+1 + 12.—1(?’1 l+p2 ')+l + IE; l(pl t+p2 !)+1+ i

2 Z, 1(7)1 4pP+i

1 Zt—'l(pl ’+P )+1 > LHSI 2 _I_ Z then
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St + ™)
1,0 )21 N
if LHS”+Z PR ORI st iy + Th)+

T

(T\,Pl i + Tz,p1 1+z)) + (Zp I(I'l’pl App2l 4 +Th phlp2 1+t)+

H 1)

1: 2,1 44 1, 2,14, lt 2,1
1(T2 S (V) +T2 Do (PP ))+Tl Doty (PP 1
fl"l Zl 1 l‘+p2') + 12;—1(7’1 l+p2l)+l + IE; 1(p1t+p ( LHSZZ)

T Y

i i 2,1

else (30 1(T§’+le’)+z f-"f’ '+ +T2”’“+))+(2 l(Tlp“+p iy
T1p1‘+p“+z)+z 1( 22. 1(P1')+P“+’+T22 — (P )+p“+z))+

/~"l

1,: 2,t 1,7 )21 1,¢ 2,1
;Z,_l(p +p® )+1+ 12, (P )+1+T1 DN (I )+1Jr

l 1 1,4 2,1
/132, 1 +p )+1 < LH 91 2 + ZP ]13321 I(P )4pS +i then
Zr—l(pl " + p2 l)

if LH512+Z

p 2 Zz—l(pl ’)+p2 1+l
= 1

K )21 :
22.- PV )+p2l + <t< LHSY4
+ T‘“:} :=1(pl :+p2,i)+1
if z (Zp (Tl Zz 1(7’”+P2' Tl Z (P"'+p“)+j)+
=1 =1
1,0 21 ) i—l 2,08 4
1 Z; 1(”1 p?t)+1 + Tl Z; (P t'*‘792 ')+1 + Tl E; L ')+1+

'Ilz' 1 (PP >LHS“°+Z”“ ! 32, ,(P“)+Zf_l(1)“)+ en

Z 1(])ll+p2z)
if LH91'°+2“
2,0
Et_l(z 1( ll(p +P )+J+T +
1(T2 H l(p )43 (924 +T2 S 1(P2[)+j))+

)t )t 2, 1 1,8 2,1
iZ,_ (V4P )41 +T1 SF (i p? o IZ,- +p )+1Jr

-1 2 Zz— h ')+Zt—'l (P2 £)+l <t<
1L, (o ’+p2")+j)

1,
T;;Z'*‘(p PO LHS'“)

Il 2,1 1,0 2,0 ;
6136 1(2 I(T z +p7 )+]+T1 Zl 1(p +p )+.7)+

221 1(7’ lH‘Et 1(”21)‘” 221 1(1’ +Zl 1(1’ )+i
1( T, + T, N+
12, (M PP )41 LT 1,2,._1(101 ‘+p2')+1 LT 12),_1(;:1'+p2')+1+

R R g st T CREL P

Na

Sr L (pbi + p*)
. 1,8 2,¢ l
i LHSY 430 T PRGN gy

p2k— 1(T2 Z' (" ')+Z ' (p? t)+z) Tl Z,_ (' +p>h)+1 (= LH §2k)
S (b 4 ) +1

1,¢ 2,8 ) g
if LHS“<t<LHS2k+Z 12, PV P2 )
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2y (PP 4

1, Ll p2d) g 1, :
if T 1(TZ o ”“+TZ )+
l >
1(T2 Zz Lt +Zt 1(7’ Tith Lt +Z l+1))+
2,1 1,0 2,1
(ZPILH(TIZ‘_I(” t4p2t)4e +le' P )+z))+
T o e+, 0P+ Z"“ PP+ () +1 N T et Y+E R
w2
1; 2,1
LH52’°+Z IE, i +” " then
k+1(p1 z)_*_zl_l(pz,z)
11 )2t .
if LH5‘2’°+Z pit L B
g2 1Ly 21
l(z 1( IZ[ 1(] +p* )+ + ‘LZI l(p +p* )+])+
(T2 El NG lH’Zt 1(7’“)'*" +T2 Zl 1 ”)+Z ? +J))+

1,k4+1 1 l.'. 21+ 1 )ll+ 2,1 +i
(ZP (T Zc 1 { p**) +T Z =1 (F p*t) ))+

1

z"*‘( B4y LN z"*‘(p1 D+ (P41
ZZ’”“(p“ +Ez o PPi)+1 ( LHSY L+1)

_'_

) ')1 , , B
else Z 1(2 1(Tl Z, L (M) lez (,,1z+pz¢)+1)+
ZP (T2 Zz 1(” H’Z (P*h)+i T2 El ! " lH’Zt 1(”2! +]))+
1 1431
(ZP] ket (Tl Z: (PP )+ + Tl Z;—l(l’l L4p* ‘)+l))+ e
k+l 1, 2, t k+1 1,4 2,t "+l t k )t
Na(t) = 22,= P, k +1 +T2Z P+ (0¥ +1 +T22 PO ()41
LHS2 4 52 Todim® PO hen

M) + E 1 (p?)
it LS+ 52 pEE T ek
b L+1(Tl N ')+z) 4 T2 ST ()41 (= LHSLH1)
chrl(19“)+E (PP + 1
if LHSWH < ¢ < DHSWHH 4 32 s PMO+EL, 070

2,0 1,0 2,0 .
if ijll 1(T1 Z, 1(zo Lyp2 )+J ;lzl 2 (M p )+J)+

1(T2 Z:l (P! ')"'Z + T2 El:l(’) )"'Zz 1(7’2 l)‘H))_I_
1 Zk+1(p1 ;+p2 8 1 E:‘jll(pl z+p2 K Tl Z:'j'll(pl,i+p2,i)+1+
U2

Zfll(pl"*”?')“ > LHSI LS 22"“ PO

k+1(P1 ot 4 phi)
if LH 5'1 k+1 4 E me_J'f(p"‘)+2f=l(p2.i)+,- i<
’°“(Z Z,=, (pl Hp? )+ + T;;z;;’(,,l.qu,z)ﬂ)_l_
1( 22; I(P Dt S o ()4 +T2'Z:=l(pl'l)+22:11(7’2’[)+J'))+
TS e e o

1 Zk+1(pl ’+P (= LHS?,,L+1)
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12; 11(7)11_”)21)_'_] Tl Zl 1 ll+p21)+J

else EkH(Zp 1(T + 1w )+

1(T2 i l(:o1 VDD (PP )+ lez, LI P )+;))+
1 E::f-ll(pl 1+p2,:)+1 Tl Z; l(plt_i_p2 z) + 1 Z l(pl t+p2 z)+1+

kbl v i 2 k+l 1; 2.1y
Tl o) (P R+ 22,_ )+ (v oo
E:\,j-l(pl,l +p2,l)

k41 K] k i .
it LHSUAH 4y CpRL PR gty
k+1 1, 2,6y 44 E+l, 16, .2,

1(T2 2 iny (P HZ;_ )"') sz y (PVHP*) 41 (= LHS?.,kH)

Zic+11(p1 " +P2 z) +1
1 ZE+1(7)1"+1)2"')+i

if LHS ! <t < LHSY 1 4 Y0 T,,5=

LHSlk+1+Z
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Case 3: T/\"i +

N3(t) =

TS < T3i~! and T3~ > T7~! hold for each part i of type j.

1

0

if 0<t<Ty' + T4+ TH + T4

1

it Ty 4 TR T 4+ TL <t < TP+ T + TR + S8, TY

2

if T“+T“)+T“)+z VT << TV H TR + TR + T, T

w2 3

z‘fz:"‘( Fp Tl L TR g2t et s T T 4 T
T“then

K3
p Y
) Kt i , 1,1 »
i TN 4 T TR 4 YR T <t < S (T 4 T + TP 4 T3
+T2”’1 IR ( LHSM)
else Zz:l(T;l T“)+TA”’ '+1 +Tz,p“+1 +T2p“+1 < T“ +T”)+T1 H4
1,1 i
P Th then
pl’l 1,1
i TP TR TR + ST <6< (DY T + T + S T
T2,p +1( LHSI’I)
pl,l +1
if LHS'I’I <t< LH:S'I’I + Z Ti’;pl B,
if SR 4 T + 3 (TA"’ 2t b gt
Tl VPRI S [ gl S Tﬁ"’ "+ then
pl K + 2l :
if  LHSW 4 Y0, T2+ < g < 3 VTS TR 4 S8 (T2 4 TR+

1,1 21 1,1 2,1 1,1 21 1,1 2,1
T/\,p +p* +1+Tilp +p* +1+T1p +p* +1_|_T1,p +p© +1( LHS”)

a4

else 22, (T + Th) + £, (T3 T A R ALV
Thr et LS 4 S T2 then
p“+p
]f LHS’II_I_ZP T21pll+l<t<LHS'11+Zl—l T2]Jll+l+T1])11+P21+1+

T} P“+P“+1( LHS™)
p11+p21+1 o
if LHS* <t< LHS™ 4+ % ThLr 7+
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(] 1(T§‘+TJ,‘>+2_1(T2'P +1+T2P“+‘))+(Z (b

Tl phlHp 1+2)) + T2 Z;—-l(pl N4p2l4 n Tilz"‘ pl)+p2 1+1+
22' 4 1+1 >LH5'21+Z T;}op“'*'pzl"" then
zzl(pl l) +p21

i LHS™ + TL, T+ < < (DT + T + S (T
Til”““))ﬂz Lyt e ) D D rwten

22. ,(P“)+p21+1+T22, (P42 +1( LHSM)

I-’tl

else (30 1( +T/}lz)+z I(T/\.p +z+T2p1 1_|_,))_|_(Z 1(111p11+p21+1+
’I‘I}lpl P 4)) 4 T2 Do (PP 41 + 2 E,_l(p’ )+p? 1+1+
Rl e < LHS™ + Y00 Th . then

S (b)) + ™
if LH‘S'Q,I_I_Z? Tlpl 1+7)21+1 < t< LHS'21+Z Tl pl]+p21+z)+

AT s
B2
2 (pY) + pPt + 1

1: 2,1 4 ;
if LHSI’2<t<LH,5'1,2+ZZ_ 22,_ )+p +

il
I

i (S T + S +'+’-”31””+’))+(z SNUECaR A

Ng(t)
Liyyp20 4 Livy 2, , ;
)+p*+ + T2 Zz-—l(p )+p*t + ))+

Tl ])1 1+P2 1+1)+Z 1(T2 Z;—l(p
1 Z.-I(Pl Fp?y+1 LT 1 Z‘ , 1'+p2')+1+

T;;Zi:l(pl Spt)+1 +T ;32#1(1’1 ptt) 1 > LHSY? + p Tzazt 1(P1')+P21+‘ the
(pli_l_pZi)
1,6y 42 4y P
if LHS'12+Z 22 1(7’ )+p* + <t<(z I(T; T‘J"ll)-l-
1,2 2,1
terel +‘+T3;"“+’))+(z:" (TyP P T g
1,6 2,1 1,0 2,1 1,8 2,1
1( 22, (V)42 +l+ 22, ()% +l))+T1 Z,_ +p2 )+1+
1 E'_l(pl '+p2")+1

1,¢ 2,1 1,8
T P P e (= Las*)
clse (SEATY 4 Th) + SO (PP L T2 ) 4 (I 0

m
Dy g g (g DO R )

2 P '+p + E 1,¢ 2,8
1, X 1, 2,) 41 1 ; (P Wgp2 ) 1
‘l Zz_—l( ) l : 1 + +

2 Ligp2)t 1,2 1,04 2,8 2, Li)pp2l g
T;;E'ﬂ(p +p )+1+TM32‘=1(1) +p%*)+1 < LH912+Z: ;1,32’ p the:

?—l(zjl’i +p2,l)
if LHS”+E 22"1(7)1’)” <t < LHSY4
2 E' l(pl ')+P2 1_‘_1’ N Tl Zz—l(pl t+p2 z)+1
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i—1 ;..l. 2,1 . ” i—l’”l.' 2,1 .;.
lf Z 1(21’_1 (lezz L' +p )+i + T;;Zm (P +p**)+i )+
1 i i1, o R
1(T2 Z[ l(P +21 1 p? l)+] 2’2!:1(7)”)"'21_1 p"l +_7))+
; 21_1(7’1 Fp2i)41 n T1 Zz N ’+p2 ')+ + 111 E, LM PP )41 +

k— l ,
2,k—1 ‘2 pli + 5 1 +
Ty El i Lt then

LS (pligp2i)41
T‘uazz=1(p +p )+ 2 LH‘S'I,IC_*_ ]) o

Ef:l(pl’i‘l'p%i) k=1
)ll 2,4 i
if LHS““+ZZ’_: - ZZ, MU0 L) S L

Z (Zp (Tl z: 1(”1 l+7’2 )+ + Tl Zz 1(7’1 tp? ')+J)+
=1 1

(T2 21 (P! l)+21_11(p2l)+1 + T2 Zz (Pt )+El 1(7’ ))+
IZ;— (pl z+p2 ')+1 +T1 Z’ 1 1:+p2 1) + ;22'=1(p1 '+p2 ;)+1+

12‘ L +p? ')+1( L 5%

else 31 (325 1(T1 Lis 497 + [;;Z:;:(Pl"+p2")+j)+
1(T2 ie I(P”)+E, l(p“)+j 2'22—1(7’1")+Z:;1}(p2")+]’))+
; Z, (P PP+ + Tl SONCE '+p2')+1 LT 125‘_1(,,1,i+p2.;)+1+
1.2} (PP LHSY + 37 2.k=1 22‘ RN )4 Py

Z L (phi 4 p?h) -
1:
if LHS”“+Z”” LR DL Ty gk

: k- l 2’ i 11
2L I(TZZ' 1 l )+Zl 1 +)+TIE; 1 +P +1( LHS'Z,C)
Eé“=1(p1 T 1
lt 2,t {
i LHSM <t < LIS 1 32, Thim @704

=Ll 1020
lf E 1(2 1(T1 Zl 1(1p +1 )+]+Tl Z[ 1(7’ +pl)+])+
Zp_l(Tz Zz L+ 1(p2l)+J 22, LY )+]))+

(Epl k+1(T] E ](pl l+p2 z)+z + T] Zz 1 1 l+p2 ‘)+Z))+

1 t 2,¢ i
> LHS> + Y2, T;;Z,-ﬂ +7 )+

ZkH(Pl’i) + Y5 ()
1,64 ,2,¢ i
if LHS” Zp ki 12, N L
- t— 1
1(2 121 11(1,1 l+p2l)+] 12: ! 1l+p21)+])+

+ 113
I(T2 El 1(7’1 lH’Zz l(p 2 Zl e l)"'zl 1(7’2 ')+J))+
1 k+1 1 Ei=1(pl"+p2")+' + Tilzml(pl c+p2 .)+z))+

then

T,

(E

22’6:1(”“)"'2 L (PP Ef+11(1’")+2.=1(?2')+1 2, M)+ ()41
ne T + Ty,
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Z:k+1( 1, ')+Z, 1 p? a)+1 N T2 Zk+l 1, i)+zf=1(])2,i)+l+
z:k-f'l(pl z)+z 1(p2 z)+1 ( LH 91 k+])
else 1(2 1”’1 Z, B F L n Tl Z L (M%) +])+
1(112 Zl 1 )+Zl (P*")+i + T2 Zl 1(7’ +Zl 1(7’ )+J))+
)t 2,1 i i )2 1 i
(ZPI L+1(T1 Z,-—l(p +p )+ + 1 Z, I(P +7 )+ ))+

I

T2 ZH-I ) +E!=1(p2 ’)+1 2 ZLH ) +Zi=1(l72 4)+1 + T2,Z,k+11 (' +Z:’€=1(b2|5)+1
H2

1 Zt_ (pl l+p2 l)+l h

<LH5'2’°+Z en

k+1(p ,z)+2 l(sz)

k Loi 42,8y 45 .
if LH92k+z“'“ Tl PR gy

1k+1(T1 Z' ' 1'+792')'H) + T2 zk“ ph) +Z. 1(P )+1 ( LHSY k+1)

k“(pl’)JrE () +1 "
if LHSUH < ¢ < DHSVAH £ 572 2z (P VY, )+
1 I+P2’l)+j)

N
Zf Zk+1(z l(Tl Zl 1 P +P2 )+.7 T;]Z +

1(T2 E, LM 1(P2l)+J+T2 SN OIS P °')+j))+

1 Z’H’l (p"F+p> ')+1 Zk+1 Lipp2i) 1 Ef_—_'-ll (" i+p2,i)+1+
NQ
L SIS W X E41, 1 p2)
'l + U p )+
T, Z ('t +p*)+1 >LH51 L+I+E “32 N O i ( then

Zk+l(Pl ) + p2,z)

if LHS““"‘1+Z
e 1(p +p“)+]

TG,

I,Z, [ (PPl 4

1(T2 Z‘ G e TZ PR e S0P
Ef:f (41 Tﬁ;zf—ﬂl(f’l ML pl LS 0+
Tl.Zf:II(pl"+p"‘)+1 (= LHS™++1)
it 4 2' 1,04 .21 .
else E“‘l(z I(Tle, Zi (M i, Zl Yol tp )+])+

1(T2 S P+ 1(p“)+J+T2 Z, 1(1)“)+E, ,(p"')+j))+

1 Efjll (”1"“’2")“ ZHI Ligp2i)41 Tl e '+p"‘)+1+
12
1 Ek+1(p1 fp2 ')+1 LHSI k1 + Z 2 ZL'{-l(pl :)_‘_E'_ D4 then
Ek+l(p1,z +p2,z)

if LHSI k1 gt DL RTL OO gy
Zk-l-l 1, t +Z'_ 2 ' +z) Zk+1(p1 '+P2 z)+1 ( LH 5'2 k+l)

Z'”“(p‘ ‘ +p2 ) +1 "
if LHS¥ ! <t < LHS¥1 452 ;32 (P +p%")+i
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Case 4: TJ ’

Nj(t) =

+ TP < T3~ and T“ 2 < TJ” ! hold for each part of type j.

i 2
(0
i 0<t< Ty + TH + Th! + T4
1
if TV T TR 4+ T <t < T0M + THY) + T4 Th 4 TR
2
i T 4T+ DL Ty 4 T <t < T+ T + L T + 17

o 1,1 i 1,1 , o 1,1 ,
”1(’ lzi?:l (T;’ + Tﬁhz) 1 Tfﬂ) +1 + T/f],pl l+1 > Tl\lyl + T;hl) + Zle Tllz'l then
p ’
it T LT+ ST + T < < ST 4 T + TR
Tz,pl Ty + T2 plll + Tz,pl 1+1 ( LH S 1)
else I(TA" +TY) 4 TEP L T2t 4L > Pl ity 3P L e
p ’
it TV TR + S (D) + T <t < (Y + T + S T+

b 2
T2 1 T2t (= LH51 1)
pl 1 + l
if LHSW <t<LHSW 4+ YL (T2 +) 4 T2 +2

S

if Sy W0+zlwﬁ*Hfﬁ“w+ﬂ*%““+ﬂﬁ“w“
LHSY 4 Y T2 PU i then
pl,l +p2,1
it LHS™ + Zf_l(Tﬁj’:':*’2)1+ T2 <t < SO (T + T+
yr 'I(Tf e T2 ) 4+ Ty Lptip™i4l T‘h,pl B T;Qpl Ty
T1p11+p21+1( LHS'21)

else Z + Tl z) + Z (T)?ypl'l‘ﬂ' + Til,pl’l+i) + T;ypl'1+])2’l+1 + T;,P1'1+P2’l+
1

LHSY + Z;:l Tﬁz"’l "+ then

pl,l +p2,1

if LHSY 4 YL, (T2 ) 4 T2 42 < ¢ < THSY 4 8 T2 +ig
T2p“+P21+1+T2p“+P“+1( LHS'ZI)

p“-l-p“-l—l

if  LHS™ <t< LHS» 4 $L, (TLp 70 +) 4 Tlot 4% 42

zﬂzluw+wo+zle’“+W““%+
(I (e Lt )
Tf»Z?=,(P1")+P2"+1 + T Z,-l("’ LS P et S ThP P then

i) + p! .
if LHS™ 4+ Y2 (TL" 1+,,21+,) FTLP P < (YR (T + TR+

2'1 (T\2 LA + T2 ph 1+1)) + (z I(TLP Y4p?l i + Tlilpl 1+p2'1+i))_|_
ZZ _ (M) +p? 1+1 22' L (P2 41 22::1 (p)4+p21 41
. +1 + Ty, +

22;- (pt)+p%! 'H( LHS$M?)
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else(z LT 4 Ty 4 Y2 (TP G T2t )y

[
( I(Tlpl l+p21+1+T1p11+p21+2))

2 Z, L (PP PP 41 +T 312;—1(7’1 D741 < LHS?! + -4:— TI P PP i om
Zl l(pll)+p21 1,1 2,04 . 1,1 2,1
if LHS™ 452 (TLr " +') +TLP P2 < < LHS?M 4
pli 21 2 1, 2,1
,2=1(T;}2"’1'1+”21+‘)+T1 D oimy (P4 + +T;;Ei=1(’° J+pe 41 (= LHS"?)

?1(Pi’i)+p2l+l
1,8 2,1 : 1’ )l
if LH5‘12<t<LHS'”+Z (PTG T (2

i (ST Th 4+ Th) + S e +’+T2P“+’))+(Z 2 e

l-Ll
1,7 2,1 : 1,9 2,1 i
Tl p11+p21+,)+z 1( 22, l(P y+pii+ +T le, 1(7’ )+p2t+ ))+

IZ.ll%fWH+ LZ”@“W“H
>LHS”+
o D (PR
i= 1(])1 " Pz’l)
if LHS' 43} (P
(2 (T + T + S (TP TE) + (T
Tl iy 1+z) 1( 2 E‘ (V)2 LT 312‘ (" z)+p2 1+z))+
12, (P15 441 LT ;lzt‘=1(l’1"+l’z”)+1 LT ;2Z.=1 ()41

then

P +p2l i 2,57 (P +p2l 42
)+TL3Z’_1( ) <t<

Lo

1,8 2,1
1 Z,_ +p*7)+1 (_ LH 92,2)
else (E V(T + T + S (TP 4 T2 ) 4 (L (L
Tl phl4p? l+z) + 2 1(T2 Zz—l(p )+p% i + T2 2.-1(1" +p? l+’))+
; E;_l 1 t+p2 t)+1 + Tilzl l(pl l+p2 t)+1
< LHS]l 24
1,¢ 2,1
T2 Z =i (PR then
l(pl W + p2,1.) |
it LHSY 4 Y2 (1D 1*‘) R e Y T
=1 . _ [
2,50 (M) +p? 1+i) N szz' ((PUE P )41 n T352?=1(P1"+P2")+1

izl(TI-LQ
(=LH52’2)
. 1,1 2,1 . ll 2[
sz 1(2 (1 ,l(p +p% )+J Z +p? +J)+

1(T2 Zz 1(p Zz x(p“)"'j + TZ]ZI:] P +Zz=1(1’2')+j))+

1 Et—l(pl pPi)+1 1 Z,'-l PV 4p%*)+1

_I_
>LH51’°+Z A 22’ L O
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k . .
i 1(])1y1+1)2,1)
L p2iyi ko1 2
)+ 2, i gp2)
(p?)+i » Ngzl—l(p p2) i<

lf LH91k+Z: 2k I(T2Zf l(pl.i)-l-Zf:] )_I_f[
(Z (Tl S 1(p 24 LT IZ:_;(pl"+p2")+j)+
1 =1 .
(T2 Zt =1 Pt +Z; 1l p>)+i + T2 Et 1 ( b +Z;:11(p2'l)+j))+
=1
l Ez l(pl l+p2 °)+l + T‘ilz;=1 1 l+p2 z)+1 + Tl E'_l(pl z+p2 1)+1+

1,%
T IE" PR LH )

2
1! 2,1
else Z 1(2 1(T1 Zz 1(7’ +p )+7+1 .

1(T2 Zt o ( +Zz;11(7’2’l)+j + TZIZ,=1 pl )+Zl;1 (pz")+j))+

l Zz_] Ligp2i)4] 47 1 Z:‘ l(pl,i+p2,i)+1

1 Z,_ (Yt +p? ’)+J)

< LS kgt T A () them
it + ph)

if LHSvl,k_I_z 2,k
<t< LHSW 4+ Y271 DRCET) D 11(”2’)+')+T1 S )4

‘I(TZ i 1(7)"")+Zf‘1‘(p2~")+i) LT SF (i)

1,0 K
+T1 iy (P D)1 (= LHS™)
E 1(])12+1)21)_‘_1
IZ. (PP )

if LHS* <t<LHS 4+ 3% (T, )+

1 Z; l(pl l+p2 t)+
#3

Ny(t) =

2,1 WY
if Y2 I(Tl ):z I(P L )+J+Tl zl Lt p? )+])+
1(T2 Z, Ne )+Zz 1(p2l)+]+T2 Zz (ot H‘Z: l(pzt +J))+
1, 2,t i 1 i )2 : i
(2])1 k+1(Tl Doy (M) +TIIZI=1 )i D+
T2 ZL+1( 1;)+E' 1(p2 ‘)-I-l LT zzfj-l( 1,i +z:°=l(p2,i)+l

plk+ 1 E' 1(1’1 Lp2i) i

>LH‘92k+Z then

S (phi) 4 3F 1(1)'“)
if LHS™ + Y7 “‘“(Tl S 1(P“+p2')+1)+TI,fof(p“HZf:,(P"‘)
<t<Y* 1(2 I(TIZ‘ LT TIE’ 1("”J”DNJ”H

P Ty i (PO )+ i T i P l(pz')+g))+
(Tl i (M )i 12, (Pt p2l) 4 ))_‘_
Z"“( M+, 0 ')+1 Z‘“ PO (04
22k+1(1}")+2,»=1(102')+1 T 332?:1(%’1‘)+Ef=1(7’2'i)+1 (= LHSUH)

1k+1
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11+p2,l)+] 121 l(pl l+p21)+])

else I(ZP_I(T Z +T! | N
1(T2 Zl l(p )+Zl l(le)+J + T2 El 1 " )+Z:;1 (P2’l)+j))+

1, 2,1 : K3 )2;
(z 1k+1 12 (P %) Tl Z‘ NiaE: ))+

(31

T ZL+1 (pl t)"‘z,_ (p2 t)_l_l 12 Zk-{-l 1 t +Z'=l ])2 1)+1

Ty,

1 i 2 l
+P
t/lﬁn

plktl 1 a
< LHS™ 4+ Y7 ;Z‘

k+l(p1 z)_l_zz l(pz z) N k |
i LS4 T (R OO g O, 6

<t < LY 4 32t (T O e '>+'> L T O 620
1 Ek+l( 1,4) +Zz=1(p 41 (: LHSU“H)
foll(P‘ Nt () +1
if LHSVFHY < ¢ < DHSURH 4 522 1(T2Z
Zk-f-l( 1, ;)+Z'_l(p2z +2

B+l g 20y i
N D IS SN o +)+

if E’"“(Z"—l( PUio () LT ;lz; ;(p“+p2')+1)+
1(T22l 1(p H'E; 11 2l +T2El 17)”)+

k41 1u+ 2, )+1 1 k+1 l’+ 28) 41
(1)2’)+J))+TZ ORI | gm0

k1, 9 21 :
>LH51 kL S R G 1(’ * then
Zk+1(p1z+p2 z)
)11 2:
if LH91k+1+EP 1(T2E' LT, (0 )+T2E

k41 :
=1 (pl '+P2”)

Zk+1(2 I(Tl B I (R LU Y +T1 STt (o ’+p“)+1)+
I(T2Z¢ (Pt H‘Z; 11(7’2[ )+i +T2Zz (! +Z; 11(”“ +’))+

k
1Ek+l(p1 '+p2 z)+1 IE'_I (pl 1+p2z TIZ +l( 1'+p2')+ +

k+1

7 + (12 ,)+1 (= LHS2H+1)

=l 1y 2l
else zk"‘l(z l(TI'Z"l (P24 41!
1(T2 Z’ l(pl l)+zl 1 (77 + T;Z Et=1(?)l N+

i— . —\kj-l 1, z+ 2,t +1 f, L+1( 1, ‘+)2’i)+l
El Hp2) + 5)) + T i= 1:’1 p>*) Tulz' (i s
< LHSVH 4 s34 p2lin (0 KD L,
zk+1(p1 K + p2 z) N

if LHSI k+1 +Z I(T ;—1 (plt)'f'zl N 2')+1)+T Z (PMi+p%7)

<t < LHSWH 4 sl O D 0t |
l Ek+l(p1 '+p2 ')+1 Tl 2k+1(p1 '+p2 z)+1 ( LHSz’k-I-l)

l‘? 13
SR (Y 4 pP) + 1

if LHS <t < LHSPM 42 (T,
TI Z:‘+11 (" i gps z)+2

a3

LT

1 E +l(p1 p? ¢)+l)+

<t<
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