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ABSTRACT

ESSAYS ON BARGAINING THEORY

Ozcan Tok, Elif
Ph.D., Department of Economics

Supervisor: Assist. Prof. Dr. Emin Karagozoglu

May 2018

Bargaining refers to a situation where two or more agents try to decide over
how to divide a surplus generated by the economic transactions among these
agents. There are two major approaches to bargaining problems: cooperative
and non-cooperative approach. The former one focuses on the axioms that a
bargaining outcome should satisfy and it is initiated by Nash (1950). The latter
one attempts to specify the bargaining procedure and it is pioneered by Stahl
(1972) and Rubinstein (1982). This dissertation consists of five essays. The first
three essays employ the non-cooperative bargaining approach; the remaining ones

employ the cooperative bargaining approach.

In the first essay, we study an infinite horizon bargaining game on a network,
where the network is endogenously formed. Two specifications of the cost struc-
ture regarding the link formation is investigated: zero cost and non-zero cost.

The equilibrium of the game is obtained for both specifications. Lastly, we focus

il



on efficiency issue and characterize the efficient networks. In the second essay, an
infinite horizon bargaining game between buyers and sellers on a two-sided supply
chain network is analyzed where the valuations of the buyers are heterogeneous.
We prove that the valuations of the buyers and the network structure have an im-
pact on the equilibrium outcome. In the third essay, we investigate the emergence
of reference points in a two-player, infinite horizon, alternating offers bargaining
game. The preferences of players preferences exhibit reference-dependence, and
their current offers have the potential to influence future reference points of each
other. However, this influence is limited in that it expires in a finite number of
periods. We describe a subgame perfect equilibrium that involves an immediate
agreement. We study the influence of expiration length and reference points on
equilibrium strategies and outcomes. In the fourth essay, we study the salience of
the reference points in determining the anchors and aspirations in a bargaining
problem by introducing two parameters which capture these effects. In the co-
operative bargaining literature, the disagreement point or the reference point is
employed as an anchor while the ideal (or utopia) point or the tempered aspira-
tions point as an aspiration. In this essay, a bargaining problem with a reference
point is studied incorporating these two parameters and hence a family of bar-
gaining solutions is obtained. Consequently, several characterizations for each
individual member of this family is proposed. In the fifth essay, we introduce the
iterated egalitarian compromise solution for two-person bargaining problems. It is
defined by using two well-known solutions to bargaining problems, the egalitarian
solution and the equal-loss solution, in an iterative fashion. While neither of these

two solutions satisfy midpoint domination —an appealing normative property— we

v



show that the iterated egalitarian compromise solution does so. To sum up, this

dissertation contributes to the diversified fields and practices of bargaining theory.

Keywords: Alternating Offers, Cooperative Bargaining Theory, Networks, Non-

cooperative Bargaining Theory, Reference Dependent Preferences.



OZET
PAZARLIK TEORISI UZERINE MAKALELER

Ozcan Tok, Elif
Doktora, Tktisat Boliimii
Tez Danigmani: Dr. Ogr Uyesi Emin Karagozoglu

Mayis 2018

Pazarlik, iki veya daha fazla aktoriin, kendi aralarindaki ekonomik iglemler sonucu
ortaya ¢ikan degerin nasil paylasilacagina iligkin stireci ifade eder. Pazarlik prob-
lemlerinde iki ana yaklagim mevcuttur: igbirlikci ve igbirliksiz yaklagim. Nash
(1950) tarafindan oOnerilen igbirlik¢i yaklagim, bir pazarlik sonucunun saglamasi
gereken aksiyomlara odaklanmigtir. Stahl (1972) ve Rubinstein (1982) 'nin
onciliik ettigi ikinci yaklagim ise pazarlik stirecini tamimlamaya ¢aligmaktadir. Bu
tez bes makaleden olusmaktadir. Ik {i¢ makale isbirliksiz pazarlik yaklagimini,
digerleri ise igbirlik¢i pazarlik yaklagimini kullanmaktadir. IIk makalede icsel
olarak olusturulan ag ftizerinde sonsuz siireli bir pazarlik oyunu caligilmigtir.
Baglant1 kurmaya iligkin maliyet yapisinin iki ¢esidi incelenmigtir: sifir maliyet ve
sifirdan farkli maliyet. Oyunun dengesi her iki tanimlama i¢in de elde edilmistir.
Ayrica, etkinlik konusuna odaklanilmig ve etkin aglar karakterize edilmistir.
Tkinci makalede, iki tarafli bir tedarik zinciri iizerinde alicilarin degerlemelerinin
heterojen oldugu durumlarda alici ve saticilar arasindaki sonsuz siireli pazarlhik

vi



oyunu analiz edilmigtir. Alhcilarin degerlemelerinin ve ag yapisinin denge sonucu
{izerinde etkili oldugu gosterilmistir. Ucgiineii makalede, iki oyunculu, sonsuz
siireli, sirali teklifli pazarlik oyununda referans noktalarinin ortaya cikisi ince-
lenmigtir. Oyuncularin tercihleri referansa bagimlilik gostermektedir ve mev-
cut teklifleri birbirlerinin gelecekteki referans noktalarini etkileme potansiye-
line sahip olmaktadir. Ancak, bu etki sonlu sayida bir donem icerisinde sona
erdigi i¢in siirhdir. Gecikmesiz anlagmay1 igeren bir alt-oyun miikemmel den-
gesi tanimlanmig; sona erme siiresinin ve referans noktalariin denge stratejileri
ve sonuglar1 iizerindeki etkisi incelenmigtir. Dordiincii makalede, bir pazarlik
problemindeki capa ve istekleri belirlemede referans noktalarimin giicii; bu etk-
ileri yakalayan iki parametrenin tamtilmasiyla incelenmistir. Igbirlik¢i pazarlik
yazininda, ¢apa olarak anlagmazlik noktasi ya da referans noktasi; istek noktasi
olarak ise ideal nokta (iitopya noktasi) kullamlmaktadir. Bu makalede, bu iki
parametre dahil edilerek referans noktasina dayali pazarlik problemi ¢aligilmig ve
boylece pazarlik ¢oziimlerinin bir ailesi elde edilmigtir. Sonug olarak, bu ailenin
her bir iiyesi i¢in cesitli karakterizasyonlar onerilmistir. Beginci makalede, iki
kisilik pazarlik problemleri icin yinelenen esitlikci uzlasma ¢ozimai tanitilmigtir.
Bu ¢oziim, esitlikci ve egit kayipl pazarlik ¢oziimlerini tekrarl bir sekilde kulla-
narak tanimlanmigtir. Bahsi gegen iki ¢ozlim cazip bir normatif 6zellik olan orta
nokta baskinlhginy saglamazken, yinelenen esitlik¢i uzlasma ¢ozumiu bu ozelligi
saglamaktadir. Ozetle, bu tez oyun teorisinin cesitli alanlarna ve uygulamalarina

katk: saglamaktadir.

Anahtar Kelimeler: Ag, Isbirlikli Pazarlik Teorisi, Isbirliksiz Pazarlik Teorisi,

Referans Bagimli Tercihler, Sirali Teklifler.
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CHAPTER 1

INTRODUCTION

In broad terms, bargaining refers to the process involving two or more parties
where (7) a mutually beneficial agreement is possible, (ii) there is a common
interest in reaching an agreement but conflict of interests over the terms and
conditions of agreement, and (7i7) agreement requires mutual approval. Many
economic, social and political interactions can be described as bargaining situ-
ations. Price determination in a market, wage negotiations in labor markets,
business relations, international agreements, shopping are some examples of bar-
gaining in a daily life. Hence, better understanding the bargaining process has

become a major concern for researchers from several fields and policy makers.

Bargaining situations are commonly described as games and the analysis is based
on game-theoretic approach. Traditionally, bargaining theory attempts to address
the followings: the outcome of the bargaining game (agreement or disagreement,
division of the surplus), the factors affecting the bargaining outcome, the sources
of bargaining power, the strategies each player should play, the ways to improve a

player’s surplus from the bargaining and so on. To achieve these aims, in the lit-



erature, there are two main approaches to bargaining problems: cooperative and
non-cooperative approach. The first one, cooperative bargaining, deals with iden-
tifying the appealing properties that a bargaining solution should satisfy. This
strand of literature starts with the seminal works Nash (1950) and Nash (1953).
He develops a 2-person bargaining problem and introduces certain axioms deter-
mining the solution uniquely. Second approach, non-cooperative bargaining, deals
with explicit specification of the bargaining games. It considers the bargaining
procedure that is ignored by the cooperative approach. Non-cooperative bar-
gaining theory is pioneered by Nash (1953), Stahl (1972) and Rubinstein (1982).
The path breaking paper of this literature, Rubinstein (1982), develops an infi-
nite horizon bargaining game with sequential offers, called as alternating offers
bargaining game, and shows the uniqueness of the subgame perfect equilibrium.
Besides the differences between these two approaches, there essentially exists a
close relationship. Binmore (1987) explores the convergence of Rubinstein’s so-

lution to Nash’ solution as discount factor goes to 1.

This thesis consists of five essays centering on bargaining theory and contributes
to both the cooperative and the non-cooperative approaches. In the first essay,
we study an infinite horizon bargaining game over a network a la Manea (2011).
In our game, the network is not exogenously given. In the first-stage, the network
is formed where the link formation is probably costly. Given the network formed
in this stage, our second stage game coincides with the one in Manea (2011).
We study two alternative cost structures for the first-stage: forming links has
(i) zero cost and (ii) non-zero cost. We characterize the subgame perfect Nash

equilibrium of this game for each specification. In the equilibria of our game,



the bargaining power that is due to an advantageous network position in Manea
(2011) disappears since all players have equal opportunities to form links. We
also define an appropriate efficiency notion and characterize the set of efficient

networks.

The second essay of this thesis also builds upon Manea (2011) with a focus on
supply chains. We analyze an infinite horizon bargaining game between buyers
and sellers over stationary two-sided supply chain networks. We do not impose
any further restrictions on the network structure. We allow both buyers and
sellers to make offers. Furthermore, valuations of buyers are heterogeneous. We
show that the equilibrium payoffs in the bargaining game we study depend on
buyers’ valuations and all players’ network positions. As such, these two factors

are sources of bargaining power.

In the third essay, we analyze an infinite horizon alternating offers bargaining
game with reference-dependent preferences. Reference points are initially
exogenous but they are adjusted through the bargaining process according to
the received offers. Hence, past offers have the potential to affect the current
reference points. However, it is assumed that the influence expires in finitely
many periods. Further, each player perceives the offer above his reference point
as a gain and the offer below his reference point as a loss, i.e., players are both
gain-seeking and loss-averse. The equilibria of the game with limited influence
and the game with unlimited influence are compared. This comparison reveals
that the equilibrium offers are identical while the equilibrium strategies are

different.



The fourth essay of this thesis investigates the salience (or the power) of the
reference points in determining the anchors and aspirations which are assumed
to be two major factors affecting the negotiated settlements in most cooperative
bargaining models. The papers in the literature employ the disagreement point
or the reference point as an anchor point and employ the ideal (or utopia) point
or the tempered aspirations point as an aspiration point. Nevertheless, there is no
clear explanation about the choice of a particular salient point over an alternative.
In this study, two parameters are introduced into bargaining problems with a ref-
erence point. The first parameter represents the influence (or the salience) of the
reference point in determining the anchor, while the second parameter represents
its influence in shaping agents’ aspirations. Utilizing these parameters, a unifying
framework for the study of bargaining problems with a reference point have been
provided. The two-parameter family of bargaining solutions we obtain encom-
passes Kalai-Smorodinsky (Kalai and Smorodinsky, 1975), Gupta-Livne (Gupta
and Livne, 1988), tempered aspirations (Balakrishnan, Gémez, and Vohra, 2011),
and local Kalai-Smorodinsky (Gupta and Livne, 1989) solutions as special cases.

We offer multiple characterizations for the individual members of this family.

In the fifth essay, we develop a new solution concept for two-person bargaining
problems: iterated egalitarian compromise solution. This new solution concept is
defined by using two well-known solutions concepts, egalitarian solution proposed
by Kalai (1977) and equal loss solution proposed by Chun (1988), in an iterative

fashion. The egalitarian and the equal loss solutions fail to satisfy midpoint



domination which requires that the payoff of each player should be at least the
average of his disagreement and his ideal point outcomes. We first show that
iterated egalitarian compromise solution is well-defined. Afterwards, we prove
that iterated egalitarian compromise solution satisfies midpoint domination that

is violated by the egalitarian and equal loss solutions.



CHAPTER 2

BARGAINING ON ENDOGENOUSLY
FORMED NETWORKS

Bilateral relationships taking place in networks is ubiquitous. Buyer-seller rela-
tionships, friendships in school or social media, interactions in job markets, sci-
entific collaborations, information exchange, supply-chains, international trade
agreements are just some examples. Theoretical and empirical research in eco-
nomics on networks in the last three decades consistently argue/show that the
network structure in general and the location of an agent in the network in partic-
ular can significantly influence the nature of the strategic interaction and corre-
sponding (equilibrium) outcomes ( see Calvé-Armengol (2003), Corominas-Bosch
(2004), Polanski (2007), Jackson (2008), Manea (2011), Abreu and Manea (2012)
and Polanski and Vega-Redondo (2013)). For instance, forming and maintain-
ing a large number of social ties likely increase a person’s chances of finding a
job. Similarly, an intermediary likely benefits from being well-connected both on
the seller-end and the buyer-end of the market. Foreseeing the importance of a

key network location, agents strategically form (or avoid) links. In this study,



we analyze a bilateral bargaining game a la Manea (2011) over an endogenously
formed network. The bargaining game is an extension of the model developed in
Rubinstein and Wolinsky (1985) which adopts a variation of Rubinstein (1982)

with two population and random matching process.

Manea (2011) considers a model in which players are connected via an exogenously
given network. Each pair of players in a link of the network is able to produce
one-unit pie. On this network, an infinite horizon bargaining game is played.
In particular, at each period, a link is chosen with some probability and one of
the two players (in the chosen link) is randomly selected as the proposer. The
proposer makes a take-it-or-leave-it offer to concerning the division of the unit pie.
His opponent responds the offer by accepting or rejecting. If the responder accepts
the offer, then the players in the pair leave the game with agreed shares; and in the
next period they are replaced by their exact clones.! If the responder rejects the
offer, then the players in the pair do not earn any payoffs in this period but they
remain in the game. At each period, the same random selection and bargaining
procedures are repeated. All player have the same discount factor. Manea (2011)
shows that advantageous network positions are translated into bargaining power.
More precisely, a player’s bargaining power does not depend only on the number of
links he has but also his neighbours’ positions in the network. Assume that player
¢ has the largest number of links in the network, however all of his neighbours have
a monopoly power on their neighbours other than i. Hence, in such a network

player ¢ could not get a larger payoff than his neighbours have. This model

!This is an important property of the model. The replacement of the agreed pair makes the
model stationary, which makes the analysis much more tractable. This modelling assumption
is followed by Gale (1987), Manea (2011), Polanski and Lazarova (2015) and Nguyen (2012).



provides very valuable insights about the influence of network position on one’s
bargaining outcomes. Given that an advantageous network position is crucial for
getting more of the pie in the bargaining, a natural question is: What could we
expect in an extended game where agents first strategically decide on which links
to form and then the bargaining game is played on the network that emerges? In

this essay, we tackle with this question.

We construct a two-stage game. In the first stage, the network is formed, whereas
in the second stage, a bargaining game is played on the previously formed network.
For the first stage, we employ the noncooperative network formation game of Bala
and Goyal (2000).2 More precisely, each player i announces his strategy vector,
which contains the list of players with whom he wants to form a link. Link
formation is bilateral (and in one model specification, costly). Therefore, for any
two players, ¢ and j, for a link to be formed between them, both ¢ and j must list
each other. The equilibrium concept we adopt for the network formation game
is pairwise Nash equilibrium. Once the network is formed, an infinite horizon
bargaining game (very similar to the one in Manea (2011)) is played. A significant
difference between the bargaining game in our model from that of Manea (2011)
is in the payoffs, which is mainly due to the presence of link formation costs.
The cost of each particular link is shared by all players (in all periods of the
bargaining game) who occupy that link. Thus, at each period, each player incurs
a fraction of the total link cost for each link he has, as long as he remains in

the game. So, linking costs are not sunk. Some examples of this setting are the

2Kranton and Minehart (2001), Corominas-Bosch (2004), Polanski and Winter (2010) and
Condorelli and Galeotti (2012)are other important papers in this literature. For the compre-
hensive survey of the network formation literature, see Myerson (1991) and Jackson (2005).



business relationships which require certain communication technologies and/or
infrastructure to carry on a business and to continue collaboration. Similarly,
being a member of a chamber commerce or international organizations such as
OECD, WTO or NATO in order to establish relations with other member firms or
countries. The equilibrium concept we adopt for the bargaining game is subgame
perfect Nash equilibrium. We analyze two different specifications of the cost
structure: zero-cost and non-zero cost. For each cost structure, we first find the
limit equilibrium payoffs (when the discount factor goes to 1) for all possible
networks. This makes it possible to obtain a mapping from the set of possible
networks to payoffs. Then, using to these mappings, we obtain the equilibrium

outcome of the network formation game.

In case of zero cost, the limit equilibrium payoffs of the bargaining game is the
same as those in Manea (2011). He constructs a network decomposition algo-
rithm in order to describe the payoffs in the limit equilibrium. The algorithm
picks an oligopoly subnetwork at each step where such subnetwork involves a set
of players in which no pair of players have a link and the set of their neighbours.
In the equilibrium, the pie is divided among the players in a pair proportional
to the shortage ratio within an oligopoly subnetwork. The shortage ratio refers
to the relative bargaining power of the players in the link-independent set. Note
that the sole source of bargaining power is the position in the network. In the
setting with zero cost, the equilibrium outcome of the network formation game
is all equitable networks -the networks where the expected equilibrium payoff of
each agent is equal to the half of the pie. In case of non-zero cost, the continu-

ation payoffs of players are affected by linking costs since at each period players



incur a fraction of these costs. This construction yields two factors that influence
one’s bargaining power: the position in the network and the linking costs. We
modify Manea’s network decomposition algorithm of in order to capture the ef-
fects of costs. This algorithm picks a unique oligopoly subnetwork at each step.
Within an oligopoly subnetwork, payoffs are determined according to not only
the shortage ratio but also the advantage/disadvantage provided by the linking
costs. The equilibrium set of the network formation game with non-zero link
formation costs is all equitable networks. That is, in equilibrium, one unit pie is
divided equally in expectation in all pairs of players. In both zero and non-zero
costs specifications, we have the same characterization result for the equilibrium

network.

An important consequence of letting the network to be endogenously formed is
that the differences in limit equilibrium payoffs between players (in two sides of the
oligopoly subnetworks) disappear. Intuitively, if players have equal opportunities
to choose their bargaining partners, strategic link formation incentives of the

players eliminate the differences in the limit equilibrium payoffs among players.

Finally, we study efficiency and check whether the equilibrium networks in our
game are efficient or not. In our model, efficiency boils down to maximizing the
aggregate utility taking into account link formation costs across all players in the
society. We obtain the following characterization result concerning efficient net-
works: a network is efficient if and only if it is a disjoint union of cycles with odd
number of vertices and subgraphs with even number of vertices. Consequently,

the endogenously formed networks in our equilibria can be covered by such a
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union; hence they are efficient.

The rest of the essay is organized as follows. The next section defines the bench-
mark model and reports the results of endogenous link formation with zero costs
and non-zero costs. Section 2 focuses on the efficiency of equilibrium networks.

Section 3 concludes.

2.1 Model and Results

The set of players is N = {1,2,...,n}. For each pair of players (i,j) € N x N,
we use shorthand ij. A network G is the subset of links {ij|i # j,i,j € N}. If
17 € GG, 1 and j are connected. Denote the set of all possible undirected networks

as .

2.1.1 Manea (2011)

Since our model shares a lot with Manea (2011), we first introduce the model
developed by him. Building upon this benchmark model, we incorporate en-
dogenous network structure with zero and non-zero linking costs. Manea (2011)
constructs the following infinite horizon bargaining game over an exogenously
given network G € Q. Let (p;j)ijec be the probability distribution over the links
in GG, which defines the matching probabilities of players. A link ij € G means
that ¢ and j are able to produce one unit pie and they bargain over how to divide
the pie. At each period t = 0,1,..., a link ¢j € G is chosen with probability p;;

and one of two players in the chosen link is randomly selected as the proposer.
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Say player 7 is selected. Player ¢ makes an offer to j concerning the division of the
unit pie, and player j responds to the offer by accepting or rejecting. If player j
accepts the offer, 7+ and j leave the game with their respective agreed shares. In
period t + 1, two new players take ¢ and j’s positions. Here, assume that for each
player i, there are infinitely many players of type i, i.e., i = {i1,42,...,%,...},
where a player’s type represents his position in the network. If j rejects the offer,
¢ and j remain in the game. In period ¢ + 1, the same bargaining procedure
is repeated. Link selection probabilities is independent across periods. Players
discount the future payoffs and all players have the same discount rate, § € (0,1).
The bargaining game with discount rate ¢ is denoted by I'°. Finally, players have

perfect information.

Subgame perfect Nash equilibrium is employed as a solution concept. The equi-
librium payoff vector of the game I is denoted by (v});en. The equilibrium
agreement network is the subnetwork of G which only involves the links such
that agreeing provides the players at the nodes more payoff than proceeding to
the next period does. Formally, the equilibrium agreement network of I'°, G*?,
is defined as the subnetwork of G that only consists of the links ¢ satisfying
6(vy® + 1) < 1. The limit equilibrium network, denoted by G*, is the network
that G*0 converges to as d goes to 1 and the limit equilibrium payoff vector, v*,

is the payoff vector that v*° converges to as § goes to 1.

Manea (2011) also constructs a network decomposition algorithm by which the
equilibrium payoffs are easily calculated. Some additional notation is needed in

order to introduce the algorithm. For every network GG and a subset of players
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M, LE(M) denotes the set of players who have a link in G (hereafter G-link)
with the players in M i.e., LY(M) = {jlij € G,i € M}. A set of players is
G-independent if there does not exist any G-link between any of two players in
the set. A set of players is mutually estranged if it is G*-independent. The set of

nonempty G-independent sets is denoted as Z(G).

Network Decomposition Algorithm, A(G): For a given network G € Q,
the algorithm generates the sequence (rg, My, L, Ny, G4)sen as follows where s

denotes the step of the algorithm:
Let Ny = N and G = G.
For s > 1:
If Ny = (), then STOP.

Otherwise, let

r. = min ’LGSM
* McNoMez@)  |M]|

If r¢ > 1, then STOP.
Else, set M, as the union of all minimizers M. Let L, = L% (M,).

Denote N1 = N \ (Mg U N;) and G, be the induced subnetwork of G

by the players in Ng..
Denote by s the step at which the algorithm STOPs.

The algorithm decomposes a given network. At each step, it identifies the mu-
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tually G-independent sets that achieve the lowest shortage ratio. (The ratio
|LE(M)|/|M] is called as shortage ratio.) As long as the shortage ratio is less
than 1, the algorithm picks the union of these minimizers and the partner set
of this union. Call the subnetwork which is induced by the players in the union
of these minimizers and its partner set as an oligopoly subnetwork. Then, the
picked players and their links are removed from the network. In the next step, the
algorithm is repeated with the network induced by the remaining players. The
decomposition algorithm stops when all players are removed from the network or

there does not exist any oligopoly subnetwork.

The outcome of generated by the algorithm A(G) determines the payoffs in the
limit equilibrium which are given by the following theorem. One of the main

results is that any discount factor ¢ induces the same payoffs in the equilibrium.

Theorem 1 (Manea (2011)). (Limit Eq. Payoffs) Let (rs, My, Ls, Ns, G)5_4
be the sequence defined by the algorithm A(G) where s is the step at which the
algorithm terminates and let G* be the equilibrium network. The limit equilibrium

payoffs for T as § — 1 are given by

s |Ls|
Vs <5, Vi e M, v; = ———,
|Ls| + | M|
. | Ls|
Vs <8 VjeLyvi=1——1s
’ |Ls| + | M|

1
Vk € N, vf = .

Within the oligopoly subnetworks, the unit pie is shared in line with the shortage
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ratio r; between two sides of the subnetwork in the limit equilibrium. Players at
the same side have identical payoffs. However, the payoffs are differentiated across
two sides of an oligopoly subnetwork. Players in the short side obtain more share
from the pie than those at the long side obtain. It is noteworthy to emphasize
that the limit equilibrium payoffs show that bargaining power is determined not
only by the number of links the player has but also by the position of the player

in the network.

2.1.2 Endogenous Link Formation

In Manea (2011), the network structure is influential in determining the equilib-
rium payoffs of players. Inspiring by this result, the following question naturally
arises: what would change in the equilibrium payoffs in an extended game where
the network structure is endogenous? The idea of endogenous link formation is
motivated by the simple observation that in real life players decide their con-
nections individually to maximize their benefits. Accordingly, we develop a two
stage model of bargaining over an endogenously formed network. The first stage
is devoted to the network formation game. Following Bala and Goyal (2000), we
use a simultaneous move game for link formation. We analyze two specifications
of the model: zero linking costs and non-zero linking costs. In the second stage,
players play an infinite horizon bargaining game concerning the division of a unit

pie on the network formed in the first stage.

Network Formation Game: Each player type ¢ € N announces his strategy

gi = {91, Gi2s - -+, Giie1s Giit1s - - - » Gin} € {0,137~ 1. The interpretation of g;; = 1 is
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that player ¢ wishes to form a link with j and the interpretation of g;; = 0 is that
player 7 does not wish to form a link with j. We only consider pure strategies.
We assume that a player cannot form a link with himself. Let G; be the set of
strategies of player 7. Link formation is bilateral. In other words, forming a link
requires a mutual consent of two players. In one specification of the model, link
formation is also costly, in the sense that it needs some time and effort. Players
in both nodes of a link incur the linking cost. Denote the total cost that player ¢
incurs for each link he has by T'C;;. Linking costs are independent across players.
Define a correspondence ¢ : (G, Ga, ..., G,) — Q which maps the strategies of

players to a network such that ¢(g) = G.

We have n positions in the network and each position is reserved to each type of
t € N. Hence, we define a sequence ig,i1,...,1,,... of players of type 7, for each
i € N in order to have stationarity of the game. The network is formed by the
first generation before the bargaining stage. Players play the following infinite

horizon bargaining game on the network previously formed.

Bargaining Game: Let G be the network formed in the first stage (the outcome
of the network formation game). If ij € G, then ¢ and j are able to produce a
unit pie and they can bargain over how to divide the pie. The infinite horizon
bargaining game is adopted from Manea (2011). Differently, among the links in
the network G, a link 45 is selected with equal probability, i.e., p;; = 1/total
number of links in GG. Further, in the model with non-zero costs, the total cost
of link formation is shared by all players who occupy this link over the periods of

bargaining game. Formally, at each period, each player : € N incurs a cost ¢; for
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each link he has. So, at each period he incurs a total cost [“¢; where [ denotes
the number of links that player ¢ has in the network G. Hence, TC; = )".° d0'c;

which is mathematically equivalent to that for all i € N,

Note that for any player ¢ € N, T'C; > 0 and player ¢’s total linking cost is less
than or equal to the size of the pie, i.e., ITC; < 1. The strategy of player i
in the bargaining game is denoted by o, which consists of offers of player ¢ and
responds to the offers he received. For each ¢ € N, if the share of ¢ induced by
an offer at some period ¢ of the bargaining game is equal to v; and if the offer is
accepted, then the payoff of ¢ at that period in the network G is defined as

)

We will denote the equilibrium share vector of the game I as (v;°);eny. Then,

the equilibrium payoff vector of the game I'? is

Also, define the equilibrium agreement network of the game I'°, G*, as subnet-
work of G which only involves the links ij satisfying 6(v}® + v;-“s) < 1. G* is the
limit equilibrium agreement network, u* is the limit equilibrium payoff vector as

0 goes to 1.
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The network formation game that we employ is simple and easily tractable. For
this game, we employ pairwise Nash equilibrium concept, a refinement of Nash

equilibrium.?

Definition 1. A strategy ¢"V¥ € G is a pairwise Nash equilibrium of the network

PNE

formation game if for every playeri € N, u}(¢(g"VE)) > ul(é(gi, gPNE)) for every

g; € G; and there does not exist any pair of players (, j) such that

ui (¢(g"™F) +ij) > ui(¢(g""F)) and

wi (g™ ) +ij) > wi(s(g"NE)).

A network GPNF is a pairwise Nash network if there exists a pairwise Nash

equilibrium g7V such that ¢(g"VE) = GPNVE,

Nash equilibrium concept is a weaker notion than pairwise Nash equilibrium,
since it only accounts for individual deviations. For instance, the empty network
is always a Nash network. However, link formation requires mutual consent in our
model. Hence, we also want to consider the bilateral moves by using pairwise Nash
equilibrium concept that is immune both to single link deletions and bilateral link

creations.

3See Calvé-Armengol (2004), Bloch and Jackson (2006) and Calvé-Armengol and Tlkili
(2009) for other studies that use this equilibrium concept.
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Endogenous Link Formation with Zero Cost

We first analyze the specification of the model where link formation is cost-
less. Assume that for each i € N, ¢; = 0. So, the bargaining game reduces
to Manea (2011)’s bargaining game with equal matching probabilities. Using
his limit equilibrium payoff results, we find the pairwise Nash equilibrium of the

network formation game.

Next theorem provides a characterization of networks that are endogenously
formed. When we allow players to form their links, they form a network in
which an oligopoly subnetwork does not exist. The bargaining game on such a
network ends up with an equal division of the pie (1/2) among the players of each
pair in the limit equilibrium. Formally, the outcome of the network formation
game is an equitable network, which is defined as the network where each player

obtains identical payoff in the limit equilibrium.

Theorem 1. A strategy ¢"V¥ is a pairwise Nash equilibrium of the network
formation game if and only if for all i € N, ui(¢p(g"VF)) = 1/2. (The induced

network GPNE by the strategy profile g"™™¥ is equitable.)

PNE

Proof of Theorem 1. Suppose that g is a pairwise Nash equilibrium of the

network formation game. Assume that there exists a player ¢ € N such that

uf (6(g"F)) # 1/2. Then, ui(¢(g"™")) < 1/2 or uj(¢(g"™")) > 1/2.

Case 1. u}(p(g"VF)) < 1/2.

In this case, for some step s < 5 of the algorithm A(G), ¢ belongs to Mj
and |L|/|M,| < 1. Hence, there exists a player j € M, such that L% ({i}) N

19



L% ({j}) # 0. If we add the link ij to the network, we will have

W O(™) + 1) = 5 > wi(6(™)) and

w5 (6(™") i) = § > ui(6(6™)).

PNE

So, ¢ is not a pairwise Nash equilibrium of the network formation game,

which contradicts with our supposition.
Case 2. u}(¢(g"VF)) > 1/2.

In this case, for some step s < s of the algorithm A(G), ¢ belongs to Lg. Then,

PNE))

there exists a player j € M, such that u}(é(g < 1/2. So, following similar

arguments to Case 1 for player j leads to a contradiction with our supposition.

Hence, for all i € N, ui(¢(¢g"NE)) = 1/2.

Now, for the other part of the theorem, suppose that for alli € N, u}(¢(g)) = 1/2.
Hence, for all mutually estranged sets M, |LE(M)|/|M| > 1. Assume that g is

not a pairwise Nash equilibrium.

Adding a link to the network does not change the shortage ratio r, for all s which
is minimized in the decomposition algorithm. Hence, there does not exist any

pair of players (i, j) such that

ui (¢(g) +1j) > u; (¢(g)) and

u

i (@(9) +17) > wj(6(g)).
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Therefore, g violates the first condition of the pairwise Nash equilibrium defi-
nition. Hence, there exists a player i and a strategy of him ¢} € G; such that
ui (095 9-i)) > ui(6(g))- Let ¢(gi,9-i) = G" and ¢(g) = G. So, in &, there
exists a mutually estranged set M with L¢ (M) = L such that |L|/|M| < 1 and
t € L. Since any change in the strategy of player ¢ does not affect the links of the
players in M with other players, we get |L| = |[L¢ (M)| > |L%(M)|, which con-

tradicts with the fact that for all mutually estranged sets M, |[LY(M)|/|M| > 1.
It follows that g is a pairwise Nash equilibrium of the network formation game.

]

Endogenous Link Formation with Non-Zero Cost

In this section, we assume that there exists at least one player whose linking
cost is different than zero. We start by analyzing the second stage of the game:
bargaining stage. Hence, let GG be the network formed in the first stage: network
formation game. Firstly, we show that in every subgame, the expected payoff of

each existing player in the network at that period is uniquely determined.

Theorem 2. For all § € (0,1), there exists a share vector (v;®);en such that in
every subgame perfect equilibrium of I'°, the expected share of existing player i.
of type i is uniquely given by v:° for alli € N, 7 > 0. For every 6 € (0,1), in

any equilibrium of T?, in any subgame where the link i.j, is selected and i, is

the proposer, for each i € N the followings statements hold with probability one:

(1) if 6((v}° — 1) + (v° —1¥¢;)) < 1, then iy offers 6(v;® —I§¢;)) and jp
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accepts.

(2) if 6((v}° —1E¢;) + (v1° = 19¢;)) > 1, then i makes an offer that is rejected

by jT”

Before moving on to the proof of Theorem 2, we need the following lemma.

Lemma 1. For all wi,ws,ws3,wy € R,

| max{wy, ws} — max{ws,w,}| < max{|w; — wsl, |Jwe — wyl}-

Proof of Theorem 2. For each i € N, let v¢ and ¥ be the infimum and supremum
of the expected shares of ¢, in any subgame for all 7 > 0 in every subgame perfect
equilibrium of I'?. For each player i € N, [; denotes the number of links that i

has and [ denotes the number of total links in G.

Consider a subgame perfect equilibrium. Suppose that the link 75 is chosen and
1 is selected as the proposer. No player of type 7 will accept an offer smaller than

§(vd — ljc;), so i can get a share of at most 1 — (v3 — l;¢;). Moreover, any player

j =J
of type i accepts any offer larger than 6(v9 — l;¢;), since when he rejects the offer,

he gets at most 6(v9 — l;¢;). So, no player offers him more than (¢ — l;¢;) in the

equilibrium.

Now, suppose that 7 is not a member of chosen link, i’s continuation share from

the pie is at most (29 — l;¢;). So, for each 7 > 0, the following is hold:

22



; 1
v) < (1= 2600 — Licy) + 5 Z max{1 — §(v] — l;¢;), (0] — lic;)}.  (2.1)
{jlijeG}

Since the inequality (2.1) holds for all players of type i, it also holds for #9.

Therefore,

70 < (1= 2000 — liey) + % Z max{1l — 5(@? —1ic;), 0(00 — Lici)}.  (2.2)
{ilijeG}

Consider that ¢ deviates from his equilibrium strategy by offering o (27;-5 —ljc;) + €
(e > 0) to any player of type j and offering zero to other players. Player j will
accept the offer in any subgame perfect equilibrium. Also, player i rejects all
offers that he will receive. So, for each 7 > 0 and for all deviations (e > 0), above

cases are captured by the following inequality:

; 1
v) > (1 - l—l)é(y? —Lic;) + 5 Z max{1 — 5(17? —licj) — €,6(v) — lic;)}

21 &
{jlijeG}

When the deviation from equilibrium strategy converges to zero (e — 0),
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va2(1—2—[)5@§—@@)+21[ S max{l — 0@ — Ley), 08 — Ler)}. (2.3)

{jlijeG}

Since the inequality (2.3) holds for all players of type i, it also holds for v?.

Therefore,

yf2(1—4)5(yf—lici)+% > max{l—8(0) - Ijc), 6(v] — Licy)}.

{jlijeG}

In order to show the equality of infimum and supremum of the expected shares

for each player, we look at the difference between them. Let D = max v — vl
S

Take any i € arg max ) — v3.

keN

; 1
_5 5 1) —0
< (I=5)0(m —u) + o > Imax{1l = 6(v] — lic;), 6 — lici)}

{jlijeG}
— max{1 — (v —1ic;), 8(v) — lici) Y]
li 1

<(1- ﬁ)éD + 5 Z max{]é@? — 5Q§|7 |65 — 6|}
{ilijeG}
l;
(1_ﬂ §D+— Z 5max{v —v ) — )}
{J|ZJ€G}
l;
=(1- 2—l)5D + 2l(SDl

=0D
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Hence, D < 6D. Since D > 0 and § € (0,1), we have D = 0.

For each player, the difference between the infimum and supremum of the ex-
pected shares is zero. Hence, for all k € N, 90 = v2. Then, for all i € N, we can

write the following equality

ﬁ?:(l—;)d(@f—lici)%—%l S max{1— (5 — Lie;), 65 — L)}, (2.4)
{jlijeG}

which means that v¢ = v¢ = v}°.

To prove the uniqueness of the solution to equation (2.4), we need to define a

function 2 : [0,1]" +— [0, 1]" such that for all i € N,

Li
o) =1 — 26w — lic) + 2% Z max{l — 0(v; — l;¢;), dv;}

21 “
{jlijeG}

We argue that the function f° has a fixed point by using the contraction mapping

theorem. It is enough to prove the following lemma to obtain the uniqueness.

Lemma 2. f° is a contraction mapping with respect to sup norm on R".
Proof of Lemma 2. The proof is relegated to the Appendix. n

This concludes the proof of Theorem 2.
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It is important to note that the expected share of any player i € N is given by

l; l; 1
5 _ NS () Y 5 5
G (1—7)(5(112- —lic;)+ 215(1@ —lic;)+ 5 {.|§.€G} max{1—4d(v; —ljc;), 6(vi —lic;)}
jlij

The probability that any link of ¢ is not selected is equal to (1 — [;/{) and his
expected share is v in the next period. First part of the equation covers this
case. Second part of the equation covers the case where a link of 7 is selected but
i is not the proposer. The other player makes an offer §(v? — l;¢;) or any offer
which is rejected by i and so his continuation payoff is also equal to d(v9 — lic;).
In the third part, a link of 7 is selected (say ij) and ¢ is the proposer. ¢ makes an

offer o (vf — l;c;) or i makes an offer which will be rejected by player j.

Expected share of any player ¢ € N is equivalent to

; 1
00 = (1 — =2)8(00 — liey) + % Z max{1 — 5(1}? —1lic;), 6(v) — Lici) }.
{jlijeG}

In any equilibrium, for each § satisfying &((v;° — Lic;) + (v}° — Lj¢;)) # 1 for
all 17 € G, whether the bargaining ends up with agreement or disagreement is
captured in Theorem 2. Next lemma completes this analysis by examining the
discount factors 4 satisfying 6((v;° — l;¢;) + (v3° — lj¢;)) # 1 and shows that the

J

set of such discount factors is finite.

Lemma 3. The inequality 6((v;° — lic;) + (v}° — lj¢;)) # 1, Vij € G holds for all

26



but a finite set of 9.

Proof of Lemma 3. The proof is relegated to the Appendix. O]

The following result identifies the bound for § to obtain both the existence of
a limit equilibrium network G* and the existence of limit equilibrium shares as

players become more patient.

Theorem 3. There exists a bound § and a subnetwork G* of G such that for all
values of 6 > 8, G* is equal to G*. Moreover, the equilibrium share vector at §

converges to v* as & goes to 1.

Proof of Theorem 3. The proof follows from Lemma 3 and the proof of Theorem

2* in Manea (2011), which is stated below. O

Theorem 2* (Manea (2011)): (i) There exists § € (0,1) and a subnetwork
G* of G such that the equilibrium agreement network G*° of I'’ equals G* for all
§ > 6. (ii) The equilibrium payoff vector v*° of I’ converges to a payoff vector

v* € [0,1]™ as § tend to 1.

By Theorem 2, we know that one of the determinants of the equilibrium shares is
the positions of the players in the network. Hence, investigating the structure of
the network that is formed will provide cues about the limit equilibrium payofts
of the players. Next theorem identifies the bounds on the limit equilibrium shares
of players who get the highest share and the lowest share in a mutually estranged

set of a network.
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Theorem 4. For all mutually estranged set M with LY(M) = L, the following

inequalities hold:

Y ISTC; Y IETC

IIllHU |L| Jek — ieM
S T Tz
S eTe;, Y I9TC,

|M’ iEM JjeL

maxv + — .
jEL |L|+!M\ LI+ M| [L] + [M]

For the proof of the theorem, we need the following lemma which identifies the
division of the pie between players of a pair in the limit equilibrium. In a network
G, the produced pie by a link is not wasted. The sum of the limit equilibrium
shares of players in the nodes of a link from the pie is equal to 1. In particular,

the limit equilibrium network G* only includes the agreement links.

Lemma 4. Ifij € G, then v; +vj > 1 and if ij € G*, then v] +v; = 1.
Proof of Lemma 4. The proof is relegated to the Appendix. O

Proof of Theorem 4. For all § and for any player ¢, we can write the equilibrium

share as follows

1
o = et e 3 max{l— (6 — 1) — (e — 19,), 0}
{jlijeG}

Now, take any mutually estranged set M with LY(M) = L and take § > §. For
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all 7, define the number of links that he has as [; = [¥. For all players i in the

mutually estranged set M,

o 1 1
V=T 5lici + T-353 HEGG} max{1 —d(v;° —ljc;) — 6(v;° — lic;), 0}. (2.5)
ili

If the link 75 is not a G*—link, the players ¢ and j could not reach an agreement

on the division of the pie. Hence, in the second part of the equation (6), max{1—

3(v3® — Licy) = 8(vy® = Lic;), 0} = 0.

J

Since the players in M has G*—links only with the players in L, we rewrite the

equation (2.5) as follows:

1 1 )
v = T 53 > max{l—5(vj5—ljcj)—5(v§‘5—lici),0}—1—_51icz’~ (2.6)
{ilijeG.jeL}
For each j € L,
s 11 5 5 J
V=150 Z max{l — 6(v;’ — lgcx) — 0(v;° — i), 0} — 1—5le3'-
- {k|kjeG} B

Applying similar arguments that are used in equation (2.6), we have
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. 11 . ) 5
Ujé Z 1——(52_l Z maX{l—(S('Uié—liCi)—5(21]-6—1]'0]'),0}—1—_6le]'. (27)

{ieM|ijeG}

By taking the summation of (2.6) over all i € M and taking the summation of

(2.7) over each j € L, we get

1 1
§ : *0 E *8 ey E
Ui = ﬁi maX{l—(S(UJ —ZJCJ) ( l C’L O} l iCi-

€M {ijeGlieM, jeL} zeM

and

By Ym0 L)~ 00 ~ e, 0} - 30 gl |

jeL {ijeGlieM jeL} jeL

The first part of the summations is the same in both (2.8) and (2.9). Then, we

obtain the following simple inequality

. 5
Z(Uj§ + mljcj') Z Z(U J
€M

jEL

— 5lici). (2.10)

Since the total linking cost is shared by all players over periods, for each player

i, the incurred cost of each link he has is equal to (1 — §)7T'C;. Substituting the
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equality ¢; = (1 — 9)T'C; in (2.10), we have

S WP+ 0LTC)) =Y (0 + SLTC).

JjeL ieM

When players become more patient, as 6 — 1,

> (W +LTC;) = (vf + LTC). (2.11)

JEL ieM

By using the trivial observations that for all k € L, max v; > vy and for all [ € M,
J€

m}\? v < wvf, we rewrite the inequality (2.11) as
S

JeL €M
Take any player ¢ whose limit equilibrium payoff is equal to the minimum limit
equilibrium payoft in M, i.e., i € {k € M|v; = m%\l} v}, Also, take any player j
1€

who has a G*-link with i, i.e., j € L% (i). So,

Erel}&w;‘:vizl—v; > 1—1?€szxv;f. (2.12)

(the second equality follows from Lemma 4)

Take any player j whose limit equilibrium payoff is equal to the maximum limit

equilibrium payoff in L, ie., j € {k € L|v} = mava;}. Meanwhile, take any
j€

player ¢ who has a G*-link with j, i.e., 7 € L¢(j). So,
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maxv; =v; =1 —v; <1 —minvy;, (2.13)
JEL €M

(the second equality follows from Lemma 4)

The inequalities (2.12) and (2.13) imply that m}\rjw 1 - maLXU Then, by
1€ JE

using this equality

G > e > e
\L\maxv +Zl TC; |M|m1nv —l—Zl TC; > |M|(1- ma,va —l—Zl TC;.

jJjeL ieM ieM

Utilizing above inequality, the followings

SISTC; Y I9TC,
in o || jeL iem
R VAN 7 VA v R VAN

S ISTC; Y I§TC
max v* |M| 4 iEM _JeL
Y Z T ] T+ M L+ M

conclude the proof.

In the bargaining game, there are two determinants of bargaining outcome: the
bargaining power provided by the network structure and the linking costs of the
players. The first determinant depends on the position of a player in the network,
number of links he has and also the position of his neighbours. Both the network

position and linking costs affect the continuation payoff of a player. Theorem 4
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that identifies the bounds on limit equilibrium shares of players provides a clue
about the impact of both determinants on the limit equilibrium of the game.
The former one is captured by the first part of the summation in the bound,
|L|/(|L| +|M]). The latter one is captured by the term in the remaining part of
the summation. In the oligopoly subnetworks, the players in the set L (short side)
have a higher bargaining power compared to the players in M (long side) due to
network structure. The impact of linking costs on the bargaining outcome should
not make all the players in M better than the players in L. There should exist at
least one player in M who is still be less advantageous than the players in L. The
advantage/disadvantage obtained from the linking costs should not dominate the
advantage /disadvantage obtained from the network structure. This condition is

captured by the following assumption.

Assumption 1. For all subsets of players M and M’ in a network G such that

|LE(M)|/|M| < |LE(M")|/|M’| the following holds:

> TG > PTG > T, > TG

JELG (M) _ieM < JELG(M') B ieM’
[LE(M)| + M| [LE(M)| + M|~ [LEM)| + M| |LE(M)| + M)

The oligopoly subnetworks that have same shortage ratio are identical in the
zero-cost framework. However, in the framework with heterogeneous costs, these
subnetworks are differentiated. Hence, we modify the network decomposition

algorithm of Manea (2011) by incorporating the cost of link formation.

Network Decomposition Algorithm with Costly Links, A“(G): For a
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given network G € €, the algorithm generates the sequence (rs, M, Ly, Ny, Gs)s

as follows:

Let leNand GlzG

For s > 1:

If Ny = (), then STOP.

If not, let

L5+ (M))]

= i —_ 2.14
s MCNISr,lZ%/}lGZ(G) | M| ( )
If r < 1, then define the family
L9 (M)|
-/\/; = {M - Ns’Ts = I—}
| M|

If [Ng| > 1, then define the component set of the network Gi.

C,={G CG,|IM € N, s.t. M € G" and G’ is a component of G,}

M, ={M C N,|3G" € Cs s.t. M is the largest mutualy estranged set in G’}

Otherwise,

if ry =1 and |[M| = |L% (M)| = 1, then

M, = {M C N,jrs=1and [M]| = 1}.
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Else, STOP.

Let M, be union of all mutually estranged sets M in M, that minimizes

> T, S ISTC

JELCs (M) ieM

LG (M)[ + [M] LG (M)]| + M|

(2.15)

Denote L, = L% (M,). Let Nyy1 = N,\(M,UL,) and G, be the subnetwork
of GG induced by the players in N,,;. Denote by s the step at which the algorithm

ends.

Initially, take the formed network in the network formation game. At each step,
the algorithm chooses the sets that minimize the shortage ratio r,. In case of
multiple minimizer sets, it considers the components of the network. Note that a
component of a network is defined as the maximal connected subnetwork of the
network. Since the players incur a cost for each own link, having a common neigh-
bour will also affect the payoffs. So, in each component, it chooses the maximal
set among the minimizer sets. If the number of these maximal sets is more than
one, in other words if we have more than one component involving a minimizer
set in the active network at step s, compare the advantage or disadvantage pro-
vided by linking costs. This is followed by taking the largest set that minimizes
this advantage/disadvantage. Remove the players and links that belong to this
chosen component from the network. The algorithm terminates when there are

no mutually estranged sets of players that make the shortage ratio less than one.

Lemma 5. The network decomposition algorithm with costly links, A°(G), gen-

erates a unique sequence (rs, Mg, Ls, Ng, Gs)s, for all s =1,2,... 8.
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Proof of Lemma 5. The proof is relegated to the Appendix. O

Next lemma gives the monotonicity properties of shortage ratio.

Lemma 6. Let the sequence (rs, My, Ls, Ny, Gs)s=12.. 5 be defined by the algo-

,,,,,

rithm AY(G). For any s’ < s (< 3),

|L8’| < |L8|
|LS’| + |M5/| N |LS| + |M5|

Proof of Lemma 6. The proof is relegated to the Appendix. O]

The outcome of the decomposition algorithm with costly links, A (G), provides

the limit equilibrium payoffs which are given by the following theorem.

Theorem 5. Suppose that in the network formation game, the network G is

-----

Then the limit equilibrium payoffs as 6 — 1 are given by

S 9TC; Y IETC

. |Ls| JELs €M,
Vs < 8, Vie M, u;(G) =v] = — = ;
|Lo| + | M| [L| + M| [Lg| + [ M|

S ere; Y ISTC

) . |Ms‘ ieM. jJj€Ls
\v/ < V st * G . — i _ )
§ <5, Vj € L, uj(G) = v |Ls| + [M]  |L| + M| |Ls| + | M|
1
k€ Ne, uj(G) = v =

Proof of Theorem 5. The proof of the theorem proceeds by induction on s. Sup-
pose that the claim is hold for all s’ < s. Now, prove it for s.
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Case 1. s<s

Let M, and L, be the sets that are generated from the algorithm A®(G) at step

s. Define the minimum limit equilibrium share as z, = minv;. For notational
i€N,

convenience, let for all i, [; = [¥. Also, define

Ms - {k S MS|UZ - ls} and Ls - LGS(MS)'

M, is the set of players who have the minimum limit equilibrium share in N,

and L, is the partner set of M in the network G;.

S LTC; Y TG

|LS| jeLs _ieMS
[ Ls| 1M L[ + [M] [ L] + | M

Claim 1. z, <

For a contradiction, suppose that

S LTC; S LTC

> |LS| JELs _iEM;
T L+ M| | Ls| + [M] [ Ls| + | M

First, we identify the set of players who have G*-links with players in M. Take
any j € Ly where s € {1,2,...,s — 1}. By induction hypothesis,

S TG S LTC

. | M| ieM, j€Ly

! |LS’| + ’MS’| |LS’| + ’Ms’| |Ls’

()

+ |MS’|

Then, we add up the limit equilibrium payoff of a player in M, and j to determine

whether they have an agreement link. For all players i € M,
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S LTC S LTC,
Vvt S T 4 | M| €M, €Ly
' P ‘LS” + ’Ms/‘ ‘LS” + ’Ms/‘ |LS’
S LTC S LTC
|LS‘ jGLs _ iEMS
| Ls| A (M [ L] 4 [M| | L] + [ M|
| M| L €My €Ly
Ly |+ |My| [ Ly |+ |My| Ly

+ |MS"

V

+ ’Ms/‘.

Second inequality follows from our supposition. Since |Ly|/(|Ly| + |My]) <

|Ls|/(|Ls| + |M;]) by Lemma 6, we have

S LTC, S LTC
Jj€E€Ls . 1€Ms
Ll + [Ms| | Ls| + [M]
S LTC Y LTC,
€M JELy

+ J—
|LS’| + |MS’| |LS’

v; +vp >1+

+|MS”.

Utilizing Assumption 1, we get v; (G) + vj(G) > 1. So, i does not have a G*-link
with the player j, which means that no player ¢ € M, has G*-links to players
jE€ LiULyU...UL, . Also, by construction of the decomposition algorithm,
M is a mutually estranged set implying that M, is a G*-independent set. Then,

we have L (M,) C L,. Theorem 4 implies that

o T LT T TG
min ’U* S J€Ls €M

! i S - :
€M, |LS| + |MS| |LS| + |MS| |LS| + |MS‘

Utilizing the definition of z,,
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S LTC; Y TG

T < |L5| J€Ls . €M
T L+ M| L A+ M| L] 4 [ M|

which contradicts with our supposition.

S LTC; Y LT

|L8| jELs €M

Claim 2. z, > _
| Ls| + [Ms| | Ls| + [Ms| | Ls| + [ M|

Assumption 1 implies that

S LTC; Y LT S LTC Y TG,
| Ls| JeLs i€, - | M| iEM, _ jeLs
|Lo| + M|~ |Ls| + [ M| |Ls| + |Ms| — |Lg| + M| [Lg| + | M| |Ls| + | M]

Hence, z, < 1/2. By Lemma 1 and Claim 1 (that we proved above), for all

j€Lgvi>1—x,>1/2 Thus, L, is a G*-independent set.

Now, take any j € L,. Since for all players k € N, \ M, vi(G) + v;(G) >

z,+1—x, =1, there exists no G*-link from j to players in N, \ M.

S

By the construction of the algorithm, there exist no G-link between j and a player
in My where s’ € {1,2,...,s — 1}. Further, by Assumption 1 and induction
hypothesis, v; > 1/2 for all kK € Ly where s’ € {1,2,...,s — 1}, implying that

vy, —HJ;-‘ > 1. Hence, there exists no G*-link from j to playersin LiULoU... Ly 1.

Therefore, j has G*-links only with players in M, i.e., L% (M,) C L,. Utilizing

Theorem 4,
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S LTC

>, LiTC;
|LS| + jeLs . ieMs
M|+ |L,| |M,|+|L,|

.= max v >
= i€LG™ (L,) T |Ms| + |Ls|

Since |Lg|/|Ms| < |L,|/|M,|, we have the following

> LTC; > LTC;
|Ls| JELs i€ M
T, 2> + - :
| Lol 4+ [Ms| - [Ls| + [M] - [Ls| + | M|
Claim 1 and Claim 2 imply that
> LTC;

2 TG
SO ) I 227 ié,
L+ M| L]+ M| L] A [ M

Claim 3.

=
=

Since L, is a mutually estranged set with L% (L,) = M, utilizing Theorem 4 we

obtain
> LTC > LTC
|L,| L JEL €M,
M| +|Lg| M|+ |L|

Tr.= max v >
= i€LG™ (L,) T |Ms| + |Ls|

From the construction of the decomposition algorithm which minimizes the short-

age ratio, we have |Lg|/|Ms| < |L,|/|M,|. By Assumption 1, it follows that
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> L,TC > LTC; > LTC; > LTC,

JELs i€Ms JEL, €M,

Lol + M| |La| + [M] = M [+ L] |M,

+|L,|

These two inequalities imply that

‘LS| < |LS‘
Ll + [M| = [Ls| + | M|

which is equivalent to |L,|/|M | < |Ls|/|Ms|. This concludes the proof of Claim 3.

Claim 4. M, = M;

It is clear that M, C M,. We want to show that M D M;. If |Ls|/|Ms| = 1 and
|Ms| =1, M, = M; trivially holds. Now, consider the case that |Ls|/|M| < 1.
Suppose for contradiction that M # M,. Then, there exists a player i € M\ M ,.
Note that ¢ has no G-links with players in N, \ Ls and players in M; UMy U. ..U
M;_4. Also, by Lemma 4, ¢ has no G*-links to playersin L1 ULy U... UL, 1 UL,.

Hence, ¢ has G*-links only with players in L, \ L,. By Theorem 4, it follows that

S LTC; S LTC

min v’ < |LS \le JELs\L, iEM\M,

ied\ar, T MO\ ML\ Ly M\ M|+ Lo\ Ly [M\ M|+ L\ Ly
S LTC; S LTC

|LS ’ -7 ELS ieMs

< + -
M|+ |Ly| M|+ [L| M

+ 1L,

which contradicts with v} > z, for all i € M, \ M,.
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Hence, My = M, and Ly = L,. Claim 1 - Claim 4 concludes the proof for any

step of the algorithm s < 3.
Case 2. s=35

The network decomposition algorithm with costly links terminates at s when

i LGs(M)|/IM| > 1 i LEs(M)|/IM| = 1 with |M.| £ 1.
MQN?AI}EI(@' (M)|/|M] > OTMQN%EI(G)’ (M)|/| M| with | M| #

Claim 5. v;(G) =1/2 for all k € N;

Define the minimum limit equilibrium share as z, = m]ivn vy and the set of players
1EN5
whose limit equilibrium shares are equal to this minimum value, M. = {k €

N§|U7~; = ig}-

First, we prove that z; > 1/2. Suppose for a contradiction that z; < 1/2. By
using similar arguments to Claim 2, we can show that any player in L. has only

G*-links to players in M and L. is G*-independent. Utilizing Theorem 4,

> LTC; S LTC
. max o > Ll L d€Ls icLs
5= X U Z -
a i€LC" (Lg) M| + Ll [Lg| + [Mg|  |Lg| + [M]

Since x; < 1/2 from the supposition, we have

‘Lgl + JEL; . i€L; <1
Mgl +|Ls|  |Ls| + Mg [Lg| + M| 2

which implies that |L;|/|M;| < 1, a contradiction with
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min  |LS(M)|/|M] > 1.
MCN5,MeZ(G)

Therefore, for all k& € Nj,

(2.16)

N | —

Now, we prove that for all k € Nj, v} < % Take any k£ € N;. Since v}, > %, the
construction of the decomposition algorithm implies that player k£ has no G-links
to players in M; U My U ... U M;_; and Lemma 4 implies that player £ has no
G*-links to players in Ly U Ly U...U Lz_1. Hence, there may exist G*-links from

player k only to players in Ng, yielding that v; < 1/2. Hence, for all k € N;,

(2.17)

N | —

1
By (2.16) and (2.17), for all k € N5, v} = 5

By Theorem 5, we obtain the limit equilibrium payoffs of the bargaining game
over a given network G. The example below is a simple but a comprehensive
example to understand the process of the algorithm and how the outcome of the

algorithm determines the limit equilibrium payoffs.

Example 1. Consider the network G in Figure 2.1 with the set of players N =
{1,2,...,10} and the total cost vector TC' = (1/10,0,1/5,1/10,1/10,0,0,1/25,
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Figure 2.1: Network G

® o
5 6 8 9

1/10,1/10). First, we decompose the network by running the decomposition algo-

rithm A°(G).
s=1: Ny=Nand G, =G

LGY(M 2
e _2

= MEN111,11\1411€Z(G) M| 3

The shortage ratio r is minimized by the sets in the family

M = {{5,6,7}}.
Then,
My ={{5,6,7}}.

Since there is only one set in My, no need to check the benefit provided by costs.
The mutually estranged set which is chosen in step 1 is M; = {5,6,7}. So,

Ly ={1,2}. The red subnetwork is decomposed from the initial network.

s=2: Consider the network Go which s induced by the players Ny =

{3,4,8,9,10}.



Also, we have |M| = 1. Then,

Ma = {{3}, {8}}.

Since there are more than one set in My, we need to check the costs. Choose the

set which minimizes

Z leCj Z LTC;
jEL . ieM
[L|+ [M]  [L|+ |M]

TCg — TCg TCS - TC3

S1 >
mece 5 5

, we have My = {8}.

The blue subnetwork is decomposed from the network G.

s=3: Consider the network Gs which is induced by the players N3 = {4,9,10}.

LG (M
ry = min —| ( )|:2>1.
MeNs,Mez(G)  |M]|

Then, the algorithm STOPs in this step. So, s = 3. The set of remaining players

is N3 = {4,9,10} and the induced network by this set is the green one.

The decomposition of the network G is completed. According to the outcome of

the algorithm, the payoffs are determined as follows:

> I9TC; S ISTC,

|LS| ]eLs ZEMS

Vs = {1,2}, Vi € My, u}(G) = B
e e A T VA R A R VA R NI TA

S ere, Y I8TC

_ |Ms| €M, _jELS
|Ls| + [Ms|  |Ls| + M| |Ls

Vs = {1,2}, Vj € Ly, u(G)

+ [ M|

1
vk € Ny, uj(G) = 3.
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o My ={5,6,7} and L, = {1,2}

2 2TC,+3TCy —TC5 —2TCs —TC:
uz(G) = ug(G) = uz(G) = 5 + 1 2 - 5 6 7

u*{(G):u’Q‘(G):§+TO5+2TO6+TC5’7_2T01_3T02

o My = {8} and Ly = {3}

1 n TC; —2TCq
2 2

1 2TCs—TC
L 210 —TCy

ui(G) = u5(G) = ujp(G) =

Note that the equilibrium agreement network G* is the network that consists of

all the links of G but the link between 2 and 8.

Now, we examine the first stage of the game: network formation game. During
this stage, players take into consideration their future limit equilibrium payoffs
at the bargaining game. We analyze the strategic decisions of the players and the

network structure induced by the bargaining outcome.

Theorem 6. ¢"VF is a pairwise Nash equilibrium of network formation game if
and only if for all i € N, ui(¢p(g"VF)) = 1/2. (The induced network GPNE by

the strategy profile gtN¥ is equitable.)
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PNE

Proof of Theorem 6. Suppose that g is a pairwise Nash equilibrium of the

network formation game. Assume that there exists a player ¢ € N such that

ui (¢(g™F)) # 1/2. Then, u((g""F)) < 1/2 or u;(6(g""F)) > 1/2.
Case 1. u}(p(g"VF)) < 1/2.

In this case, for some step s < 5 of the algorithm A°(G), i belongs to M,
and |L|/|M,| < 1. Hence, there exists a player j € M, such that L% ({i}) N

LE({j}) # 0. If we add the link 75 to the network, we will have

Ui (6(™") i) = § > ui(6(g")) and

w3 (Olg™) + i) = 5 > w3 (6(5"F)).

<

PNE

So, g is not a pairwise Nash equilibrium of the network formation game,

which contradicts with our supposition.

Case 2. uf(¢(¢"VF)) > 1/2.

In this case, for some step s < 5 of the algorithm A“(G), i belongs to L,. Then,

PNE))

there exists a player j € M, such that u}(é(g < 1/2. So, similar arguments

to Case 1 follows for player j.

Hence, for all i € N, ui(¢(¢g™VF)) = 1/2.

For the other part of the theorem, suppose that uf(¢(g)) = 1/2. Hence, for all

mutually estranged sets M, |LE(M)|/|M| > 1 or |[LY(M)|/|M| = 1 with | M| # 1.
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Assume that ¢ is not a pairwise Nash equilibrium.

Adding a link to the network does not change the shortage ratio r, for all s which
is minimized in the decomposition algorithm. Hence, there does not exist any

pair of players (7, j) such that

ui (¢(g) +1j) > u; (¢(g)) and

w(9(g) + 14) > ui(d(g)).

Therefore, g violates the first condition of a pairwise Nash equilibrium. Hence,
there exists a player i and a strategy of him ¢, € G; such that u}(¢(g.,g9-:)) >
ui(¢(g)). Let ¢(g},9-;) = G’ and ¢(g) = G. So, in G, there exists a mutually
estranged set M with L (M) = L such that |L|/|M| < 1 and i € L or |L|/|M| =
1 with |[M| = 1 and ¢ € L. Since any change in the strategy of player i does
not affect the links of players in M with other players, we get |L| = |L¢ (M)| >

|LE(M)]|, which contradicts with the fact that for all mutually estranged sets M,

|LE(M)|/|M]| > 1 or |[LY(M)|/|M| =1 with |M]| # 1.
It follows that g is a pairwise Nash equilibrium of the network formation game.

O

In this subsection, we prove that with zero linking costs in the network formation
stage, the bargaining game reduces the same game in Manea (2011). Hence, the
limit equilibrium payoffs are determined in his paper. In this model, the sole
determinant of the equilibrium payoffs is the network structure. For the game

with non-zero linking cost structure, we obtained the limit equilibirum payoffs
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for each possible network by constructing a network decomposition algorithm.
The algorithm picks the oligopoly subnetworks considering costly links. Here,
there are two factors that affecting the limit equilibirium payoffs, the newtork
structure and the linking costs. We also investigate the pairwise Nash equili-
birum of the network formation game. When players are allowed to strategically
form their own links, the differences in limit equilibrium payoffs across players
(which exist in Manea (2011)) disappear in both cost specifications. In the equi-
librium, two players in the nodes of a link get the same payoff, impyling that
the network formed is an equitable network. Network endogeneity leads to equal
payoffs between players. Intuitively, having equal opportunities wipes out the

heterogeneities in the bargaining outcome.

2.2 Efficiency of Equilibrium Networks

In this section, we are interested in the well-being of the society induced by the
networks formed in equilibrium. We, first, define the efficiency notion we employ.
The most commonly used welfare measure is defined as the sum of the payoffs of
all the players. Formally, let W : 2 — R be defined as

W(G) = 2 ui(G)

1EN

for all G € (). Efficiency is basically maximizing the aggregate utility across all
players in the society. This definition is referred as strong efficiency in Jackson

and Wolinsky (1996).

Definition 2. A network G is efficient if W(G) > W(G') for all G’ € Q.
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A network G is efficient if it maximizes ) u!(G). For the characterization of

ieN
the efficient networks, we need the following definitions. A cycle is a path from a
vertex back to itself with no repeated edges and no repeated vertices except the
first and the last vertex. An odd cycle is a cycle with odd number of vertices. A
matching is a graph with even number of vertices. The characterization of the

efficient networks from the perspective of the society is provided by the following

theorem.

Theorem 7. A network G is efficient if and only if it is a disjoint union of odd

cycles and matchings.

Proof of Theorem 7. Take any efficient network G € ). Suppose that it is not
covered by any disjoint union of odd cycles and matchings. Then, by the decom-
position algorithm at some step s < § there exists a mutually estranged set M,
such that |LY(M,)|/|M,| < 1. Consider a network G’ in which the subnetwork

induced by the players Lg U M; is a complete network.
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WG => uw(@= Y u@+ > ulG)

iEN i€N\(LsUMs,) i€LsUM;
L
- 6H(G)) L] + (1My] = | L) [0
(L2, [AERITA
> LTC; > LTC;
JeLs €Ly }
L]+ M L]+ M
. 1
(X wl@)+ 1L+ (M) = LDy
iEN\(LsUMs,)
L
- > uj(G))Jr\MS]—FlT'
i€EN\(LsUMs)
* |MS|
< .
X @)+ M+
iEN\(LsUMs,)
= W(G).

This contradicts with the efficiency of G. Hence, GG is a disjoint union of odd

cycles and matchings.

Now, for the other part of the proof suppose that the network G is a disjoint
union of odd cycles and matchings. The social welfare provided by the network

G is

, if n is even

, if n is odd.

NI o3
N | —

When we maximize the social welfare over the set of networks {2, we obtain the

the maximum attainable social welfare as

o1



, if n is even

, if n is odd.

NS o3
DO | =

Hence, we have max W (G) = W(G), which concludes the proof.
GeQ

The corollary below examines whether the endogenously formed network is effi-

clent or not.

Corollary 1. Any equilibrium network of the network formation game is effi-

cient.

Proof of Corollary 1. The proof is relegated to the Appendix. O]

2.3 Conclusion

We analyze a bargaining model over a network where the network describes the
feasible bargaining partners. This study builds upon Manea (2011) by endoge-
nizing the network structure. We construct a two stage game: network formation
stage and bargaining stage. In the network formation stage, we allow players
to form links where the link formation is bilateral (and could be costly). Next,
on the formed network, an infinite horizon bargaining game over how to divide
one-unit pie between the players in a pair is played. We investigate two spec-

ifications of the cost structure: zero costs and non-zero costs. Firstly, in the
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model with zero costs, the bargaining game is same as Manea (2011) develops.
The network structure is the only determinant of the bargaining outcome. In
the limit equilibrium, one-unit pie is divided between the players in a pair in
proportion to the relative bargaining power of players provided by their positions
in the network. In equilibrium of the network formation game, each player gets
half of the pie, i.e., an equitable network is formed. Secondly, we assume that
there exists a player whose linking cost is different than zero and the costs are
heterogeneous across players. With this specification, the bargaining power im-
plied by the network structure and the linking costs are the two factors affecting
the bargaining outcome. Hence, the limit equilibrium payoffs are determined ac-
cording to both the network structure and the relative advantage/disadvantage
provided by linking costs. In the equilibrium of network formation game, the pie
is divided equally in all pairs of players (equitable network). Therefore, in both
specifications of the cost structure, if the network is endogenously determined
by players, the differences among the payoffs of players disappear in equilibrium.
Further, with non-zero costs, link formation incentives of the players neutral-
ize the relative advantage/disadvantage induced by cost heterogeneities across
players. Briefly, in equilibrium, having equal opportunities sweep away the dif-
ferences in the bargaining outcome. Finally, we focus on the efficiency issue. We
obtain the characterization of the efficient networks. In addition, we prove that

endogenously formed network is efficient.
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CHAPTER 3

BARGAINING ON SUPPLY CHAIN
NETWORKS WITH HETEROGENEOUS
VALUATIONS

Bargaining between buyers and sellers plays a key role in determining the terms
of trade in supply chains. Hence, bargaining is a well-studied topic in the supply
chain literature. We identified three limitations which are mostly common in the
literature. First, most of the existing supply chain literature adopt the Stackel-
berg modelling approach in which only one of the agents always makes an offer
and the other one can just accept or reject the offer (i.e, one party is gifted with
a significant bargaining power). Second, many papers restrict attention to the
supply chain networks with one buyer-one seller (Plambeck and Taylor (2005),
Gurnani and Shi (2006) and Feng et al. (2014)), one buyer-multiple sellers (Na-
garajan and Bassok (2008)), one seller-multiple buyers (Bernstein and Federgruen
(2005)) and two-sellers and two-buyers (Feng and Lu (2013)). Finally, size of the
pie subject to bargaining is the same for all bargaining pairs. As a result of these

limitations, the effects of bargaining power, network structure and the pie size on
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equilibrium outcomes could not be investigated in full generality.! In this study,
we develop a theoretical model of supply chain network where (i) both the sellers
and buyers can make an offer in the bargaining, (ii) any number of buyers and
sellers is possible, (iii) the size of the pie is allowed to be heterogeneous across
links and (iv) the network structure and the size heterogeneity of the pie across

links have the potential to affect bargaining outcomes.

Our work is inspired by recent developments in network theory which establish
a relationship between the network structure and market/bargaining outcomes.
In this setting, the network identifies the trading relationships between the sell-
ers and the buyers. That is, a buyer and a seller can only engage in trade if
there is a relationship or a ”link” connecting the two players. In other words,
the network structure imposes a restriction on bargaining possibilities. Hence,
it is theoretically shown by a large number studies that the network structure
has a significant impact on the market outcome (see Calvé-Armengol (2003),
Corominas-Bosch (2004), Polanski (2007), Jackson (2008), Manea (2011), Abreu
and Manea (2012) and Polanski and Vega-Redondo (2013)). Building on Manea
(2011), we study an infinite horizon bargaining game over a two-sided supply

chain network with heterogeneous buyers.?

In our model, we have sellers producing a homogeneous good and buyers demand-
ing the good. The production cost of the good is same across all sellers. The

buyers, on the other hand, value the good differently. Intuitively, they may have

"However, in reality, the bargaining power is more evenly distributed in supply chains (see
Iyer and Villas-Boas (2003) and Draganska et al. (2010)), there are multiple sellers and buyers,
and the size of the pie subject to bargaining is different (e.g, due to heterogeneous valuations.)

2Manea (2011) explores the influence of the network structure on the bargaining outcome
with homogeneous agents. He shows that the bargaining power of a player does not depend only
on the number of his links and his position in the network but also his neighbours’ positions.
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different tastes, preferences, habits or business characteristics. The sellers and
buyers are connected via an exogenously given two-sided supply chain network.
Each pair of players connected by a link generates a surplus equal to the difference
between valuation of the buyer for the good and the production cost of the seller.
On the network, players play the following infinite horizon bargaining game.? At
each period, a link is selected with some positive probability and one of two play-
ers is randomly selected as a proposer. The proposer makes a take-it-or-leave-it
offer concerning the division of the surplus generated by the chosen link. If the
offer is accepted, the players in the pair leave the game with the agreed shares.
In the next period they are replaced by their identical clones.* If the offer is
rejected, the players in the pair remain in the game. At each period, the same
bargaining procedure is repeated. All players have perfect information and have
the same discount factor. The subgame perfect Nash equilibrium is employed as

a solution concept.

The richness of our model allows us to study the impact of bargaining power
provided by the network structure and the valuations of the buyers on the mar-
ket outcome which is not captured properly by the supply chain literature due
to mentioned limitations. In order to investigate these effects on the outcome,
we need to identify each player’s position in the network and the links in which
the trade is feasible. For this purpose, we modify the network decomposition
algorithm constructed by Manea (2011) considering the valuation heterogeneity

among buyers. This algorithm decomposes a given network into disjoint sub-

3Rubinstein (1982) and Rubinstein and Wolinsky (1985) are pioneering papers of the bar-
gaining literature.

4The replacement of the players in the agreement pair with their clones makes the model
stationary. This modelling assumption is followed by Gale (1987), Manea (2011), Polanski and
Lazarova (2015) and Nguyen (2012).
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networks. We find the limit equilibrium payoffs in the subnetworks determined
by the network decomposition algorithm and prove the uniqueness of the equi-
librium. The results show that in equilibrium, the network structure and the
valuations of the buyers have an impact on the division of the surplus generated
by a pair. Intuitively, the buyers with high valuation and the players who have
more links or who have neighbours with less links have a higher bargaining power;

and so obtain a larger share from the surplus.

The decomposition algorithm we construct and the algorithm of Manea (2011)
yield different outcomes for the same network. For instance, we have a network
with two sellers and three buyers as depicted in Figure 3.1. In part a, suppose that
the buyers are homogeneous and their valuations are 1. So, the surplus generated
by each link is same and equal to 1. On the other hand, in part b, the valuations
of by, by and b3 to the good are 0.7, 0.8 and 0.3, respectively. The decomposition
outcome for a is {{b1,bs, b3}, {s1,52}} and for b is {{b1, b2}, {s1}}, {{b3}, {s2}},
which are not equal to each other. As seen from 3.1, a player’s position in the
network is not the sole source of bargaining power but the valuation heterogeneity

among the buyers matters.

S1 S9 S1 S2

by by by b1[0.5] b5[0.5]  bs[0.8]

(a) Homogeneous Valuations (b) Heterogeneous Valuations

Figure 3.1: Two Sided Supply Chain Network G
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The paper that comes closest to ours is Nakkag and Xu (2014). These authors also
study bargaining in a supply chain where (i) the bargaining occur in an alternating
order, (ii) there are multiple buyers and sellers and (iii) the pie size does not have
to be same across the links. That said there are important differences between
our model and theirs. The key differences are the bargaining game and payoffs in
the equilibrium. More precisely, in a subnetwork having more sellers than buyers,
the equilibrium of Nakkag and Xu (2014) assigns a seller zero from the surplus
and assigns a buyer all the surplus while in the equilibrium of our model, the

seller gets a share at least the surplus per player in the subnetwork.

The rest of the essay is organized as follows. Section 1 describes the model and in-
troduces the notation. Section 2 reports the results on the network decomposition

outcome and the equilibrium payoffs. Section 3 concludes the study.

3.1 Model

We consider a group of sellers and buyers interconnected by a two-sided supply
chain network G. Each seller produces one-unit homogeneous good and each
buyer demands the goods. The links in the network represent trading possibilities.
S = {s1,892,...,8,} is the set of sellers and B = {by,bs,...,b,} is the set of
buyers. Assume that the number of sellers is less than the number of buyers, i.e.,
n < m. There doesn’t exist any link between any two players within the same
group. Denote the utilities of players s € S and b € B be u, and u;, respectively.
Let the buyer b’s valuation of the good be v, and let the production cost of all

sellers be c. For simplicity, assume that ¢ = 0. Each link in the network generates
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a surplus equal to the difference of the valuation of the buyer and the production
cost of the seller. An infinite horizon bargaining game is played on the supply

chain network over the division of this surplus.

We construct the following infinite horizon bargaining game on the network G:
At each period t = 0,1,..., alink (s,b) € G is selected with some probability pg,
and one of the players among s and b is randomly selected with equal probability
as a proposer, say s. Player s makes an offer to b concerning a division of the
surplus generated by the link (s, b) and player b responds to the offer by accepting
or rejecting. If the responder b accepts the offer, s and b leave the game with the
agreed shares. In period ¢t + 1, two new players replace the same positions. If b
rejects the offer, s and b remain in the game. In period ¢+ 1, the same procedure
is repeated. The replacement assumption provides the stationarity of the model.
Link selection is independent across periods. All players have a common discount
rate 0 € (0,1). Suppose that all players have perfect information. In this model,

we assume that for each player i € S U B, there is a continuum of players of type

i, i, = {iy, o, ... ir, ...}

In this game, we employ subgame perfect Nash equilibrium as a solution concept.
The equilibrium payoff vector of the game is denoted by (u}%);csup. Define the
equilibrium agreement network as the subnetwork of G which only involves the
links where the agreement gives the players at the nodes of these links more
payoff than proceeding to the next period does. More precisely, the equilibrium
agreement network at §, G*, is the subnetwork of G that only consists of the

links (s,b) satisfying 0(u®® + u;°) < the surplus produced by the link (s,b). The
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limit equilibrium network, denoted by G*, is the network that G*° converges to
as 0 goes to 1 and the limit equilibrium payoff vector, u*, is the payoff vector that
5

u*® converges to as d goes to 1.

3.2 Results

We analyze the equilibrium of the bargaining game over the network G. The
surplus generated by a link (s,b) is equal to v, — ¢. Note that ¢ = 0. Hence,
the surplus is equal to v,. Suppose that in the bargaining game the link (s, b) is
selected. The seller s and the buyer b bargain over how to divide the surplus vy.
As an initial step, we show that in every subgame, the expected payoff of each

existing player in the network at that period is uniquely determined.

Theorem 8. For all § € (0,1), there exists a payoff vector (u®);csup such that
in every subgame perfect equilibrium of the bargaining game on G, the expected
payoff of existing player i, of type i is uniquely given by u® for alli € SU B,
T > 0. For every 6 € (0,1), in any equilibrium, in any subgame where the link
(87, b.0) is selected and s, is the proposer, the followings are hold with probability

one:

(1) if 6(u2® + ui®) < vy, then s, offers ui® and b, accepts.

(2) if 6(uz® + ui®) > vy, then s, makes an offer that is rejected by by

for each s € S and b € B.

Before moving on to the proof of Theorem 8, we need the following lemma.
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Lemma 7. For all wi,ws,ws3,wy € R,

| max{wy, ws } — max{ws,wy}| < max{|w; — wsl, |ws — wyl}-
Proof of Lemma 7. The proof is obvious hence omitted. n

Proof of Theorem 8. Let u¢ and @ be the infimum and supremum of the expected
payoffs of 7, in any subgame for all 7 > 0 and for each i € SUB, in every subgame

perfect equilibrium of the game.

Consider a subgame perfect Nash equilibrium of the game. Assume that the link
(s,b) is selected and without loss of generality among the players s and b, s is
selected as a proposer. Any player of type b does not accept an offer smaller than
dud, implying that s can get a payoff of at most v, — du). Further, any player
of type s accepts any offer greater than dul, since in case of rejection, he gets at
most 6u°. Hence, no player offers him more than §u’ in the equilibrium. Now,
suppose that any link of s is not selected. In this case, the expected continuation
payoff of the player s is at most du’. So, for each player 7 > 0 of type s, the

following is satisfied:

Psb _ DPsb _
ud < (1 - {b(z 7) 5 + Z o max{v, — dup, 61’} (3.1)

s,b)eG} {bl(s,b)€G}

Since the inequality (3.1) holds for all players of type s, it also holds for u’.
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Thus,

u < (1 - Z %) 6’ + % max{v, — oud, dul}. (3.2)
{bl(s.b)€GY {b](s,0)€G}

Consider that player s makes the offer 6u + € (¢ > 0) to any player of type b such
that dud + 5 + € < v, deviating from his equilibrium strategy and offers zero to
other players and also rejecting all offers that he receives. Player b accepts the
offer in any subgame perfect equilibrium. Hence, for each 7 > 0 and for all € > 0,

we have the following inequality:

ul > (1 - Z %)5@2 + Z % max{vy, — 6ty — €, 6u’}.
{ol(

s,b)EG} {bl(s,0)€G}

As the deviation converges to zero (e — 0),

s,b)EG} {b](s,b)EG}

DPsb Dsb _
ud > (1 - {b(z 7) Sul + Z o max{v, — 01, du’}. (3.3)

Since the inequality (3.3) holds for all players of type s, it also holds for u?.

Therefore,
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g‘zz(l— Z p8b>6 - Z —max{vb 5y, oull.

{b](s,b)€GY} {b](s,b)€G}

We take the difference between the infimum and the supremum of the expected

payoffs for each seller in S in order to prove the equality of these two. Let

D = max 4! — ul. Take any s € arg max @} — u?.

€S €S

<|1- Z %)5(1@—@‘2)—1— Z p; [max{v, — duy, 6u’}

{b|(s,b)eG} {b|(s,b)eG}

— max{v, — 6a, 6u’}]

< (1 - Z % 6D+ Y P max{|ou] — oull, |07 — oull}
{ol(s, {bl(s,b)eG}

_ Dsb Dsb 5 =6 é

- (1— Z 7 oD + Z 5max{ub—ub,u —ul}
{bl(s {bl(s.)eC}

= <1— Z % 6D+ Y D
{bl(s,b)e {bl(s,)eG}

=0D

Hence, D < 0D. Since D > 0 and § € (0,1), we get D = 0. Hence, for all s € S,

u® = u’. Therefore, for all s € S, we obtain the following equality

_ :<1_ Z psb)5 + Z —max{vb ouy, 6u’},
{ol(

5,b)eG} {b|(s,b)eG}

d

which means that @% = u? = u*°. The case is similar for any buyer b € B. The
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statement @) = u = u;° for all buyers b € B can be proven similarly.

In order to show the uniqueness, define a function f° : [0,1]* +— [0,1]" such

that for all s € S and b € B,

O(u) = (1 - Z %) dus + W % max{v, — 0up, O }

{blsbeG}
Qu)y= 11— g Dsb dup + E Dsb max{v, — Ous, dup }
2 2 ’
{s|sbeG} {s|sbeG}

We show that the function f has a fixed point by utilizing the contraction map-
ping theorem. It is enough to prove the following lemma to conclude the proof

of the uniqueness.

Lemma 8. f° is a contraction mapping with respect to sup norm on R™.

Proof of Lemma 8. See the Appendix. m

This concludes the proof of Theorem 8.

The expected payoffs of any players s € S and b € B are given by
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Psb DPsb
ul = (1 — Z 7) ou’ + Z o max{vy, — ouy, u’}

(b]sbeG) (b|sbeG)
ul = (1 — Z %) ouf + Z % max{v, — oul, dud}
{s|sbeG} {s|sbeGa}

When we look into the equation for any seller s, the first part of the equation cov-
ers the cases where any link of s is not selected with probability (1 — |Z Dsb/2),
blsbeG
leading to the expected payoff of us in the next period or a link of s is selected
but s is not the proposer. In the latter case, the other player makes an offer du,
or any offer which is rejected by s and so his expected continuation payoff is also
equal to du,. In the remaining part, a link of s is selected (say (s,b)) and s is the

proposer and he makes an offer du;, or makes an offer which will be rejected by

the buyer b.

The following result indicates the existence of a limit equilibrium network G* and

the existence of limit equilibrium payoffs as § converges to 1.

Theorem 9. There exists a bound § and a subnetwork G* of G such that for all
values of § > 6, G* is equal to G*. Moreover, the equilibrium payoff vector at §

converges to u* as d goes to 1.

In any equilibrium, for all § values such that &(u*® + u;®) # v, for all (s,b) € G,
the solution to bargaining game is determined in Theorem 8. Next lemma extends

this finding by demonstrating that the set of such discount factors is finite.

Lemma 9. The statement for all (s,b) € G, 6(u® +u;®) # vy, holds for all but a
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finite set of §.

Proof of Lemma 9. See the Appendix. O

Proof of Theorem 9. The proof follows from Lemma 9 and the proof of Theorem

2* in Manea (2011), which is stated below. O

Theorem 2* (Manea (2011)): (i) There exists d € (0,1) and a subnetwork
G* of G such that the equilibrium agreement network G*° equals G* for all § > .

0

(ii) The equilibrium payoff vector u*° converges to a payoff vector u* € [0, 1]" as

6 tend to 1.

In this model, there are two sources of bargaining power: the network structure
and the valuation of the good for the buyers. The former depends on the number
of links that a player has, his position on the network and also the positions of his
bargaining partners. Hence, analyzing the network structure provide cues about
the limit equilibrium payoffs of the players. We need some additional notation
for this analysis. For every network G and a subset of players M C S U B,
LE(M) denotes the set of players who have a link in G' with the players in M
ie., LYM) = {k|(k,l) € G,l € M}. A set of players is G-independent if there
exists no G-link between any of two players in the set. Next theorem identifies
the bounds on the limit equilibrium payoffs of players who get the highest share

and the lowest share in a subnetwork.

Theorem 10. For all set of buyers M with LY (M) = L, the following inequali-

ties hold:
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* beM
el s = L+ M
> U
min u; beM
beM © = |L| + | M|

Similarly, for all set of sellers M with LY (M) = L, the following inequalities

hold:

> Up

maxut > —F
el = |L| 4 | M|
> Up
: * beL
min u

seM * 7 |L[+ [M[

Before moving to the proof of the theorem, we need the following lemma that
investigates the division of the surplus between players in the nodes of a link in
the limit equilibrium. The sum of the limit equilibrium payoffs of players in a pair
is equal to the surplus generated by the link, implying that the generated surplus
by the link is not wasted. Further, the limit equilibrium network G* involves only

the agreement links.

Lemma 10. If (s,b) € G, then ul+u; > v, and if (s,b) € G*, then u} +u; = vp.

Proof of Lemma 10. See the Appendix. m

Proof of Theorem 10. For all § and for any players s € S and b € B, the equilib-
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rium payoffs are as follows

i = S Zmax{v, — 0up® — duld, 0}
1 =0 gispecy 2 (3.4)
1 s
Wb =—— 3 Psb max{v, — du’ — du;’, 0},
1 =0 (genea 2

Without loss of generality, take any set of buyer M and let L¢" (M) = L. Utilizing
Theorem 9, fix § > § for the convergence. If a seller s and a buyer b are not
connected in G*, they could not reach an agreement on the division of the surplus.

Thus, in the equations system (3.4), max{v, — du*® — du;°,0} = 0.

Since the buyers in M may have G*—links only with the sellers in L, the buyer

b’s expected payoff equation in (3.4) can be written as follows:

1 s
u’ = —— Z % max{v, — ou® — du;°,0}. (3.5)
{s|(s,b)eG,seL}

For all sellers s € L, applying similar arguments that are used in equation (3.5),

we obtain

u® > )GZG % max{v, — ou’ — oup’, 0}. (3.6)

1—-946
{b](s,b)EG,bEM}

By taking the summation of (3.5) over all b € M and taking the summation of

(3.6) over all s € L, we have
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* ]' Ps * *
Z up’ = T3 Z 71) max{v, — ou® — du;’, 0} (3.7)

be M {(s,b)eG|beM,seL}

and

1 s
Z ul® > T3 Z | % max{v, — ou® — du;°,0}. (3.8)
selL {(s,b)eG|beM i L}

The right hand sides of the summations are the same in both (3.7) and (3.8).

Then, we have the following inequality
Stz Y
seL beM
When players become more patient, as 6 — 1,
Su=Yu
seL beM
By using the following facts that for all £ € L, max u; > uy and for all [ € M,
se

minu; < u;, we obtain
beM

|L| max w) > | M| minu;.
seL beM

Utilizing Lemma 10, for all b € M, there exists s € L such that u; = v, — ul.

Hence, for all b € M, u; > v, — maxger, u). Therefore we have
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Su- Y e

beM {(s,b)|bEM,s€ LG (b)}

> Z (vp — maxuy)

seL
{(s,b)|bEM,scLC™ (b)}

o . *
=D v — [M|maxu,
beM

which is equivalent to

>

* beM ‘
e S L 1 M

Similarly, utilizing Lemma 10 for the summation of the sellers’ payoffs in L, we

obtain

Zu: < va - |L|£I€1§\£IIUZ,

seL beM

which is equivalent to

> Up

: * beM .
benr = L [M]

Since the bargaining power depends on the player’s position in the network, we

need to identify where each player is located in the network. Regarding this aim,
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we modify the network decomposition algorithm of Manea (2011). We use the
outcome generated by this algorithm to identify the limit equilibrium payoffs of

the players.

Network Decomposition Algorithm, A(G): For a given network G € €,

the algorithm generates the sequence (r*, M*, L', N*, G"), as follows:
Let N = BUS and G° = G.
For ¢t > 0:
If Nt =0, then STOP.

If not,

> U

= max bl
McNtnB | LG (M)| + |M|

r

Set M* be union of all maximizer sets M. Denote Lt = L& (M?).
If N* — M* U L, then STOP.

Otherwise, let N1 = N*\ (M*'U L') and G*™! be the subnetwork of
G induced by the players in N**1. Denote the step at which the algorithm ends

by t.

The algorithm initially takes the given network. At each step, it identifies the
sets that maximizes the surplus per player in the subnetwork, r*. It picks the

union of these maximizer sets and the partner set of this union and they are
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removed from the network. If the algorithm picks all the players in the current
network, it ends. Otherwise, in the next step, the same procedure is applied
to the subnetwork induced by the remaining players. Intuitively, the algorithm
decompose a given network into oligopoly subnetworks. The limit equilibrium
payoffs can be described utilizing the outcome of the decomposition algorithm,

A and they are given by the following theorem.

Theorem 11. Let the algorithm  A(G) wyields the  outcome
(rt, M*,L*, N*,G")1—01...i- Then the limit equilibrium payoffs as § — 1 are

given by

> v

Vi <IVscLl u =M
= Y T IL + M

> v

Vit <t,Vbe M ui=v o beMt
- P+ MY

Proof of Theorem 11. The proof of the theorem proceeds by induction on ¢. Sup-

pose that the claim is hold for all ' < ¢. Now, we prove it for ¢.

Let M' and L' be the sets that the algorithm A(G) generates at step ¢. Define

the maximum limit equilibrium payoff as z* = max uj. Further, define the sets
EN'N

Lt ={s € N'|luz = 7'} and M* = {b € L% (L")|uj = v, — z'}.

L' is the set of seller who have the maximum limit equilibrium payoffs in N* and

M is the set of buyers who have G*-links with the players in L*.
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> Uk

Claim 1. 7t > _FeM*
LY+ [ MY

For a contradiction, suppose that

> Uk

gt < kMt
| Lt + | M|

First of all, we explore the set of players with whom the players in M! have
G*-links. Take any player s € LY where t' € {1,2,...,t — 1}. By induction

hypothesis,

> Uk

* keMt

Ug = 777 977
T T A

Summing up the limit equilibrium payoffs of s and any buyer b € M, we have

> Uk

keM?’ _

u:—l—uzzm—i—vb—xt
> Uk

keM?t _

>+ U —T

L+ M

> Ty +Vp — Ty = Up.

Second inequality follows from the construction of the decomposition algorithm
and the third one from our supposition. So, no player b € M?" has a G*-link
with players s € L' UL? U ... U L', Since G is a two-sided network, M? is a

G*-independent set. Hence, L (M*) C Lt. Utilizing Theorem 10, we get
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> Uk

* s keM?t
er e =L+ (MY

By the definition of 7,

> Uk

T keM?
S )

which contradicts with our supposition.

> Uk

keM?

Claim 2. 7' < *SM____
=L M

and for all b € M,, Uy = Up — Ty

Take any seller s € L. For all buyers b € B\ M, uj + u’ > Z; + vy — T = vy
Hence, there exists no G*-links between s and any buyer b € B\ M*. Since we
deal with two-sided supply chain networks, it is clear that L' is a G* independent
set. The network decomposition algorithm implies that there exists no G-link
between s and any buyer b € M*, where ¢’ € {1,2,...,t — 1}. Therefore, s has

G*-links only with buyers in M?, i.e., L% (L') = M*. By Theorem 10,

>

T, = minu® < kel (L)
Yser © T LO(LY] + LY

Since M! maximizes the surplus per player in the subnetwork, we have the fol-

lowing

> Uk > vk

keLG™ (L) ke

LG (L] + 1L~ [+ |Me)
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implying that

> Uk

beM?t
| Lt + [M*]

T <

This concludes the proof of our claim. By Claim 1 and Claim 2, we get for all

s e Lt

> Uk

—t * keM?t

T =U, =
T LM

and for all b € M!, u} = v, — Zy.
Claim 3. M' = M!

Since the network decomposition algorithm picks the union of all maximizer sets
M, if M" is the maximizer, then M* C M*. Hence, L' = L¢ (M"') C LE' (M") =

L.

For the other side of the equation, suppose for contradiction M* ¢ M. Then,
there exits a player b € M*\ M®. Note that b has no G*-links with players in N\ L.
Moreover, by Lemma 10, b has no G-links with players in L' UL?U.. UL 'U Lt
Hence, the buyer b has G*-links only with players in L'\ L!. Utilizing Theorem

10, we have

> Uk dYooug— D v

N ke Mt\ Mt keMt ket
max U, > = — = — —.
SELG* (MI\NIY) [MEN MY+ |LEN LY [MP 4 |LH = (M| + [LY])
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Note that > vp/(|LH + |[M!|) = > wi/(|LY] + |M?]). Then, we obtain
ket keM!

max uy > Ty,
s€LG* (Mt\ )

which contradicts with u* < #; for all sellers s & L.

Hence, M* = M* and L! = L'. Claim 1 - Claim 3 conclude the proof for any step

of the algorithm ¢ < ¢.

By Theorem 11, we obtain the limit equilibrium payoffs of the bargaining game
over a given network G. We prove that in the limit equilibrium of the game, the
payoffs of the players are determined according to the network structure and the

valuations of the buyers for the good.

3.3 Conclusion

In this essay, we examine a bargaining game over a two-sided supply chain network
where the sellers producing a homogeneous good and buyers with potentially dif-
ferent valuations for the good bargain over the corresponding surplus. Our model
improves upon the existing supply chain literature in multiple dimensions. Con-
sequently, we can investigate the impact of bargaining power due to the network
structure and the valuation heterogeneity on the equilibrium market/bargaining

outcome. In the current study, the bargaining game is similar to the one devel-
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oped in Manea (2011). However, in our model, the size of the surplus divided
between the players of a pair is not the same for all links which leads to strikingly
different equilibrium predictions than that of Manea (2011). More precisely, we
show that higher valuation for the good is also a source of bargaining power which

can not be captured by Manea (2011).
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CHAPTER 4

BARGAINING, REFERENCE POINTS, AND
LIMITED INFLUENCE

A plethora of experimental studies in the last two decades almost unequivocally
documented the influence of reference points on bargaining behavior and out-
comes.! One well-known critique of the theories that utilize exogenously given
reference points is that almost any sort of behavior can be explained with an
appropriate choice of a reference point. This led many researchers to develop
theoretical models where the reference point is endogenously derived (preferably
from the observables) and/or elicit agents’ reference points with experimental

methods to check whether the elicited reference points, which were otherwise

unobservable, can explain the observed behavior.?

! Ashenfelter and Bloom (1984), Blount et al. (1996),Kristensen and Girling (2000),
Bohnet and Zeckhauser (2004), Géachter and Riedl (2005, 2006) , Gimpel (2007), Bolton and
Karagozoglu (2016), Bartling and Schmidt (2015), Herweg and Schmidt (2015), Fehr et al.
(2015), and Karagozoglu and Riedl (2015) are only some of these studies, all of which reported
that reference points —in the form of reservation prices, informal agreements, existing con-
tracts, historical contractual conditions, expired contracts (fairness) norms— have a significant
impact on the the negotiated agreement and on the whole bargaining process

2The reader is referred to Benartzi and Thaler (1995), Shalev (2000), Compte and Jehiel
(2007), Falk and Knell (2004), Készegi and Rabin (2006, 2007, 2009), Gimpel (2007), Li (2007),
Vartiainen (2007), Abeler et al. (2011), Baucells et al. (2011), Giorgi and Post (2011), Hyndman
(2011), Driesen et al. (2012), Sarver (2012), and Roels and Su (2014) among others.
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This essay models the emergence of reference points and investigate their influ-
ence on bargaining behavior and outcomes in a two-player, infinite horizon, al-
ternating offers bargaining game (Stahl, 1972; Rubinstein, 1982), where players’
preferences exhibit reference dependence. We allow past offers in an alternating
offers bargaining game to influence players’ reference points in later periods (see
Shalev, 2002; Driesen et al., 2012 for earlier examples). Players in our model are
both gain-seeking and loss-averse. Accordingly, player i (i = 1,2) weights payoffs
above his reference point with +; and payoffs below his reference point with \;,
where we assume \; > 7;. A novel element we introduce is limited influence: an
offer made to player ¢ in the current period has the potential to influence his ref-
erence points for the next m; periods in which he responds to player j’s offers. In
particular, player ¢’s reference point at period ¢ > 1 according to which he evalu-
ates player j’s current offer, is assumed to be the highest (or the most generous)
offer he received in the last m; periods (in which he received offers). Therefore,
in contrast with Driesen et al. (2012), which assumed that player i’s reference
point at any given period ¢ > 1 is the highest offer he received until ¢, we model
those bargaining situations where past offers can have only a limited influence on
the current reference points. In other words, the influence of past offers expire
in finitely many periods in our baseline model. Our model is inspired by the
availability heuristic or retrievability bias in decisionmaking (see Kahneman and
Tversky, 1974) and the order effect (or the recency effect) in belief updating and
intertemporal decisionmaking (see Hogarth and Einhorn, 1992). There is a strong
empirical evidence for these heuristics and biases (see Bartos, 1964; DeBondt and

Thaler, 1990; Hogarth and Einhorn, 1992; Grether, 1992; Holt and Smith, 2009;
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Malmendier and Nagel, 2016 among many others).

We show that for any exogenously given initial reference point there exists a sub-
game perfect equilibrium of the game, which induces an immediate agreement.
A closer look at this equilibrium reveals that despite the immediate agreement
result, expiration lengths influence equilibrium behavior. More precisely, the in-
fluence of expiration lengths (i.e., m; and my) are concealed in reference points
since m; and my determine the corresponding sets of past offers from which the
current reference points emerge, and rational players incorporate the information

from the continuation game to their actions in the first-period.

We compare the equilibria of the game with limited influence and the game with
unlimited influence (i.e., m; = my = 00). Our comparison shows that equilib-
rium outcomes are identical (due to the immediate agreement result) whereas

equilibrium strategies are different.

The organization of the essay is as follows: Section 1 introduces the model. Sec-
tion 2 and its subsections present results from the model with limited influence
and the model with unlimited influence, compare the results from the two models,
and provide a comparison with Driesen et al. (2012), as well. Finally, Section 3

concludes.

4.1 The Model

We consider an infinite horizon bargaining model in which two players, player 1

and 2, bargain over the division of a pie of a unit size, following an alternating-
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offers bargaining protocol. More precisely, at odd periods t =1, 3,5, ..., player 1
makes an offer z = (z1,29), where z; + 25 = 1 and player 2 decides whether
to accept (a) or reject (r) the offer. Similarly, at even periods t = 2,4,6,...,
player 2 makes an offer and player 1 decides whether to accept (a) or reject it
(r). If an offer z = (21, 22) is accepted, the game ends with players receiving their
corresponding agreed shares. At any period t, if an offer is rejected, then with
probability 6 € (0,1) the game continues to period ¢ + 1 and with probability
1—9 (i.e, the break-down probability) the game ends. If and when the game ends
as a result of a break-down, players do not receive any share from the pie (i.e.,
the shares of both players are equal to 0). The set of all possible (efficient) offers
is denoted by
Z ={(z1,22) € R%|z1 + 20 = 1}.

For each player i € {1,2} a strategy o; = (0})$2; is a sequence of functions where
o! maps any history up to period ¢ to an offer or a response (i.e., a or ) depending

on whose turn it is to make an offer at period ¢.

We use a framework similar to the ones developed in Shalev (2002) and Driesen
et al. (2012) to study the influence of past actions on current decisions through
their influence on players’ reference points. In particular, player ¢’s current refer-
ence point according to which he evaluates player j’s current offer is determined
by player j’s past offers (and the exogenously given initial reference point). How-
ever, in contrast with Driesen et al. (2012), the reference point of player ¢ in our
model is not necessarily the highest offer he received up to the period he has to

take an action; instead it is the highest offer he received in the last m; periods (in
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which he received offers), where m; is finite. In other words, the influence of past
offers on players’ reference points expires in finite periods (after a certain number
of periods, a past offer gets simply too old to constitute a reference point). For
any ¢ € {1,2} and ¢t € N, we will use r} to denote the reference point of player i
at period t. Thus, after a sequence of offers (2°)'_! the reference point of the

agents at period ¢ are (with the convention 2° = (20, 29) = (0,0)):

o If ¢ is odd

ri=max{z|lse{t—1,t =3, t—(2m; —3),t— (2m; — 1)} NZ,}

o If ¢ is even

ry="ry

rh=max{zls € {t —1,t—3,--- ,t — (2mg — 3),t — (2mo — 1)} NZ,}

Suppose that at period ¢+ 1, it is player i’s turn to make an offer and he offers z.
If player j rejects the offer, his reference point in period ¢+2 will be the maximum
of the offers that were made in periods t — (2m; —3),t — (2m; —5),...,t —=3,t —1

and the last offer z;, since the influence of offer at the period t —(2m; —1) expires.

The following definitions will provide us some convenience in the following dis-
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cussions. For odd periods t, let

Mo=max{z|lse {t—1,t=3,--- ,t—(2m; —3)}NZ,},

and for even periods t,

h={zlse{t—1,t—3,- t—(2my—3)} NZ,},

Thus 7 is the maximum of the last m; — 1 offers (or t offers if m; — 1 > ¢) that

the agent has received).

Hence, in the case of a rejection, the reference point of player 7 in the next period,
after he received an offer z, will be max{7, z;}. We assume that player i evaluates

the offer he receives at period ¢, 2!, according to his current reference point, 7.

We employ the functional form in Koészegi and Rabin (2006) to incorporate
reference-dependent preferences. More precisely, offers below the reference point
are regarded as losses, whereas the offers above the reference point are regarded
as gains. Accordingly, at period t, the utility of player i from the realization of

2" is given as follows (assuming that the current reference point is rf):

o 2yt =l it 2>t
u;(z,1") = ,

Sk

ZE N2 —rl) it 2l <t
where \; > v; > 0. The first term, 2!, is the intrinsic consumption utility, which
can be considered as the benefit player ¢ obtains from consuming his share of the
pie. The second term (i.e., \;j(z! —7t) or (2! — rt)) represents gain-loss utility.
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A; is the loss-aversion coefficient, whereas 7; is the gain-seekingness coefficient.
By taking \; > 7; we are assuming that players are more sensitive to losses than
to gains, capturing the main idea in Kahneman and Tversky (1979, 1991) . Note
that the functional forms used in Shalev (2002) and Driesen et al. (2012) are
special cases (i.e., 7; = 0) of the functional form that we employ. We denote the

game described above by I'.

4.2 Results

In this section, first we focus on the model with a limited influence (i.e., finite
expiration lengths). Later, we analyze a variation of our baseline model, with an

unlimited influence (i.e., infinite expiration lengths).

4.2.1 Limited Influence

Throughout this study, equilibrium means subgame perfect equilibrium. Accord-
ingly, in equilibrium, an offer should make the responder indifferent between the
current offer and his expected utility from his own offer in the next period.®* Now,
consider an odd period ¢ in which player 1 makes the offer x € Z. Suppose that, if

player 2 rejects the offer x in period ¢, then he will propose y € Z in period ¢+ 1.

3In the bargaining game T', (i) the pie is desirable, (ii) disagreement is the worst outcome,
(i) uf(z,r) > ult*(2,r) for each t, x and r and (iv) u; is continuous. Moreover, the game
is stationary in the sense that player i’s preference between his share from the division z at
period t and his share from the division y at period t+1 is independent of ¢ when ¢ is the period
that player i’s turn to make an offer. Note that the reference point of player i at period t + 1
is equal to his reference point at period t, i.e., rf“ = r!. These properties of I allow us to use
the expected payoff at period ¢ + 1 as the continuation payoff of the game (see Osborne and
Rubinstein, 1990 pp. 73)
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Let 7o = 75 and 7y = 74. Note that in the case of a rejection, the reference
point of player 2 in period ¢ 4+ 1 will be r5™ = max{7,, x,}. For player 2 to be
indifferent between accepting the offer £ made in period ¢ and rejecting this offer

and making the offer y in the next period, which is assumed to be accepted by

player 1, we need

(@, ') = duy" (y, ) + (1= 0)uz" (0, 7). (4.1)

The left-hand side of the equality is the utility that player 2 gets if he accepts
x, whereas the right-hand side is his (expected) continuation utility (i.e., with
probability 0 the game continues to the next period and player 2 offers y which
is assumed to be accepted by player 1 or with probability 1 — ¢ the game ends
and player 2 gets zero). Similarly, consider an even period ¢ in which player 2
makes the offer y € Z. Suppose that, if player 1 rejects this offer, then he will
propose x € Z in period t+ 1. Let 1 = r! and 7, = 7. Note that in the case of a
rejection, the reference point of player 1 in period ¢+ 1 will be it = max{7, 3 }.
For player 1 to be indifferent between accepting the offer y made in period ¢ and

rejecting this offer and making the offer x in the next period, which is assumed

to be accepted by player 2, we need

u(y, ') = ourt (2, 7" 4+ (1 = 0)uy ™ (0, 7). (4.2)

In the rest of the study, we assume that a player does not make an offer that gives

him a share less than the offer that he previously rejected, i.e., we assume z; > ;.4

4See Fershtman and Seidmann (1993) for a similar modeling assumption. Note that our
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Under this assumption, depending on the reference points, equation (4.2) yields

one of the following cases:

1. TL>T1 > Y1

a. r1>n

b. r1 <1

2. TL> Y >T1

3. Y >11 > T

. (1 + ")/1)(5331 = (1 + )\1)@}1 — )\1’/“1 + (1 — 5))\1771 + (5’71’?1

. (1 + )\1)5371 = (1 + )\1)3/1 - )\17’1 + )\1771

: (1 + ’}/1)(51‘1 = (1 + /\1 + 5’71 + (1 — 5))\1)y1 — /\17“1.

(14 m)0ry =0 +m+ 07+ (1 —0) )y — 1r-

Similarly, for equation (4.1), we have:

I rog > 79 > a9

a. Yo 2> To
b. y2<f2

II. r9 > a9 > 7

III. g > 19 > 79

. (1 + ’)/2)5];2 = (1 + >\2)I2 — )\27”2 + (]. - 6))\2f2 + 5’}/27:2

. (1 + )\2)5y2 = (1 + )\2)1‘2 — /\27‘2 + /\ng

: (1 + 72)5y2 = (1 + Ao + (5’}/2 + (1 — 5))\2)272 — AaTa.

(14 792)0y2 = (L + 72+ 072 + (1 — 0) Ag)xo — Yars.

Considering the cases above together, we obtain 16 possible regions for the ref-

erence point (r1,73) € [0, 1]?. We will denote these mutually exclusive regions by

Rl.a—].aa Rl—[.ba s

, Rs_r1, R3s_rrr. Let 2% and y* be the offers associated with the

corresponding region R, where w € {l.a—I.a,1.a—1.b,1.a—11,...,3—1II} for

player 1 and player 2, respectively. The following theorem describes a subgame

perfect equilibrium of the game.

assumption is weaker than their endogenous commitment assumption.
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Theorem 12. Take any period t > 1. Let the reference point be (rt,rt) € R,
and x¥, y* be the offers associated with the corresponding region R,,, where w €
{l.a—T.a,l.a—1bl.a—1II,...;3—1II}. For player 1, let o be such that if t
is odd, player 1 makes the offer x¥ and if t is even, player 1 accepts the offer z
if and only if z1 > yy. For player 2, define the strategy o3 in a similar way. The
strategqy profile o* = (o7, 0%) is a subgame perfect equilibrium of the bargaining

game I

This subgame perfect equilibrium induces an immediate agreement. At any
period t, the equilibrium strategy of player ¢ associated with the region R,
which directly depends on the reference points of both players, for any w €
{l.a—1T.a,1.a—1b1l.a—1I,...,3— 111}, implying indirect dependence on ex-

piration lengths, m; and m;.

Before moving to the proof, we first recall the Corollary of Theorem in Hendon
et al. (1996), which we will employ in our proof: One-deviation principle holds

in infinite horizon extensive-form games, which are continuous at infinity.

Definition 3. (Continuity at infinity) A game is continuous at infinity if for any
player 7 and for any € > 0, there exists a period ¢ such that if two strategy profiles
o and o' satisfy for all s < ¢, 0% = o'%, then |U;(0) — U;(0')| < €, where U;(o) is

the sum of the discounted utilities accrued at each period in strategy profile o.

Lemma 11. The bargaining game I' is continuous at infinity.

For the proof of this lemma, see the Appendix.

Proof of Theorem 12. The proof is relegated to the Appendix. m
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Equilibrium Outcome: Theorem 12 states that players follow the strategy
profile (07, 0%) in the equilibrium described:a player makes the offer z* or y*
based on the relevant region R, for the reference point, and the agreement is
reached immediately. This implies that at ¢ = 1, player 1 makes the offer x*,

where (r1,73) € R,; and player 2 accepts the offer. For instance, if the initial

reference point satisfies (ri,r3) € Rs 117, then the equilibrium outcome of the

bargaining game x = (z1,x9) is given by

(2 — y2r3) — 6(1 +72) (1 — 1)
mnz — 62(1 +v1)(1 + 72)

xr1 =

_ ey 0L+ 72)(m = nirp) = (1 +7) (1 + )
mnz = 6*(1+ ) (1 +72)

X2

where 7; = (14 7; + 67 + (1 — 9)\).

The division of the pie in the equilibrium depends directly on initial reference
points in this case. It implicitly depends on expiration lengths, since they are
decisive in the evolution of the reference points. Equilibrium outcomes are given
in the Appendix for all regions R, where w € {l.a—I.a,1l.a—1.b,1.a—1I,...,3—

11},

4.2.2 No Expiration (Unlimited Influence)

In this section, we remove the bounds on the number of periods an offer can
influence future reference points. Hence, in any period t > 1, the reference points
at period t are defined on the basis of the most generous offers players received
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up to t,

ri = max{z}|s=0,2,4,6,... <t}

ry, = max{zj|s=0,1,3,5,... <t}

where 2* is the offer made at period s and 2 = 2§ = 0.

Suppose that at period t it is player i’s turn to make an offer; and he offers x.

If player j rejects the offer x, his reference point period ¢ + 1 will be 7’2“ =

max{r;, ;}.
Considering equation (4.2) for the bargaining game with no expiration, we have
the following three cases:

1. 7“1>£E1>y12(5$1:y1.

2.1 > > Y1 - (1 —+ 71)(51]1 = (1 —+ )\1>y1 + (5’717’1 — 5/\17“1.

3. x1 > U1 >y (1 —|—’71)5£B1 = (1 + 7+ 5’71 + (1 — 5))\1)@/1 — Y171-

Similarly, for equation (4.1), we have:

[. 79 > 29 > 1o : dys = Xa.
I1. Lo > 1o > Y2 - (1 + ’72)5@/2 = (1 + )\2)$2 + 5’727“2 — 5)\2’/’2.
I 29 > ys > 1y : (1 + ’}/2)y2 = (1 + 72 + 0y + (1 - 5))\2)y2 — Yara.
It is again clear that x; > y;. Let x* and y* be the associated offers with the

regions R, where w € {1 — I,1 — II,...,3 — II1} for player 1 and player 2,
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respectively. The following theorem describes a subgame perfect equilibrium of

the corresponding game.

Theorem 13. Take any period t > 1. Let (rit,rl) € R, where w €
{1-1,1-11I,...

,3—11I}. For player 1, let o5 be such that if t is odd, player 1 makes the offer z¥
and if t is even, player 1 accepts the offer z if and only if z1 > y5. For player 2,
define the strateqy o3 in a similar way. The strategy profile o* = (o],0%) is a

subgame perfect equilibrium of the bargaining game I.

This game, too, has a subgame perfect equilibrium that induces an immediate
acceptance. At any period t > 1, the equilibrium strategy of player ¢ associated
with the region R, directly depends on reference points of both players for any
we{l—-I1,1—-11I,...,3— 111}, namely the highest offer he received and the

highest offer he made to player j.

Proof of Theorem 13. The proof of Theorem 13 is similar to the that of Theorem

12 and it is relegated to the Appendix. O

Equilibrium outcome: Suppose that the initial reference point satisfies
(r{,73) € R3_r7r. Subgame perfect equilibrium outcome of the bargaining game

with unlimited influence has the same formulation as that of limited influence.

(2 — 7y2r3) — 6(1 +72)(m — 1)
mnz — 62(1 + 1) (1 + 72)

Tr1 =

_ ey 0L+ %) (m = yirp) = (1 + ) (1 + )
mnz — 02(1+7)(1 +72)

X2
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where 7, = (1 + 7 + 0y + (1 = 5)\).

The equilibrium outcomes (in different regions) of the bargaining game with un-
limited influence are the same with the equilibrium outcomes of the bargaining
game with limited influence. This result possibly stems from the equilibrium
immediate agreement in combination with the backward focus of the reference
point. However, there are still some differences: the strategies are different for
two variations of the model since these models differ in the evolution of reference
points. Suppose the game is at period ¢t > m;. At this period, in the bargaining
game with unlimited influence, the first offer player ¢ received has still an influ-
ence on his reference point (and so on his actions) while in the bargaining game

with limited influence the impact of the first offer on his reference point expires.

A comparison with Driesen et al. (2012) is, naturally, in place. First of all, nat-
urally, Driesen et al. (2012) does not model expiration length. In our bargaining
game with an unlimited influence, reference points evolve as in Driesen et al.
(2012), i.e. they are the maxima of the rejected offers. However, reference points
that appear in equilibrium strategies are different. Another point that we differ
from Driesen et al. (2012) is the players’ evaluation of the offers above the refer-
ence point. As we mentioned above, the utility function they employ is a special
case of ours; for each player ¢, 7; = 0. For low values of reference points, the
equilibrium offers in Driesen et al. (2012) are not affected by them since the gain
relevant to the reference point does not have any impact on the utility. However,
in our model the offers in the equilibrium depend on the reference points, even

for low values of those. Finally, Driesen et al. (2012) restrict their attention to
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the case where the initial reference point is (0, 0), whereas we do not impose such
a restriction. Arguably, as a consequence of these differences, they can prove the

uniqueness of equilibrium, whereas we cannot.

4.3 Concluding Remarks

We studied an infinite horizon, alternating offers bargaining game with endoge-
nous reference points. In our model, (i) players have reference-dependent pref-
erences, (ii) the initial reference point is exogenously given, (iii) but once the
bargaining starts the current reference point of player ¢ depends on the most re-
cent m; offers player 7 made. To the best of our knowledge, this is the first study
that incorporates behavioral phenomena such as the recency effect /retrieveability
bias into bargaining model with endogenous reference points. We showed that
(i) there exists a subgame perfect equilibrium with an immediate agreement, (ii)
expiration lengths influence players’ strategies, (iii) but not their payoffs in this
equilibrium. Whether there exists other subgame perfect equilibria or not is far
from trivial and left as an open question. Future work on the topic may also
study similar bargaining games where players’ expiration lengths are not known

with certainty or incorporate other types of cognitive biases related to recall.
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CHAPTER 5

BETWEEN ANCHORS AND ASPIRATIONS:
A NEW FAMILY OF BARGAINING
SOLUTIONS

What provides a bargaining advantage? Nash (1950) proposed that what an agent
would get in the case of a disagreement may constitute a source of bargaining
power. On the other hand, Gupta and Livne (1988) argued that reference points
in the form of existing or expired contracts, precedents, negotiation text, or norms
may also provide bargaining power.! Most cooperative bargaining models employ
the disagreement point (e.g., Nash (1950); Kalai and Smorodinsky (1975); Kalai
(1977); Chun and Thomson (1992); Balakrishnan et al. (2011)) or the reference
point (e.g., Brito et al. (1977); Gupta and Livne (1988)) as an anchor that influ-
ences the negotiated agreements. An important difference between the bargaining
advantages provided by these two sources is worth mentioning here: the former

can be exercised unilaterally (i.e., an agent would not need the opponent’s per-

LA plethora of experimental studies provided evidence supporting these arguments. Among
others, the reader is referred to Géchter and Riedl (2005, 2006), Bolton and Karagozoglu (2016),
Herweg and Schmidt (2013), Irlenbusch et al. (2017), Anbarci and Feltovich (2013, 2018), and
Bartling and Schmidt (2015).
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mission to disagree) whereas the latter needs to be —at least tacitly— mutually
acknowledged (i.e., a reference point can be employed only if both parties find
it sufficiently salient or reasonable). In that sense, the power provided by the
disagreement point can be labeled as hard power, whereas the power provided
by the reference point can be labeled as soft power (see Bolton and Karagézoglu
(2016)). At first look, it appears that hard power should dominate soft power,
when push comes to shove. But what if there is a well-established norm that im-
plies a salient reference point? In other words, could it be that the effectiveness

of hard power depends on the salience of the source of soft power?

The way disagreement and reference points are incorporated into most coopera-
tive bargaining models implies that in addition to their direct influence mentioned
above, they may also have an indirect influence on the negotiated agreement
through their influence on agents’ aspirations. Aspirations can be interpreted as
agents’ expectations on the best case scenario in negotiations. In other words,
they provide answers to the question, “What is the most favorable outcome I can
get out of this negotiation?”. Kalai and Smorodinsky (1975) is among the first to
argue that aspirations can influence agreements.? In that study, agents’ aspira-
tions are directly derived from the disagreement point (and the utility possibility
frontier). In accordance with that, the ideal point which is introduced by Kalai
and Smorodinsky (1975) is defined as the the maximum attainable utility level by
the players in an individually rational agreement. The Kalai-Smorodinsky solu-
tion employs the disagreement point (as an anchor point) and the ideal point (as

an aspiration point) in proposing a settlement. On the other hand, the solution

2Some other studies that have similar arguments are Raiffa (1953) and Rosenthal (1976).
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concept introduced by Gupta and Livne (1988) employs the reference point (as
an anchor point) and the ideal point (as an aspiration point). Their model de-
scribes a bargaining situation where the salience of the reference point “increases
the likelihood that no party exercises its threat to break off” (see Gupta and
Livne, 1988, p. 1304). Recently, Balakrishnan et al. (2011) introduced a new
salient point into bargaining problems: the tempered aspirations point. Such as-
pirations are derived from the reference point instead of the disagreement point;
and their solution —called the tempered aspirations solution— employs the dis-
agreement point (as an anchor point) and the tempered aspirations point (as
an aspiration point). Their model describes a bargaining situation where “the
salience of the reference point mutes or tempers the negotiators’ aspirations” (see

Balakrishnan et al., 2011, p. 144).3

One can argue that anchor points describe what would happen in the worst
case scenario, whereas aspiration points describe what would happen in the best
case scenario; and that there are multiple candidates for both types of salient
points which may lead to entirely different descriptions. What is common to all
three solution concepts mentioned above is that each proposes a settlement as
a feasible compromise between the worst case and the best case scenarios. A
natural question is: In modeling a simple bargaining situation, why /when should
the reference point be preferred over the disagreement point as an anchor point
(as in the Kalai-Smorodinsky solution or the tempered aspirations solution), or

vice versa (as in the Gupta-Livne solution)? Similarly, why /when should the ideal

3The Kalai-Smorodinsky solution proposes the maximum point of the bargaining set on
the line segment connecting the ideal point and the disagreement point. The Gupta-Livne
(tempered aspirations) solution proposes the maximum point of the bargaining set on the
line segment connecting the ideal point (tempered aspirations point) and the reference point
(disagreement point).
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point be preferred over the tempered aspirations point as an aspiration point (as
in the Kalai-Smorodinsky solution or the Gupta-Livne solution), or vice versa (as
in the tempered aspirations solution)? As Balakrishnan et al. (2011) correctly
pointed out “... the context of the bargain will affect the manner in which the

reference point influences the negotiated outcome”.

To put it more concretely, consider the following scenarios on wage bargaining:
Imagine first that the only piece of information bargaining parties have is the
payoffs they would receive if they cannot reach an agreement (Info 1). Now
consider a variation where another piece of information is also available, which
is the average wage level in the same industry last year (Info 2). In the presence
of this new information, it is hard to believe that Info 1 will be as influential as
before on the bargaining agreement. Finally, consider yet another variation where
instead of Info 2, parties know the average wage level in a different industry five
years ago (Info 2’). It is highly likely that Info 2’ will be less influential on the
bargaining agreement in the latter variation than Info 2 is in the former variation.
Generally speaking, contextual factors (e.g., similarity, temporality, connectivity)
likely influence the salience of the reference point and hence its impact on the
negotiated outcome (see Ashenfelter and Bloom (1984), Bazerman (1985), among

others).

The influence of contextual factors on negotiations (and, in general, economic
behavior) is a well-studied topic. In a seminal paper, Sebenius (1992) discussed
the need to incorporate such factors into negotiation analysis. Crusius et al.

(2012) argued, by referring to some well-known experimental findings, that the
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context has an important influence on behavioral mechanisms and the effects
of economic parameters. Among studies investigating the effect of anchors on
behavior, Kahneman (1992) and Wegener et al. (2001) distinguished between
extreme anchors and moderate anchors, and they further reported that moderate
anchors are more effective in influencing behavior. Along similar lines, it is argued
by Yockey and Kruml (2009) and reported by Holm and Runnemark (2014) that

the salience of the reference point is influenced by various contextual factors.

In this study, we argue that the salience of the reference point and its influence on
agents’ aspirations, respectively, provide new insights on the questions we posed
above. Accordingly, we incorporate these two factors into bargaining problems
with a reference point. In particular, we introduce two parameters, a € [0, 1]
and 8 € [0,1], which capture the influence of the reference point on the anchor
(i.e., its salience) and its influence on agents’ aspirations, respectively. Higher
values of a refer to higher influence on the anchor (i.e., greater salience) whereas
higher values of [ refer to higher influence on agents’ aspirations. This gives us a

unifying framework for the study of bargaining problems with a reference point.

The two parameters we introduce into bargaining problems with a reference point
also allow us to obtain a (two-parameter) family of bargaining solutions. This
family encompasses some of the well-known solution concepts as special (corner)
cases. For instance, when o = 0 and § = 0 (i.e., the reference point has no in-
fluence on the anchor point or the aspiration point), this solution coincides with
the Kalai-Smorodinsky solution. When ae = 1 and 8 = 0 (i.e., the reference point

completely determines the anchor but has no influence on the aspiration point),
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this solution coincides with the Gupta-Livne solution. When @ = 0 and § = 1
(i.e., the reference point has no influence on the anchor but completely deter-
mines the aspiration point), this solution coincides with the tempered aspirations
solution. Finally, when o =1 and =1 (i.e., the reference point completely de-
termines both the anchor point and the aspiration point), this solution coincides
with what Gupta and Livne (1989) called the local Kalai-Smorodinsky solution.
Naturally, in between these four corner cases, there are infinitely many interme-
diate solution concepts that propose settlements by offering feasible compromises
between the worst case and the best case scenarios described by anchors and

aspirations, respectively.

An alternative interpretation for o and 8 can be obtained by resorting to a com-
monly used argument for bargaining solution concepts in the literature (see Luce
and Raiffa (1957); Kibris (2010)). Some scholars argue that bargaining solutions
can be understood as the representations of arbitrators’ distributive preferences.
Under this interpretation, a and [ can be considered as the arbitrator’s opin-
ion/belief about how effective the reference point (or the disagreement point)
should be in reaching a settlement in a given situation. If, on the other hand, one
resorts to the argument in Balakrishnan et al. (2011) regarding the context of the

bargain, then o and [ can be thought as summary descriptors of the context.

Next, we present characterization results in bilateral bargaining problems. We
first offer multiple characterizations for each (v, #)-solution in our family. In each
of these characterizations, the standard axioms weak Pareto optimality, symme-

try, and invariance under positive affine transformations are utilized. For the
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other axioms, we first note that to be able to offer a characterization for each
(o, B)-solution, one requires an aziom family rather than a single axiom since
one would need each member of an axiom family to match a certain member
of the solution family. For a given (a,b) € [0,1]?, in addition to the three
standard axioms, each characterization has a (type of) monotonicity axiom: in-
dividual (a,b)-monotonicity, restricted (a,b)-monotonicity, or b-restricted (a,b)-
monotonicity. When combined with the standard axioms, either of individual
(@, b)-monotonicity and restricted (a, b)-monotonicity is strong enough to charac-
terize the corresponding solution. On the other hand, the standard axioms and
b-restricted (a, b)-monotonicity are not sufficient to characterize the corresponding
solution; hence, an accompanying axiom is required to obtain the characterization
result. Along these lines, limited sensitivity to changes in the («, 5)-salient point
and reduction under trivial (c, 8)-salient points are separately used in two differ-
ent characterizations. It is worth noting here that the existing characterizations
in Kalai and Smorodinsky (1975), Gupta and Livne (1988), and Balakrishnan
et al. (2011) can be obtained as special cases. Furthermore, utilizing a simi-
lar argument, we are able to provide three alternative characterizations for the
Kalai-Smorodinsky solution, two for the Gupta-Livne solution, and three for the

tempered aspirations solution.

The roadmap for the essay is as follows: Section 1 introduces the bargaining
problem with a reference point and the (a,3)-family of bargaining solutions.
Section 2 presents the inventory of axioms used in the characterization results
that follow. Section 3 presents characterizations of the individual members of

the (o, §)-family. Finally, Section 4 concludes with some limitations and possible
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future research.

5.1 The Model

An n-person bargaining problem with a reference point is a triple (.5, d, r) where
S denotes the set of feasible outcomes, d is the disagreement point, and r is the
reference point. We assume that (i) S C R” is a non-empty, closed, convex, and
comprehensive set; (ii) 3p € R%,, 3¢ € R such that Vo € S : Y . pa; < ¢
(iii) d,r € S; (iv) 3z € S with x > d; and (v) r > d.* Let a(S,z) denote the
aspiration vector such that for every ¢ € {1,...,n} and every x € S: a;(S,z) =
max{t € R| (¢t,z_;) € S}. Accordingly, a(S,d) is the ideal (or utopia) point (see

Kalai and Smorodinsky, 1975) and a(S,r) is the tempered aspirations point (see

Balakrishnan et al., 2011).

Let X" be the class of all bargaining problems with a reference point. A solu-
tion concept for such problems is a function F' : ¥ — R"™ that associates each
(S,d,r) € ¥" with a unique point of S. Below, we present the definitions of some

solution concepts we will use in the remainder of this study.

4The convexity assumption means that agents could agree to take a coin toss between two
outcomes and that each agent’s payoff from the coin toss is the average of his/her payoffs from
these outcomes. Closedness of S means that the set of physical agreements is closed and that
agents’ payoff functions are continuous. Comprehensiveness property stipulates that utility is
freely disposable. The assumption d € S means that agents are able to agree to disagree, the
assumption r € S means that the reference point is feasible, and the assumption r > d means
that the reference point is individually rational. By assuming that there exists x € S with
x > d, we rule out degenerate problems where no agreement can make all agents better-off
than the disagreement outcome. Finally, the condition in (ii) implies the boundedness of S
from above, which means that the maximum payoff an agent can achieve out of an agreement
is finite.
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Definition 4. (Kalai-Smorodinsky Solution) For every (S,d,r) € ¥,

KS(S,d,r) = \a(S,d) + (1 — \)d

where \* = max{\ € [0,1] | A\a(S,d) + (1 — \)d € S}.°

The Kalai-Smorodinsky solution proposes the maximum point of the bargaining
set on the line segment connecting the ideal point, a(S, d), and the disagreement

point, d.

Definition 5. (Gupta-Livne Solution) For every (S,d,r) € ¥",

GL(S,d,r) = Xa(S,d)+ (1 = \)r

where \* = max{\ € [0,1] | Aa(S,d) + (1 — \)r € S}.

The Gupta-Livne solution proposes the maximum point of the bargaining set on

the line segment connecting the ideal point, a(S, d), and the reference point, r.

Definition 6. (Tempered Aspirations Solution) For every (S,d,r) € 3",

TA(S,d,r) = Xa(S,r)+ (1 — A\")d

where \* = max{\ € [0,1] | Aa(S,7) + (1 — N\)d € S}.

The tempered aspirations solution proposes the maximum point of the bargaining

SNote that the Kalai-Smorodinsky solution does not depend on the reference point and is
usually defined on (5,d). Nevertheless, it is mathematically not problematic to define it on

(S,d,r).
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set on the line segment connecting the tempered aspirations point, a(S,r), and

the disagreement point, d.

As we discussed above, we introduce « € [0, 1] which can be interpreted as the
power of the reference point in determining the anchor (or simply the salience of
the reference point); and 8 € [0, 1] which can be interpreted as the influence of
the reference point in shaping agents’ aspirations/expectations. Accordingly, the

(o, B)-solution is defined as follows.

Definition 7. For a given («, 3) € [0, 1] and for every (S,d,r) € X",

FOB(S, d,7) = Na(S, fr + (1 — B)d) + (1 — N)(ar + (1 — a)d)

where \* = max{\ € [0,1] | Aa(S, fr+ (1 — f)d) + (1 — N)(ar + (1 — a)d) € S}.

For every «, 8 € [0,1], the («, 8)-solution proposes the maximum point of the
bargaining set on the line segment connecting a(S, fr+(1—f)d) and ar+(1—a«)d
(see Figure 5.1). The collection of all such solutions (for which 0 < «, 5 < 1)

constitutes the (o, §)-family of bargaining solutions.

As depicted in Figure 5.2, when («, 8) = (0,0), the (a, £)-solution coincides with
the Kalai-Smorodinsky solution (Kalai and Smorodinsky, 1975); when (a, 5) =
(0,1), it coincides with the tempered aspirations solution (Balakrishnan et al.,
2011); when («, 5) = (1,0), it coincides with the Gupta-Livne solution (Gupta
and Livne, 1988); and when (o, 3) = (1,1), it coincides with the local Kalai-
Smorodinsky solution (Gupta and Livne, 1989). Between these corner cases, the

(o, B)-solution family encompasses all other solution concepts of similar sort.
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Figure 5.1: The (a, #)-solution

Note that our model allows a and 3 to be equal, but simply does not only consider
this very special case. To the extent that anchors and aspirations are salient
points of different nature, this is a natural modelling assumption. Accordingly,
we offer a richer description of the bargaining context than the one that restricts
attention to cases where o and 3 are equal. Also, it is worthwhile mentioning
that the solution concepts such as Gupta-Livne and the tempered aspirations
already implicitly assume that the influences of the reference point on the anchor

and aspiration points may be different.

5.2 Inventory of Axioms

In the following, we present the definitions of the axioms we employ in our charac-
terizations. Since characterization results concern bilateral bargaining problems,

these definitions are also given for bilateral bargaining problems.
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(¢) Tempered Aspirations Solu-  (d) Local Kalai-Smorodinsky So-
tion lution

Figure 5.2: Four Bargaining Solutions as Members of the («, 3)-Family

First, we define for every S C R?, the set of weakly Pareto optimal outcomes
as WPO(S) = {x € S|Py € S\ {z} : y > =} and the set of Pareto optimal
outcomes as PO(S) = {z € S|Py € S\ {x} : y > 2}. The following standard

axioms require the solution to be (weakly) Pareto optimal.
Axiom 1. For every (S,d,r) € ¥2, F(S,d,r) € WPO(S).

Axiom 2. (Pareto Optimality)(PO) For every (S,d,r) € 32, F(S,d,r) €

PO(S).

Let T : R? — R? be defined by T'(z1,72) = (22, 21). The following is a primitive
fairness axiom, standard in the literature on bargaining problems.
Axiom 3. (Symmetry)(SYM) For every (S,d,r) € X2, F(T(S),T(d), T(r)) =

T(F(S,d,r)).

A bargaining problem (S,d,r) € ¥? is symmetric if T(S) = S, T(d) = d, and
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T(r) = r. For such a problem, if a bargaining solution F : ¥? — R? satisfies

SYM, then Fy(S,d,r) = F5(S,d,r).

We say that A = (A, Ay) : R? — R? is a positive affine transformation if for each
i € {1,2}, the map A;(z1,x9) is of the form ¢;x; + d; for some positive constant
¢; and some constant d;. Then the following axiom requires the solution to be

invariant under positive affine transformations of a given problem.

Axiom 4. (Invariance Under Positive Affine Transformations)(IPAT)

For every (S,d,r) € ¥2, F(A(S), A(d), A(r)) = A(F(S,d,r)).

In Section 3, we provide characterization results for the individual members of
the (o, f)-family. In this regard, we must have aziom families rather than single
axioms (e.g., Axioms 5-9). This way only one member of the («a, §)-family satisfies

only one member of a particular axiom family.

Assume that there is an arbitrator who wants to resolve a conflict in a given bar-
gaining problem with a reference point utilizing a cooperative bargaining solution.
Given the contezt of the bargain, the arbitrator has an opinion/belief about the
(effective) anchor point and the (effective) aspiration point: ar + (1 — a)d and
a(S,br + (1 — b)d), respectively. It is natural to expect that such an arbitrator
would care about axioms using these (effective) salient points rather than ax-
ioms using disagreement point and/or reference point. Note that Axioms 5-9 are
generalizations of the corresponding monotonicity, sensitivity, and relevance ax-
ioms in earlier work (see Kalai and Smorodinsky, 1975; Gupta and Livne, 1988;
Balakrishnan et al., 2011). Naturally, they have identical interpretations and
normative appeal with those axioms in earlier work. For example, Kalai and
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Smorodinsky (1975) used the disagreement point in their axiom of individual
monotonicity, whereas Gupta and Livne (1988) used the reference point in their
axioms of r-restricted S-monotonicity and irrelevance of trivial reference points.

In the current work, similar axioms are defined using the (effective) salient points.

The following is a simple monotonicity axiom which is analogous to individual

monotonicity introduced in Kalai and Smorodinsky (1975).

Axiom 5. (Individual (a,b)-Monotonicity)(IND. (a,b)-MON) Take any
(S,d,r), (S',d',r") € ¥? such that for some j € {1,2}: a;(S,br + (1 — b)d) =
a;(S",br' + (1 — b)d') and for i # j: a;(S,z) < a;(5,z) for every x € S. If

ar + (1 —a)d = ar’ + (1 — a)d’, then F;(S,d,r) < F;(S',d',r").

The following axiom stipulates that if the bargaining set expands in such a way

that there is no change in any salient point, then no agent will be worse off.

Axiom 6. (b-Restricted (a,b)-Monotonicity)(b-REST. (a,b)-MON) Take
any (S,d,r), (S',d,r") € ¥ such that S C S', ar + (1 —a)d = ar’ + (1 — a)d,
and br + (1 —=b)d =br' + (1 = b)d'. If a(S,br + (1 — b)d) = a(S",br' + (1 — b)d'),

then F(S,d,r) < F(S",d,r").

The following axiom indicates that given (a, ) € [0, 1]?, if the corresponding point
from which aspirations are derived is trivial (i.e., ineffective), then the situation
can be represented by a reduced problem in which the reference point and the

disagreement point coincide.

Axiom 7. (Reduction under Trivial (a,b)-Salient Points)(RED. T(a,b)-
SP) For every (S,d,r) € X2, if a(S,ar + (1 — a)d) = a(S,br + (1 — b)d), then
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F(S,d,r)=F(S,ar + (1 —a)d,ar + (1 — a)d).

Note that Axioms 6 and 7 are analogous to r-restricted S-monotonicity and

irrelevance of trivial reference points introduced in Balakrishnan et al. (2011).

The following axiom requires that if the bargaining problem changes in such a
way that the point from which aspirations are derived is the only change, then the
solution will not be affected. It is analogous to the limited sensitivity to changes

in the conflict point axiom introduced in Gupta and Livne (1988).

Axiom 8. (Limited Sensitivity to Changes in the (a,b)-Salient
Point) (LSC (a,b)-SP) For every (S,d,r), (S',d',r") € X? if S = S5 ar +
(1 —a)d=ar'"+ (1 —a)d, and a(S,br + (1 —b)d) = a(S',br' + (1 — b)d’), then

F(S,d,r)=F (S, d, ).

The following is another monotonicity axiom which is weaker than Axiom 5 and

stronger than Axiom 6.

Axiom 9. (Restricted (a,b)-Monotonicity)(REST. (a,b)-MON) For every
(S,d,r), (S, d,7")ex? it ScC S, ar+(1—a)d=ar+(1—a)d,and a(S,br +

(1=0)d) =a(S",br' + (1 = b)d), then F(S,d,r) < F(S",d,r").

5.3 Characterization Results

In this section, we provide multiple characterizations of the individual members
of the («, f)-family in bilateral bargaining problems. Three of these are closely
related to the original characterizations of three of the special cases mentioned in
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Section 1 (see Kalai and Smorodinsky, 1975; Gupta and Livne, 1988; Balakrishnan
et al., 2011 for these characterizations). Furthermore, stemming from two of
these characterizations, we obtain two independent characterizations of the whole

family.

Lemma 12. For a given (a,b) € [0,1]2, any bargaining solution F : ¥? — R?

that satisfies IND. (a,b)-MON also satisfies REST. (a,b)-MON.

Proof. Take any (S,d,r),(S’,d,r") € ¥? such that S C S, ar + (1 — a)d =
ar'+(1—a)d', and a(S,br+ (1 —b)d) = a(S’,br' + (1 —1b)d"). Then the conditions
of IND. (a,b)-MON are satisfied for both agents. It follows for every i € {1,2}

that F;(S,d,r) < F;(S",d,r"). Hence F(S,d,r) < F(S',d',r"). O

Lemma 13. For a given (a,b) € [0,1]%, any bargaining solution F : ¥? — R?

that satisfies REST. (a,b)-MON also satisfies b-REST. (a,b)-MON.

Proof. Take any (S,d,r),(S",d',r") € ¥? such that S C S, ar + (1 — a)d =
ar'+(1—a)d', br+(1=b)d = br'+(1=0b)d', and a(S, br+(1-0b)d) = a(S’", br'+(1—
b)d'). Then the conditions of REST. (a,b)-MON are satisfied. Hence F(S,d,r) <

F(S',d 7). O

Lemma 14. For a given (a,b) € [0,1]%, any bargaining solution F : ¥? — R?

that satisfies REST. (a,b)-MON also satisfies LSC (a,b)-SP.

Proof. Take any (S,d,r),(S’,d,r") € ¥? such that S = 5, ar + (1 — a)d =
ar'+(1—a)d', and a(S,br+(1-0b)d) = a(S,br'+(1—b)d"). Then, by REST. (a, b)-
MON, it turns out that F(S,d,r) < F(S’,d,r"). And considering that S’ = S,
we also have F(S",d',r") < F(S,d,r). Hence F(S,d,r) = F(S',d',r"). O
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Lemma 15. For a given (a,b) € [0,1]%, any bargaining solution F : ¥? — R?

that satisfies LSC' (a,b)-SP also satisfies RED. T(a,b)-SP.

Proof. Take any (S,d,r) € X2 such that a(S, ar+(1—a)d) = a(S, br+(1—b)d). Set
(S',d',r") = (S,ar+(1—a)d,ar+(1—a)d). Note that ar+(1—a)d = ar’'+(1—a)d’
and a(S, br+(1-b)d) = a(S,br'+(1-b)d'). By LSC (a, b)-SP, we have F(S,d,r) =

F(S",d,r"). Hence F(S,d,r) = F(S,ar + (1 — a)d,ar + (1 — a)d). O

Theorem 14 below presents multiple characterizations of individual members of

the (a, B)-family.

Theorem 14. For a given (a,b) € [0,1]%, a bargaining solution F : 3* — R? is

the (a,b)-solution if and only if F satisfies

(i) WPO, SYM, IPAT, and IND. (a,b)-MON:

(ii) WPO, SYM, IPAT, and REST. (a,b)-MON:

(iii) WPO, SYM, IPAT, b-REST. (a,b)-MON, and LSC (a,b)-SP.

Moreover, if a < b, then F : ¥? — R? is the (a,b)-solution if and only if F

satisfies

(iv) WPO, SYM, IPAT, b-REST. (a,b)-MON, and RED. T(a,b)-SP.

Proof of Theorem 1. Fix any (a,b) € [0,1]2. It will be enough to prove the
“Uf” part of (7) and the “only if” parts of (iii) and (iv) for b < a and a < b,

respectively. The remaining parts follow by Lemmas 12-15.

109



The proofs that the (a,b)-solution satisfies WPO, SYM, IPAT, and IND. (a, b)-
MON are simple and relegated to the Appendix. As a matter of fact, it is shown
in the Appendix that the (a, b)-solution satisfies PO in bilateral bargaining prob-

lems.

Conversely, we first focus on the “only if” part of (ii7). Assume that b < a and
take any solution F' : ¥? — R? satisfying all of the axioms in (4i7). Take any

(S,d,r) € ¥2. By IPAT, there is no generality lost by assuming that

ar 4+ (1 —a)d = (0,0) and a(S,br + (1 —b)d) = (1,1).

Notice that Fla’b(S, d,r) = F&(S, d, r). Without loss of generality, assume that r
is below the 45-degree line. Consider the horizontal lines passing through r, d, and
br+(1—b)d; and take their intersections with the 45-degree line. Respectively, let
these intersections be called 7, d, and b. Notice that a7 + (1 —a)d = ar+ (1 —a)d
and bF + (1 — b)d = b. Then let S” be the convex and comprehensive hull of the

points (1, by), (b1, 1), and F**(S,d,r). By WPO and SYM, we have

F(S",d,7) = F**(S,d,r).

Also define §' = {z € S|z < (1,1)}. Since F**(S,d,r) € PO(S"), S" ¢ S'C S,

and a(S",b) = a(S’,b), we utilize b-REST. (a,b)-MON to conclude that

F(S".d,7) = F(S',d,7) = F**(S,d,r).

By construction, we also have a(S’,br + (1 — b)d) = a(S’,b). Then, by LSC
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(a,b)-SP,

F(S',d,r)=F(S,d,7) = F*(S,d,r).
And by b-REST. (a,b)-MON, we conclude that F(S,d,r) = F**(S,d,r).

Finally, assume that a < b and take any solution F : ¥? — R? satisfying all of
the axioms in (iv). Take any (S, d,r) € ¥2. By IPAT, there is no generality lost

by assuming that

ar + (1 —a)d = (0,0) and a(S,br 4+ (1 —b)d) = (1,1).

Notice that F{"*(S,d,r) = F3""(S,d,r). Without loss of generality, assume that
is below the 45-degree line. Consider the horizontal lines passing through r, d, and
br+(1—b)d; and take their intersections with the 45-degree line. Respectively, let
these intersections be called 7, d, and b. Notice that ar + (1 —a)d = a7+ (1 —a)d

and b7 + (1 — b)d = b. Then let S” be the convex and comprehensive hull of the

points (1,b), (by,1), and F**(S,d,r). By WPO and SYM, we have

F(S",d,7) = F**(S,d,r).

Also define §' = {z € S|z < (1,1)}. Since F**(S,d,r) € PO(S"), S" ¢ S' C S,

and a(S”,b) = a(S’,d), we utilize b-REST. (a,b)-MON to conclude that

F(S",d,7) = F(S',d,7) = F**(S,d,r).

By construction, we also have a(S’, br + (1 —b)d) = a(S’, ar + (1 —a)d) = a(5',b).
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Then, by RED. T(a, b)-SP,

F(S' d,r)=F(S ar+ (1 —a)d,ar + (1 —a)d) = F(S',d,7) = F**(S,d,r).

And by b-REST. (a,b)-MON, we conclude that F(S,d,r) = F**(S,d,r). O

By Lemmas 12 - 15, we see that the characterizations in Theorem 14 are given in
an ascending order of tightness. Therefore, if one compares our characterizations
using tightness as a measure, one prefers (iii) to (iz) and (ii) to (i); and also
(iv) to all others if a < b. Yet, we think that each characterization has a value
since they allow us to describe and identify the members of the («, §)-family with

different characteristics.

We mentioned that the («, §)-family encompasses some well-known solutions as
special cases. Naturally, this is reflected in the characterizations presented in
Theorem 14. In particular, part (i) of Theorem 14 encompasses the original char-
acterization of the Kalai-Smorodinsky solution (i.e., if IND. (0,0)-MON is con-
sidered). In a similar fashion, part (iii) encompasses the original characterization
of the Gupta-Livne solution® and part (iv) matches the original characterization
of the tempered aspirations solution. On the other hand, to the best of our

knowledge, part (ii) of Theorem 14 is completely new.

When (a,b) = (0,0), parts (i7), (ii7), and (iv) of Theorem 14 become alternative
characterizations for the Kalai-Smorodinsky solution; when (a,b) = (1,0), parts

(1) and (ii) become alternative characterizations for the Gupta-Livne solution;

6As a matter of fact, there is a minor difference between these characterizations since the
one by Gupta and Livne (1988) additionally employs the axiom of relevant domain.

112



and when (a,b) = (0, 1), parts (i), (i), and (i77) become alternative characteri-

zations for the tempered aspirations solution.

Finally, Figure 5.3 below summarizes the relations between the axioms used in
our characterizations and how they characterize the (a,b)-solution.”

WPO, SYM, and IPAT
IND. (a,b)-MON
REST. (a,b)-MON
b-REST. (a,b)-MON
LSC (a,b)-SP

RED. T(a, b)-SP

Figure 5.3: The Summary of the Characterization Results

5.4 Conclusion

We introduce two parameters that measure the influences of soft vs hard power on
anchor and aspiration formation in bargaining problems with a reference point.

These parameters can be thought as descriptors of the specific bargaining con-

TAssume that the numbers in the sets denote the name of the sets. The figure utilizes the
facts that (i) 2 C 3 by Lemma 12; (i¢) 3 C 4 by Lemma 13; and (¢4¢) 3 C 5 C 6 by Lemmas 14
- 15.

113



text which carry information about how influential the reference point (or the
disagreement point) is in shaping the (effective) anchor point and the (effective)
aspiration point. Alternatively, they can be interpreted as parameters that de-
scribe the opinion of an arbitrator about how effectively the reference point should
be utilized in reaching a settlement. As a result, we obtain a family of bargaining
solutions and present characterizations of individual members of this family in

bilateral bargaining problems.

A natural question that may arise at this stage is: What are some caveats in
our approach? We would like to note that the solution family we introduce does
not cover all possible solutions that employ anchor and aspiration points. For
instance, Chun and Thomson (1992) used a claims point, which is similar to an
aspiration point, and proposed a solution that lies at the intersection of the utility
possibility frontier and the line connecting the claims point and the disagreement
point. Thus, it behaves similarly to the members of the («, §)-family. However,
this solution does not belong to our family since the claims point is exogenously
given and not derived by using a salient point and the utility possibility fron-
tier. Moreover, we follow the assumptions used by Gupta and Livne (1988) in
introducing the reference point into the bargaining problem. In particular, the
reference point in our model Pareto dominates the disagreement point and lies
in the interior of the utility possibility set. Although these restrictions may be
satisfied in many instances, there possibly are real-life situations where one or

both may fail to be satisfied. We do not address these situations in this study.

Future work may experimentally test the validity of our theory by manipulating
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the salience of the reference point in simple bargaining games. Both vignettes
and incentivized bargaining experiments can be used for this purpose. From a
theoretical perspective, axiomatic (see Border and Segal (1997) or strategic (see
Van Damme (1986)) selection of the members of the (o, §)-family may be of
interest. Moreover, our framework can be used to arrive at alternative charac-
terizations of the aforementioned well-known members of the family by deriving
new axiom families from earlier studies (see Livne 1989; Rachmilevitch 2011,
2014, among others). Finally, our model may be used as a natural unifying
framework for studying endogenous emergence of reference points in bargaining
problems (see Herrero, 1997; Shalev, 2002; Driesen et al., 2011; Bozbay et al.,

2012; Birkeland and Tungodden, 2014; Karagdzoglu and Keskin, 2014).
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CHAPTER 6

ITERATED EGALITARIAN COMPROMISE
SOLUTION TO BARGAINING PROBLEMS
AND MIDPOINT DOMINATION

In a seminal paper, Nash (1950) introduced the axiomatic treatment of bargaining
problems. Over the last six decades, the axiomatic approach has attracted a
considerable attention from researchers studying bargaining (see Kibris, 2010 for
an overview). The axiomatic literature on bargaining has been productive in
coming up with solution concepts with appealing normative properties. Two
prominent solutions of interest for the current study are the egalitarian solution
(E, for short) due to Kalai (1977) and the equal loss solution (EL, for short)
due to Chun (1988). As their names suggest, both solutions apply an egalitarian
notion of justice in proposing outcomes to bargaining problems. More precisely,
for each bargaining problem, F proposes the maximum utility profile that gives

each agent an equal gain over his disagreement outcome, whereas FL proposes

This work is published in Operations Research Letters, Volume 46, Issue 3, May 2018,
Pages 282-285, as a joint work with Emin Karagozoglu.
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the maximum utility profile that gives each agent an equal loss over his ideal

outcome.’

These two solutions share a common weakness: both solutions fail to satisfy a
basic normative requirement that a solution should assign each agent at least
half of his ideal point outcome (i.e., the best possible outcome for the agent
among the outcomes that are individually rational for both) in all bargaining
problems. It can be rephrased as, for any problem, an outcome proposed by a
solution should be Pareto superior to the randomized dictatorship outcome. This
requirement was introduced by Sobel (1981) and known as midpoint domination
(MD, for short). As Rachmilevitch (2017) points out, midpoint domination has
both fairness and efficiency connotations. On one hand, it requires both agents
to receive at least half of their ideal point outcomes (fairness) and on the other, it
requires the proposed outcome to be Pareto superior to the midpoint (efficiency).

Hence, it is an appealing normative property.

In this essay, we, first, introduce a new solution concept for two-person bargaining
problems: iterated egalitarian compromise solution (IEC, for short). For a prob-
lem where E and EL propose the same outcome, the outcome proposed by IEC
coincides with theirs. For a problem where E and EL propose different outcomes,
IEC proposes a compromise in an iterative fashion, by using the proposed out-
comes of F and EL at each iteration step. Hence, the name, iterated egalitarian
compromise. Second, we show that [EC is well-defined, i.e. for any problem in

the domain of two-person bargaining problems we consider, it proposes a unique

! As these descriptions may suggest, E and EL are duals of each other. For a recent study
of this relationship in this journal, see Karagtzoglu and Rachmilevitch (2017).
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outcome, defined as the limit of a iterative process. Finally, we show that it
satisfies midpoint domination despite the fact that neither of the solutions it is

based on does so.

A recent attempt in a similar direction is Rachmilevitch (2017). He proposes and
characterizes a midpoint-robust (i.e., satisfying midpoint domination) version of

the egalitarian solution.

The essay is organized as follows: in Section 1, we introduce the bargaining prob-
lem, define the solutions of interest, and the midpoint domination property. In
Section 2, we prove that IEC' is well-defined and it satisfies midpoint domination.

Section 3 concludes with final remarks.

6.1 The Model

A simple two-person bargaining problem is denoted by S C R2. It satisfies the
following properties: it is (i) non-empty, (ii) closed, and bounded from above, (iii)
convex, (iv) comprehensive, (v) SNR?, # 0, and (vi) it contains the disagreement
outcome, 0 = (0,0). The axiomatic properties of the solutions we will use allow
us to normalize the disagreement outcome to (0,0). Since we will do that in what
follows, we denote the problem by S instead of (S5,d) for short. Intuitively, S
represents all the utility vectors that can be achieved by the agents. The non-
emptiness is to make the problem non-trivial. The closedness of S means that the
set of physical agreements is closed and that the payoff functions of agents are

continuous. The boundedness from above means that the maximum utility an
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agent can achieve out of an agreement is finite. The convexity assumption means
that agents could agree to take a coin-toss between two outcomes and that the
payoff of each agent from the coin toss is the average of his/her payoffs from these
outcomes. Comprehensiveness stipulates that utility is freely disposable down to
the disagreement utilities. S NR2, # () rules out degenerate problems where
no agreement can make all agents better off than the disagreement outcome.
Finally, 0 € S means that the agents can agree to disagree. We denote the set of
all such problems by Y. For every S C R?, its weak (strong) Pareto optimal set
is defined as WPO(S) = {y € S|z > y implies x ¢ SHPO(S) ={y € S|z 2
y implies x ¢ S}). Here, we will focus on a subdomain of ¥, denoted by i, whose
weak and strong Pareto frontiers coincide (i.e., the bargaining frontier does not
have any horizontal or vertical segments). The importance of this assumption will
be explained later in the proof of Proposition 1. Finally, a bargaining solution F'

is a function, which assigns to any bargaining problem S, a unique point in it.

The egalitarian solution (Kalai, 1977) equalizes agents’ gains over their disagree-
ment outcomes. Accordingly, it assigns to each S the point, E(S) with iden-
tical (z,y)-coordinates and F(S) is the maximum possible. This corresponds
to selecting the intersection point of the Pareto frontier and the 45-degree line
drawn from the disagreement point (in our case, the origin). The equal loss
solution (Chun, 1988) equalizes agents’ losses from their ideal point outcomes.
Formally, ideal point, introduced by Kalai and Smorodinsky (1975), is defined as
a;(S) = max{s; : s € S}, where a;(s) denotes agent i’s ideal point outcome. Ac-
cordingly, the equal loss solution assigns to each S, the point EL(S) = a(S)—(l,1),

where [ is the minimum possible. This corresponds to selecting the point at the
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intersection of the Pareto frontier and the 45-degree line drawn from the ideal
point. Note that for all S C X, if a1(S) > aa(9), then EL,(S) > Ey(S) and

Ey(S) > ELy(S), and vice-a-versa.

A solution F' satisfies midpoint domination, if it proposes an outcome F(S) >
mp(S) = 3a(S), for all S. Figure 1 shows an example, where both E and EL

violate MD. Note that the bargaining problem in the example is in 5.

12(S) gmmmmmm = mmmm e , ()
E(S)
~as(S) p E
PRt A N EL(S) !
o - . '
—a1(9) a1(9)

Figure 6.1: £ and EL violate MD

The iterated egalitarian compromise solution (or IEC, for short) assigns to
cach S € %, the point z, if E(S) = EL(S) = z and assigns the point
y = NenPO(S;), where Sy = S and the bargaining problem in iteration
step t, S;, for t > 1 is derived by applying £ and FL to S;_; in a way
that, the origin (i.e., the disagreement point) of S; denoted by o(S;), is
0(S;) = (min{ £ (Si—1), EL1(S;—1) }, min{ E5(S;—1),

ELy(S;-1)}) and consequently a(S;) = (max{E1(S;-1), EL1(S;—1)}, max{F>(S:-1),

ELy(Si-1)}).

IEC could be interpreted as a conflict resolution mechanism, which resolves the
conflict between F and EL in a step-by-step fashion, by using the minimal out-
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comes in each iteration as starting points and the maximal outcomes as ideals for
the bargaining problem in the next step. Figure 2 shows how IEC operates in a

problem where £ and EL propose different outcomes.

a2(Sp) ===z mmmmmm e e e e e e a(So)

O(So)

Figure 6.2: Iterated Egalitarian Compromise Solution

6.2 The Result

First, we prove that IEC is well-defined, i.e. for all S € S the iterative process

embedded in IEC converges to a single point.

Proposition 1. For all S € i, IEC is well-defined.

Proof of Proposition 1. First, consider a symmetric bargaining problem, S = 5.
In this case, IEC proposes a single outcome, since E(Sy) = EL(Sp). Now,
consider an asymmetric problem, S = Sy € 52, Without loss of generality, suppose
that a1(Sg) > aa(Sp). For notational convenience, let a1(S;) — 01(S;) = a;y and
as(Sy) — 02(Sy) = B;. Since both E and EL operate via upward-sloping 45-degree
lines, for each iteration step ¢, we get ay11 + Biy1 = |aw — Bi]. The sequences (ay)
and (f;) are decreasing and bounded below (o > 0, 8; > 0). Thus, there exist
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some @ and S such that lim; ooy = @ > 0 and limy_,oo B = B > 0. As t — oo,
we have @ + 3 = |a — B3|, which requires at least one of @ and 3 to be equal to
zero. Suppose without loss of generality that @ = 0. Since bargaining frontier has
no horizontal or vertical segments, 5 = 0 as well, which implies that our iteration

algorithm converges to a single point (i.e., I EC is single valued). [

Remark 1. For some iteration step t’, the relative positions of £ and EL on
the frontier may change, i.e. as(Sy) > a1(Sy). Nevertheless, by the definitions
of disagreement point and ideal point, and the way our iteration mechanism

operates, oy > 0, B > 0 and these sequences continue to decrease.

Remark 2. The domain restriction we made (i.e., bargaining frontier has no hori-
zontal /vertical segments) is necessary for the argument in last step of the proof to
be valid. If the Pareto frontier had horizontal /vertical segments, iterative process

may converge to a set that has more than one element.

The following corollary shows the relationship between I EC(S;) and mp(S;) in

the limit as t — oo, and it will be utilized in the proof of Proposition 2.

Corollary 2. For all S € 3, limy_ oo [EC(S,) > limy_,e mp(S;)

Proof of Corollary 2. The proof of Proposition 1 clearly implies that any bar-
gaining problem converges to a symmetric bargaining problem in the limit of the
iterative process and the IEC solution dominates the midpoint in a symmetric

bargaining problem. Hence, the result follows. O]

Now, we are ready to state our main result.
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Proposition 2. For all S € f), [EC satisfies MD.

Proof of Proposition 2. We will prove this statement in two steps. To do that, we
partition 3 into two subsets: (i) problems with linear bargaining frontiers (ilm),
(ii) problems with non-linear bargaining frontiers (inlm) Below, we will show

that IEC satisfies MD in both subsets.

Claim 1: For all S € ﬁlm, IEC satisfies MD.

Proof: 1f S = Sy is symmetric, i.e., a1(Sy) = aa2(Sp), then trivially IEC(Sy) =
E(Sy) = EL(Sy) = x, where x = mp(Sy). Suppose now that S = Sj is
asymmetric, i.e., a1(Sy) # a2(Sp). Furthermore, without loss of generality,
assume that aq(Sp) > az(Sp). Then, E(Sy) # EL(Sp). The linearity of the
Pareto frontier implies that the segments of the frontier cut by F and EL (from
two ends) in each iteration step are of equal length. Formally, for all ¢ > 0,
01(St) — 01(Si—1) = a1(Si—1) — a1(Sy) and 03(S;) — 02(Si—1) = aa(Si—1) — a2(Sy).
Therefore, mp(Sy) = mp(Sy), for all ¢ > 0. Proposition 1 implies that

IEC(S) = mp(S). Hence, the result follows.

Claim 2: For all S € inlin, IEC satisfies MD.

Proof: If S = S is symmetric, i.e., a1(Sy) = a2(Sy), then trivially IEC(Sy) =
E(Sy) = EL(Sy) = z, where x > mp(Sp). Suppose now that S = Sy is asym-
metric, i.e., a1(Sy) # a2(Sp). Furthermore, without loss of generality, assume
that ay(Sp) > a2(Sp). Then, E(Sy) # EL(Sp). The convexity of Sy and the non-
linearity of the bargaining frontier imply that o1(S;) —o01(S;—1) > a1(S;—1) —a1(S;)
and 09(S;) — 02(Si—1) > a2(Si—1) — ax(S;) for all ¢ > 1 and these inequali-
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ties are strictly hold for some t. But this implies that mp(S;) > mp(S;_1)
for all ¢ > 0 (i.e., each iteration step moves the midpoint in the north-east
direction). So, limy oo mp(S;) > mp(Sy). From Corollary 1, we know that
y = limy oo IEC(S;) > limyoo mp(S;). Therefore, IEC(S) > mp(S). The

same result is valid for the case of a;(Sp) < a2(Sy), as well. Hence, the result

follows. O
a2(So) 9 Nyttt d
CLQ(S()) - ag(Sl){ \*\\ :
ag(S1) ¢-----Tago------ -3 . (So) \
...................... e sy
\i\\p(so)é E
02(51) L o :'_“_”_”_”_“_”Il'_“_”_”_.é_‘,_\;: ______ | EL(S()) :
02(81) — 02(S0) E i
02(S0) ‘ ’ RN
01(50) 01(51) QI(L{—‘M(/SO)
01(51) — 01(50) Cll(SO) - al(Sl)

Figure 6.3: Changes in the midpoints (Nonlinear, asymmetric case)

Kalai-Smorodinsky solution (KS for short) also satisfies MD, and like £ and EL,
it utilizes an egalitarian justice norm (KS equalizes the ratios of maximal gains
across players). As such it can be thought as another alternative, but it rules out
inter-personal utility comparisons whereas IEC, like F and FL, is built on the
premise that such comparisons are possible. A direct implication of Proposition

2 on the relationship between IEC and KS is given in the following corollary.

Corollary 3. For all S € Sy, IEC(S) = KS(S).

Proof of Corollary 3. The proof directly follows from the following facts: in a

bargaining problem S € ilm, (i) midpoint is on the PO(S), and thus the only
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way for a solution to satisfy MD is to propose the midpoint, (ii) KS proposes the

midpoint, and (iii) JEC satisfies MD in Sy, (from Claim 1 in Proposition 2). [

Note that this statement is not necessarily true for S € inlin (see Figure 4).

Furthermore, it is neither valid for F nor for FL, even in izm-

It is worth mentioning here that £ and EL are duals of each other. Recogniz-
ing this fact, one can draw another similarity between [EFC' and KS. Recently,
Karagozoglu and Rachmilevitch (2017), in a paper where they provided three
new characterizations of KS, showed that the outcome proposed by KS always
lies (i.e., sandwiched) in between the outcomes proposed by two other solutions
with egalitarian objectives: the equal area solution (EA for short) and the dual
of the equal area solution (DFEA for short). Along similar lines, the outcome pro-
posed by IEC, by construction, always lies in between the outcomes proposed by
FE and FL, again, two egalitarian solutions that are duals of each other. Reader
is referred to Anbarciand Bigelow (1994) for FA, Karagtzoglu and Rachmilevitch
(2017) for DEA, and Lemma 2 in Karagézoglu and Rachmilevitch (2017) for the

above-mentioned “sandwich” result.

a2(S) pmmmmmmcmm oA » a(S)
: 16/ ! :
E KSE E
A ' ;
5@2(5) ............................................ r S) |
O 1
501(5) a1.(5)

Figure 6.4: The Relation Between KS and IEC
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6.3 Conclusion

We introduced a new solution concept, IEC, for two-person bargaining problems,
which is based on two well-known egalitarian solution concepts, £ and EL. IEC
mimics a conflict resolution mechanism and satisfies an appealing normative prop-
erty, midpoint domination, which is violated by both £ and EL. Thus, IEC is a
reasonable alternative, especially if one wants to (i) utilize an egalitarian justice
norm in problems where E and EL disagree and (ii) operate in a domain that

allows inter-personal utility comparisons.

Our results lead to some new questions. Below, we describe three of them.

(1) In addition to MD, IEC satisfies Pareto optimality, symmetry, and scale
invariance Nash (1950), by definition. Furthermore, the proof of Claim 2 in
Proposition 2 implies that it satisfies restricted monotonicity Roth (1979), as well.
It would be of interest, from a normative perspective, to study which axiomatic

properties would characterize IEC.

(2) As we argued in Section 2, there are certain similarities between IEC and K,
in that both are sandwiched between two egalitarian solutions, which are duals of
each other: IFC is sandwiched by E and EL, whereas KS is sandwiched by FA
and DFA. Further investigation of the relationships between these six solutions

with egalitarian objectives would be of interest.

(3) Finally, the iterative process IEC utilizes resembles the step-by-step nature
of negotiations. Thus, whether a strategic foundation for /EC' can be provided

is an interesting question, in the spirit of the Nash program Nash (1953).
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APPENDICES

A Proofs of Chapter 2

Proof of Lemma 2. By the definition of contraction mapping, we need to show

that

Yo,w € [0,1]": ||[f°(v) = f(w)]| < dllv — wll,

which means for all i € N, |f(v) — f2(w)] < d]jv — w].

P (v) = £ (w)]
=|(1— %)5(%- —w;) + % > (max{1 - &(v; — lc;), 6v;} — max{1 — §(w;—
{jlijeG}
Lic;), 0wi})]
l; 1
< _ = s - —_ P _ ) R )
< (1 2l)5|vZ w;| + 57 Z max{|1 — dv; — (1 — dw;)|, |ov; — dw;|}

{jlijeG}

l; 1
= (1= 57)0lvs —wil + o > dmax{jv; — wyl, [v; — wil}

{jlijeG}
l; 1
< (- Pl —wl+5 3 dv—wl
{ilijeG}

= 0flv — w]|
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Therefore, the function f? is a contraction mapping, implying that it has a fixed

point. ]

Proof of Lemma 3. ij € G** means that ij € G and max{1 — (v}’ —l;¢;), 0v;’ —

*

lic;} = 1 —6(v — lj¢;). Since v is a fixed point of f°, v* solves the linear

equation system

l; 1 .
Ui:(l__)fg(vi_lici)-f—ﬂ Z (1—0v)), Vi=1,...,n.

21 =
{ilijeG}
Take any subnetwork H of G and for all § € (0,1), consider the above n x n linear

equation system for H

w= (= o) —he) 4o 3 (=d -l (1)

{jlijeH}

Define the function A% : R® — R™ such that for each i € N

hf’H(v) =(1- l )o(v; — lic;) + QZLH Z (1 —=d(v; — L))

208 =
{jlijeH}

The function > is a contraction mapping. Each equation in the linear system

H

(1) is a linear function of 0. Then, for each i € N, vf " is uniquely given by the

necessary Cramer’s rule.

vy = (2)

Since the linear system (1) is non-singular, the denominator of (2), QX (4), is

different than zero for all 6 € (0, 1) and for all non-empty subnetworks H of G.

Let A be the set of § for which there exists 7, j, H with &6((v>" — l;¢;) + (’U?’H —
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lic;)) = 1. Take any i,j, H. The equation 6((v>" — lic;) + (v}s’H —licj)) =11s

equivalent to

P () P-H(5)>
Q'(d) = Q1 (0)/

]_ + 5(lzcz —|— lej) = 6(

If the equation above has infinitely many solutions, it holds also for § = 1/3.

1 1
1 + g(l,cz + lej) = g(vil/S,H + U;/&H).

After some algebraic operations, we have

(01 4 0}y = 3 4 (Liey + yey),

which is a contradiction with v*/># € [0, 1]*. Hence, the statement §((v}® —l;c;) +

(v3° — lj¢;)) = 1 holds for a finite set of solutions 4.

It follows that for all (i, j, H), the inequality o((v?" — l;c;) + (’U?’H —licj)) # 1

holds for all but a finite number of solutions 4. O

Proof of Lemma 4. Take any link ij € G. If ij € G\G*, then for all 6 > ¢,

S((vr° —1%¢) + (U;‘s —15¢;)) > 1.

Since for all © € N, ¢; > 0, the following holds

S(v° 4+ v > 1. (3)

If 75 € G*, then for all § > 9,
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1 1
*§ __ i *8 G E *§ G
{k|tkeG*}

Since for all k # j with ik € G*, 1 — §(v;® — ) > (v — I¥¢;), we have

1

0 > <1 - —
Vi = 206

* 1 *
)3 = ifer) + S5 (1= 80 — ). (4)
As 0 — 1, from (3), we have v; + v} > 1 for all ij € G\G*. And by (3) and (4),

for all ij € G* vi +vj = 1. (Note that %irr% ¢ = (lsirri(l —0)TC; =0.)
— —

Proof of Lemma 5. Suppose that the algorithm is at some step s € {1,2,...,5}.
Let rs < 1. It is possible to have multiple sets that minimize the shortage ratio ry,
N is the family of such sets. If there are more than one set in N, the algorithm
picks the largest set for each component of G;. Hence, we have a unique minimizer
set for each component. Then, among such maximal minimizer sets in the compo-
nents, the algorithm chooses the one that minimizes the advantage/disadvantage

provided by costs (2.15).

Now, let r¢ = 1 and the cardinality of the minimizer sets be 1. Then, in case of

multiplicity of these sets, the algorithm picks the set that minimizes (16).

Finally, if there exists more than one set that minimizes (2.15), the algorithm

unifies them. So, we end up with a unique set M,. This concludes the proof. [

Proof of Lemma 6. By the definition of algorithm, the shortage ratio is increas-
ing |LS’| < |L5|
7 |Mg| — [ M|

. It follows that that

|LS’| < |L8|
|LS’| + |MS’| N |LS| + ’M5|
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Proof of Corollary 1. Let G be the outcome of the network formation game.
From Theorem 6, we know that G is equitable, i.e. for all i € N, u}(G) = 1/2.

The social welfare provided by the network G is

if n is even
W(G) =
if n is odd,

)

NS oS

DN | —

which is equal to the maximum attainable social welfare.
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B Proofs of Chapter 3

Proof of Lemma 8. By the definition of contraction mapping, we need to prove

that

Vu,w € [0,1]" ¢ [|f*(u) = f*(w)]| < 6]lu— wll,

which means for all k € SU B, |f2(u) — fo(w)| < 6]ju — w].

Without loss of generality, we prove the above inequality for all s € S. This

inequality can be easily shown for any buyer b € B.

1£2 () = f2(w)|

= ‘ (1 — Z %) d(us — wg) + Z %(max{vb — dup, Oug}

{b|(s,b)G} {bl(s,b)€G}

— max{v, — dwy, 5w3})‘

< (1_ 3 %)5(%—%)\ + Y %5(max{\ub—wb|,yus—wsy})|
{b|(s,b)eG} {b|(s,b)eG}
Dsb Dsb
< (1— > 7>5||u—w||+ > = Ollu —w|
{bl(s,b)eG} {bl(s,)€G}
= 6”” - wH7

implying that the function f? is a contraction mapping. Hence, the function has

a fixed point. O

Proof of Lemma 9. (s,b) € G*° means that that s and b are connected and

*0

max{v, — ou?, 6u’} = v, — du®. Since u* is a fixed point of f0, u*® is the

solution of the following linear equation system
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Uy = (1—{b(z %)(Ms—i—{b(z %(Ub—&u,), Vs e S

b)EG*3} 5,b)EG*3}

up = <1— %)5%—1— Z %(vb—éus), Vb € B.
{s](s,b)eG*3} {sl(s,0)eG*3}

Take any nonempty subnetwork H of G and define a mapping h%7 : R* — R"

such that for each s € S and b € B,

hg,H(u) =|1= Z Psy Oug + Z @(Ub — 5ub), Vs e S
{b|(s,b) {bl(

ey 2 sheH) 2 5)
WPw) =(1-— 2 2lsu+ ¥ 2w —du,) WeB.
{sl(s.yeH} 2 (sl(sbeH} 2

h%>H is a contraction mapping. All equations in the linear system (5) are a linear

functions of §, implying that for each kK € S U B, uz’H is uniquely given by the

Cramer’s rule.

sn_ PIO)
ST Q)

(6)
Since the linear system (6) is non-singular, Q¥ (§) # 0 for all § € (0,1) and for

all non-empty subnetworks H of G.

Denote the set of § satisfying 6(ud? + ul™) = v, for at least one triple (s, b, H)

by A. Take any s,b, H. §(uSH + ugH) = vy is equivalent to

Since the equation above is valid for all § € (0,1), it holds also for § = 1/3.
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Rewriting the equation for this specific 6 value, we have

_ . 1/3.H 1/3,H
3up = ul/P 4 w7,

which contradicts with for all £k € SU B, u,lﬁ/ B < . Tt follows that for all

(s,b, H) the statement 5(ui/3’H + u;/g’H) = v holds for a finite set of solutions d,

that concludes the proof.

Proof of Lemma 10. Take any link (s,b) € G. (s,b) € G\G* implies that for all

6 >0,

(7)

S(u +u®) > vy

If the link (s, b) is involved in the limit equilibrium network G*, then for all § > ¢,

* Dsb * Dsb *
e (1 : {b|(z 7) Gl D (e u)

s5,b)eG} {b|(s,b)eG}
up® = <1 -y %)m;’;& + > %(vb — ou?).
{sl(s,0)eG} {sl(s:0)eG}

Since for all k # s € S with (k,b) € G*, vy — 6u}® > du;® and for all | # b € B

with (s,1) € G*, vy — du}® > du?® we have

¥ > (1 — @>6u;‘5 + %(vb — oup?)

ST 2
(8)
u® > (1 — %) Suil + %(vb — ou).
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As § — 1, by (7), we have u’ + uj > v, for all (s,b) € G\G*. And from (7) and
(8), for all (s,b) € G*, u’ + uj = vp.
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C Proofs of Chapter 4

Definitions of the Regions and the Corresponding Equilibrium Strate-

gies

We define the regions R, and find the corresponding equilibrium strategies or
proposals |, x¥ = (z¢,2%), where w € {l.a — [.a,1.a — I.b,...,3 — II1}, in the
model with limited influence. Note that z§ =1 — ¢ for each w.Suppose that the

game is at period t. Let (r},r}) = (r1,72) and (7}, 7)) = (71, 72).

Region 1l.a-1.a

(1 + /\2))\17“1 + (5(1 + 71)(@772 —Xarg + 1+ Xy — 5(1 + ’)/2))
(T+ AT+ A2) = (1 +7y1) (1 +72) + (1 + A2)Ca

Rig—14= {(7“1, 7‘2)‘

(1 + )\1)(C2f2 — Aorg + 1+ )\2) + (5(1 + ’}/2))\17”1 — 5(1 + ’)/2)(1 + )\1)
(L4 A)(L+A2) = 2(L+71)(L+72) +6(1+72)C

r <

S(1+y)(Grr — At + 14+ A =01+ 72)) — (14 Ap)der

and (T+X)1+X2) =21 +7)1+72) — (14 M)

e T4+ X)) (G — M1 +14+ XM —0(1+m))+6(1+ 71)/\27“2}
? L+ 2)(T+ o) — 821 +71) (1 +72) +0(1 +71)C

where (; = 07; + (1 — 0)\; for all i = 1,2. The equilibrium strategies are

plaTa _ (T4+A)(GTg — Aara + 14+ X)) —0(1 + 7)) (G — Mrp + 14+ Aq)
! (14 M) (1 + X)) — 82(1+7)(1 + )

ta-ra _ 0L+ 7)(Grs = dora + 1+ Xg) — (14 X)) (G711 — Aary) — §2(1+ )
. T+ )1+ A) — 02(1 +71)(1 + 72) |

Region 1.a-1.b

(1 + )\2))\17‘1 + 5(1 + ’yl)()\gfg — Aorg + (1 — 5)(1 + )\2))
(LA +A2) = (T4 A2)(02(1 + 1) — C1)

Ria10= {(7’1, 7‘2)’
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. (1 + X)) (Aorg — Aarg + (1 = 6) (1 4+ A2)) + 0(1 + A2)Airy
! (T4 A1) (1 4+ A2) = (1 + A2)(0(L + 1) — (1)

(14 X2) (G171 — Arrr + 1+ Ap) +0(1 +v1)(Aare — (1 + >\2))}
(T+ A1)+ A2) = (1 +71)(6(1 + A2) — Ag) ’

and 7y >

where (; = 07; + (1 — 0)\; for all i = 1,2. The equilibrium strategies are

ta—ry _ (T+2A)(Aar2 — Aarg + (1 = 0)(1 + A2)) — 0(1 + Ap) (G171 — Ai7y)
= (1 A1+ Aa) — 2(1+ 7)1+ Ao

taery _ O(L+71)(Aar2 — Aarg + (1 = 6) (1 + A2)) — (1 + A2) (a1 — A7)
o= 1+ M)+ Aa) — 02(1+ 7)1+ M) :

Region 1.a-11

KoMl + (1 +71) (A2 — Aere + (1 — ) (1 + A2)) <
rikg — 02(1 4 y1)(1 + 72)

Rig—11= {(7"1,7“2)‘

5(1 + 72))\17“1 + (1 + )\1)()\2 — Aoro + (1 — 5)(1 + )\2))

TS T T A — 20+ ) (1 + 72) 1001+ )
S(1+72) (G171 — Air1) + 6L+ M) (1 +792) — 21+ 7)1 +92) _
and rz > 1+ M) (F2 — Aa) — 2(1 + 1) (1 + 72) >7"2}’

where (; = 6v; + (1 =)\, and k; = 1+ N\ + 5y + (1 — 0)\; for all i = 1,2. The

equilibrium strategies are

taerr _ (THX) A2 = darg + (1= 0)(1 + A2)) — 0(1 4+ 72) (71 — A7)
o= 1+ M)+ ) — 02(1 + 7)1+ M)

tarr 01 +71)(A2 — Aara + (1 = §) (1 + A2)) — Ka(Gi71 — Ai71)
u - (T+A)(1+ X)) — 21+ )(1+ X2) '

Region 1.a-I11

_ A1t 4 0(1 4+ 71)(v2 — y2re + (1 = 8)(1 + A2))
Rl.a—[[[ - {(r177a2)’ K112 _52(1+71)(1+72> <
5(1 + ’}’2))\17’1 + (1 + )\1)("}/2 — Yorg + (1 — 5)(1 + )\2))

(L4+A)me = 02(L+ 1) (L +92) + (1 +72)G

r <
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and 1y < SEH92)(G7 = Xary) + 00+ A) (1 +72) — (1 + 7)1+ 72) }

(1 + A1) (m2 = 2) = 62(1 4+ 71)(1 +72)

for all 7 = 1,2. The equilibrium strategies are

pra-arr _ (LHA) (2 —era + (1 = 0)(1 + o)) — (1 + 72) (71 — Aar)
' (1+ X)) = 0*(1+7)(1 + )

La—IIT _ O(1+71)(y2 —7era + (1 = 0)(1 + X)) — na(Cr71 — Ay71)
= (T+A)n2 — 02(L +71)(1 +12)

Region 1.b-1.b

(5(1 —+ )\2)(/\17"1 — (1 + /\1)) — (1 + /\1)()\27“2 — AgTg — (1 + )\2))

Rip-16= {(7”177“2)‘771 > (1 =821+ A)(1+ X)) +0(1 4+ Xo)A\q

and 7y >

6(1+ A1)(Aara — (1 + A2)) — (L4 Ag)(Airs — A7 — (1 + M) }
(1=62)(1+ A)(L+ A2) + (1 + Ap)Ae ’

The equilibrium strategies are

oz 014 A)(Arry — M7 — (14 A1) — (14 M) (Aarg — XoTa — (1 + Ag))
T 1021+ M) (L + )

woerp (L A)(Arry — A1) — 0(1 4+ Ap)(Aara — Xora — (1 = 9) (1 + Ag))
o= (1= )1+ \) {1+ A

Region 1.b-11

S(1+y2)Arr + (L 4+ M)A — Aara + (1 —0)(1 + A2))
(1+A)r2 —02(1 + A1) (1 +72) + (1 4+ y2) M\

Riy—r1 = {(7“1,7“2)‘771 >

(5(1 — 5)(1 + )\1)(1 + (5")/2) — (52(1 + )\1)(1 -+ ")/2) — (5(1 + ’)/2)()\17"1 - )\1771) S 772}

>
" (1+ A)ra — 62(1+ A1) (1 +72) + 6(1 4+ A1)Ag

where k; = 1+ X\, + 0, + (1 =)\, for all i = 1,2. The equilibrium strategies are
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woerr 01+ ) (Aar — i) £ (1 + M) (A2 — Aare + (1 = 0)(1 + o))
S (T A — (L A)(L+70)

T Fa(Airs — M) +0(1 4+ M) (A2 — Aara — (1 = 9)(1 + A2))
! (1—|—)\1)/€2 —52(1—|—/\1)(1—|—"yg) '

Region 1.b-I1I

L4+ y2)Mrr + (1 4+ M) (2 —y2re + (1 =6)(1+ A2))
(T+A)m2 = 02(1 + M) (1 4 2) +6(1 +72) A\

Rip—r111 = {(ﬁﬂ’z)‘fl >

(14+ M)A+ 072) = 621+ M) (1 +72) — (1 4 72) (A1 — Mi7y) }

and r9 <
2 T+ )m2 — 2(1+ A) (1 +72) — (1+ M)y

where n; = 14+ 7; + v + (1 — 0)A; for all i = 1,2. The equilibrium strategies are

LTI _ 0L +72)(Arr — M) + (L + M) (2 —yera + (1= 6)(1 4+ A2))

! N (1+)\1)772—52(1+>\1)(1+72)
ylo=TIT _ Ne(A1rr — A7) + (1L + A1) (2 — yera + (1 = 6)(1 4+ \2))
! (14 X)m2 — 02(1+ M) (1 4 72) '
Region 2-1I

6(1+7y1)k2 = 6(1 +71)(6(1 + 72) + Agra)
(K1 = A)kg — 02(1 +71)(1 +2)

Ry 11 = {(T17T2))T1 >

0(1+y2) (k1 — A1) —52(1+71)(1+72) 7 }
Kki(k2 — A2) — 62(1 +71)(1 +72) gk

and ry >

where k; = 1+ \; + 07, + (1 — )\, for all i = 1,2. The equilibrium strategies are

o Ri(k2 — Aora) — 0(1 4 72) (K1 — A17y)
i = 5
Rik9 — (5 (]. + ’71)(1 =+ ’)/2)

yQ—H _ K2(O(1 +v1) + Arry) — 6(1 4+ 71)(6(1 + 72) + Aora)
! Kikg — 02(1 +71) (1 + ) '
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Region 2-111

(1 +y1)m2 — 0(1 4+ 71)(6(1 + v2) + 1212) -
(k1 = Ar)ne — 62(1 4 y1)(1 +72) !

Ry 111 = {(7“1,7“2)‘7“1 >

_ Y
and 1y < (1 +v2)(k1 — A1) — 6 (1+71)(1+72)}

K1(n2 —72) — 02(1 +71) (1 + 72)

where k; = 1+ XN+ 0+ (1 =)\, and n; = 1+ + 5+ (1—9)\; for all i = 1,2.

The equilibrium strategies are

21 m(m - ’Y27’2) - 5(1 + 72)(fi1 — )\17“1)
' rap — 02(1+7)(1+72)

21— M2(0(1 4+ 71) + Air1) — 0(1 +91)(6(1 + 72) + 72r2)
! K1z — 02(1 4 y1)(1 + 72)

Region 3-111

S(1+y1)n2 — 5(1 4+ 71)(8(1 4 72) + y272)
(m —y1)m2 — 02(1 + 1) (1 +12)

Rs_ 111 = {(7‘1#2)‘7“1 <

and ry <

5(14v2)(m —mr1) =8 (1+7)(1 + ’72)}
m(n2 —72) — 2(1 +71) (1 +72)

where n; = 14+7; + v + (1 — 0)A; for all i = 1,2. The equilibrium strategies are

s_rrr M2 — y2re) — 0(1 + y2) (1 — ir1)
T — -
mnz — 02(1 4+ 1) (1 4+ 72)

sorrr _ (01 +7) + 7)) = 0(1+71)(0(1 + 72) +7272)
' mnz — 0*(1 +71)(1 4 72)

We do not describe the regions {Rip—ra, Rota, Rorb, R31as R31b, R}
since they are the symmetric versions of the regions
{R1.a—16s Ria11, Rib i1, Riarrr, Rivirr, Rogir},  respectively. Hence, the
corresponding equilibrium strategies can be found similarly. For the model
with unlimited influence, the regions can be defined and the corresponding

equilibrium strategies can be easily evaluated by assuming (ry, o) = (71, 72).
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Proofs

Proof of Lemma 11. Let ¢ > 0 and let 0,0’ be strategy profiles satisfying o® = o’*
for all s < t where t > 512121%( log;s (ﬁ) Let & be the strategy profile that
maximizes U; satisfying (5°)_, = (¢°)._,. Hence, in & player i gets the entire

s=1"

pie in period t + 1.

;= max  Ui(6) = 0" (L+y(1—rf™h) + (1=06) ) 6 'us(0)

G st (69)_1=(c%)t_,

Assume ¢ be the strategy profile that minimizes U; satisfying (¢*)._, = (¢°)L_,,

that is the strategy profile leading to perpetual disagreement.

o0

U= min_ Ufe)=(1-8)Y 5 "u(0)

ast. (a%)i_=(0%)i, s—1

Note that the largest payoff difference between any two strategy profiles implying

same actions in the first ¢ periods is U; — U,. Utilizing this observation,

O (L4 (L =) + (1 —6) Y 6°  ui (0)

—(1=06)Y 6 Mu(0) — (1=0) Y 6 'ui(0)

s=t+1

(471 =r)) = (1 =0) > 6 (=Niry)

s=t+1
<S4y +1=0) > &N
s=t+1
- 7 1
=0 (1 +y+N) <e
Hence, the game is continuous at infinity. O]
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Proof of Theorem 12. We prove that o is a subgame perfect equilibrium. Utiliz-
ing Lemma 11, it suffices to check that no player can make a profitable deviation

from his strategy o; in one single period, given that his opponent plays 7.

Suppose that the game is at period t. Let (rt,rL) = (ri1,r2) € R, where w €
{la—Tl.a,1.a—1Ib,...;,3—1II}. (7, 75) is denoted by (71, 7a).

The current period ¢t may be either odd or even. First, we investigate the case

where t is odd. Hence, player 1 makes an offer z € 7.

Case l.a. we {l.a—1I,1.a—II,1.a—III}:r; > >4y and 2y > 7.

l.a.1 We first analyze the case where 2§ > ;. We have three possible sub-cases:

(1) 21 = 2y, (ii) 21 < ¥, and (iii) 21 > z¥.

(i) If z; = ¥, then player 2 accepts the offer by following o3. So, player 1 gets

uy = ui(z,r') =z +m(z —r) = (L+7)af — .

(i) If 2y < ¥, then player 2 accepts the offer by following o since zo > .

So, player 1 gets
'U/tl(zart) S 21 -+ 71(21 — 7"1) = (1 + fyl)x‘f —ry = U/T
(iii) If z; > z¢, then player 2 rejects the offer since zo < xy. With probability

0 the game continues to the next period and player 2 offers y* and with

probability 1—9, the game ends. So, player 1’s expected continuation utility
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is

) + (L O)u (0,.0)
= O[yy + MYy — )] = (1= )\m
= (1+X)dyy —oMrs — (L= 0) A

< =AM (yy —m)

<0

< Yt =y —r)

w_

< ¥ —m(af —r) = ul.

To summarize, making the offer z satisfying z; = z{ gives player 1 the maximum

utility given that player 2 follows oj. Thus, o} is optimal.

1.a.2 Now, we analyze x§ < r; case. Similarly, we look into three possible sub-

cases: (1) z; = ¥, (ii) 21 < 2¢, and (iii) 2, > .

(i) If z; = a¥, then player 2 accepts the offer by following oj. So, player 1 gets

wi =ul(z,7") = 21+ Mz — 1) = (1+ X))y — Ay

(ii) If 2y < ¥, then player 2 accepts the offer by following o} since zo > .

So, player 1 gets

ul(z,7) = 21+ Mz — 1) < (L4 M)y — Ay = uf.
(iii) If z; > z¢, then player 2 rejects the offer since z, < x%. With probability

0 the game continues to the next period and player 2 offers y* and with

probability 1—4, the game ends. So, player 1’s expected continuation utility
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is

uTH e (1= 0)ur™ (0,7 = Sy + M — )] = (1= 6
— (1 + )\1)5:(/(10 — 5)\17’1 — (1 — 5))\17’1
< (1—|—)\1)y‘f —>\17’1

< (1 + )\1)513"10 — )\17"1 = UT

To summarize, making the offer z satisfying z; = ¢ gives player 1 the maximum

utility given that player 2 follows oj. Thus, o} is optimal.

Case 1.b. we {1.b—1,1.b—II,1.b— 111} :ry > 71 >y and 2y < 7.

In this case, we also have three possible values for the share player 1 gets from z:

(1) 21 = 2y, (ii) 21 < ¥, and (iii) 21 > z¥.

(i) If z; = ¥, then player 2 accepts the offer by following o3. So, player 1 gets

ul =ul(z,7") = 21 + M(21 — 1) = (14 Ay — Ay

(i) If 21 < 2¥, then player 2 accepts the offer by following o} since zo > .

So, player 1 gets

ul (z,r") =20+ M2 — 1) < (L+M)ay — Ay = uj.
(iii) If z; > 2, then player 2 rejects the offer since zo < z%. With probability

0 the game continues to the next period and player 2 offers y* and with

probability 1—9, the game ends. So, player 1’s expected continuation utility
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is

uTH e (1= 0)ur™ (0,7 = Sy + M — )] = (1= 6
— (1 + )\1)5:(/(10 — 5)\17’1 — (1 — 5))\17’1
< (1—|—)\1)y‘f —>\17’1

< (1 + )\1)513"10 — )\17"1 = UT

To summarize, making the offer z satisfying z; = ¢ gives player 1 the maximum

utility given that player 2 follows oj. Thus, o} is optimal.
Case 2. we{2—-1,2—-11,2—1II1}:r>yy >

In this region of r;, we have different results for different sortings of z{ and r; at

t. We analyze these cases separately.

2.1. We first investigate the case where x§ > ry. Again, we have three distinct

sub-cases for z;.

(i) If z; = ¥, then player 2 accepts the offer by following o3. So, player 1 gets

up = uy(z, 1) = 2+ iz — ) = (L +y)af —nr

(i) If 23 < ¥, then player 2 accepts the offer by following o} since zo > .

So, player 1 gets

ui(Z,Tt) S 21 + 71(21 — 7”'1) = (1 + fyl)x‘f —mry = 'U/T

(iii) If z; > ¥, then player 2 rejects the offer. With probability ¢ the game

continues to the next period and player 2 offers y* and with probability
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1 — 9, the game ends. So, player 1’s expected continuation utility is

ufF e, ) 4+ (1= 0t 0, 7)) = Sy 4+ M (b — )] = (1= 6
<0
< Oy +mlyr —r)] = (1= 8)nn
< (T4+m)yy —mn

< ¥ —m(af —r) = ul.

To summarize, making the offer z satisfying z; = ¢ gives player 1 the maximum

utility given that player 2 follows oj. Thus, o} is optimal.
2.2. Now, we analyze the second case, z§ < ry.
(i) If z; = ¥, then player 2 accepts the offer by following o3. So, player 1 gets

uy = uﬁ(z,rt) =21+ Az —71) = (14 )z — Ay

(i) If 2y < z¢, then player 2 player 2 accepts the offer by following o} since

Z9 > 4. So, player 1 gets

ul(z,7) =z + Mz — 1) < (L4 M)y — Ay =l
(iii) If z; > z¢, then player 2 rejects the offer since zo < xy§. With probability

0 the game continues to the next period and player 2 offers y* and with

probability 1—9, the game ends. So, player 1’s expected continuation utility
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is

uTH e (1= 0)ur™ (0,7 = Sy + M — )] = (1= 6
— (1 + )\1)5:(/(10 — 5)\17’1 — (1 — 5))\17’1
< (1—|—)\1)y‘f —>\17’1

< (1 + )\1)513"10 — )\17"1 = UT

To summarize, making the offer z satisfying z; = ¢ gives player 1 the maximum

utility given that player 2 follows oj. Thus, o} is optimal.

Case 3. we {3—-1,3—11,3—1II}:y¢Y>r >7

In this region, the reference point of player 1 is less than his share in equilibrium.

We have three possible values for the share he can obtain from the offer z.

(i) If z; = ¥, then player 2 accepts the offer by following o3. So, player 1 gets

ul =ul(z,7") = 21 + (21 — 1) = (L+ )2y — 7.

(i) If 21 < 2¥, then player 2 accepts the offer by following o} since zo > .

So, player 1 gets
ui(z,m) <21+ vz — 1) < (L4 7))z —yr = uj.
(iii) If z; > z¢, then player 2 rejects the offer since zo < 4. With probability

0 the game continues to the next period and player 2 offers y* and with

probability 1—9, the game ends. So, player 1’s expected continuation utility
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is

u (e + (L= 0)ulTH 0,7 ) = [y + (- )] — (1= 6)Mm
< Oy + @y =) = (1 =8)mn
= (1+m)0yy —mm

< (I+m)éx] —mr = uj.

To summarize, making the offer z satisfying z; = 2% gives player 1 the maximum

utility given that player 2 follows o3. Thus, o] is optimal.

Second, we analyze the case where t is even (i.e., player 2’s turn to make an offer).

Hence, player 2 makes an offer z € Z. If player 1 accepts the offer, he gets

zi+ iz —ri) iz >
ui(z,7') =

zi+ Nz —m) itz <y

On the other hand, if player 1 rejects the offer, his reference point will be
max{7y,z1}. With probability §, the game continues to the next period and
player 2 offers y* and with probability 1 — J, the game ends. Hence, player 1’s

expected continuation utility in the case of rejection is

5u§+1(xw, Tt+1) 4 (1 _ 6)uz‘i+1 (0, 7,,t+1).

Case l.La. we {la—1I,1.a—I1I,1.a—1II}: ry > 7 >yy and 2% > 7y

In this case, recall that the following equality holds in equilibrium:

(1 + ’71)(5![‘({) = (]_ + )\1>y(f — )\17”1 + (]_ — 5)/\1771 + 5’)/1771.

We analyze the optimal decisions of player 1 in two sub-cases: (1) z; > 3¢ and
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(2) 21 < 9.

l.a.1 First, suppose that z; > y¢. Further, there are two more possibilities: (7)

2y >ryor (i) 2z <71y

(i) Suppose that z; > ry. If player 1 accepts the offer, he gets his share z; plus

the relative gain from the reference point. Since the offer is greater than

his reference point, he perceives the difference between the two as a gain

and this gain is scaled by ;. Accepting yields

wl = ul(z,7") = 21 + (21 — 11).

If player 1 rejects the offer, his reference point will be max{7, z;}. With prob-

ability J, the game continues to the next period and player 2 offers y* and with

probability 1 —

0, the game ends. So, rejection gives player 1

Sultt (2, v 4+ (1 — §)ult (0, 7

<

INIA Il

IA

Olz% + vy (af — max{ry, 1 })] — (1 — )\ max{ry, 21 }

(I +7)0xy — oz — (1 =)z

(14+A)yy — Mry + (1= 0) M7 + 07 — oz — (1= 0) Az
(T+ M)y —Mri+ (1 —0) Az + 07121 — 01z — (1= 0) Az
(14 M)z — A

21+ M(z1 — 1)

21+ 7(z1 — 1) = uy.

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > ¢, accepting the offer z; is optimal.

(ii) Now, suppose that z; < r;. In the case of acceptance, player 1 gets his

share from the offer z;. However, since the offer is less than his reference
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point, player 1 perceives this offer as a loss relative to the reference point.
The difference between z; and r; negatively affects his utility and this effect

is scaled by A;. Accepting the offer yields

ul = ul(z,7") = 21 + M(21 — 11).

If player 1 rejects the offer, he gets

SultH (@ Y 4+ (1 — §)ultt (0,7
< Olay + m(af — max{r, z1})] — (1 — §)\y max{ry, z1 }
= (14 v)dzy — 0y max{ry, 21} — (1 — 0) Ay max{ry, 2 }
= (14+ M)y — M1+ (1 —0) M7y + 0y — 0y max{7y, 21 }
— (1 = 0)A; max{ry, 2 }
< T+ M)y =M+ (L =)7L + 0y — I — (L — )7

= z1+ M(z — 1) =],

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 >y, accepting the offer z; is optimal.

1.a.2 Second, suppose that z; < y{Y. Note that the offer is smaller than his
reference point. In the case of acceptance, he gets his share from the offer
z1. However, since the offer is less than his reference point, player 1 perceives
this offer as a loss relative to the reference point. The difference between z;
and r; negatively affects his utility and this effect is scaled by A;. Accepting
the offer yields

uf = ul(z,r") = 21 + M2 — 1r1).
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If player 1 rejects the offer, he gets

Subl™ (x4 (1 — 0)ult(0, 7Y
= Oy + n(xf — max{r, z1})] — (1 — )\ max{ry, 21 }
= (14+m)dzy —dmpr — (1 = 5)\7
= T4+ =M+ (1 =)M7 +dnm —onmm — (1= 0) M7

> 1+ )\1(21 — 7“1) = UT

In this case, rejecting gives player 1 a higher utility than accepting does. Thus,

if 21 < gy, then rejecting is optimal.

To summarize, accepting the offer z; is optimal if and only if z; > y§.

Case 1.b. we {1.b—1,1.b—1I,1.b—11I}: ri > 7 > yy and 2 < 7.

In this case, recall that the following equality holds in equilibrium:

(1 + )\1)5.1"{1 = (1 + Al)éyiu — )\17’1 + )\1771.

We analyze the optimal decisions of player 1 in two sub-cases: (1) z; > y{ and

(2) 21 <yt

1.b.1 First, suppose that z; > y¥. Further, there are two more possibilities: ()

2y >y or (i) 23 < 1y

(i) Let z; > ry. If player 1 accepts the offer, he gets his share z; plus the
relative gain from the reference point. Since the offer is greater than his
reference point, he perceives the difference between the two as a gain and

this gain is scaled by ;. Accepting the offer yields

ul = ul(z,7") = 21 + (21 — 11).
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If player 1 rejects the offer, his reference point will be max{7, z; }. With prob-
ability J, the game continues to the next period and player 2 offers y* and with

probability 1 — 4, the game ends. So, rejection gives player 1

Sult (@, v 4+ (1 — §)ul (0, 7
= 0[xy + M(af — max{r, 21 })] — (1 = §) A\ max{ry, 21 }
= (14 A)dzy — Nz — (1 =)=z
= (14 X)oyy — Mirp + M7 — M2y
< (T4 M)0YY — Air + Mz — Mz

= 7+ My —1m)

IN

vy + @y —r)

IN

21+ (21 — 1) = uy.

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > ¢, accepting the offer z; is optimal.

(ii) Now, let z; < r1. In the case of acceptance, player 1 gets his share from the
offer z;. However, since the offer is less than his reference point, player 1
perceives this offer as a loss relative to the reference point. The difference
between z; and r; negatively affects his utility and this effect is scaled by

A1. Accepting the offer yields

uf =ui(z,r") = 21+ M(21 — 1r1).
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If player 1 rejects the offer, he gets

Sub™ (@ Y 4 (1 — §)ultH(0, 7
= 0[zy + M (af — max{r, 21 })] — (1 — §) A\ max{ry, 21 }
= (14 M\)dxy — o\ max{ry, z1} — (1 — 6)A\; max{ry, 21 }
= (14 X)oyy — My + M7 — Ay max{ry, 21}
< (T4+M)oy? — M+ M — M7y

< 21+ /\1(21 — 7’1) = UT

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > 4y, accepting the offer 2; is optimal.

1.b.2 Second, suppose that z; < y¢. Note that the offer is smaller than his

reference point. Accepting the offer yields

wi =ul(z,r") = 21 + M2 — 1r1).

If player 1 rejects the offer, he gets

Subt (2, r ) 4+ (1 — §)ul ™ (0, 7
= 0[zy + M(af — max{r, z1})] — (1 — )\ max{r, 21 }
= (14 Ap)dzf — M7y
= (14 M\)oyy — \irp + M7 — M7

> Zl—|—)\1(21 —7’1) :UT

In this case, rejecting gives player 1 a higher utility than accepting does. If

21 < yy, then rejecting is optimal.

To summarize, accepting the offer z; is optimal if and only if 21 > yf.
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Case 2. we{2—-1,2—-11,2—-1I1}: ry >y¢ >1

In this case, recall that the following equality holds in equilibrium:

(I+7)dxy =1+ M+ 6y + (1 —0)A\)y; — A

We analyze the optimal decisions of player 1 in two sub-cases: (1) z; > y{ and

(2) 21 <yt

2.1. Suppose that z; > y¢. Accepting the offer yields

. zi+ iz — ) itz >y
uy = uy(z, 1) =
zi+Ni(zi—m) itz <y

If player 1 rejects the offer, his reference point will be max{7, z; }. With prob-
ability J, the game continues to the next period and player 2 offers y* and with

probability 1 — ¢, the game ends. So, rejection gives player 1

Subt (2, r ) + (1 — )ul T (0, 1)
< Oay + m(ay — max{7, z1})] — (1 — )\ max{ry, 21 }
= (14+m)dzy — oz — (1 —0) =z
= (14+M+m+0=0) )Yy —ir — o1z — (1 —0) Az
< (T M)y 4 0myr + (1= 0)Ayt — Ary — 0y — (1= 6) Ay

< oyl A(yr =) <l

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > ¢, accepting the offer z; is optimal.

2.2. Now, suppose that z; < y¢. In the case of acceptance, he gets his share

from the offer z;. However, since the offer is less than his reference point,
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player 1 perceives this offer as a loss relative to the reference point. The
difference between z; and r; negatively affects his utility and this effect is

scaled by A\;. Accepting the offer yields

ul = ul(z,r") = 21 + M(21 — 11).

If player 1 rejects the offer, he gets

Sul™ (z, v 4 (1 — §)ulT (0, 7
= Oy + n(xf — max{r, z1})] — (1 — §) A\ max{ry, z1 }
= (14 m)dz¢ — dyy max{r, 21} — (1 — 0) A\ max{7y, 21}
= (14+ XN+ + (1 =0 )y — My — vy max{r, 2 }
— (1 = )M\ max{r, 21 }
> (T4 M)y + (071 + (1 —0)\) max{r, 21} — Ay
— (671 + (1 = 9)A) max{7y, 21 }

= 21+ M(z1 — 1) =i

In this case, rejecting gives player 1 a higher utility than accepting does. If

21 < yy, then rejecting is optimal.

To summarize, accepting the offer z; is optimal if and only if 21 > y§.

Case 3. we{3—-1,3—11,3—-111}: y¢¥ >r >

In this case, recall that the following equality holds in equilibrium:

(I+7)0xy = (1 +v 4+ 61+ (1 = 5)A\)yy — 1.

We analyze the optimal decisions of player 1 in two sub-cases: (1) z; > y{ and
(2) z1 <y
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3.1. Suppose that z; > y%. If player 1 accepts the offer, he gets his share z; plus
the relative gain from the reference point. Since the offer is greater than
his reference point, he perceives the difference between two as a gain and

this gain is scaled by ;. Accepting the offer yields

*

uy = uf(z,7") = 21 + (21 — ).

If player 1 rejects the offer, his reference point will be max{7, z; }. With prob-
ability 0, the game continues to the next period and player 2 offers y* and with

probability 1 — 4, the game ends. So, rejection gives player 1

SubttH (@ Y 4 (1 = 0)ult(0, 7 )
< O[xf 4+ (xf — max{r, z1})] — (1 — )\ max{ry, z1 }
= (14+m)dzy —dyzr — (1 =9 =z
= I4+mn+on+0 =0 )y —nr—omza — (1 -6 Az
< (I+m)yr + (0n+ (1 =0 M)z —mr — (0 + (1= 0)M)z

< zi+m(z —r) =i,

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > ¢, accepting the offer z; is optimal.

3.2. Now, suppose that z; < y¢.Accepting the offer yields

zi+vi(z—mr) iz >r
uiy(z,rt) =
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If player 1 rejects the offer, he gets

Sult™ (@ P 4+ (1 — §)ultH(0, 7
= [z¥ + 7 (2§ — max{ry, 21 })] — (1 — 0) A\ max{7, 21}
= (1+m)0z¢ — dy1 max{r, 21} — (1 — 0) A\ max{7, 21}
= 14y 40+ (1=30)M\)yy —yr — oy max{7, 21}
— (1 = 0)A; max{ry, 21}
> (I14+7v1)2z1 + (071 + (1 = 0)A) max{ry, 21} — nry
— (6m1 + (1 = 8)\) max{7y, 21 }

= (I+m)z —mnr > .

In this case, rejecting gives player 1 a higher utility than accepting does. If

21 < y¢, then rejecting is optimal.

To summarize, accepting the offer z; is optimal if and only if z; > yf.

Considering all cases, we have the following result: it is optimal to accept the offer

z if z1 > ¢ and to reject it otherwise, which means following o} is optimal. [

Proof of Theorem 13. We prove that ¢* is a subgame perfect equilibrium. Uti-
lizing Lemma 11, it is enough to check that no player can make a profitable
deviation from his strategy o in one single period, given that his opponent plays

oy. Suppose that the game is at period t. Let (r{,r}) = (r1,72) € R, where

wef{l—I1,1—1I,...,3—III}.

The current period ¢t may be either odd or even. First, we investigate the case

where t is odd. Hence, player 1 makes an offer z € Z.

Case l.we{l—-I1,1—-II,1—1II}:ry >a% >yy
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In this case, the reference point of player 1 is greater than his share in the asso-
ciated offer with the region R,. We have three possible sub-cases: (i) z3 = z¥,

(ii) 21 < 2, and (iii) 2, > a¥.

(i) If z; = a¥, then player 2 accepts the offer by following o3. So, player 1 gets

wi=ul(z,r") = 21+ Mz — 1) = (1+ X))y — Ay

(i) If z; < 2¢, then player 2 accepts the offer by following strategy o; since

Z9 > 4. So, player 1 gets

uﬁ(z, Tt) =21+ )\1(2’1 — 7”1) = (1 + )\1)2’1)\17’1 < (1 + )\1)33"1') — )\17’1) = UT

(iii) If z; > 2¢, then player 2 rejects the offer since zo < xy. With probability
0 the game continues to the next period and player 2 offers y* and with
probability 1—9, the game ends. So, player 1’s expected continuation utility

18

utt (g, r ) + (1= 9w 0,7 = Sy + My — )] = (1= d8)him
= (1+)\1)5y§" —5)\17’1 — (1 —5)>\1’l“1
= (14 M)oyy — M

< (14 A)oxy — Mryp = uj.

To summarize, making the offer z satisfying z; = x% gives player 1 the maximum

utility given that player 2 follows ¢3. Thus, o} is optimal.

Case 2. we{2—-1,2—11,2—1II1}:ay>r >y

In this case, the reference point of player 1 belongs to the region which is bounded

by his and his opponent’s share from the associated offer with the region R,,.
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Again, we have three distinct sub-cases: (i) z; = z¢, (ii) 21 < a¥, and (iii)

w

(i) If z; = a¥, then player 2 accepts the offer by following o3. So, player 1 gets

uy =ui(z,r") =21+ 1z — 1) = (L +m)ay —yr.

(ii) If z; < z¢, then player 2 player 2 accepts the offer by following o since

29 > 5.

If 1y > 21, then player 1 gets

ul(z,7") = 24+ Mz —1) <z +m(z—1m1)

= (14+m)z —nr < (L+m)af —nr =ul.

If r1 < 21, then player 1 gets

ul(z,7") =21 +yi(z1 — 1) < (L4+7)2y —yiry = uj.

(iii) If z; > z¢, then player 2 rejects the offer since zy < x4. With probability
0 the game continues to the next period and player 2 offers y* and with
probability 1—9, the game ends. So, player 1’s expected continuation utility

18

ut (e, Y + (L= 0)uf™ (0,7 ) = [y + M — )] — (1= 6) Ay
< 5[3/? + 71(% - 7’1)] - (1 - 5)717’1
= (I4+m)0yy —nm

< (I4+m)oxf — i = uj.

To summarize, making the offer z satisfying z; = x% gives player 1 the maximum
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utility given that player 2 follows o3. Thus, o} is optimal.

Case 3. we{3—-1,3—-I11,3—-1II}:2¥ >4y >n

In this case, the reference point of the first player is less than both his share offer
and his opponent’s share from the associated offer with the region R,. We have

three possible values for his share obtained from the offer z.

(i) If z; = a¥, then player 2 accepts the offer by following oj. So, player 1 gets

uwl =ul(z,7") = 21 + (21 — 1) = (L+ )2y — 7.

(i) If z; < z¢, then player 2 player 2 accepts the offer by following ¢} since

w

If r1 > 21, then player 1 gets

ul(z,7") = 214+ Mz —1) <z +m(z—1m)

= (14+v)z1 —mr1 < (L+m)af —yr = uy.

If r; < 21, then player 1 gets

ub(z, 1) = 21+ (2 — 1) < (L4+m)af —nr = uj.

(iii) If z; > 2¢, then player 2 rejects the offer since zo < 4. With probability

0 the game continues to the next period and player 2 offers y* and with

probability 1—4§, the game ends. So, player 1’s expected continuation utility
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is

u (e + (L= 0)ulTH 0,7 ) = [y + (- )] — (1= 6)Mm
< Oy + @y =) = (1 =8)mn
= (1+m)0yy —mm

< (14 m)0xy —yry = uj.

To summarize, making the offer z satisfying z; = ¢ gives player 1 the maximum

utility given that player 2 follows o3. Thus, o} is optimal.

Now, we analyze the case where t is even (i.e., player 2’s turn to make an offer).

Hence, player 2 make an offer z € Z. If player 1 accepts the offer, then he gets

zi+ iz —ri)  ifz >
uy(z, 1) =

zi+ Nz —m) itz <y

On the other hand, if player 1 rejects the offer, his reference point will be
max{ry,z1}. With probability 0, the game continues to the next period and
player 2 offers y* and with probability 1 — 9, the game ends. Hence, player 1’s

expected continuation utility in the case of rejection is

Sul™ (2%, v 4 (1 — §)ultt(0, 71,

Case l.we{l—I1,1—-II,1—1II}:r; >a%>yy

In this case, recall that the following equality holds in equilibrium:

0y = yi.
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We analyze the optimal decisions of player 1 in two sub-cases: (1) z; > r; and

(2) 21 <T1.

1.1. First, suppose that z; > rq. If player 1 accepts the offer, he gets his share
z1 plus the relative gain from the reference point. Since the offer is greater
than his reference point, he perceives the difference between two as a gain

and this gain is scaled by ;. Accepting yields

*

wi =ul(z,7") = 21 + 71(2 — 11).

If player 1 rejects the offer, his reference point will be max{ry, z;}. With prob-
ability 0, the game continues to the next period and player 2 offers y* and with

probability 1 — 4, the game ends. So, rejection gives player 1

W ) + (1= (0,1
= dzf + M (2f — max{ry, z1})] — (1 — d) Ay max{ry, 21 }
< Oy +n(af —2)l - (1= d)ma
= (L+m)dzy —mna
< (T4+y)yr —mn

< (14+m)n—mrm =]

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > ¢, accepting the offer z; is optimal.

1.2 Second, suppose that z; < r;. In the case of acceptance, player 1 gets his
share from the offer z;. However, since the offer is less than his reference
point, player 1 perceives this offer as a loss relative to the reference point.

The difference between z; and r; negatively affects his utility and this effect
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is scaled by \;. Accepting the offer yields

ul = ul(z,r") = 21 + M(21 — 7).

If player 1 rejects the offer, he gets

Subt (2, r ) 4+ (1 — )ul ™ (0, 71
= 0[zy + M(af — max{ry,z1})] — (1 — )\ max{ry, 21}
= Oy + M(af —r)] — (1 =) Ay
= (14 X)ozy — My

= (T+X)yf — M.

Hence, du{™ (2%, r+1) 4+ (1 — §)ulT(0,r1+1) >t if and only if 2, > y¥.

In this case, accepting the offer satisfying z; > y{ and rejecting it otherwise is

optimal.

Case 2. we{2—-1,2—-11,2—11I}:a2y>mr >y}

In this case, recall that the following equality holds in equilibrium:

(14 71)027 = (14 M)yt + 6y — 07y,

We analyze the optimal decisions of player 1 in two sub-cases: (1) z; > r; and

(2) 21 <T1.
2.1. Suppose that z; > rq. If player 1 accepts the offer, he gets his share z; plus

the relative gain from the reference point. Since the offer is greater than

his reference point, he perceives the difference between the two as a gain
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and this gain is scaled by ;. Accepting yields

*

ul = ul(z,7") = 21 + (21 — 11).

If player 1 rejects the offer, his reference point will be max{ry, z;}. With prob-
ability 0, the game continues to the next period and player 2 offers y* and with

probability 1 — 4, the game ends. So, rejection gives player 1

Sul™ (2, r ) 4+ (1 — §)ul™ (0, 7
= dzy + M(2f — max{ry, z1})] — (1 — O) Ay max{ry, 21 }
< Ofxf + M2y — 21)] — (1 =)A=
< Off +mlay —21)] = (L= d0)ma
= (I+m)dz{ —m=
= (T4 M)yy +onr —ohr —mz

< (1+m)z —mr = uy.

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 >y, accepting the offer z; is optimal.

Now, suppose that z; < r;. In the case of acceptance, player 1 gets his share
from the offer z;. However, since the offer is less than his reference point, player 1
perceives this offer as a loss relative to the reference point. The difference between
z1 and r negatively affects his utility and this effect is scaled by A;. Accepting
the offer yields

ul = ul(z,r") = 21 + M(21 — 11).
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If player 1 rejects the offer, he gets

Sult™ (@ P 4+ (1 — §)ultH(0, 7
= [z¥ + 7 (2§ — max{ry, z1})] — (1 — 0) A\ max{ry, 21}
= (1+m)0z¢ — dy1 max{ry,z1} — (1 — 0) A\ max{ry, 21}
= (1+X)yy + dyry — 0Ary — 6yy max{ry, 21}
— (1 = )M\ max{ry, 21}
= (14+X)yy + oyry — Ay — dyry — (1= 0) A\

= (1 —+ )\1)6y£1” — )\17’1.

Thus, 6ul™ (2%, 71 + (1 — §)ul™ (0, r'*1) >l if and only if z; > 2.

In this case, accepting the offer satisfying z; > y{ and rejecting it otherwise is

optimal.

Case 3. we {3—-I1,3—-I1,3—1II1}:2Y>yy>n

Recall that the following equality holds in equilibrium:

(IT+7)0xy = (L +v 4+ 0y + (1 = 5)A)yy — 1.

Again, we analyze the optimal decisions of player 1 in two distinct sub-cases: (1)

zy > 1 and (2) 2 <71y,

3.1. Suppose that z; > r;. If player 1 accepts the offer, he gets his share z; plus
the relative gain from the reference point. Since the offer is greater than
his reference point, he perceives the difference between two as a gain and

this gain is scaled by ;. Accepting yields

ul = ul(z,7") = 21 + (21 — 11).
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If player 1 rejects the offer, his reference point will be max{ry, z;}. With prob-
ability J, the game continues to the next period and player 2 offers y* and with

probability 1 — 4, the game ends. So, rejection gives player 1

Sultt (v 4+ (1 — )l (0, 7
= Sul™(z¥) — (1 — §) A\ max{ry, 21}
< 02y + y(xf —max{r, z1})] — (1 — )N\ max{ry, z1}
= (14+m)0zy —odmzr— (1 =)z
= (L4707 +0myi + (1= 0)Myy —nrm —dmz — (1= 6 iz
< (T4+y)yy +omz+ (1 —0) Az —yr —0yz — (1 —0) iz

= (1+y)yf —nm

In this case, acceptance gives player 1 a higher utility than rejection does. If

21 > ¢, accepting the offer z; is optimal.

3.2. Now, suppose that z; < r;. In the case of acceptance, player 1 gets his
share from the offer z;. However, since the offer is less than his reference
point, player 1 perceives this offer as a loss relative to the reference point.
The difference between z; and r negatively affects his utility and this effect

is scaled by A;. Accepting the offer yields

wi =ul(z,r") = 21 + M2 —11).
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If player 1 rejects the offer, he gets

Sub™ (@ Y 4 (1 — 0)ulti(0, 7
= Oy + n(xf — max{ry, z1})] — (1 — §) A\ max{ry, z1 }
= (14 m)0z% — dyy max{ry, 21} — (1 — 0)\y max{ry, 21}
= (L+y)yi + oyt + (1 = 0)Ayy — nary — 0y max{ry, z1}
— (1 = 0)Ay max{ry, 2 }
> (14+7)yy + 07121+ (1= 0) A2y — 31 — 0121 — (1 — 0) Az

= (14+m)0yy —yr1 > (L +71)dz1 — mr = uj.

Thus, 6ul™ (2%, 71 + (1 — §)ul (0, r'*1) >t if and only if z; > 2.

In this case, accepting the offer satisfying z; > y{ and rejecting it otherwise is

optimal.

Considering all cases, we have the following result: it is optimal to accept the
offer z if z; > y{ and to reject it otherwise, which implies that following o7 is

optimal. O
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D Proofs of Chapter 5

Proof of Theorem 1. Here we prove that for a given (a,b) € [0,1]?, the (a,b)-

solution satisfies WPO (also PO), SYM, IPAT, and IND. (a,b)-MON.

Take any (5,d,r) € ¥?. For WPO, it is enough to recall that the bargaining set
S is convex, closed, and bounded from above. As a matter of fact, since n = 2,

PO is satisfied as well.

For SYM, note that the symmetric transformation 7' : R? — R? maps the straight
line passing through ar + (1 — a)d and a(S, br 4+ (1 — b)d) into the straight line L
passing through T'(ar 4 (1 — a)d) and T'(a(S,br + (1 — b)d)). Since there cannot
be a point in L N T(S) which is greater than T(F**(S,d,r)), it must be that

Feb(T(S), T(d), T(r)) = T(F**(S,d,r)).

For IPAT, note that an affine transformation A : R? — R? (i) preserves the
partial ordering of R?; (i) maps straight lines into straight lines; (iiz) maps
ar + (1 — a)d into aA(r) + (1 — a)A(d); and (iv) maps a(S,br + (1 — b)d) into
a(A(S), A(br+(1—b)d)). These and the definition of F** jointly imply the result.

For IND. (a,b)-MON, without loss of generality, consider ¢ = 1 and j = 2. Take
any (S,d,r), (S',d',r") € ¥? such that ar + (1 — a)d = ar’ + (1 — a)d’ and
as(S,br + (1 — b)d) = az(S",br' + (1 — b)d’). Assume that for every z € S:

a1 (S, x) < ay(S’,z). For notational convenience, we let

a=ar+(1—-a)d,
b="br+ (1—b)d, and
b=br'+(1—0b)d.

Let L be the straight line passing through @ and a(S,b). By definition of the

176



(a, b)-solution, we have
F*(S,d,r) = max{\a + (1 — N)a(S,b) € S| X € [0,1]}.

That is, F'¢*(S, d, r) is the maximal element of L NS. Let L’ be the straight line

passing through @ and a(S’,b). Consider L' N S, and set
Z = max{\a + (1 — N)a(S',b) € S| X € [0,1]}.
Moreover, since a1 (S, b) < ai(S',b) and ay(S,b) = ay(S',b), we have
F(S,d,r) < 7.
By definition, F**(S’,d’,r') is the maximal element of L' N S’. That is,
Fob(S' d r') = max{\a + (1 — Na(S",b) € S"| X € [0,1]}.

By convexity and comprehensiveness, the fact that a;(S,z) < a1(S’,Z) implies
z € S'. It follows that the maximal element of L' NS’ is not less than z; i.e.,

T < Fob(S' d,r"). Therefore, F*(S,d,r) < FM*(S'",d',r"). O
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