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ABSTRACT

CONSTRUCTIONS AND SIMPLICITY OF THE
MATHIEU GROUPS

Mete Han Karakas
M.S. in Mathematics
Advisor: Matthew Justin Karcher Gelvin
August 2020

Of the 26 sporadic finite simple groups, 5 were discovered by E. Mathieu in 1861
and 1873 [1], [2]. These Mathieu groups are the focus of this thesis, where we will
prove their simplicity using elementary methods. E. Witt [5] realized a connection
between the Mathieu groups and certain combinatorial structures known as Steiner
systems. We will follow his construction to define the Mathieu groups as the auto-
morphism groups of certain Steiner systems. Much of the work of the thesis lies in
the construction of these Steiner systems, which we achieve by using both methods
from finite geometry and the theory of Golay codes.

Keywords: Mathieu groups, Steiner systems, Golay codes.
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OZET

MATHIEU GRUPLARININ QULUSTURULMASI VE
BASITLIGI
Mete Han Karakas
Matematik, Yiiksek Lisans

Tez Danigmani: Matthew Justin Karcher Gelvin
Agustos 2020

26 tane sporadik sonlu basit gruplardan 5 tanesi 1861 ve 1873 yillarinda E. Mathieu
tarafindan kesfedildi [1], [2]. Bu Mathieu gruplar tezimizin odak noktasi. Tezde
bu gruplarin basitligini elementer yollarla kamtladik. E. Witt [5] Mathieu gruplarla
kombinatorik bir yapi olan Steiner sistemler arasindaki baglantiy1 fark etti. Biz E.
Witt’in gruplar: olugturma yolunu takip ettik ve bu yiizden Mathieu gruplar1 Steiner
sistemlerin otomorfizmasi olarak tanimladik. Tezdeki caligmanin biiytik boltimii de
bu Steiner sistemlerin olugturulmasina dayaniyor. Olusturma metodlarindan ikisi

sonlu geometriye, biri ise Golay kod teorisine dayaniyor.

Anahtar sézciikler: Mathieu gruplari, Steiner sistemler, Golay kodlari.
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Year after year I have searched for myself,

In no way have I found myself.

Am I a spectre or am I a dream? It cannot be known.

In no way have I found myself.

¢ila’mak...

Am I a human, an animal or a plant?
Am I a crop, sown and reaped,
Or else, am I health itself?

In no way have I found myself.
Agik Veysel Satiroglu
Transl. by Ruth Davis

Special thanks to Yilmaz Akyildiz
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Chapter 1

Introduction

1.1 Motivation

Let GG be a finite group. If G does not contain any non-trivial normal subgroup then
G is called finite simple group. Emile Mathieu gave first examples of finite simple
groups in his two articles published in 1861 and 1873 [I], [2]. Now the groups that
he introduced are called the Mathieu groups.

For many years mathematicians have tried to determine all finite simple groups.
In 1980’s, the classification of finite simple groups has been completed [3]. Now the

classification theorem is stated below.

Theorem 1.1.1. [4, The Classification Theorem]

Let G be a finite simple group. Then G is isomorphic to one of the following

groups as follows:

(1) A cyclic group of prime order,



(ii) An alternating group of degree n for n >5,
(7i1) A simple group of Lie type,

(1v) One of the twenty-siz sporadic simple groups.

The Mathieu groups are the five of the list of the twenty-six sporadic simple groups.
In addition, these five groups are permutation groups that act multiply transitive
on 11,12,22,23 and 24 points respectively and denoted by My, Mis, Mas, Moz and
Msy. In particular, M and My, are 5-transitive, Myy is 3-transitive and also M,

and Myg are 4-transitive [8, Chapter 9].

Furthermore, Ernst Witt has showed the relation between combinatorial structures
known as Steiner systems and the Mathieu groups in his article [5]. He defined the
Mathieu groups as the automorphism groups of certain Steiner systems. Then we
will follow his construction to define the Mathieu groups as the automorphism groups
of certain Steiner systems. Then definitions of the Mathieu groups based on Steiner

systems as follows [16, Chapter 6]:
(1) Myy == Aut(S(5,8,24))
(1) Mag := Aut(S(4,7,23))
(13i) Moy := Aut(5(3,6,22))
(1v) Mg = Aut(S(5,6,12))
(v) My = Aut(S(4,5,11))

In history, there are several methods to construct the Mathieu groups. Since we
define the Mathieu Groups as the automorphism group of Steiner systems, construct-

ing the Mathieu groups is equivalent to constructing the associated Steiner system.
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1.2 Main focus of the thesis

Our much of the work lies in the constructions of S(5,6,12) and S(5,8,24). We
achieve our goal for the construction of S(5,6,12) by using methods from finite
geometry. Also we achieve our goal for construction of S(5,8,24) by using the theory
of Golay codes. Then we see that S(4,7,23), S(3,6,22) and S(4,5,11) are the
immediate results of the latter Steiner systems by Theorem B.2.11

We consider showing the simplicity of the Mathieu groups as a supplementary
part of the thesis. We do not deeply study simplicity. We aim to show the simplicity
of the Mathieu groups by using group-theoretic elementary methods. First we follow
the first three sections in chapter 9 of the book [8] to develop simplicity criteria
for Mg, Moy and My in chapter 2. Then we develop Theorem [7.2.1] for showing
simplicity of M7; and Ms3 in chapter 7.

1.3 Outline of the thesis

We will briefly explain the contents of the thesis.

In chapter 2, we give some background knowledge on group theory and finite
geometries. In particular, we review group actions, Sylow theorems and k-transitivity
in group theory. We develop the criteria of simplicity for multiply transitive groups

that are used in chapter 7.

Also we explain affine and projective planes in chapter 2 since some certain Steiner
systems are exactly affine or projective planes. In particular, our constructions of
S(5,6,12) based on S(2,3,9) and S(2,4,13), and S(2,3,9) is a finite affine plane
and S(2,4,13) is a finite projective plane.



In chapter 3, we introduce Steiner systems and their properties. We investigate
the necessary and sufficient conditions of the existence of Steiner systems. Also we

explore properties of the automorphisms of Steiner systems.

In chapter 4, we form S(5,6,12) by using Steiner system of type S(2,4,13), that
is a projective plane, due to Hans Havlicek and Hanfried Lenz [19]. We classify sets

containing six points on a projective plane and develop blocks of S(5,6,12).

In chapter 5, we form S(5,6, 12) by using Steiner system of type S(2,3,9), that is
an affine plane. The construction is based on 3-fold extension of S(2,3,9). In other
words, we first show the existence of S(3,4, 10) and continue in this fashion. Finally,

we show the existence of S(5,6,12).

In chapter 6, we form the binary Golay code and S(5,8,24) simultaneously. We
realize that binary Golay code of 12 dimension with length 24 is exactly Steiner
system of type S(5,8,24).

In chapter 7, we show the simplicity of the Mathieu groups in an elementary way.
We firstly develop our main Theorem [T.T.5l Also we use simplicity criteria that are

introduced in chapter 2.

In conclusion, we show two different construction methods for S(5, 6, 12). Also we

show construction of the binary Golay code and S(5, 8,24).



Chapter 2

Preliminaries

In this chapter, we will give some background knowledge that we will use throughout

the thesis.

2.1 Review of group theory

In this section, we follow several algebra books: [6], [7], [8], [9], [10], [11].

2.1.1 Permutation groups

We start with basic definitions regarding permutations.

Definition 2.1.1. Let X be a non-empty set. A permutation of X is a bijective

function from X to X.

Definition 2.1.2. The set of all permutations of a set X is called the
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permutation group or symmetric group on X. It is denoted by Sx. If X is the
set of {1,2,...,n}, then we usually write S,. The group structure on Sx is the

composition of permutations.

Definition 2.1.3. Let w be in S,, and i be in {1,2,...,n}. 7 fizes i if (i) = 1. Also

7 moves i if w(i) # i.

Definition 2.1.4. Let iy, i, ..., i, be distinct integers in {1,2,...,n} and 7 be in S,.
If w(iy) = 19, m(ig) = i3, 7(i3) = 44, ..., W(ir—1) = iy, 7(¢,) = 71 and 7 fixes the other
integers (if any) then 7 is called an r-cycle or is a cycle of length r. A 2-cycle is

called transposition.

Definition 2.1.5. Let 7 be an r-cycle. Then 7 will be denoted by (i1 iy ... i,).
Then r-cycle 7 can be seen as a clockwise rotation of a circle and so any ¢; can be
considered as a first point of a cycle. Thus we have r different cycle notations as

follows:
(i1 dg oo ey 0p) = (ig 43 oo Gy 1) = oo = (ip 01 oo. Gps dpy).

Definition 2.1.6. Let a, A be in S,,. Then o and A\ are conjugate if there is a
permutation v such that yay™t = \.

Now, we are ready to prove our next theorem.

Theorem 2.1.7. Let m = (iq iy ... i1 4;) be l-cycle in S,,. For all a € S,

ara” = (a(iy) a(iz) ... a(i)).

Proof. Let X = {1,2,...,n} and S, be the set of all permutations of X. Since a € S,,,
a is a bijection from X to X. This means that a(1),a(2),...,a(n) are all distinct.
Therefore we can write X as a set of {a(1),«(2),...,a(n)}. Let r be any integer
such that 1 < r < 1. Then a(i,) € X. Hence ara™(a(i,)) = a(r(a " (a(i,)) =
a(n(iy)) = alipy1). Moreover when r = [, ara ' (a(iy)) = a(r(a " a(i)) =

a(m(iy)) = afiy).



Now let z € X such that x # a(i,) for all 7, where 1 < r <. Also a!(z) € X
and a~'(z) # i, for all r, where 1 < r < [. Hence ara™(z) = a(r(a™(z)) =

a(a™(x)) = x. Therefore we have ara™ = (a(iy) a(iz) ... a(i)). O

2.1.2 Group actions

In our discussion, a group G will be finite and a set X will be non-empty. In this
section, we will develop relation between orbits and stabilisers of the group action

and their special cases.

Definition 2.1.8. Let G be a group and X be a set. A (left) group action of G on
X is a function pu : G x X —— X that satisfies the following properties:

(1) 1z = x for all z € X.

(2) g1(g27) = (qr192)x for all z € X and ¢1, 92 € G.

Then we will say that G acts on X and call X a G-set.
Ezxample 2.1.9. Let G be Zy = {1,a} and X be Ry = {(x1,22) | x1,22 € R}. We

will define the action of the element o on X in this way: «(z1,x2) = (—21, —x2).
The first property of a group action is satisfied trivially. The second property of a
group action is satisfied as follows; 1(a(xy,22)) = 1(—z1, —x) = (—x1, —x2). Also,

(1) (21, x2) = (w1, x2) = (—x1, —22). Therefore G acts on X.

Theorem 2.1.10. Let G act on X, where G is a group and X is a non-empty set.
Define a relation ~ on X by for all x,y € X, x ~ y if and only if gr =y for some

g € G. Then ~ is an equivalence relation on X.

Proof. Since 1x = x for all x € X, we have x ~ x. Hence ~ is reflexive. Let x,y, 2

be in X. Now we suppose that x ~ y. Then there exists g € G such that gz = y. It
7



follows that x = g~ (gz) = g~ 'y. We see that g~y = g7 (gz) = (¢ 'g)z = 1z = =
Hence y ~ x and ~ is symmetric. Lastly, we suppose that x ~ y and y ~ 2. Then
there exist g1, g2 € G such that g1z = y and goy = 2. Thus (g291)x = ¢2(g1z) =
goy = z. Hence x ~ z and so ~ is transitive. Therefore ~ is an equivalence relation
on X. O]

Definition 2.1.11. Let G act on X, where G is a group and X is a non-empty set.
The equivalence classes Gx = {gz : ¢ € G} determined by the equivalence relation
in Theorem P.T.10 are called the orbits of G on X. The orbit containing x € X is
denoted by O(x).

Lemma 2.1.12. Let G act on X, where G is a group and X is a non-empty set.
For all x € X, the subset G, = {g € G : gx =z} is a subgroup of G.

Proof. Let x € X. 1 € G, since lx = x. Hence G # @. Let g;,g92 be in G,. Then
we have g1 = z and gyx = z. It follows that g5 ' (g27) = (g5 "g2)x = x = g, "x. This
means g, € G,. Moreover (g;'g1)r = g5 (q1x) = g5 'v = z. Hence g,'g1 € G,.

Therefore GG, is a subgroup of G. ]

Definition 2.1.13. The subgroup G, of Lemma 2.1.12 is called stabiliser of x.

We have defined the orbit and the stabiliser of a group action so far. We want to
prove the Orbit-Stabiliser Theorem in our following discussion. For this purpose, we

define cosets of subgroup of a group GG and show their main properties.

Definition 2.1.14. Let H be a subgroup of G. The set gH = {gh : h € H} is called
(left) coset of H in G for all g € G.

Theorem 2.1.15. Let H be a subgroup of G. Either giH = goH or gtH N goH = ()
for all g1, 92 € G.

Proof. Let g1, g2 € G, and suppose that gt H N goH # (). Hence there exists v € G
such that z € g1 H N goH. This means that x € ¢;H and z € goH and so © = g1hy
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and x = gohs for some hy, hy € H. Since g1hy = goho, gz_lgl = hghl_l € H. Therefore
g H = gH. [

Corollary 2.1.15.1. The set of cosets {gH : g € G} forms a partition of G.

Proof. Straightforward from the previous theorem. ]

Theorem 2.1.16. Let H be a subgroup of G. Then there is a bijection between H
and gH for all g € G.

Proof. Let g € G. We will show the existence of a bijection between H and its
left coset gH. Define a map v : H — gH by ~(h) = gh for all h € H. For any
hi,hy € H, ~(hy) = v(hy) if and only if gh; = ghs. Thus 7 is well-defined and
one-to-one. Let gh € gH. Since h € H, v(h) = gh. Hence 7 is onto. Therefore v is
a bijection map and |H| = |gH|. O

Definition 2.1.17. Let H be a subgroup of G. The number of distinct left cosets
of H in G is denoted by [G : H] and is called the index of H in G.

Now, we are ready to prove our main theorem in this section.

Theorem 2.1.18. Orbit-Stabiliser Theorem|[6] Let G act on X, where G is a
group and X is a non-empty set. For all x € X,

O()] =[G : G-

Proof. Let x € X. We will show the existence of a bijection between left cosets of G,
and O(z). Define a map o : G/G, — O(x) by a(9G,) = gz for all ¢G, € G/G,.

We first look at well-definedness of the map. We suppose that ¢;G, = ¢.G,. for
some gi,g, € G. Then we get g,'g1 € G, and so gy g1z = z. It follows that

G205 17 = gox. Hence this means g1z = gox, and « is well-defined.

9



Secondly, we suppose that a(g1G,) = a(g2G,) for some g1,92 € G. Thus we
have g1z = gox. It follows that g, 'giz = x, and so g, ‘g1 € G,. Therefore we get

91G, = g2G,., and « is one-to-one.

Lastly, let y € O(x). Then there exists g3 € G such that gsz = y. Hence

a(g3Gz) = gsx = y, and so « is onto. Therefore a is a bijection map, and so

0(2)] =[G : Ga]. .

Example 2.1.19. Let G be a group. We will define an action of G on itself by
conjugation: 8 : G x G — G by B(gz) = grg™! for all g,x € G. We check two
properties of a group action. Let g1, g9, € G. Firstly, 1x = 1zl = z. Secondly,
g1(g27) = g1(gox95") = 9192795 97" = (g1g2)x. Hence this action satisfies group

action criteria. Now we will find out orbit and stabiliser of it.

Then the orbit O(z) = {gz : g € G} = {gzg™" : g € G} for all z € G. The
stabiliser G, = {g € G:gr =2} ={9g€ G :grg ' =2} = {9 € G: gv = xg} for all
zeq.

Example 2.1.20. [9] Let G be a group. We will define an action of G on the set of
all subsets of G, namely P(G), : 6 : G x P(G) — P(G) by d(gA) = gAg~* for all
g € G and A € P(G). We check two properties of a group action. Let g1,92 € G
and A € P(G). Firstly, 1A = 141 = A. Secondly, gi1(g24) = g1(g2Ag;") =
9192495 g7 = (g192)A. Hence this action satisfies group action criteria. Now we

will find out orbit and stabiliser of it.

Then the orbit O(A) = {gA : g € G} = {gAg~' : g € G} for all A € P(G). The
stabiliser Gy ={g € G:gA=A}={g e G:gAg' = A} ={ge€ G:gA= Ag} for
all A € P(Q).

Definition 2.1.21. (i) The orbit O(xz) of Example is called the

conjugacy class of x in G.

(74) The stabiliser G, of Example is called the centralizer of x in G and is

10



denoted by Cg ().

(7i1) Two subsets A and B are called conjugate in G if there exists g € G such
that B = gAg—*.

(iv) The stabiliser G4 of Example 2.T.20) is called the normalizer of A in G and
is denoted by Ng(A).

The next two propositions are the special cases of the Orbit-Stabiliser Theorem.

Proposition 2.1.22. Let G act on itself by conjugation. Then the number of con-

jugates of x is the index of its centralizer. That is,
|O(x)| =[G : Cg(x)] for all x € G.

Proposition 2.1.23. Let G act on P(G) by conjugation. Then the number of con-

jugates of A is the index of its normalizer. That is,
|O(A)| =[G : Ng(A)] for all A € P(G).

Definition 2.1.24. Let G act on X, where GG is a group and X is a non-empty set.
Let x € X and g € G. Then z is called fized by g if gr =z. If gr = x for all g € G
then x is called fized by G.

Theorem 2.1.25. Let G act on X, where G is a group and X is a non-empty set.
Forallge G and x € X, py : x — gx 1s a permutation of X. Then p: G — Sx
defined by p(g) = py is a homomorphism.

Proof. Firstly, we will show that p, is a permutation of X. Let g € G and z € X.

Then, pyp,-1(2) = py(g~ ) = gg~ o = x. Also py-1py(z) = p-1(gz) = g g = .
Hence p, has an inverse pg-1. Thus p, is a permutation.

11



Lastly, we will show that p is a homomorphism. Let ¢1,9o € G. Then

Pg1Pg:(T) = G192% = pgigo(). 1t follows that p(g1g2) = pgigs = PgiPg.- Therefore
p is a homomorphism. [

Definition 2.1.26. [§] The homomorphism p in Theorem is called a
permutation representation of G. If the kernel of the p is trivial then the action of
G on X is called faithful.

Theorem 2.1.27. Burnside’s Lemma Let G act on X, where G is a group and

X is a non-empty set. Then the number of orbits of G on X is

a2

geG

where | X9| is the number of elements of X fized by g.

Proof. Let T'={(g,2) € Gx X : gr =z} and X = X; U X, U...U X}, where the X;s
are the distinct orbits of X and x; € X; for 1 <i < k. Since |XY| is the number of
elements of X fixed by g, we have [T = > ,|X?|. On the other hand, since |G|
is the number of elements of G fixing x, then |T| = > _\ |G,|. Therefore,

D IXY =D |Gal + D |Gal + o+ D |Gl

geG reX r€Xo ze€ Xy

By the Orbit-Stabiliser Theorem ([2I.18]), if two distinct elements of X are in same
orbit, then the order of their stabilisers will be same. Hence, » .y [G.| = |Xi[|Gy,|.
It follows that,

DX = X[ G|+ Xl |G| o 4 X[ G |-

geG
|G| |G| |G|
A 1Ga |+ T |Gl + o+ G
TG G |G
Thus ) . | X9 = k|G|, where k is the number of orbits of G on X. O
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2.1.3 Sylow theorems

In this section, we will prove Sylow theorems. We first give some definitions and

theorems that we use in the proofs of Sylow theorems. A group G will be finite.

Definition 2.1.28. Let p be a prime number and G be a group. A group G is called

p-group if its order is a power of p.

Lemma 2.1.29. Let G act on X, where G is a p-group and X is a non-empty set.
Let X% be a set of fized points in the action as follows;

XC={rxeX:gr=2a forall g G}.

Then | X% = | X| mod p.

Proof. Let X be a union X; U X5 U ... U X}, where X;’s are all distinct orbits of X
for 1 < i < k. Without loss of generality, we suppose that | X;| =1 for 1 <i < j
and |X;| > 1 for j +1 < i < k. Therefore,

X =X, UXoU.. UXj,

and so |X¢| = j. Then,

k
X=X+ > X (2.1)
i=j+1
Also by the Orbit-Stabiliser Theorem (Z.I1.I8)), we have | X;| = %, where z; € X;
for 1 <4 < k. It follows that since the order of G is a power of p, | X;| is also a
power of p for 1 <i < k. Therefore | X;| =p° =1for 1 <i < j and \Zf:jH | X || is
a multiple of p.

Then in mod p, (2.1) becomes |X| = j = |X¢|. O
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Theorem 2.1.30. Lagrange’s Theorem Let H be a subgroup of a group G. Then
the order of H divides the order of G and the ratio is equal to the index of H in G,
namely

G|

WZ[G:H].

Proof. Let H be a subgroup of G. By Corollary 22T.T15.7] G can be partitioned into
cosets of H. Then let ¢1H, g2 H,...,g,H be all distinct cosets of H in G. Thus
G=gHUgHU..UgH and |G| =|g1H|+ |g-H| + ... + |9, H|. Since |H| = |g;H]|
for all 1 <4 < n by Theorem 210, |G| = n|H|. Therefore |H| divides |G| and
n=|[G: H. O

Lemma 2.1.31. [I0, 1.8. Lemma| Let p be a prime number; and let r > 0 and

=m m‘)d p.
p

m > 1 be integers. Then

Proof. Let n be a positive integer such that (1+x)" is polynomial. Then by binomial

expansion,
n n n
1 "= oyl 1
(1+z)" == +<n_1>x + +<n_k)+ +<1)+
where 1 < k <n—1 and (nfk)’s are called binomial coef ficients.
When n = p,
p n—1 p p
1 P =P 1
(1+2) x—l—(p_1>:v + +(p_k)+ +<1)+
where 1 <k <p-—1.

We note that all (pf k) in the above expansion are divisible by p since k& < p and

p is prime. Hence we have (1 + z)? = 1 + 2? mod p. This means that binomial
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coefficients of corresponding powers of x are congruent mod p. If we take p power of

each congruence sides then we have
(I+2)P)P =1 +a")P =1+ (@) =1+ 27 mod p.
If we keep continuing in this way, we have (1 +x)?" =1+ 2*" mod p. It follows that
(1+2)P™ = (14 2)™ mod p. (2.2)

Therefore we have (p;:") A (T) 2P mod p from out last congruence relation 2.1,

(== ()
m = mod p.
P 1

Definition 2.1.32. Let G be a group and p be a prime number.

and so

(1) Let |G| be p"m where p 4 m and r > 0. If there exists a subgroup P of order
p" then P is called a Sylow p-subgroup of G.

(77) The set of all Sylow p-subgroups of G is denoted by Syl,(G).

(77i) The number of Sylow p-subgroups of G is denoted by n,,.

Now, we are ready to prove the existence theorem of Sylow.

Theorem 2.1.33. Sylow’s Existence Theorem[10] Let G be a group with order
|G| = p"m, where ptm and r > 1. Then there ezists a Sylow p-subgroup in G.

Proof. Let X be the set of all subsets with order p” in G. Then G can act by right
multiplication on X, and so X can be partitioned into orbits. This means that the
order of X is a summation of the order of orbits. The order of X is simply (p;f‘).
We note that (p;:”) = m mod p by Lemma 2T.3T] Hence p{|X| and there exists an

orbit, say Xk, such that p 1 |Xg|.
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Let A be a subset in GG such that A € X,. Also let G4 be the stabiliser of A in
G. By the Orbit-Stabiliser Theorem 2.T.18] we have |Xj| = \|G_C;|| Also since p 1 | Xk|
and p” | |G|, p" divides |G 4|. This means that p" < |G4|.

Let a € A and h € G4. Then ah € Ah = A. This means that aG4 C A. Since
|G 4| = |aGal, we have |G4| < |A| = p". Hence the order of G4 is p". Therefore G4
is a Sylow p-subgroup of G. ]

Hence we know that a Sylow p-subgroup exists in a group G. Next, we prove the

remaining Sylow theorems.

Theorem 2.1.34. Sylow Theorems[9] Let G be a group with order |G| = p'm,
where pfm and r > 1.

(1) Any two Sylow p-subgroups of G are conjugate in G and any p-subgroup of G

is contained in a Sylow p-subgroup.

1) The number of Sylow p-subgroups of G, n,, is congruent to 1 mod p, namel
Y p group P g p Y

n, =1, and n, divides |G|.

Proof. We have shown that there exists a Sylow p-subgroup P in G in Theorem
2133l Then let X be the set of all conjugates of P, namely X = {gPg~! := P9 :
g € G}. Thus P acts on X by conjugation. Since P is a p-group, |X| = |Fp(X)]
mod p, where Fp(X)={Q € X : Q9 =Q for all g € P}, by Lemma 2129

Obviously P is in Fp(X) and so Fp(X) # (. Then let Q € Fp(X), and so
gQg™!' = Q for all g € P. This means that P < Ng(Q). Also since Q < Ng(Q),
PQ is a group such that P < PQ < Ng(Q). It follows that |PQ| = ||11§r|j|g“ = pF
for some k < r. Since P and @ are both Sylow p-subgroups and Q < PQ), we have

PQ = P = Q. Therefore |Fp(X)| =1 and so [X|=n, = 1.
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Let R be a p-subgroup of G. Then R acts on X by conjugation. By Lemma
and our previous work above, |Fr(X)| = |X| = 1 mod p. Therefore there is a
Q € Fr(X) such that gQg~! = Q for all g € H. Since R < Ng(Q) and Q < Ng(Q),
RQ is a group such that @ < RQ) < Ng(Q). This means that RQ is a p-subgroup
of G containing @), which is a Sylow p-subgroup. Hence we have RQ = Q. It follows
that R < R(Q) = (). Therefore any p-subgroup R is contained in a Sylow p-subgroup.

Let K be a Sylow p-subgroup of GG. In our above argument, R can be K. Then
K < Q for some () € X. Since both K and ) are Sylow p-subgroups, they have same
order. This means that K = (). Therefore the set X contains all Sylow p-subgroups

of GG, and so any two Sylow p-subgroups are conjugate.

Finally, we have shown that the order of X is the number of conjugates of P.
Thus |X| = [G : Ng(P)] by Proposition 2 1.23] It follows that m =[G : P] = [G :
Ng(P)][Ng(P) : P]. Hence | X| divides m. O
Theorem 2.1.35. Cauchy’s Theorem[I0] Let G be a group and its order |G| be
divisible by prime p. Then G has an element of order p.

Proof. By Sylow’s Existence Theorem (2.1.33), we know that there exists a Sylow
p-subgroup of G, say P. Then |P| = p" where p" is the highest power of p dividing
the order of G. Let = be non-identity element of P. By Lagrange’s Theorem (Z1.30),
the order of z, say |(z)|, divides | P|. Since z is not identity, 1 < [(z)| = p™ for some

1 < m < r. It follows that the order of 2™ is p. Hence G has an element of order
D. O

2.1.4 k-transitive actions

In this section, we will develop simplicity criterias for multiply transitive groups.

The last two results of this section will help to show the simplicity of the Mathieu
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groups Mo, Moy and Mas.

Definition 2.1.36. Let GG act on X, where GG is a group and X is a non-empty set.
If there exists only one orbit of G then the action of G is called transitive. In other

words; for any z,y € X there exists a ¢ € G such that x = gy.

Definition 2.1.37. Let GG act on X, where G is a group and X is a non-empty set.
The action is called k-transitive if for any two ordered k-tuples (z1, ..., xx), (Y1, -, Yr)
of distinct elements of X there exists a g € G such that x; = gy; for 1 < i <k,
where £ > 1. We may call our action in Definition 1-transitive. When
k > 2, we may call our actions multiply transitive and our groups in the action

multiply transivite groups.

Definition 2.1.38. If G acts transitively on a set X then the number of orbits of
the stabiliser G, on X is called rank.

The next theorem is fundamental for k-transitive actions.

Theorem 2.1.39. Let G act transitively on X and x € X. Then G acts k-transitively
on X if and only if the stabiliser G, acts (k—1)-transitively on X \{z}, where k > 2.

Proof. Suppose that G acts k-transitively on X. Then let (z1,...,z5_1) and
(Y1, .., Yk—1) be ordered (k — 1)-tuples of X \ {z}, where all x; and y;’s are dis-
tinct entries of tuples. Also let (xq,...,xx_1,2) and (y1, ..., yx—1, ) be k-tuples of X.
It follows that there exists a g € G such that xz; = gy; for 1 <i < k—1 and x = gz.
Thus g € G, and so G, acts (k — 1)-transively on X \ {z}.

Conversely, suppose that G, acts (k — 1)-transitively on X \ {z}. Let (y1, ..., yx)
be ordered k-tuple of X, where all y;’s are distinct entries of a tuple and also let
T, ...,y be distinct elements of X \ {z}. Since G acts transitively on X, there exists
g € G such that gy, = z and gy; = z; for 1 <i < k—1. That is, g(y1, ..., Ys—1, Yx) =
(21, ..y 2p—1, ). Since G, acts (k — 1)-transitively on X \ {x}, there exists h € G,
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such that hz; = x; for 1 <i <k — 1. Hence h(z, ..., 2xk_1,2) = (1, ..., g1, x). This
means that there exists hg = f € G such that f(y1,...,yx) = (21, ...,x). Therefore G
acts k-transitively on X. O]

Definition 2.1.40. Let G be a group and X be a non-empty set. Then let
H = {xi,...,x;} be a subset of distinct elements of X. If G acts on X then the
pointwise stabiliser of H in G is the set {g € G : gz; = z; for 1 < i < k} and
denoted by G,

-
Definition 2.1.41. Let G act k-transitively on a non-empty set X. If only the
identity element of G fixes k distinct elements of X then the action is called sharply

k-transitive.

Now we will show the Orbit-Stabiliser relation of k-transitive and sharply k-

transitive actions.

Theorem 2.1.42. Let G act k-transitively on a non-empty set X. Then
IGl=n(n—1)..(n —k+1)|Gsy 2l

where | X| =n and x;’s are all distinct elements of X.

Proof. Let G acts k-transitively on X and x1, ...,z be distinct elements of X. By
Orbit-Stabiliser Theorem (2.1.18)), we have |G| = n|G,,|. Since G acts k-transitively,
G, acts (k — 1)-transively on X \ {z;1}. Then if we apply Orbit-Stabiliser Theorem
on G,,, we have |G,,| = (n — 1)|Gyy 2] In a similar manner, since G, ., acts
(k — 2)-transitively on X \ {z1,z2}, we have |Gy, 2] = (0 — 2)|Gayaps]- If k< 3,

our process is already finished.

If we continue (k—3) times more in this way for & > 4, then we have |G, .
(n— (k= 1))[Gay,m |-

T—1

Therefore |G| =n(n —1)...(n —k+1)|Gy4, .. 2

el
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Corollary 2.1.42.1. If G acts sharply k-transitively on X, then

|IGl=nn—1)..(n—k+1).

Proof. Since G acts sharply, only the identity fixes x1, ..., 2. Thus |G,

,,,,,

Theorem 2.1.43. Let G act faithfully and k-transitively on X and x € X. Then G
acts sharply k-transitively on X if and only if the stabiliser G, acts sharply (k —1)-
transitively on X \ {x}, where k > 2.

Proof. Suppose that G acts sharply k-transitively. Let € X. By Theorem 2.1.39]
G, acts (k — 1)-transitively on X \ {z}. Let (z1,...,25-1) be ordered (k — 1)-tuple
of X \ {2z}, where all x;’s are distinct. Since G acts sharply, the identity element of
G is the only element fixing (1, ..., 2x_1,2). This means that the identity element is
also the only element of G, fixing (x1,...,2x_1). Therefore G, acts sharply (k — 1)-

transitively.

Conversely, suppose that G, acts sharply (k — 1)-transitively on X \ {z}. Then
by Theorem 21339 G acts k-transitively on X. Let (z1,...,2x) be ordered k-tuple
z,- Then G, acts sharply (k—1)-
transitively on X \ x; for 1 <4 < k. For this reason, the identity element is the only

of X, where all x;’s are distinct and let g € G,

.....

element fixing (z1,...,zx). Hence g is the identity element, and so G acts sharply

k-transitively on X. O

Definition 2.1.44. A sharply 1-transitive group action is called regular.

2.1.4.1 Primitive actions

Definition 2.1.45. Let G acts on X, where GG is a group and X is a non-empty
set. A block is a subset, say B, of X with special property: for all g € G, either
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gB = B or gBN B = (). Then if B is empty set, X or one-point subset of X then
we call B trivial block. If B is not previously mentioned trivial block then we call

B non-trivial block.

Definition 2.1.46. Let G act transitively on X. If all blocks are trivial then G acts
primitively on X. If there exists a non-trivial block then G acts imprimitively on
X.

Theorem 2.1.47. If G acts k-transitively on X, where k > 2, then the action is

primaitive.

Proof. We suppose that there exists a non-trivial block in X, say B. Then let
x1, X2, x3 be distinct elements in X such that z,29 € B and z3 ¢ B. Since k > 2,
there exists ¢ € G such that gz = z; and gxes = x3. Thus BN gB # () and so we

get a contradiction. ]

In the previous theorem, we show that if £ > 2 then k-transitive actions are

primitive. Now we will prove the fundamental theorem of primitive actions.

Theorem 2.1.48. Let G act transitively on X. Then the action is primitive if and
only if the stabiliser G is a maximal subgroup of G for all v X.

Proof. We suppose that GG, is not a maximal subgroup. Thus there exists a subgroup
H such that G, < H < G. Let Hx = {gx : g € H} and suppose that HxNgHx # ().
Then there exist hy, hy € H such that hyx = ghsx, and so x = hl_lghgx. Thus we
have h;'ghy € G, < H. This implies that g € H. Therefore Hr = gHx and so Hx

is a block.

Since H > G,, Hx is non-empty. We suppose that Hr = X. Let us pick g € G
such that g ¢ H. Then there exists h € H such that hz = y for all y € X. That is,
gr = ha for some h € H. It follows that ¢-'h € G, < H. Thus ¢ € H and so we
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get a contradiction. Lastly, we suppose that Hz is a one-point subset of X. Thus

H < G,. Since G, < H, we get a contradiction. Hence the action is not primitive.

Now, we suppose that G, is a maximal subgroup and also there exists a non-trivial
block, say B, in X. Let H be {g € G : ¢B = B}. H is clearly a subgroup of G.
Let x € B. If gvr = x then x € BN gB and g € G,. Hence ¢gB = B and G, < H.
Since B is non-trivial, there exists y € B such that = # y. Also since the action is
transitive, there exists g € G such that gr = y. This means that y € BN gB and so
gB = B. Hence g € H but g ¢ G,. Thus G, < H. Assume that H = G. Since G
acts transitively, X = B. Then we get a contradiction. Hence we have G, < H < G.

Since GG, a maximal subgroup, we get a contradiction. O

2.1.4.2 Simplicity criteria

We first establish a relation between k-transitive action of a group G and normal

subgroup H in G.

Definition 2.1.49. Let G be a group and H be a subgroup of G. If gHg™' = H
for all g € G then H is called normal subgroup of G and the relation is denoted by
H<d.

Definition 2.1.50. Let G be a group such that G # {1}. G is called simple if G

has only trivial normal subgroups, namely {1} and G.

Definition 2.1.51. Let G act on X and H < G. If H acts regularly on X then H

is called regular normal subgroup.

Theorem 2.1.52. Let G act on X and x,y be in X. Assume that H is subgroup
of G. Then if Hx N Hy # () we have Hx = Hy. If we assume that H is a normal
subgroup then we call Hx block for any r € X.
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Proof. We suppose that Hx N Hy # (. Then there exist hy,hy € H such that
hix = hyy. Thus = hy 'hyy and so x € Hy. This implies that Hx = Hy.

Let g € GG. Now, we suppose that H is a normal subgroup of G and gHx N Hy #
(). Tt follows that gHx N Hx = Hgx N Hz. Then there exist hy, hy € H such that
higr = hyx. Thus gr = h{'hox and so gr € Hx. This implies that gHz = Hy;
hence Hzx is a block of G. ]

Theorem 2.1.53. Let G act faithfully and primitively on X. If H is non-trivial

normal subgroup of G then H acts transitively on X.

Proof. We know that for all z € X, Hx is a block from Theorem 2.1.521 Then Hz
must be one of the trivial blocks since G acts primitively. It follows that Hx can not
be empty set or {z} since H is non-trivial subgroup and G acts faithfully. Therefore
Hx = X for all z € X and so H acts transitively on X. O

Theorem 2.1.54. Let G act faithfully and primitively on X and G, be simple. Then
we have either G is simple or every non-trivial normal subgroup H of G is a regular

normal subgroup.

Proof. If H is a non-trivial normal subgroup then H acts transitively on X by The-
orem 2.1.53l It follows that H N G, < G, for all x € X. Since G, is simple, H N G,
must be equal to 1 or G,.. If H NG, = 1 then H acts regularly on X. Then if
HNG, =G, then G, < H. By Theorem 2.1.48, G, must be maximal subgroup of
G. This means that H = G since H acts transitively on X. ]

Definition 2.1.55. Let G act on two non-empty sets X and Y. A function f :
X — Y defined by f(gz) = gf(z) for all g € G and = € X is called G-map. If f is

a bijection then we call f G-isomorphism and say that two actions are isomorphic.

Theorem 2.1.56. Let G act transitively on X and H be a reqular normal subgroup
of G. Let x be fivred in X and G, act on H* := H \ {1} by conjugation. Then the
actions of G, on X \ {x} and H \ {1} are isomorphic.
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Proof. Let us define f: H* — X \ {z} by f(h) = ha. Suppose that f(hy) = f(hs)
for some hy, hy € H*. Then hiz = hox implies that h;lhl € H,, and so f is one-to-
one. Also since H acts regularly on X, | X| = |H|. Then |H*| = |X \ {z}| and f is

onto. Therefore f is a bijection.

Now, we show that f is a G,-map. Let g € G, and h € H*. Then f(gh) =
f(ghg™") = ghg™'x = ghx = gf(h). Therefore f is a G,-map. O

Definition 2.1.57. Let p be a prime. An elementary abelian group is a group that

is isomorphic to Z, X ... X Zj,.

Now, we are ready to give simplicity criteria for k-transitive groups.

Theorem 2.1.58. [8] Let G act k-transitively on X and H be a regular normal
subgroup of G, where 2 < 'k and |X|=mn. Then k < 4. Also,

(i) If 2 < k < 4 then H is an elementary p-group and |X| = n = p* for some p
and k.

(i) If 3 < k < 4 then either H = Z3 and n = 3 or H is an elementary 2-group

and | X| =n = 2F for some k.

(iii) If k =4 then H 2V =7y X Zy and | X| =n = 22,

Proof. Since G acts k-transitively on X, G, acts (k — 1)-transitively on X \ {z} by
Theorem Then by Theorem 2156, G, acts (k— 1)-transitively on H\ {1} :=
H* by conjugation.

() Since elements of H* are conjugate in G, all elements in H* have same order
that is prime, say p. Hence |H| = p* for some k. Since H acts regularly on X,
| X| =n = pF. Also since the center of H is the H itself, H is abelian, and so H is

an elementary abelian p-group.
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(7i) Since k > 3, G, acts primitively on H* by Theorem 2.T.47] Let h € H*. Then
{h,h™1} is a block since G, acts by conjugation. It follows that {h, h~'} should be
either H* or {h}. If {h,h™'} = H* then H = {1,h,h™'} and so H = Z3 and | X| = 3.
If {h,h='} = {h} then h? = 1 and so H is an elementary 2-group and |X| =n = 2F

for some k.

(7i1) We suppose that k = 4. Then £k — 1 = 3 and |X| > 4 and by Theorem
21506, | X\ {z}| = |H*|. Thus |H*| > 3. From part (i¢), we have H is an elementary
2-group and since |X| > 4, H contains V. Let V = {1, h, k,hk}. Then G,, acts
2-transitively on H* \ {h}. Hence this action also is primitive by Theorem 2.T.47]
Then {k, hk} is a block since G, acts by conjugation. Therefore {k, hk} = H*\ {h}
and so H =V =Zy X Zy and |X| = 4. O

Theorem 2.1.59. [8] Let G act faithfully and k-transitively on X, where k > 2,
|X| =n and G, be simple for some x € X.

(1) If k > 4 then G is simple.

(i) If k > 3 and | X| # 2% for some k then either G = S or G is simple.

(iii) If k > 2 and |X| # p* for any k and prime p then G is simple.
Proof. Since G acts faithfully and primitively on X and G, is simple, we have either
G is simple or G has regular normal subgroup H. We suppose that G has regular
normal subgroup H. By Theorem 2.T.58, k£ < 4 and if £ = 4 we have H = V and
|X| = 4. Also let p be a permutation representation of the action of G on X. Thus
p(G) < S,. It follows that Sy has only 4-transitive subgroup that is itself and the

stabiliser of any point in 54 is S3 that is not simple. Therefore we get a contradiction.

Hence G is simple.
If we have k > 3 and |X| # 2" for some k then we get H = Z3 and n = 3 by
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Theorem 2.T.58 This means that p(G) < S3. Since S5 has only 3-transitive subgroup
that is itself and the stabiliser of any point in S3 is S, that is simple, we have either

G = S5 or (G is simple.

If we have k > 2 then we have | X| = n = p* for some p and k by Theorem 258

Therefore we get a contradiction and so G is simple. [

2.2 Affine and projective planes

In this section, we mainly follow G. Eric Moorhouse’s book [12] and Bart De Bruyn’s
book [13]. We will explain basic properties of finite affine and projective spaces. In
chapter 4, we will see that these finite geometries have a connection with certain

Steiner systems.

2.2.1 Introduction

Definition 2.2.1. An incidence structure contains two certain objects together

with a binary relation that shows an incidence relation between these objects.

Throughout our discussion, we will consider certain objects as points and lines.

Definition 2.2.2. A point-line incidence structure is an S = (P, L, I) where P is
a set of points, £ is a set of lines and [ is the incidence relation. In other words, I
is a subset of P x L, which means that it is a binary relation showing which pairs of

point-line are incident.

We will show an example of the classical point-line incidence structure.
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Example 2.2.3. Let P = R?, where R is the set of real numbers and let £ be the
set of straight lines incident with (z,y) € R% Then I is a set containment. Thus S

becomes the Euclidean Plane.

Definition 2.2.4. If a point-line incidence structure satisfies following properties:
(7) There exists at most one line through any two distinct points.
(7i) Every line contains at least two points.

then call it partial linear space.

Definition 2.2.5. If a point-line incidence structure satisfies following properties:
(1) There exists exactly one line through any two distinct points.
(77) Every line contains at least two points.

then call it linear space.

Now, we are ready to show some basic properties of our special examples of linear

spaces: Affine and projective planes.

2.2.2 Affine planes

Definition 2.2.6. An af fine plane is a linear space satisfying following properties:

(7) For any line ¢ and any point x not on ¢ there exists exactly one line through

x that does not meet ¢.
(74) There exists four points, no three of which are collinear.
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Definition 2.2.7. Let ¢ and m be two lines in an affine plane. Then ¢ is parallel to

m, denoted by ¢ || m, if either £ = m or ¢ and m have no common point.

Lemma 2.2.8. Parallelism is an equivalence relation.

Proof. Let £,m,h be distinct lines. Firstly, ¢ || ¢, and so our relation is reflexive.
Also if we have ¢ || m then we have m || ¢ too. Thus our relation is symmetric.
Lastly, suppose that ¢ || m and m || n. We assume that ¢ and n are not parallel.
Then they have a common point, say x. However m is parallel to both ¢ and n; and
since x ¢ m there exists a unique line through x parallel to m. However there exist
two lines that are incident to x. Therefore we get a contradiction. Then ¢ || n, and

so our relation is transitive. Thus || is an equivalence relation. O]

Theorem 2.2.9. Let S be an affine plane. Any two lines in S contain the same

number of points.

Proof. Let {1 and {5 be two distinct lines. Then there exists a point x € ¢, such that
x & ly. Similarly, there exists a point y € {5 such that y ¢ ¢;. Let {3 be a line that is
incident to x and y. Also let z; be any point in ¢;. Hence there exists a line ¢, that
contains z; is parallel to /3. It follows that ¢4 is not parallel to /3, and so ¢, contains
a common point with /3, say 2/1 We suppose that ¢, contains n points for n > 2.
Then we can repeat same procedure for the remaining n — 1 points of ¢;. Therefore

we have a bijection between /1 and ¢5. Hence ¢, contains n points. O

Definition 2.2.10. The order of an affine plane is the number of points on the line

of the plane.

If an affine plane is of order n then each line in an affine plane contains n points.

Theorem 2.2.11. Let S be an affine plane of order n > 2. Then the following
properties hold:
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(i) Every point of S is incident with exactly n + 1 lines.
(ii) Ewvery parallel class of S is comprised of n lines.
(13i) There exists n+ 1 parallel classes in S.

(iv) There exists n* points in S.

(v) There exists n® +n lines in S.

Proof. (i) Let z and y be two distinct points of S. We know that for any line ¢,
through z there exists a unique line /5 through y that is parallel to ¢;. This means
that there exists bijection between lines containing x and lines containing y. By
Theorem 2.2.9, each line has n points such that n + 1 is the number of lines through

any point.

Let x,y and z be three non-collinear points. In addition to a line through z, y and
a line through x, z, there exists a unique line through x parallel to the line through

y, z. This means that we have at least three lines through . Hence n +1 > 3.

(7i) Let IC be a parallel class of S. Then let ¢; € K. We suppose that there is a
point x in ¢;. Also let x € {5 such that ¢; # ¢5. {5 contains n — 1 points other than
x. It follows that there exists a unique line that is parallel to ¢; through for each
n — 1 points on f5. This means that [KC| > n. Also since there are n points on £y and
Uy ¢ KC, each line in K is incident with a point of f5. So || < n. Therefore we have
Kl =n

(7i1) Let = be a point. For every parallel class K, there exists a unique line through
x which is in . Also there exists n + 1 lines that are incident with x. Hence there

are n + 1 different parallel classes.
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(7v) Since parallelism is an equivalence relation, a parallel class partition the points
of S. In each parallel class, there exist n lines and each line contains n points. Hence

there are n? points in S.

(v) There are n+ 1 parallel classes and each containing n lines. Hence there exists

n(n 4+ 1) lines in S. O

2.2.3 Projective planes

Definition 2.2.12. A projective plane is a linear space satisfying following proper-

ties:
(1) Any two distinct lines have a unique common point.

(74) There exists four points, no three of which are collinear.

Theorem 2.2.13. If we remove a line from a projective plane then we will have an

affine plane.

Proof. We suppose that ¢; is a line that is removed from the projective plane. Since
we have a linear space, we only need to check properties of an affine plane. Let x be
a point such that = ¢ ¢, and /5 be a line such that ¢y # ¢; and x ¢ (5. Let y = ¢1N /5.
Then every line is incident with z intersects /5 in a point outside ¢, apart form the

line through = and y, which is the unique line through x parallel to /5.

Let x,y, z, w be four points in the projective plane such that no three of which
are collinear. If /; contains at most one of the z,y, z or w then the last property of
an affine plane is satisfied by remaining three points. Without loss of generality, let

z,w € {;. Let p be the common point of the line through x, z and the line through
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y,w. Then we have p ¢ ¢ and p not in the line through z,y. Therefore p, z, y satisfy

the last property of an affine plane. Hence we have an affine plane. ]

We will use Theorem 2.2.13 to prove basic properties of a projective plane in the

next theorem.

Theorem 2.2.14. Let S be a projective plane of order n > 2. Then the following
properties hold:

(1) Every line of S contains exactly n + 1 points.
(13) Every point of S is incident with exactly n+ 1 lines.
(i17) There exists n® + n + 1 points in S.

(iv) There exists n* +n+ 1 lines in S.

Proof. By previous theorem, if we remove a line ¢ from the projective plane we get
an affine plane. Let n be the order of the affine plane. Each affine line contains n
points. Thus adding the removed point leads to n + 1 points on each line in the
projective plane. There exist n + 1 lines that is through each point in the affine
plane. If we have a removed point then there exists n affine lines through it. Then
there are n? affine points and n + 1 points of the removed line. Also there are n? +n

affine lines and one removed line. O]
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Chapter 3

Steiner Systems

In this chapter, we will introduce Steiner systems and its some properties that we will
use throughout the thesis. We mainly follow John D. Dixon and Brian Mortimer’s

book [16] Permutation groups.

3.1 Introduction

Definition 3.1.1. [I7] Let t,k,v be integers such that 1 <t <k <wv. A
Steiner system S(t,k,v) is a set V of v points together with a family B of sub-
set of k points, blocks, of V' with the property that every subset of ¢ points of V is

contained in exactly one block.

Example 3.1.2. [18] The Fano Plane in Figure 3.1.1 is an example of the Steiner
system of type S(2,3,7) that is unique up to isomorphism. In the plane, there are 7
points that form a set V. Then a family B of subsets of 3 points is seen as 7 lines with

the property that any two points of V' lie in a unique line. Also we note that proving
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strategy of the uniqueness of S(2,3,7) is similar to the proof of the uniqueness of

S5(2,3,9) in Theorem G111

Figure 3.1.1 [I8]: The Fano Plane

Now, we will count the number of blocks, namely |B|. The number of subset of ¢

v

t). Likewise, the number of subset of ¢ points in each block is (k)

points of V is ( )

Since every subset of ¢ points is contained in a unique block then |B| is equal to

- (3.1)
()

In a similar manner, we will count the number of blocks containing any given
point, say a. Since « is fixed in blocks we consider set of points as V' \ {a} and its

order of blocks as k — 1 in our further calculation. The number of subset of t — 1

points of V' \ {a} is (!_}). Similarly, the number of subset of ¢ — 1 points containing

t—1
k—1

« in each block containing « is ( 1

=)
((21)°

This result can be extended to t points if we proceed in a same way. Therefore

). Hence the number of blocks containing « is

the number of blocks containing ¢ points where 1 < i <t is equal to
(=)
E—a\
(i)

Our observation and its generalization above lead to Theorem B.2.1] in the following

(3.2)

section that will play key role to the construction of Mathieu groups by Steiner

systems.
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3.2 Some properties

Theorem 3.2.1. [f there exists an S(t, k,v) then there exists an S(t—1,k—1,v—1)
where 2 <t < k < v.

Proof. We suppose that an S(t, k, v) exists. Then let 5 be any point in V. Our claim

is that we can form a Steiner system on a set V' \ {5} of v — 1 points.

Firstly; in S(t, k,v) we exclude blocks not containing 5. Hence we have gotten
only blocks containing 8. In these blocks, every subset of ¢ points is contained in
exactly one block. If we remove 8 from blocks containing 8 we have a sets of k — 1
points and every subset of ¢ — 1 points is in a unique set of £k — 1 points. Therefore
there exists an S(t — 1,k — 1,v —1). O

We can generalize Theorem B.2.1] as follows.

Corollary 3.2.1.1. If there exists an S(t, k,v) then there exists an S(t—i, k—i,v—1)
where 1 < <t — 2.

Proof. We suppose that an S(t, k,v) exists. Then by Theorem 4.2.1., S(t — 1,k —
1,v—1) exists. Hence S(t — 2,k —2,v — 2) exists too. If we repeat this process t — 4
times more we will get S(2,k —t +2,v — ¢t + 2) that exists. O

Proposition 3.2.2. If there exists S(2,3,7) then there exists S(3,4,8).
Proof. We have already introduced the Fano Plane, S(2,3,7), in Example B.1.21 We
assume that we already have an S(3,4,8). Also by Corollary B2ZTT] if S(3,4,8)

exists then S(2,3,7) exists too. As a result if we remove one point, say «, from
S(3,4,8) we will have S(2,3,7). For this reason, a block in S(3,4, 8) containing « is
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of the form QU {a} where Q denotes a block; that is, a line in S(2,3,7). Since there
are 7 such 2, we have 7 such form of QU {a}.

We note that QU {a} has three collinear points and «. Also the number of blocks
in S(3,4,8) is @ = 14. We have already known seven blocks which are of the form
QU {a}. Then there are remaining seven blocks that do not contain a or any three
collinear points. That is, these blocks have 4 points from S(2,3,7) and these points
of no three are collinear.

In S(2,3,7), there are (7

4
exclude sets which have three collinear points. Recall that there are seven lines.

) = 35 sets of four points in total. Now, we want to

Hence, we pick a one line in (I) different ways. Also, we choose a one further point
out of four points those are not in the line that we have picked. Hence there are
(I) (11) = 28 sets of four points containing three collinear points. Therefore there are
7 blocks that do not have three collinear points, and so we have found the remaining

blocks for S(3,4,8). Then S(3,4,8) is a one-point extension of S(2,3,7). O

Remark 3.2.3. A One-point extension of a Steiner system does not always exist. For

example, there is no one-point extension of S(3,4,8). If S(4,5,9) exists then the
9

number of blocks of S(4,5,9) is % but this is not an integer. Hence there is no such
4

Steiner system of that type.

Definition 3.2.4. [I7] Let S(t, k,v) be a Steiner system, where V' is a set of points
and B is a family of blocks B. Let i and j be integers such that 0 < 7,57 < k,
and let N and M be disjoint subsets of B of sizes ¢ and j, respectively. The num-
ber of blocks containing all elements of N but no elements of M is called the i, j-
intersection number \; j. The array (\;; : 0 < i+j < k) is the intersection triangle

of a Steiner system.
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We can immediately compute ;o as below by the formula (3.2)).

<ZE) when 0<q¢<¢
)\Z,O g (t*i)

1 when t <1<k,

and we can easily observe that \;_11 = A\j_10—Ajo for i > 1. Then \; 95 = Aj_21 —
)‘i—l,l for ¢ Z 2. When we continue in this way, we get Ai_jvj = /\i—j,j—l — )\i—j—l—l,j—l
for 1 < j < 4. Then we can rewrite this equation in a more general way, namely

Aij = Aij—1 — Nig1,j—1 for 7 > 1, by interchanging ¢ — j with ¢ in the latter equation.

Example 3.2.5. We will give an example of the intersection triangle of a Steiner
system S = 5(3,4,8) for Definition B224l The number of blocks in S(3,4, 8), namely
Xo,0, 1s é = 14. Let N and M be disjoint subsets of block B. Suppose that
\]7\7| = |{;}| = 1 and |M| = 0. Then the number of blocks containing x, A, is

2

= 7. Likewise, suppose that |[N| = 0 and |M| = [{z}| = 1. Hence the number of

2
7

blocks containing x, Ao, is ﬁ =T.
2

Now, we look at the case where |N| = [{z,y}| = 2 and |[M| = 0. Then the
)

number of blocks containing = and y, Agp, is (Tl) = 3. Likewise if |[N| = 0 and
(2)

|M| = |{z,y}| = 2 then the number of blocks containing = and y, Aoz, is 6] = 3.

1

Furthermore if |[N| = |{z,y, 2}| = 3 and |M| = 0 then the number of blocks, A3,

5
is % = 1. Similarly if |N| = 0 and |M| = |{z,y, z}| = 3 then the number of blocks,
0

()
)\0’3, 1S (1) = 1.

0

5

Then we will examine the case that both N and M are non-empty. Suppose that
IN| = {z}| = 1 and |M| = |[{y}| = 1. This means that we are looking for blocks
containing = but not y. The number of blocks containing x and y, Ay, is 3. Also
the number of blocks containing x, A, is 7. Since blocks containing x and y are

included in blocks containing x, the number of blocks containing = but not y, Ay, is

36



7—3 =4, namely A1 = A9 — 2. In a similar reasoning we have Ao = Ao — A3

and )\172 = )\1,1 — )\271.

At last, the intersection triangle of S(3,4,8) is in as below.

14 = Ao
7= A0 7= Xoa
3= Ao 4=X\, 3= o2
1= MAsp 2= A1 2= A2 1= A3

Theorem 3.2.6. [16, Theorem 6.2A.] Let S(t, k,v) be a Steiner system with b blocks

such that each point lies in exactly r blocks. Then
(i) bk = or,

(17) v < b and k < r (Fisher’s inequality).

Proof. Let V be a set of v points in S(t, k,v) and let a be in V. Then we form a
pair (a, B) such that a is in the block B. To prove our first assertion, we will count

the number of pairs («, B) in two ways.

We note that there are b blocks and in each blocks there are k points. Hence
there are k options for choosing o and b options for choosing blocks. Therefore the
number of pairs is equal to bk. Secondly, we have v options for choosing « from the
set V' and r options for choosing blocks containing a.. Therefore the number of pairs

is equal to vr. Hence bk = vr.

Now, we will prove the Fisher’s inequality. We will define S(¢,k,v) by using

incidence matrix v x b, say M. Let «; be points in V' and B, be blocks such that
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1 <i<wand1<j<b. Hence we identify (¢, j)-entries of M with «; and B; such
that (7, j)-entry will be 1 if a; € B; and (4, j)-entry will be zero if otherwise.

Let MT be transpose of M. Then MT is a b x v matrix and MM7 is a v x v
matrix. We note that (i, j)-entry of M M7 is the dot product of ith row of M with
jth row of M. This means that (i, j)-entry gives us the number of blocks containing
both «; and «;j, say 5. If i@ = j then (4, j)-entry will be r that is the number of
blocks containing «;. By the formula (3.2)),

(C) _ -D@-2)..(v—t+1)
) T k-D(k—2).(k—t+1)

t—1

r =

and
Ty = (tg) - (v=2)v=3)...(v—t+1)
2 (k:Q) (k_2>(kf—3)...(kj—t+1)‘

Then we get ro “=2 = 7. It follows that ro(v—1) = r(k—1). Since 1 < ¢t < k < v,

(k—1)
r > To. _ -
T To To ... To
o T T9o ... T9
MM" = |ry 19 7 . 1y
Ty To To9 ... T

MMT is illustrated as above. Now we apply elementary row and column opera-
tions. Firstly; for this purpose, we add —1 multiple of first row to other rows. After
that, we add second column to first column. Then we proceed as adding remaining

v — 2 columns to first column. Hence we have a matrix of the form:
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E + (v —1) Ty Ty Ty |
r—To 0 0
U= 0 0 r—r
i 0 0 o T T

Hence we have an upper-triangle matrix, and so det(U) is the multiplication of
diagonal entries. Our operations to M M7 do not affect the determinant, namely
det(MM7T) = det(U). Therefore det(MMT) = (r + ro(v + 1))(r — r3)*"1. Since
r > 19, det(MMT) # 0. This means that M M7 is v x v invertible matrix, and so it

has rank v. For this reason the v x b matrix M also has rank v, thus v < b.

Since v < b and bk = vr, we have k£ < r. Therefore we have proved Fisher’s

inequality. O]

To sum up, we can find b and r from ¢, k, v. For this reason we do not need to show
b and 7 in our notation S(¢,k,v). Moreover from Theorem B:2.0] we note that ¢,k
and v must be an integer. Also the number of blocks containing ¢ points, calculated
by the formula (B.2]), that we have shown before must be an integer. Therefore we

have shown necessary conditions on the parameters of a Steiner system.

Next we will show the connection between finite geometries and Steiner systems

since in chapter 4 and 5, we will use the properties of affine and projective planes.

Theorem 3.2.7. [13] S(2,n+ 1,n? +n+ 1) is a projective plane of order n, where
n > 2.

Proof. We suppose that S is a projective plane of order n. Then S contains n?+n+1
points and every line is incident to exactly n 4+ 1 points by Theorem 2214l Also
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every two distinct points determine the unique line. Hence S is S(2,n+1,n*+n+1)

Steiner system by Definition B.1.11

For the converse, we suppose that S is an S(2,n+1,n%+n+1). Since there exist
exactly one line through any two distinct points and every line is through at least two
points, S is a linear space by Definition 2225 Also since S contains n? +n+ 1 points
and every line is incident with exactly n + 1 points, there exist n + 1 lines through
each point. Let ¢; and ¢y be two distinct lines ¢; and ¢y such that x € f5 \ ¢;. Since
{1 contains n + 1 points, there exist n + 1 lines through x meeting ¢;. Since these
are the complete set of lines through x, the lines ¢; and ¢5 must have an intersection.

Hence § is a projective plane of order n by Definition 2.2.121 ]

Theorem 3.2.8. [13] S(2,n,n?) is an affine plane of order n, where n > 2.

Proof. We suppose that S is an affine plane of order n. Then S contains exactly
n? points and every line is incident with exactly n points by Theorem 2211l Also
every two distinct points determine the unique line. Hence S is S(2,n,n?) Steiner
system by Definition 3.1.1]

For the converse, we suppose that & is an S(2,n,n?). Since there exist exactly
one line through any two distinct points and every line is through at least two points,
S is a linear space by Definition 225l Also since S contains n? points and every
line is incident with n points, there exist n + 1 lines though each point. Also we
have n + 1 > 2. Then there are three non-collinear points. It follows that there are
exactly n lines through x contained in ¢ since ¢ contains n points. Hence there is a
unique line m through = such that m # ¢. Hence S is an affine plane by Definition
2.2.0l O]
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3.3 Automorphisms of Steiner systems

Let S be a Steiner system with ordered pair (V, B), where V is a set of points and B
is a family of subsets of V. We denote S by S(V, B).

Definition 3.3.1. [§] Let S(V, B) be a Steiner system. An automorphism of S(V,B)
is a bijection f: V +—— V such that B € B implies f(B) € B. That is to say, f
permutes the blocks of S by permuting the points of S.

Theorem 3.3.2. [§] The set of all automorphisms of a Steiner system S(V,B) is a
group.

Proof. Let G be a set of all automorphisms of S(V, B). Let e be an identity function
such that e(B) = B for any B € B. Thus e € G, and so G is non-empty. Let
f and h be in G. Now, we want to show that h~! is an automorphism. Since
all automorphism in G are permutations of V, G is a subset of Sy, symmetric
group on V. Also since Sy is finite group, h™! = h™ for some n > 0. Hence h™ is
an automorphism because composition of automorphisms is an automorphism too.
Thus h~! is an automorphism, and so A~! is in G. Therefore fh~! is also in G and

hence G is a group. ]

Remark 3.3.3. The group of automorphisms of S(V, B) is denoted by Aut(S(V,B))
or if S(V,B) = S(t,k,v) then its group of automorphisms may be denoted by
Aut(S(t, k,v)).

Proposition 3.3.4. [16] Aut(S(V,B)) acts on both points of V' and the blocks B.

Proof. Let 0 : Aut(S(V,B)) x V.V by 0(fv) = f(v) for all f € Aut(S(V,B))
and v € V. We check two properties of a group action. Let fi, fo € Aut(S(V,B))

and v € V. Firstly, ev = e(v) = v, where e is the identity function. Secondly,
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fi(fov) = fi(f2(v)). Then fo(v) = v for some v € V. It follows that f,(fov) =

fi(v") = (fif2)(v). Hence this action satisfies group action criteria.

In a same manner, let n : Aut(S(V,B)) x B — B by n(fB) = f(B) for all
f € Aut(S(V,B)) and B € B. We check two properties of a group action. Let
fi, fo € Aut(S(V,B)) and B € B. Firstly, eB = e¢(B) = B, where e is the identity
function. Secondly, fi(foB) = fi(f2(B)). Then fo(B) = B’ for some B' € B. It
follows that f,(f2B) = fi(B") = (fif2)(B). Hence this action satisfies group action

criteria. ]

Therefore we have shown that Aut(S(V,B)) acts on both points of V' and the

blocks B. The next theorem we will deal with the connection of these actions.
Theorem 3.3.5. [16, Theorem 6.2B.] Let S(V,B) be a Steiner system and G be a
group of automorphisms of S(V,B), namely Aut(S(V,B)). Then,

(1) The number of orbits of an action of G on B is at least as great as the number

of orbits of an action of G on V.

(13) Let G act transitively on both B and V. Then the rank of G acting on B is at

least as great as the rank of G acting on V.

Proof. (i) Let V4, V5, ..., V; be the orbits of G on V' and By, Bs, ..., By be the orbits of
G on B. Also let us define n; := |V;|. Our aim is to show that s < f.

Now, let ¢;;, be the number of points in V; that lie in any given block in By, and d;
be the number of blocks in Bj that contain a given point of V;, where 1 <1i,7 <'s
and 1 <k < f.

We fix ¢ and j then define sets 17,75 as

T, :={(a,B) € V; X By : € B},
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Ty :={(B,8) € B, xV;: € B}.

Then the order of the sets as follows,
f f
‘Tl‘ = Zcik and |T2| = dejnj.
k=1 k=1

Due to the definitions of ¢;; and dy;, we can combine the sets 77 and 75 to define

a new set T". Then,

T:={(a,B,8) € V; x By xV; : 0, € B}.

Therefore the order of the set T as follows,

f

|T| = Z cz-kdkjnj.

k=1

Moreover, we try to compute |T'| in a different way. Firstly, let us pick a in V;

and 3 in V;. By the formula in the chapter 3, the number of blocks containing «

and [ is equal to Ez}z; := Ay and the number of blocks containing one of the o and

B is equal to @ := A\; under the assumption that S(V,B) = S(t, k,v). Then we

t—1
pick a block containing o and f3.

More precisely, we firstly suppose that i # j. Then we pick a from V; out of n;
options. Similarly, we pick 8 from V; out of n; options. Also the number of blocks

containing v and 3 is Ay. Therefore, the order of 7" is equal to n;n;\s.

Now, we suppose that ¢« = j. We pick a from V; out of n; options. Similarly, we
pick 8 from V; out of n; — 1 options. Also the number of blocks containing « and

B is Ag. Since a and S are in the same orbit, there is also one more case, that is
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a = (. In this case, we only pick one point, namely «. Then the number of blocks

containing « is A;. Therefore the order of T is equal to n;(n; — 1)As + n;A;.

In summary,

ni(n; — DAg +n A\ if i = 3
T = cindin; =
k=1

After dividing both sides by n;,
f (ni — DAg+ A if i = j
Z Cikdkj =
k=1 TLZ‘)\Q if ¢ 7& j

The term Z£=1 cikdy; can be seen as the (7, j)th entry of the matrix which is the
matrix multiplication of C' and D, where C'is an s X f matrix with entries [¢;] and

D is an f x s matrix with entries [d;]. Hence,

_(711 — D+ N N1 Ao N1 Ao AP ]

n2)\2 (77,2 — 1))\2 + )\1 ng)\g ?7,2)\2

CD = n3Aa n3Aa (n3 — 1) A2 + Ay N3z
i TLS/\Q ns/\g (TLS — 1)/\2 + )\1_

CD is illustrated as above. Now we apply elementary row and column operations.
Firstly; for this purpose, we add —1 multiple of second column to first column. Then
we add —1 multiple of third column to second column. We continue with this fashion

till adding —1 multiple of sth column to s — 1th column. Hence we have a matrix of
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the form:

X2+ N
Ay — A\

0
—X+ N
A2 — A
0

0

0
—X2+ N\
A2 — A1

N1 Ao
NaAg
N3 A2

N4Ag

(ns — 1))\2 + )\1

Moreover we apply elementary row operations to F. For this purpose, we add +1

multiple of first row to second row. Then we add +1 multiple of second row to third
row. We continue with this fashion till adding +1 multiple of s — 1th row to sth row

and so we have a matrix of the form:

—)\2 + )\1 0 0 nl)\g
0 —/\2 + )\1 0 (n1 + ng)/\g
U— 0 0 —Xy + A\ (n1 —+ ng + ng))\g
0 0 0 (ny + ng + n3 + nyg)Ag
0 0 (n1+n2+...—|—n5_1+ns—1)/\2+/\1

As a result, we have an upper-triangle matrix U, and so det(U) is the multipli-
cation of diagonal entries. Our operations to C'D do not affect the determinant,
namely det(CD) = det(U). Therefore det(CD) = (A; — X2)* 1(ny +no + ... + 11 +
ns — 1) + A1, Since D5 n; = v, we have det(CD) = (A1 — X2)* (A1 — Xa + v)a).
We also note that A; > 9. This implies that det(CD) # 0. Then CD is an s X s
invertible matrix with rank s. For this reason s x f matrix C also has rank s. Thus
s < f.

Remark 3.3.6. Let G consist of only identity element, 1. Then the number of orbits
of G on B is |B| := b and the number of orbits of G on V is |V| := v. Hence v < b.
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This result gives us one of the Fisher’s inequality, which is stated in Theorem [3.2.6]
in chapter 3.

(77) Let G act transitively on both B and V. Also let a € V and B € B. Then
the rank of GG acting on V is equal to the number of orbits of G, acting on V' by
Definition 2.T.38] Similarly, the rank of G acting on B is equal to the number of
orbits of G acting on B.

Let m be the number of orbits of G acting on V' x B. Since G acts transitively on
B and V', m is equal to the number of orbits of G, on V', say my, and to the number
of orbits of G on B, say my by Definition 2.T.38 Thus m; is at most m and ms is
at least m by part (7). O

Proposition 3.3.7. Let G be an automorphism group of a Steiner system S and o
be a point in S. Then G, is an automorphism group of the one-point contraction of

S, namely S,.

Proof. Let S = S(V,B) and a € V. By Theorem B.2T] there exists a Steiner system
S, = S(V',B'), where V' = V \ {a} and B’ is a family of blocks. In the process
of contraction, we firstly exclude blocks not containing «.. Later, we remove « from

blocks containing o and get a new family of blocks B'.

Let g € G, and also let B € B such that « € B. Then a € ¢g(B) and g(B) is a
block in S. It follows that g(B) \ « is a block in S,. Since g leaves « invariant, we
have g(B \ «) = g(B) \ a. Therefore G, C Aut(S,).

Let h € Aut(S,) and also let B' € B'. Then h(B') is block in S,. It follows that
B'Ua and h(B") U a are blocks in S. h leaves a invariant since « is not a point in
S,. This means that h(B U a) = h(B'). Thus h € G,. Therefore Aut(S,) C GL.

Hence G, = Aut(S,). O]
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Chapter 4

The construction of S(5,6,12) by
S(2,4,13)

This chapter is entirely based on the article of Hans Havlicek and Hanfried Lenz
[19]. In this chapter, our construction of S(5,6,12) is based on S(2,4,13) that is a
projective plane of order 3 by Theorem [3.2.7. Also I want to thank Hans Havlicek

for allowing me to use his own figures in their article.

4.1 Introduction and definitions

Let P be the set of points of the projective plane of order 3; that is to say, S(2, 4, 13).
We know that there are exactly four lines (blocks) through each point of the projective
plane of order 3 and each two lines have an intersection with exactly one point from
Theorem 2.2.14]1 Also there are 13 points, and 13 lines, known as blocks, by the
formula (B.]). The unique line joining distinct points A and B will be written AB.
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Let a be fixed in P. We will show that W := P\ {a} together with a family B of
subsets of six points is S(5, 6, 12).

We start with the definitions that we will use throughout in this chapter.

Definition 4.1.1. A triangle is a set of three non-collinear points and three lines

that are incident with two of them. We call points vertices and lines sides.

Remark 4.1.2. A side of a triangle in a projective plane is a line. On the other hand,
a side of a triangle in a euclidean plane is a line segment, which is a part of a line
bounded by two distinct points. Since closeness of points in a projective plane is not

defined, line segment is not defined in a projective plane.

Definition 4.1.3. An inscribed triangle in the triangle T is a set of a three non-

collinear points that separately lies on exactly one line of the triangle T

Definition 4.1.4. A quadrangle is a set of four points, no three of which are
collinear, and a six lines that are incident with each pair of these points. The four

points are called vertices and the six lines are called sides of the quadrangle.

Definition 4.1.5. Two sides of a quadrangle, say (1, {5 are opposite if the point that

is incident with both lines is not a vertex of ¢; and /5.

Definition 4.1.6. A diagonal point of a quadrangle is a point that is incident with
opposite sides of the quadrangle.

Proposition 4.1.7. A quadrangle has three diagonal points in a projective plane.

Proof. Straightforward from using both Theorem [5.2.4] and Theorem 2.2.13 O
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4.2 Classifying sets containing six points

In this section, we will show the classification of subsets of P, each of which consists
of six points since our aim is to discover sets of six points that are blocks of S(5, 6, 12).

We also note that figures of this section are illustrations of a projective plane of order

3.

Type 1. S is the union of a line and two additional points (Figure 4.1).

Figure 4.1

This set contains a line, which has four points. There are 13 options for the one

line. Also, there are nine points that are not in the line, left for the two remaining

9

2) options for the two additional points. In Figure 4.1, we

points. So, there are (
illustrate a projective plane of order 3 and our example of choices for the one line
and the two remaining points in the plane. In the figure, points depicted bold form

a set of six points.
Hence, there are exactly 13 - (g) = 13 - 36 sets of type 1.

Type 2. S is the symmetric difference of two different lines (Figure 4.2).
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Figure 4.2

Since two different lines meet at exactly one point, their symmetric difference is
the set of six points of two lines without the intersection point. We choose two lines
out of thirteen lines. In Figure 4.2, we illustrate our example of choices for the two

lines in the plane. In the figure, points depicted bold form a set of six points.
Hence, there are exactly (123) = 13 - 6 sets of type 2.

Type 3. S consists of a triangle and an inscribed triangle (Figure 4.3).

Figure 4.3

A triangle, so called main triangle, and an inscribed triangle, which is inscribed
in the main triangle, have three vertices each. Then, vertices of each triangles form
a set of six points S. Also, we note that each vertex of the inscribed triangle lies on

exactly one line of the main triangle.
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The main triangle has three lines that is incident with each pair of vertices. That
is to say, each vertex of the main triangle is on exactly two lines. For counting the
sets of type 3, we start with choosing the lines of a main triangle. Firstly, we choose
one line out of thirteen lines. There are 13 options for this line. We want to select a
second line, and so there are 12 options for that. These two lines that we have chosen
have an intersection at only one point. We know that there are four lines through
that point. Since we want to choose a line that does not intersect the previous two
lines that we have chosen at the common point, there are (9) options for the third

1
line. Therefore, we have chosen three lines for forming the main triangle

Moreover, we need to avoid repetitions because the order of choosing does not
matter. For this reason, we divide (113) (112) (?) by 3! for counting the number of ways

to form the main triangle.

Now, we have to choose the vertices of the inscribed triangle. What we know
about the vertices is that these must be non-collinear points that lie on exactly one
line of the main triangle each. Then, we have three lines and there are two vertices
of the main triangle in each line. So there are two possible vertices in each line for

the inscribed triangle.

Let us pick a one line out of three lines of the main triangle. There are two options
for the vertex of the inscribed triangle. Then, there are (?) - 2 options for the first
vertex. Further, we pick the second line out of two lines. Then, there are two options
for the second vertex of the inscribed triangle, and so there are @) -2 options for the

second vertex.

Finally, when we pick the last line of the main triangle, there is only one option for
the last vertex on the last line since the other two vertices of the inscribed triangle
decides the line that intersects at exactly one point of the last line. If we exclude

the two vertices of the main triangle and the intersection point, which violates the
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non-collinearity condition for the inscribed triangle, on the last line, we have only

one option for the remaining vertex of the inscribed triangle.

In Figure 4.3, we illustrate our example of the main triangle and the inscribed
triangle. In the figure, points depicted bold form a set of six points and lines depicted

bold are the sides of the main triangle.
Since the order of choice is not important, we divide (3) -2 (f) -2 by 3.

1
13\ (12) (9 3 2
(1)(39(1) . (1)2!(1>2 = 13- 72 sets of type 3.

Hence, there are exactly

Type 4. S is the set of vertices of quadrangle and two of its diagonal points (Figure
4.4).

Figure 4.4

A quadrangle has four vertices, no three of which are collinear, and three diagonal
points. Our proceeding will be similar to type 3. That is, we will start picking lines.

We will have chosen four lines at the end.

First we choose one line out of thirteen lines, and so there are (113) options. Then,

12

1) options. These two lines

we choose a second line out of twelve lines. There are (

that we have picked intersects in only one point. We know that there are four lines
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through that intersection point. Hence, we exclude these lines for choosing the third

9

1) options for the third line.

line. Hence, there are (

Finally, we pick a fourth line that does not intersect previous three lines that we
have picked at common points of each of these lines between them since we want to
yield the four vertices of the quadrangle. We have already picked three lines, say
01,49, 03. Let us call ¢; the common point of /1 and /5, ¢y of f5 and /3, c3 of [; and 3.
There are four lines through ¢; and ¢y each. Also, /5 is the common line through ¢
and co. Hence, there are seven lines through ¢; or ¢y. Likewise, there are four lines
through c3. Since ¢; and /3 are the common lines through c3, there are nine lines

through one of ¢;, ¢y or ¢3. Hence, there are 4 options for the fourth line.

In Figure 4.4, we illustrate our example of the quadrangle. In the figure, points
depicted bold form a set of six points and lines depicted bold are the sides of the

quadrangle.

Also, we need to avoid repetitions since the order does not matter. For this reason,
o 13\ (12) (9) (4
we divide ( )( )(1) (1) by 4!.

1 1

13 12\ (9\ /4
Hence, there are exactly M = 13 - 18 sets of type 4.

Now, we will show that the four types are disjoint with each other.
Type 1 and Type 2

We suppose that there exists a set S of six points that belongs to both type 1
and type 2. Then, S is the union of a line, say ¢, and two additional points, say A
and B. Since also S is the symmetric difference of two different lines, there is a line,
say {5, through A and B and so the symmetric difference of ¢/; and ¢, will exclude
a point, say C, lies on ¢; and ¢, from the set S. However, C is in union of a line

and two additional points A and B. Therefore, we get a contradiction; so type 1 and
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type 2 are disjoint.
Type 1 and Type 3

We suppose that there exists a set S of six points that belongs to both type 1
and type 3. Then, S consists of a triangle with the set of vertices {E, F,G} and
an inscribed triangle with the set of vertices {P, @, R} with P € FG, R € EF and
Q € EG. Also, S is the union of a line and two further points.

Suppose the line F'G has four points from the set .S of six points, without loss of
generality. We know that P € F'G so we need to find one more point in F'G. But
E ¢ FG because the points F, F, G are non-collinear. In addition, Q) ¢ F'G because
@ lies in EG and G is the only intersection point of the lines £G and F'G. Similarly,
R ¢ FG because R lies in FF and F' is the only intersection point of the lines EF
and F'G. Therefore, we get a contradiction; so type 1 and type 3 are disjoint.

Type 1 and Type 4

We suppose that there exists a set S of six points that belongs to both type 1
and type 4. Then, S is the set of vertices of the quadrangle {A, B,C, D} and two
diagonal points {F, F'} with £ € ADNBC and F € ABNCD. Also, S is the union

of a line and two additional points.

Without loss of generality; suppose the line AD has four points from the set S of
six points. We know that £ € AD so we need to find one more point in AD. But B
and C are not in AD since AD and BC have a common point E, which is a diagonal
point, make AD and BC opposite sides of the quadrangle. Also, F' can not be in
AD since it is the other diagonal point. Therefore, we get a contradiction; so type 1

and type 4 are disjoint.

Type 2 and Type 3
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We suppose that there exists a set S of six points that belongs to both type 2
and type 3. Then S consists of a triangle with the set of vertices {F, F, G} and an
inscribed triangle with the set of vertices {P,Q, R} with P € FG, R € EF and
Q € EG.

Also, S is the symmetric difference of two different lines, say a and b. Therefore,
the set S of six points lie in @ and b. Let us say; for the triangle { £, F, G}, two of its
points lie on a. Also a and b have a common point, say U, which is not in S. There
is a one point remaining that lies on a, which is the one of the vertices { P, @, R} of
the inscribed triangle. As a result, two of the vertices of the inscribed triangle lies

on b, and also one of the vertices {E, F, G} of the triangle lies on b.

Without loss of generality; let us say E and F' lie on a and P and @ lie on b.
Hence, G must lie in b; but G ¢ b since b is uniquely determined by two distinct

points P and (). Therefore, we get a contradiction; so type 2 and type 3 are disjoint.
Type 2 and Type 4

We suppose that there exists a set .S of six points that belongs to both type 2 and
type 4. Then S is the set of vertices of quadrangle {A, B, C, D} and two diagonal
points {E, F'} with E € AD N BC, FF € AB N CD. Also, S is the symmetric

difference of two different lines, say a and b.

Since any three of vertices of the quadrangle must be non-collinear, without loss of
generality; let us say A and B lie on a and C' and D lie on b. Then, FF € AB N CD
will be excluded by the symmetric difference. Therefore, we get a contradiction; so

type 2 and type 4 are disjoint.
Type 3 and Type 4

We suppose that there exists a set .S of six points that belongs to both type 3 and
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type 4. Then S is the set of vertices of quadrangle {A, B, C, D} and two diagonal
points {E, F'} with E € AD N BC, F € AB N CD. Also S consists of a triangle

and an inscribed triangle.

AD and BC are the opposite sides of the quadrangle since these lines meet at
the diagonal point E. The line C'D intersects these lines at the points C' and D.
Since €', D and E are non-collinear, the lines AD, BC and C'D form a triangle.
Furthermore, the remaining three points {A, B, F'} lie in same line; hence, we can
not form a second triangle. Therefore, we get a contradiction; so type 3 and type 4

are disjoint.

In conclusion, these four types of sets of six points are distinct with each other.
We have 13- (36 + 6 + 72 + 18) = 13 - 132 = 1716 sets of six points in total. As

(163) = 1716, our list contains all possible sets.

4.3 Construction of S(5,6,12)

We want to form S(5,6,12). For this purpose, we need to have a set W of 12 points
together with a family of subsets of 6 points in W.

Let a be fixed in P and let us define W := P\ {a}. A block B is defined to be a

subset of W satisfying one of the following conditions.
. B is the symmetric difference of two distinct lines, neither containing a.

Since neither line is incident with o and there are four lines through «, there are

9 options for the first line. For the second line, there are 8 options.

9\ /8
If repetitions are taken into account, there are (1)2# = 36 blocks of class 1.
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it. BU {a} is the union of two distinct lines.

Firstly, @ may be on both lines. Since there are four lines through «, we will pick

4) = 6 blocks of class 7i.

two lines out of four lines. Hence, we have (2

Secondly, @ may not be on both lines; but at least one line has «. There are four
lines that are incident with «. Then, we have four options for the line through «.
For the second line, we have nine options. Hence, we have 4 - (13 —4) = 36 blocks of

class 1.

Finally, if « is not on both lines, the union BU{a} will be the set of seven points;

however, we want to form sets of six points. Hence, there are 42 blocks of class 4.

191. B consists of a quadrangle with two of its diagonal points. Also, a is the

remaining diagonal point.

We take two distinct lines, say A and B, through «. Then, there are (;) =6

options. Also, we will choose two distinct points on A\ {a} and B\ {a}, respectively.

3
2

and so we have only one option for picking diagonal points.

Hence, there are ( )(g) options. Since « is excluded, two diagonal points are left;

Therefore, we have (3) (;’) (2) = 54 blocks of class 1.

To sum up, we have a total of 36 + 42 + 54 = 132 blocks.

Now, we have to prove that the set W together with the set of 132 blocks is
S(5,6,12). In the next theorem, we will prove that.

Here is the main result of this chapter.

Theorem 4.3.1. [19, Theorem 1] The set W, together with the set of all blocks, is
S(5,6,12).
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Proof. First we note that the number of points in W is 12 and all blocks have exactly

6 points.

Second we will show that for each set M of five points in W belongs to at least
one block. We consider S := M U {a} as a set of six points. Then there are four

cases depending on the types of the sets of six points.

1. Suppose that S is a set of type 1, consists of a line a and two additional points.
Let b be the line joining these two points. Then (a U b) \ {a} is a block of class i

containing M.

Figure 4.5

In Figure 4.5, we illustrate an example of a set of type 1. In the figure, points

depicted bold form a set of six points and ring-shaped point is a.

2. Let S be a set of type 2, the symmetric difference of two distinct lines. Let a
and b be our two distinct lines. Then (a Ub) \ {a} is a block of class i containing
M.
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Figure 4.6

In Figure 4.6, we illustrate an example of a set of type 2. Bold-lines are our lines
a and b and « is the common point of these lines. By the symmetric difference of a

and b, « is excluded and can be seen as ring-shaped point in the figure.

3. Let S be a set of type 3, consists of a triangle with the set of vertices {A, B, C'}
and an inscribed triangle with the set of vertices {P,Q, R} with P € BC, R € AB
and @ € AC.

Figure 4.7 Figure 4.8
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Now, we have to consider two cases for a: if a is in {P, @, R}, let R = « without
loss of generality, and define the point X := AP N BQ. X can be seen as ring-
shaped point in Figure 4.7. Then X € C'R and the set of points {A, B,C, X'} is the
vertices of a quadrangle with diagonal points () and P. Also R = «. Hence the set
{A,B,C, X,Q, P} is exactly the block of class #ii containing M.

Otherwise, a is not in {P, @, R}. Let C' = a without loss of generality, and define
the point X := PQ N BQ. X can be seen as ring-shaped point in Figure 4.8. Then
it follows that X € AB U P(). Hence the symmetric difference of AB and PQ is a

block of class ¢ containing M.

4. Let S = {A,B,C, D, E, F} be the set of vertices of the quadrangle and two
diagonal points, so called type 4.

Figure 4.9

Without loss of generality, let « = F = AB N CD in Figure 4.9. This means
that {A, B,C, D} is the set of vertices of the quadrangle with two diagonal points
E and «a. Let X be the third diagonal point of the quadrangle that can be seen as
ring-shaped point in the figure. Hence the set {A, B, C, D, E, X'} is the block of class

17¢ containing M.
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Finally, we will compute the number of blocks containing our set M of five points.
Each of the 132 blocks contains exactly (g) = 6 subsets of five points. Then we have
132 - 6 = 792 sets of five points in total. Previously, we have shown that any set M
of five points is contained in at least one block; and so it follows that the number of
blocks is greater than or equal to 1 for each (152) = 792 possible sets M. Hence, the
number of blocks is equal to 1 for all M. ]
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Chapter 5

The construction of S(5,6,12) by
S(2,3,9)

In this chapter, we will form a Steiner system of type S(5,6,12) by using the 3-fold
extension of S(2,3,9). Our work is based on John D. Dixon and Brian Mortimer’s
book [16] Permutation Groups. In chapter 4, our construction of S(5,6,12) is based
on S(2,4,13) that is a projective plane of order 3 by Theorem B2l On the other
hand, in this chapter, our construction of S(5,6,12) is based on S(2,3,9) that is
an affine plane of order 3 by Theorem [B.2.8 For this reason, we presume some

familiarities with an affine plane of order 3 in this chapter.

5.1 The one-point extension of S(2,3,9)

First what we mean by the one-point extension of a Steiner system of type S(t, k, v)
is to increase the parameters one point more to have S(t 4+ 1,k + 1,v 4+ 1). Then we

have to sure that S(t + 1,k + 1,v + 1) really exists. In this section, we will extend
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S5(2,3,9) to S(3,4,10) by adding one point and show that S(3,4, 10) exists. We start

showing the uniqueness of S(2,3,9) up to isomorphism.

Theorem 5.1.1. There is a unique S(2,3,9) Steiner system up to isomorphism.

Proof. Let S be any Steiner system of type S(2,3,9). Since S(2,3,9) is an affine
plane by Theorem B.2.8, we call blocks of S lines, which are incident with three
points. Moreover, the lines of S can be partitioned into four parallel classes and
each parallel class has three lines by Theorem 22211l Now, let us choose one parallel
class, say P;, and write down its lines, namely ¢;, {5, {3 as three columns. Then we

have displayed all nine points of an affine plane in the columns.

Let ¢4 be a line that is not parallel to the lines of P;. Then ¢4 contains exactly
one point in each lines ¢1, 5 and ¢3. By Definition 2.2.6] for every point z in the
plane and the line ¢4 not through x, there exists a unique line through x that does
not meet £4. Since there are six points that are not in £4, we can form two lines /s

and /g that are parallel to /4. Hence, we have formed a second parallel class, say P».

Let /7 be a line that is non-parallel to the lines of P, and P,. When we apply our
previous reasoning to £, we can form two lines fg and ¢y which are parallel to /.

Hence, we have formed a second parallel class, say Ps.

Our final fourth parallel class, say P, will be formed with same previous proce-
dure. In short, we show that parallel classes of S(2,3,9) is formed in exactly one

way. Therefore, there is a unique S(2, 3,9). ]

Now, we will show the one-point extension of the Steiner system of type S(2, 3, 9).
First we assume that we already have an S(3,4, 10). Also, we know that if S(¢, k, v)
exists then S(t—1,k—1,v—1) exists from Theorem 3211 Therefore, if we remove a
point, say «, from S(3,4,10) then we will have S(2,3,9). For this reason, a block in
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S(3,4,10) containing « is of the form 2 U {a} where Q denotes a block in S(2,3,9).
Since there are 12 blocks in S(2,3,9) by the formula (B.1]), we have 12 sets of form
QU {a}.

We observe that Q@ U {a} has three collinear points and «. Also, we recall that
the number of blocks in an S(¢, k, v) is () (B1). As aresult, the number of blocks in

(t)
10
an 5(3,4,10) is (i) = 30. We have already counted 12 blocks which are of the form
Q U {a}. Then there are 18 blocks that do not contain « or any three collinear

points. These blocks have four points from S(2, 3,9), no three are collinear. We will
call these sets of four points quadrangles.

In S(2,3,9), there are (2) = 126 sets of four points in total. Now, we want to
exclude sets that have three collinear points. Recall that there are twelve lines.
Hence, we pick a one line in 12 different ways. Also, we choose a one further point
out of six points those are not in the line that we have picked. Consequently, there
are (112) (?) = T2 sets of four points containing three collinear points. Then, the
number of quadrangles is 126 — 72 = 54.

Definition 5.1.2. Two sides of a quadrangle are opposite if these lines are parallel

to each other.

We know that there are four parallel classes for lines, and so six lines of a quad-
rangle belong to one of the four parallel classes. There are two pairs of the opposite
lines that provide us a four vertices of a quadrangle in their intersections. Hence, we
can relate to each quadrangle a pair {x,y} where = and y are those parallel classes

that contain such a pair.

Let us denote the set of four parallel classes of S(2,3,9) by a,b,c,d. The set

{a,b,c,d} can be partitioned in three different ways into a pair of sets of two points:
{a,b} | {c,d}, {a,c} | {b,d} and {a,d} | {b,c}. Then we assign each partition to the

sets .S; as follows:
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(1) Sy := the set of quadrangles with the partition {a,b} | {c, d}.
(77) Sy := the set of quadrangles with the partition {a,c} | {b,d}.

(17i) S5 := the set of quadrangles with the partition {a,d} | {b, c}.

Proposition 5.1.3. The automorphism group of S(2,3,9) acts transitively on the
set of 4 parallel classes, {a,b,c,d}.

Proof. We know that S(2,3,9) is an affine plane from Theorem[3.2.8 Then the points
of S(2,3,9) is the set F2 = {(0,0), (1,0),(2,0), (0,1), (1,1),(2,1),(0,2), (1,2),(2,2)}.
Each parallel class partition the nine points of S(2,3,9). Let a and b be two parallel
classes of S(2,3,9) and also let £, € a and ¢, € b. Since automorphisms of S(2,3,9)
send an affine subspace to an affine subspace, there exists an automorphism ¢ such
that g(£1) = £;. Then let £, and f3 be other two lines in a. Since g is not an identity
map, we have g(¢3) # l5 and g(¢3) # ¢3. Moreover, we have g({3) # (3 and g({3) # {3
since £, ¢ a. Also g can not send ¢, to the parallel classes ¢ or d since there is no
common point of ¢; and ¢5. Hence g sends ¢y and ¢35 to the remaining lines of the
parallel class b so that g(¢1), g(¢2) and g(¢3) contains all nine points of Fz. Therefore
Aut(S(2,3,9)) acts transitively on the set of parallel classes. O

Since the automorphism group of S(2,3,9) acts transitively on the set of parallel
classes, each of these sets contains 18 quadrangles of the 54 quadrangles of S(2,3,9).
In the next theorem we will show that each triangle of S(2,3,9) is contained in a

unique quadrangle from each set 5; for + = 1,2, 3.

Theorem 5.1.4. [16], Theorem 6.3B.] Each set S = S;(i = 1,2,3) has the property
that each triangle of S(2,3,9) is in a unique quadrangle from each set. For the
converse, S1,Sy and S3 are the only sets of 18 quadrangles with this property.

Proof. In each quadrangle, we can form four different triangles since any three of
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four points of a quadrangle are non-collinear, and so there are (4) = 4 options for

3
having a triangle in a quadrangle. In S(2,3,9), there are (g) = 84 sets of three points
in total. Then if we exclude sets of three collinear points, which are the twelve lines,
we have 84 — 12 = 72 sets of three non-collinear points, so triangles. We will show
that each triangle is in unique quadrangle from each set S;. In other words, we will

show that the 18 quadrangles from each set S; cover 18-4 = 72 triangles of S(2,3,9).

Due to the symmetry of the partition of the parallel classes, we will contemplate
only one 5; to prove each triangle is in a unique quadrangle. We choose Sy, the set
of quadrangles with the partition {a, b} | {c, d}, without loss of generality. Let T be
any triangle. Since T is made up by 3 non-collinear points, three sides of 1" are in

different parallel classes. Then one parallel class, say d, is not represented in 7'

We add a point, say 7, to 71" in order to obtain a quadrangle. There are three
lines through the point 7, and these lines lie in different parallel classes. Then d is
represented in the one of three lines through 7. As a result, 7" is not contained in a

quadrangle with a parallel class pair {c, d}.

Thus T is contained in a quadrangle with a parallel class pair {a, b}. We will show
that this quadrangle is unique. Assume to the contrary, there exist quadrangles =
and =, containing T'. Hence three vertices of these quadrangles are the same due to
T. Then the fourth vertex of the =Z; and = is different, say m; in Z; and m in =,.
Also, let us say the vertices of T" as vy, v9,v3. We assume that the line through vy
and v, is in the class of a, and the line through vy and wv3 is in the class of b without
loss of generality. There is a line in the class of a through vz and a line in the class
of b through v;. Since these two lines are not parallel, these intersect at m; and 7.
Then we have m; = w9 and so we get a contradiction. Consequently, 7" is contained

in a unique quadrangle.

Conversely, we will prove that S;(i = 1,2,3) are the only sets of 18 quadrangles

66



with this property. We suppose that S is a set of 18 quadrangles such that each
triangle of 5(2,3,9) is in a unique quadrangle from S. Let ¢; and g, be a points
in the S(2,3,9). We define a set @) consisting of quadrangles which contain these

points.

If the line through ¢; and ¢» has a parallel pair in the quadrangle, then we have
two options left for the pair since a parallel class has three lines. Also, for the second
parallel pair we have three options since there are four parallel class in total. Thus
we can form 2 -3 = 6 different quadrangles. If the line through ¢; and ¢ does not
have a parallel pair in the quadrangle, then we have three options left for the second
line that does not have a parallel pair since there are three parallel class left for
the second line. Thus we can form 3 different quadrangles. Hence in total we have

6 + 3 = 9 quadrangles in Q.

The number of triangles containing ¢; and g2 in S(2,3,9) is six since we exclude
one point that lies in same line with ¢; and ¢, and so for the third vertex we have
six possible points. We know that a quadrangle has four triangles in it. Also each

triangle is in a unique quadrangle.

Previously we have shown that there are nine quadrangles containing ¢; and gs.
In each quadrangle, there are uniquely represented two triangles containing these
points. However we do not have 2 -9 = 18 triangles. Therefore we can partition
nine quadrangles into three sets those have three quadrangles consisting of all six
triangles in S(2,3,9). O

Finally, we have shown 18 blocks that do not contain « or any three collinear
points of S(2,3,9). As a result, S(3,4,10) exists.
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5.2 The one-point extension of 5(3,4,10)

In this section, we will extend S(3,4,10) to S(4,5,11) by adding one point and
show that S(4,5,11) exists. We start showing the uniqueness of S(3,4,10) up to

isomorphism.

Theorem 5.2.1. There is a unique S(3,4,10) up to isomorphism.

Proof. Let {a,b,c,d} be the set of parallel classes of S(2,3,9). In the previ-
ous section, we see that the set {a,b,c,d} can be partitioned in three different
ways into a pair of sets of two points: {a,b} | {c,d}, {a,c} | {b,d} and {a,d}
| {b,c}. Let the set {a,b,c,d} be ordered. By Proposition EI.3, Aut(S(2,3,9))
acts transitively on {a,b,c,d}. Then there exists g € Aut(S(2,3,9)) such that
g1({a,b,¢,d}) = {a,c,b,d}. Also there exists go € Aut(S(2,3,9)) such that
g2({a,b,c,d}) = {a,d,b,c}. Therefore Aut(S(2,3,9)) acts transitively on X =
{{a, 0} | {c,d}, {a,c} | {b,d},{a,d} | {b,c}}.

We have formed S(3,4, 10) by adding a point « to S(2, 3,9) in the previous section.
Recall that we define sets S; := the set of quadrangles with the partition {a,b} |
{c,d}, Sy := the set of quadrangles with the partition {a,c} | {b,d} and S := the
set of quadrangles with the partition {a,d} | {b,c}. By Theorem B4, 18 blocks
that do not contain o can be picked one of the Sy,Sy or Ss. Since Aut(S(2,3,9))
acts transitively on X, it also acts transitively on {57, S, S3}. Hence where we take

18 blocks does not matter. Therefore S(3,4,10) is unique up to isomorphism. ]

Now, we will show the one-point extension of S(3,4,10) in order to obtain
S(4,5,11). Asin the previous section, we assume that we already have an S(4, 5, 11).
Let us pick two points « and 3 in S(4,5,11). If we remove « from S(4,5,11) we have
S5(3,4,10). In a same manner, if we remove 3 from S(4,5,11) we have S(3,4,10).
Since S(3,4,10) is unique up to isomorphism by Theorem [E.2.I] the contractions
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of S(4,5,11) due to a and f are isomorphic. Also these are one-point extension of
S5(2,3,9). Thus we can say that the set of points of S(4,5,11) consists of points of
S5(2,3,9), a and p.

Hence the blocks of S(4,5,11) containing « or § or both are the following forms:
(1) QUA{a, B}

In this type of block, Q is a block (line) of S(2,3,9). Since there are 12 such €2,
we have 12 such form of Q U {«, 8}.

(17) =2U {a}

—_

In this type of block, = is a quadrangle from S; that is defined in the previous
section. Since there are 18 such = in S;, we have 18 such form of ZU {a}. Without

loss of generality we pick S for = to obtain ZU {a}.
(1#3) ZU {8

In this type of block, = is a quadrangle from S; that is defined in the previous
section. Since there are 18 such Z in S;, we have 18 such form of =U {f}. Without

loss of generality we pick Sy for = to obtain = U {5}.

Again, we recall that the number of blocks in an S(t, k,v) is gzg BI). As a
11 ¢
result, the number of blocks in an S(4,5,11) is % = 66. We have already shown
4
12 4+ 18 4+ 18 = 48 blocks. We will look for remaining blocks that contain neither o«
nor . That is to say, remaining blocks are made by five points from S(2,3,9). For
this reason, we firstly prove some properties of S(2,3,9), which is an affine plane, for

our further purpose. Readers may check Section 2.2.2 in chapter 2 for background

knowledge for an affine plane in the proofs of four lemmas below.

Lemma 5.2.2. Any set of five points in S(2,3,9) contains at least one line.
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Proof. Assume to the contrary, there exists a set K of five points that does not
contain a line. That is, a line that is incident with any two points in K does not
contain a third point in K. Thus there are (g) = 10 different lines that are incident
with two points of K. Hence there must be ten points which are not in K. However

there are only four points that are not in K. Therefore we get a contradiction. [J

Lemma 5.2.3. Any set of five points in S(2,3,9) contains a quadrangle.

Proof. Let us choose any five points, say x1,xs, 3,24, x5. Then without loss of
generality we pick x1, 5 to connect these with a line, say ¢;. Then one of the

remaining three points, x3, x4, x5, will lie in ¢; by the previous lemma.

We suppose that x3 lies in ¢; without loss of generality. Then there exist a line,
say (5, through x4 that is parallel to ¢, and a line, say /3, through x5 that is parallel
to /1. First we assume that ¢, = 3. We want to connect x, with a point from /¢,
without loss of generality say x;. Thus there exists a line, say ¢4, through z; and
x4. Also there exists a line, say /5, through x; and x5. We want to connect x5 with
one more point, say xs, without loss of generality. Then there exists a line, say /g,

through x5 and x5. Also there exists a line, say /7, through =, and zy4.

Hence we have six lines connecting each pair of four points. There are two lines,
Uy, U5, through z1. Also there are two lines, {g, {7, through x,. In addition to these, ¢4

and /5 are in different parallel classes, and /4 and ¢; are in different parallel classes.

Since ¢; and /5 are in same parallel class, say a, {4, (5, g, {7 represent remaining
three parallel classes, say b, c,d. Let us say ¢4 is in b. Then /5 must be in c or d. Let
us suppose /5 is in c. Since {g and ¢; are in different parallel classes, one of them will

lie in b or ¢. Therefore we see that one more parallel class, say ¢, that have two lines.

Hence we have a quadrangle with a parallel class pair {a, c}. ]
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Lemma 5.2.4. For any quadrangle = in S(2,3,9), there is a unique point § not in

= that lies on two distinct lines of =.

Proof. Let = be a quadrangle. Without loss of generality, we assume that = has a
parallel class pair {a,b}. We note that there are six lines that contain each pair of

vertices of =. Four lines are counted in a pair {a, b}.

Then there are two lines, say /1, {5, that are in different parallel classes, namely ¢
and d. Therefore, ¢; and {5 have a point in common, say . Also J is not a vertex of
= since the four vertices of a quadrangle lie in intersections of lines in a pair {a, b}.
Hence ¢ is not in =. In addition to this, ¢ is unique point outside of = since lines in

a pair {a,b} meet at vertices of Z. O
Remark 5.2.5. The point ¢ is called the diagonal point of the quadrangle.

Lemma 5.2.6. For any quadrangle = in the S(2,3,9), there exists a unique quad-

rangle =* disjoint from =, and = and Z* have the same diagonal point.

Proof. Let = be a quadrangle with a parallel class pair {a, b} without loss of gener-
ality. We note that in the S(2,3,9) there are 12 distinct lines. Then = has 6 lines

by the definition of a quadrangle. Thus there are 6 lines that are not in =.

Also there are five points that lie outside of Z. By Lemma [£.2.3] a set of five
points contains a quadrangle. Hence there exists a quadrangle, say =Z*. Then =* has
also 6 lines, which means these are the remaining 6 lines that are not in =. Therefore
=* is a unique quadrangle.

Let ¢ be the diagonal point of =. Thus ¢ is one of the five points that lie outside
of Z. Since there are four lines through a point in S(2,3,9), there are four lines
through 0. Two lines that are incident with ¢ are lines of =. Since = is a quadrangle

with a parallel class pair {a, b}, these lines are in parallel classes ¢ and d separately.
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Then the remaining lines, which are lines of =*, will be in parallel classes a and b

separately.

We suppose that ¢ is a vertex of =*. Then =* is a quadrangle with a parallel class
pair {a,b}. However there are only three lines in each parallel class and = is also a
quadrangle with a parallel class pair {a,b}. This violates the disjointness between =

and =*. Therefore we get a contradiction, so J is not a vertex of =Z*.

Moreover, since ¢ lies in two distinct lines from different parallel classes, namely
a and b, the other four points, which are vertices of =*, lie in these lines. Therefore

0 is a diagonal point of =*. O]

In the proof of Lemma [5.2.6] we have also proven the corollaries below.
Corollary 5.2.6.1. If = has a pair {a,b} then =* has a pair {c,d}.

Corollary 5.2.6.2. Any set of five points that is disjoint from a quadrangle in

S(2,3,9) lies in exactly two distinct lines that have an intersection.

Now, we return our mission of finding the blocks of S(4, 5, 11). We look for blocks
that have neither a or 5. In other words, we look for the blocks that are made of
five points from S(2,3,9).

We have shown that any set of five points in S(2,3,9) contains a quadrangle in
Lemma [5.2.3] The previous blocks that we have shown contains quadrangle from S
and 9. Since every set of four points is in a unique block due to the definition of
a Steiner system of type S(4,5,11), the remaining blocks that we have looked for
contain a quadrangle from S3. From Lemma (.24l we know that any quadrangle =
from S3 will have a unique point §, which is a diagonal point of =Z. Hence the last

type of block is the following form:

(iv) ZU {8}
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In this type of block, = is a quadrangle from S35 that is defined in the previous

section. Since there are 18 such = in S3, we have 18 such form of ZU {d}.

Finally, we have shown 18 blocks that do not contain neither a nor . Therefore
S(4,5,11) exists.

5.3 The one-point extension of 5(4,5,11)

In this section, we will extend S(4,5,11) to S(5,6,12) by adding one point and
show that S(5,6,12) exists. We start showing the uniqueness of S(4,5,11) up to

isomorphism.

Theorem 5.3.1. There is a unique S(4,5,11) Steiner system up to isomorphism.

Proof. Let S be S(4,5,11) and a,8 € S. If we remove o and § from S we have
S5(2,3,9), which is unique by Theorem E.I.1l When we add « and g to S(2,3,9),
quadrangles in the blocks of S(4,5,11) are chosen from S, Ss and S3. We note that
each S; contains 18 blocks by Theorem (.14l Since Aut(S(2,3,9)) acts transitively
on {S1, 52,53} by in the proof of Theorem B2l where we take 18 blocks does not

matter. Therefore S(4,5,11) is unique up to isomorphism. O

Now, we will show the one-point extension of S(4,5,11) in order to obtain
S(5,6,12). Our process will be similar to previous section. Then we start assuming
that we already have an S(5,6, 12). Let us pick three points «, 3, and 7 in S(5, 6, 12).
If we remove « from S(5, 6, 12) we have S(4,5,11). In the same manner, if we remove
S from S(5,6,12) we have S(4,5,11).

Also if we remove 7 from S(5,6, 12) we have S(4,5,11). Since S(4,5,11) is unique
up to isomorphism by Theorem [B.3.1] the contractions of S(5,6,12) due to «, 3, and
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~ are isomorphic. Then these are one-point extension of S(3,4,10). Also we note
that S(3,4,10) is a one-point extension of S(2,3,9). Thus we can say that the set
of points of S(5,6,12) consists of points of S(2,3,9), a, 3, and 7.

Hence the blocks of S(5,6,12) containing «,  or «y are the following forms:

(1) QU{e, 6,7}

In this type of block, € is a block (line) of S(2,3,9). Since there are 12 such (2,
we have 12 such form of Q U {a, 8,7}

(ii) EU{B,7}

In this type of block, = is a quadrangle from .S; that is defined in the section 5.1.
Since there are 18 such = in .S;, we have 18 such form of ZU {5, ~}. Without loss of
generality we pick S; for = so as to have ZU {5, ~v}.

(17) 2U{a, v}

In this type of block, = is a quadrangle from .S; that is defined in the section 5.1.
Since there are 18 such = in S;, we have 18 such form of ZU {«,~v}. Without loss of

generality we pick Sy for = so as to have ZU {«, v}.

(iv) EU{a, 5}

In this type of block, = is a quadrangle from S5 that is defined in the section 5.1.
since every set of four points is uniquely involved in blocks. Then there are 18 such

= in S3, and so we have 18 such form of ZU {a, #}.

For the other blocks we will define a new set of subsets from S(2,3,9). In each

S;, we will call set of ZU {0} C; where = € S; and ¢ is the diagonal point of =.
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(v) RU{a}

In this type of block, R is a set of quadrangle = from S; and its diagonal point.
Since there are 18 such = in S;, we have 18 such form of R U {a}. Without loss of
generality we pick S for Z to have RU {a} = (4.

(vi) RU{B}

In this type of block, R is a set of quadrangle = from S; and its diagonal point.
Since there are 18 such Z in S;, we have 18 such form of R U {#}. Without loss of
generality we pick Sy for = to have RU {5} = Cb.

(vit) RU {7}

In this type of block, R is a set of quadrangle = from S3 and its diagonal point
since we have already chosen R from S; and S;. Then there are 18 such = in S5, and
so we have 18 such form of RU {y} = Cs.

Now, we will consider blocks that do not contain «, 8 or . Then blocks that we

are looking for can not contain any set of five points in C;(i = 1,2, 3).

We will choose six points from S(2,3,9) to form a block. By Lemma (.23, we
know that any set of five points contains a quadrangle. Hence we should avoid the
diagonal point of a quadrangle from a block that we are trying to build. Without
loss of generality, we consider a quadrangle with parallel class pair {a,b}. Then the
diagonal point can not lie in four lines of a pair {a,b}. Therefore, the diagonal point
lies in third line of @ or third line of . In other words, The diagonal point is the
common point of third line of @ and third line of b. If we choose six points from two
distinct parallel lines then we will not get diagonal point. Hence, the block of this

type is the following:
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(vii) a union of two distinct parallel lines in S(2,3,9).

To sum up, we have shown 132 blocks in total. Therefore S(5,6,12) exists.

Theorem 5.3.2. There is a unique S(5,6,12) Steiner system up to isomorphism.

Proof. The strategy is similar to the proof of Theorem [(.3.1] since the uniqueness
of S(5,6,12) is also depended on quadrangles of S(2,3,9). The points of S(5,6,12)
consists of points of 5(2,3,9) and three further points. We find out the blocks
of 5(5,6,12) in our above discussion and points of blocks based on the points of
5(2,3,9). Since Aut(S(2,3,9)) acts transitively on points of 5(2,3,9), S(5,6,12) is

unique. O]
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Chapter 6

The binary Golay code and
S(5,8,24)

In this chapter, we will form S(5,8,24) and the binary Golay code simultaneously
and conclude that they are the same structure. We will follow Robin J. Chapman’s
article [20] and P. J. Cameron and J. H. van Lint’s book [2I]. We note that R. J.
Chapman’s article is actually recollection of John H. Conway’s lectures that can be
found in [22].

6.1 Coding theory

In this section, we will introduce coding theory briefly. We consider a set F as a
collection of ¢ distinct symbols that is called an alphabet. In general, one may take
g = p" where p is a prime and F = F,. Then the code is called a g-ary code. If
q = 2 we call it binary code. Also we regard F as 1-dimensional vector space over

the field F.
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Definition 6.1.1. We may form n-tuples by using the symbols of F. We call these
n-tuples words and n the word length. We denote the set of all words of length n

by F". We regard it as n-dimensional vector space over the field F.

Definition 6.1.2. Let x € F" and y € F". The distance function d is defined as the
number of coordinate places in which = and y differ and is denoted by d(x,y). That

is to say,
d(z,y) = {i:1<i<n; a; #y}.

The distance function d is called the Hamming distance. As in our definition, it
measures difference of the positions in two n-tuples. If d(x,y) = 0 then we have x = y.
Also d(x,y) = d(y,z), and so d is symmetric. Let z € F". Then d(z,y) + d(y,z) >
d(x, z) since if there is a difference in the ith coordinate between x and z then there
should be a difference in the ith coordinate between x and y or y and z. Therefore

d is the metric.

For the next definition, we consider y as 0, that is the zero vector in F".

Definition 6.1.3. The weight of v € F" is w(z) := d(x,0). That is, w(z) is the

number of non-zero entries in x.

Definition 6.1.4. The ball of radius p with centre at € F" where p > 0 is

B(z,p) :={y € F" : d(z,y) < p}.

Now, we will form a special subset C of F". The property of C is that any two
distinct words of C have distance at least 2e + 1. Let us pick any x in C. Then we
change t coordinates of x where ¢t < e to yield a new word z’. Since the distance
between x and 2’ is t and ¢t < 2e + 1, 2’ looks like  more than any other words
of C. As a result, we can correct the t errors if we know C. A subset C is called

e-error-correcting code. Formal definition as follows.
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Definition 6.1.5. An e-error-correcting code C is a subset of F" with the property
vxecvyec [$ 7£ Yy = d(!)ﬁ', y) Z 2e + 1]

Remark 6.1.6. We may call words in C codewords.

We interpret that balls of radius e of two distinct codewords are disjoint in C. If

balls in C cover F" then the code is called per fect. Formal definition as follows.

Definition 6.1.7. An e-error-correcting code C in F" is called per fect if

U B(z,e) =F".

zeC
Definition 6.1.8. A k-dimensional linear subspace C of F" is called a linear code
over the field F.

Proposition 6.1.9. The minimum distance of a linear code C is the minimum weight

of a codeword in C.

Proof. Let x and y be in C. Since C is linear subspace, x — y is in C. Then we have

Definition 6.1.10. Let C be a k-dimensional linear code. Then
Cti={z € F": Vyec[(z,y) = 0]},

where (z,y) denotes the dot product in F", is called the dual code of C of (n — k)-

dimensional linear code. That is; dim C + dim C*+ = n.

Definition 6.1.11. A code C is called self-dual and dim C = n/2 if C = C*+. If
C C C* then C is called sel f-orthogonal and dim C < n/2.

Definition 6.1.12. Let C be a code of length n and let A; denote the number of

codewords of weight ¢ where ¢ = 0,1, ...,n. Then
Ax) == Z Az’
=0

is called the weight enumerator of C.
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We have made our definitions in a general setting. Now, let consider binary linear
code of length n, say C, in more detail. As we had mentioned earlier, if ¢ = 2 and C

is a linear subspace of FY then C is called binary linear code.

We will define codewords of C in terms of subsets of {1,2,...,n}. Let a be in C.
Since a is an n-tuple, we can write a explicitly as a = (a1 as ... a,,) or a = (a;) where
j €{1,2,...,n}. Then we identify a with where a; is 1. Hence we form a set, say A,
of all j with a; = 1. A is a subset of {1,2,...,n} and we define a as the subset A.
With this new definition, F} becomes the power set of {1,2,...,n}.

Now, we make some definitions regarding the binary linear code C.

Let X be a set {1,2,...,n} and C be a binary linear code of the power set of X
namely P(&X). For all A, B in P(X), addition is defined by symmetric difference,
namely A+ B := (AU B) — (AN B), and multiplication is defined by AB :=|AN B|

in mod 2.
Definition 6.1.13. The length of C is the order of X', namely |X|.

Definition 6.1.14. Let A, B be in P(X). Then the weight w(A) of A is the order
of A, namely |A|. Also the weight w(A+ B) of A+ B is the order of A+ B, namely
|A + B.

Since |[A+ B| = |A|+|B|—2|ANB|, w(A+B) = w(A)+w(B) in mod 2. Moreover
if AB =0 then |AN B| is even, and so w(A + B) = w(A) + w(B) in mod 4.

Definition 6.1.15. We call C even if the order of every non-empty subset of C is even

and also call C doubly even if the order of every non-empty subset of C is divisible

by 4.

Definition 6.1.16. Let C be a code of P(X). Then
Ct={A€P(X):Vpec|AB = |AN B| =0 mod 2]}

is the dual of C.
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Proposition 6.1.17. Let C be a self-orthogonal and H be a subset of C of words of
weights divisible by 4. If C is spanned by H then C is called doubly even. Conversely,
if C is doubly even then C' is self-orthogonal.

Proof. We suppose that C is spanned by H, where H = {A € C : w(A) = 0 mod 4}.
Let B € C. Then B can be represented by the summation of some elements of H.
Also since C is self-orthogonal, w(B) = 0 mod 4. Therefore C is doubly even by
Definition

Conversely, we suppose that C is doubly even. Let A, B € C. Since A+ B € C, its
order is divisible by 4. This means that |A N B| is even. Hence AB = 0. Therefore
C C C+ and so C is self-orthogonal by Definition G111 ]

Definition 6.1.18. The minimum weight of C is the order of the smallest non-zero

subset in C.

Definition 6.1.19. Let C be at least 12-dimensional. If every codewords’ length is

24 and the minimum weight of C is at least 8 then we call C binary Golay code.

6.2 Construction

Theorem 6.2.1. Let X' be a set of order 24 and C be a subspace of P(X)=V. IfC

is a binary Golay code then it is exactly 12-dimensional.

Proof. Let z be fixed in X. Then we want to count such sets in V' with the order less
than or equal to 4 or containing x have the order 4. We have 24 elements in X. It
follows that (214) is the number of sets of one element. Similarly, (224) is the number

of sets of two elements and (2;) is the number of sets of three elements. If we count
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2 in the sets then the number of sets of four elements is (233). Also there is an empty

set. In short, the total number of sets we would like to count is as follows,
24 24 24 24 23
= 4096 = 2'2.
(o) + (1) () (5) +(5) o

We call this family of sets M. Let A, B € M. We suppose that the orders of A
and B are 4. Thus x € AN B. For this reason, the weight of A 4+ B can be at most
6. Similarly, if the orders of A and B are less than 4 then the weight of A + B can
be at most 6. Hence A + B ¢ C since the weight must be at least 8 by Definition
Since the cosets A + C are all distinct, the order of set of cosets is at least
212 Also we note that |C| > 2'2. Then it follows that the order of set of cosets must

be at most 2'2. Therefore |C| = 2!2, and so C is exactly 12-dimensional. O

Theorem 6.2.2. Let X be a set of order 24 and C be a subspace of P(X) =V. IfC

is a binary Golay code then
(1) the weight of the smallest non-zero subset of C is 8.

(73) the words of weight 8 in C form S(5,8,24).

Proof. (i) Let B in V but not in M and |B| = 4. Then B € A+C for some A € M.
Hence A+ B € C. This implies that |A| = 4 and |A+ B| = 8. Therefore the minimum
weight of C is 8.

(77) We continue with the result of the first part. We have shown that |A+ B| = 8.
Since |A| = 4 and A € M, we have z € A. It follows that |{z} U B] = 5 and
{z} U B C A+ B. This means that sets of five elements containing = are contained
in at least one set of eight elements of C. Since x was chosen arbitrarily, we can
generalize the last sentence as follows. Any sets of five elements are contained in at

least one set of eight elements of C.
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Now we suppose that there exist distinct sets of C, say N, M, such that they
have weight 8 and also contain the same set of five elements, say L. That is to say,
L C NN M. It follows that the weight of N + M is at most 6. Since N + M € C, we
get a contradiction. Therefore N = M and any sets of five elements are contained

in exactly one set of eight elements of C.

In conclusion, the words of weight 8 form S(5,8,24) by Definition B1.11 O

Theorem 6.2.3. Let X be a set of order 24 and C be a subspace of P(X) =V. IfC
is a binary Golay code then it is spanned by the words of weight 8.

Proof. Let ' C C such that it is generated by the set of words of weight 8. We
want to show that C' O C. Let A be in V such that |A| > 5. Then by Theorem
622 there exists a set B of weight 8 in C such that |A N B| > 5. This implies that
|A+ B| < |A|, and so |A + B| < 4. Also by Theorem [6.2.2] we know that if B in
V but not in M and |B| = 4 then there exists A € M such that A+ B € C and
|A + B| = 8. Hence we can say that every element of V' is congruent to elements of
M in modulo C'. Therefore C' D C, and so C' =C ]

Theorem 6.2.4. Let X be a set of order 24 and C be a subspace of P(X) = V. Also
let S =5(5,8,24) on X. Suppose that C is spanned by the blocks A in S. Then

() C is self-dual.
(71) C is a binary Golay code and its weight enumerator is

1+ 75928 4+ 257622 + 759216 + 1224

(1i1) The words of weight 8 are blocks of S.

Proof. (i) We know that if C = C* then C is self-dual from Definition LTIl For
this purpose we will firstly show that for all A, B € S, we have |A N B| is even.
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Let us fix A € S and let I be a subset of A. We calculate the number of elements
of S containing I by using the intersection triangle of S. Let |I| = i. Then the
coordinates of the intersection triangle as follows from Definition B.2.4]
(2472‘)
=2 when 0<i<5
Aio = (sfz')
1 when 5 <i<8,

We Compute /\070 = 759, /\170 = 253, )\2’0 = 77, /\370 = 2]_7 /\470 = 5, )\5’0 = >\6,0 =
)\770 = )\8,0 =1.

Let C, D be subsets of A such that C C D. Alsolet |C|=i¢and |D|=j. If Be S
then we want to compute the number of B in S such that BN D = C. Then if i = j
then the number of B is A; . Now we suppose that 7 < j. Then there exists C" such
that CUC" = D and |C'| = j — 1.

That is to say, we are looking for blocks containing C' but not containing all
elements of C'. Hence the number of blocks of this kind is the relation as in the
Definition B.2.4] namely \; j_; = A; j—i—1 — Aiy1,j—i—1 for j —i > 1. Also if j = 8 then
D € S. It follows that \;s_; is 0 for all odd ¢. Therefore the intersection of each two
elements of S has even order. This means that C is spanned by mutually orthogonal
sets in P(X). Thus C is self-orthogonal, and so dim C < n/2. Also from the proof
of the Theorem [6.2.1] we have dim C > n/2. Therefore dim C =n/2 and so C = C*+
by Definition 61111

(73) We suppose that C is spanned by A in S. Then since |A| is divisible by 4, C is
doubly even by Definition Let A; denote the number of codewords of weight
i where ¢ = 0,1,...,24. Since C is doubly even, A; = 0 for all i not divisible by 4.
Thus the weight enumerator of C is as follows by Definition [6.1.12]

A([L’) = A()QS'O + A4ZL'4 + Agl’s + Algl’u + A16$16 + AQQQTZO + A24$24.
We note that the minimum weight of C is at least 8. For this reason, if we show that
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Ay = 0 then C will be a binary Golay code. Then let A € C such that |A| = 4. If
A € M defined in the proof of Theorem then A + C form a coset of C. Since
|IM| = 2'2 distinct elements of M are not congruent to each other modulo C. If
A € C then we may have A = B + C for some distinct elements B,C in M such
that |B| = 2,|C| = 2. But B and C are congruent to each other. Hence we get a
contradiction. Therefore there is no set of weight 4 in C and so C is a binary Golay

code.

We can easily see that Ag = Aoy = 1, Ag = A1 = 759 and A9 = 2576. Therefore

the weight enumerator of C is

A(x) = 1+ 7592% + 257622 + 7592'% 4 122,

(737) It is the immediate result of Theorem [6.2.2] O

We see that construction of a binary Golay code is same as construction of

S(5,8,24).
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Chapter 7

Simplicity of the Mathieu Groups

In this chapter we will show the simplicity of the Mathieu groups. The entire chapter
will be based on Robin J. Chapman’s article [14] and Simon Rubinstein-Salzedo’s

article [15].

7.1 Preliminaries

Let S, be a symmetric group of degree p in which p is a prime number. Also let G

be a subgroup of S,. Then G acts on a set of p elements, namely {1, 2, ..., p}.

Lemma 7.1.1. G acts transitively on {1,2,...,p} if and only if p | |G| and a cyclic
Sylow p-subgroup exists in G.

Proof. Let X = {1,2,...,p} and x € X. Then we suppose that G acts transitively
on X. This means that X has just one orbit. Thus by the Orbit-Stabiliser Theorem
(Z118), we have | X| = |G : G,|. Hence p | |G|.
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We note that |S,| = pl. Also since G is a subgroup of S,, we have |G| | |S,|,
and so |G| = pm where p { m. As a result, G has a Sylow p-subgroup of order p by
Sylow’s Existence Theorem (ZI1.33]). Since groups of prime order are cyclic, a cyclic
Sylow p-subgroup exists in G.

For the converse, we suppose that p | |G| and a cyclic Sylow p-subgroup, say P,
exists in G. Then let P = (7) where m = (1 2... p). It follows that for any z,y € X
there exists 7 for some 1 < i < p such that 7'z = y. Therefore G acts transitively
on X. [

Lemma 7.1.2. Let G be a group of order n and P be a cyclic Sylow p-subgroup of
G. Also let ng be the number of Sylow p-subgroups of G and r¢ = |Ng(P) : P|.
Then |G| = prene.

Proof. From Sylow’s Theorem (Z.1.34)), we know that ng = |G : Ng(P)|. So we can

decompose order n of the group G as follows:

n = |G| = |G : Ng(P)||Ng(P) : P||P| = prgng.

Lemma 7.1.3. Let r¢ = [Ng(P) : P|. Then rg is congruent to % in mod p.

Proof. By Sylow’s Theorem (21.34]), we have ng = 1 (mod p). We suppose that
P =(12.p)andm = (12.p). Let 0 € Ng (P). Then cPoc~! = P and so
oro~t = 7% For k = 1, we have oo™ = 7 = (0(1) 0(2)... o(p)). Hence, we have
p different o satisfying omo~! = w. Thus Cg,(P) = P. Since we can choose k up to

p—1, we get [Ng (P)| =p(p—1).

It follows that rq is a factor of p — 1; hence 1 < rg < p— 1. Since % = rgng and
ng =1 (mod p) by Lemma [LT.2] this implies that re = 7 (mod p). O
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Lemma 7.1.4. Let G < S, act transitively on X = {1,2,...,p}. Also let r¢ =
|INo(P) : P| and ng = |G : Ng(P)|. If ng > 1 then rg > 1.

Proof. Let |G| = n. We suppose that ng > 1 and r¢ = 1. Thus |G| = n = png
by Lemma [ T2l Since a cyclic group of order p has p — 1 generators and n¢ is the
number of distinct cyclic groups of order p, the number of elements of order p is
ng(p — 1) = n — ng. Moreover, these elements permute all points in X since their

order is p. Hence there are at most ng elements that permute not all points of X.

We note that G acts transitively on X. Thus |O(z)| = p for all z € X. Then
by the Orbit-Stabiliser Theorem (ZII8]), we have |O(z)||G.| = |G|. Hence |G,| =
n/p = ng for all x € X. This means that stabilisers of every = in X are the same.
Since the identity element is the only element fixing every x in X, we have ng = 1.

Therefore, we get a contradiction. ]

Corollary 7.1.4.1. Let G < S, act transitively on X = {1,2,....,p} and r¢ = 1.
Then G £ Z,.

Proof. Let rg = 1 and |G| = n. From previous lemma’s proof, we know that G has
n —ng elements of order p and |G| = ng =1 for all z € X. Since |G| = n = prgng
by Lemma [T.T.2] we have |G| = p. Therefore G = Z,,. O

Theorem 7.1.5. Let G < S, act transitively on X = {1,2,....p}. Also let |G| = pmr

such that m > 1 and m =1 (mod p), r < p and r is prime. Then G is simple.

Proof. Let r = rqg and m = ng where rg and ng defined as in Lemma [[.T.2] Also
let H <1 G be non-trivial. Then H acts on X. It follows that Hz is block for any
x € X by Theorem and Hzx is also an orbit of the action of H on X. Since
G acts transitively and H is non-trivial subgroup, |[Hz| =s > 1 forallz € X. As a
result, |Hzx| = s = p. Thus H acts transitively on X.
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There is a Sylow p-subgroup of G, say P’, such that P < H by Lemma [.111
Since any two Sylow p-subgroups of GG are conjugate in G, all Sylow p-subgroups of
G are contained in H. This means that the number of Sylow p-subgroups of H is
equal to the number of Sylow p-subgroups of G, namely ng = ny. Also we have
|H| = pnyt = pngt. Then t | r by Lagrange’s Theorem (ZI1.30). Also t > 1 by
Lemma [T.T.4l Since r is a prime number, we have t = r. Hence |H| = |G| and so
H = G. Therefore G is simple. ]

Now, we will show some theorems that we give without proofs. We follow chapter
9 of the book [§] of J. J. Rotman for pages between 286-292. We will use these
theorems in section 7.2. More specifically, we will use Theorem and Theorem
[ 17 to show the simplicity of Mj; and Msys. Also we study multiply transitive
groups in section 2.1.4 in chapter 2 and develop simplicity criterion Theorem
Then we will use it with Theorem [Z.T.8] Theorem and Theorem [.T.T0 to show

the simplicity of the remaining Mathieu groups.

Theorem 7.1.6. [8, Theorem 9.52, page 288] The order of the Mathieu Group My,
is 7920.

Theorem 7.1.7. [8, Theorem 9.56, page 291] The order of the Mathieu Group Mas
is 10200960.

Theorem 7.1.8. [8, Theorem 9.53, page 289] M5 is a 5-transitive group such that
the stabiliser of a point in My is M.

Theorem 7.1.9. [8, Theorem 9.55, page 290] My, is a 3-transitive group such that
the stabiliser of a point in Mag is PSL3(Fy).

Theorem 7.1.10. [8, Theorem 9.57, page 292| May is a 5-transitive group such that
the stabiliser of a point in Moy is Moag.
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7.2 Results

Theorem 7.2.1. The Mathieu Groups My, and Mays are simple.

Proof. Now, My; < Sy1, and |M;y;| = 7920 by Theorem [[. 1.6l By Lemma [[.1.3
My = 3§ = % = 720 = 5 (mod 11). This implies that ry,, = 5 and my;,, =
144 > 1. Thus, my,, = 1 (mod 11), rp,, < 11 and ryy, is prime. Therefore, by

Theorem [[.T.5] M, is simple.

Also, Msz < Sag, and |Mas| = 10200960 by Theorem [.I.7 By Lemma [I.1.3
Thy = 2 = % = 443520 = 11 (mod 23). This implies that r,,, = 11 and myy,, =

P
40320 > 1. Thus, myp, = 1 (mod 23), Ta,, < 23 and 7y, is prime. Therefore, by
Theorem [T.T.H], Mos is simple. O

Also, we want to show that the Mathieu groups Mis,Ms4 and My are simple too.

Theorem 7.2.2. The Mathieu Groups Mis,Msy and Mas are simple.

Proof. M5 is 5-transitive group whose stabiliser at any point is M;; by Theorem
718 Then M, is a simple group by Theorem [[.2Z.1l Therefore M, is simple by
Theorem 2.1.59

My, is 5-transitive group whose stabiliser at any point is M3 by Theorem [.T.10l
Then Mas is a simple group by Theorem [T.2.Tl Therefore Ms, is simple by Theorem
2.1.09

My, is 3-transitive group whose stabiliser at any point is PSL3(F,) by Theorem
[LT9 Then PSLs(F,) is a simple group [8, Theorem 8.23, page 232]. Therefore My
is simple by Theorem 2.1.59l O
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