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Abstract Wormhole configurations in Einstein’s general theory of relativity (GR) require exotic matter sources violating the
weak energy condition (WEC). Rastall’s theory is a generalization of GR in its matter source considering a nonconserved energy-
momentum (EM) tensor. Hence, on the one hand, the nature of this generalization of the matter source of field equations and, on
the other hand, the possibility of respecting energy conditions for dynamical wormholes in contrast with static ones motivates us to
study the possibility of existence of wormhole configurations respecting energy conditions or minimizing the violations of them in
Rastall’s modified theory. We derive general analytical solutions considering a constant redshift functions and a particular equation
of state for energy density and pressure profiles. We show that because of the modifications in EM source of the field equations,
there exist solutions respecting the WEC in the vicinity of the wormhole’s throat for a specified values of the parameters. Some
particular solutions are discussed in detail.

1 Introduction

Despite the success of Einstein’s general relativity (GR) in explaining many gravitational phenomena, it falls short in explaining
dark matter and dark energy. To address these issues, modifications of GR have been proposed, e.g., scalar-tensor theories [1], f(R)
theories [2], and braneworlds [3]. For a comprehensive review, see [4].

In 1972, Peter Rastall proposed a modification to Einstein’s theory with a nonconserved energy-momentum tensor [5]. In his
theory, the divergence of energy-momentum tensor is proportional to the gradient of the Ricci scalar through a proportionality
constant [5]. Hence, in contrast with the standard conservation law of the energy-momentum, the Bianchi identity still holds. Rastall
gravity yields some interesting results, for instance, the late time accelerating expansion of the universe can be explained [6], and
the de Sitter black hole solutions can be found without explicitly assuming a cosmological constant [7]. The question of equivalence
of Rastall gravity to Einstein’s theory as a redefinition of the EM tensor was raised in [8]. However, it has been shown that the nature
of this theory considering a nonconserved EM source is not just a redefinition of EM, and it gives different results than GR, see
for instances [9—13]. It is shown recently that a Lagrangian formulation for a Rastall-type theory can be provided in the context of
f(R, Zy) and f(R, T) theory [14, 15] where R is the Ricci scalar, .}, is the Lagrangian of matter fields, and T is the trace of the
energy-momentum tensor.

Einstein’s general theory of relativity (GR) admits solutions describing geometrical bridges connecting two distant regions of a
universe or even two different universes. For the first time, it was Wheeler who proposed the term “wormhole” for these geometrical
bridges in order to provide a mechanism for having “charge without charge.” He claimed that the electric charge emerges as a
manifestation of the topology of a space, a sheet with a handle [16]. The interest in these solutions almost declined over the years
until the notion of traversable Lorentzian wormholes was introduced by Morris, Thorne, and Yurtsewer [17, 18]. It was discussed
that these structures could allow humans not only to travel between distant parts of a universe, or even two universes, but also to
construct time machines. In the framework of GR, the flaring-out condition on the throat of wormhole leads to the violation of weak
energy condition (WEC) demanding an exotic matter source in the Earth-based laboratory context. This violation of the energy
condition is conventionally a problematic issue that requires a resolution or at least a minimization [19-22]. Numerous studies have
endeavored to address the nature of exotic matter within various settings [23—26]. One approach is to construct thin-shell wormholes
in the context of GR via a cut-and-paste procedure in which the exotic matter source is minimized by concentrating at the wormhole’s
throat [23, 27-29]. Another approach is to investigate the modified theories of gravity where the presence of curvature higher order
terms in curvature may provide a possibility for constructing wormhole structures by ordinary matter sources [30, 31]. As instances,
see wormhole solutions in Brans—Dicke theory [32-36], Einstein—Gauss—Bonnet theory [37, 38], f (R) gravity [39-42], scalar-tensor

4 e-mail: yheydarzade @bilkent.edu.tr (corresponding author)

b e-mail: maryamrnjbr96 @ gmail.com

Published online: 10 August 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjp/s13360-023-04323-4&domain=pdf
mailto:yheydarzade@bilkent.edu.tr
mailto:maryamrnjbr96@gmail.com

703 Page 2 of 16 Eur. Phys. J. Plus (2023) 138:703

gravity [43], and higher dimensional theories [44—48]. Moreover, in contrast with static wormholes in GR, it has been noted that
for evolving wormholes, there is this possibility of satisfaction of energy conditions for a finite interval of time [49, 50], see also
pioneer works [22, 51-61].

Akin to the other modified theories, Rastall theory also has numerous successful applications in cosmology and astrophysics,
and this drives a motivation for investigating it versus the conditions for the existence of wormholes structures. Nevertheless, our
main motivation for the present study relies on very distinct feature of this theory that distinguishes it from other modified theories:
its modification in the matter source of the Einstein field equations only and leaving the geometric part unaltered. As a result, this
provides very unique possibilities in the context of this theory as (i) the field equations remain rather simple to be handled, and (ii)
the main concern in constructing wormholes, the need for exotic matter fields, can be traced easily by the nonminimal coupling of the
EM tensor and geometry, and their interplay through a constant coupling parameter. We will see the footprint of this coupling in the
solutions derived. On the other hand, the possibility of respecting ECs for finite time intervals in dynamical configurations, in contrast
with static cases, in GR, stimulates another motivation to investigate how these dynamical configurations behave in Rastall theory.
Therefore, the objective of our study is to discover viable dynamical wormhole solutions within the framework of Rastall theory
and demonstrate how the nonminimal coupling nature of this theory influences the shape and evolution of these solutions. Here, it
is necessary to mention that static wormhole solutions have been studied in the context of Rastall theory showing that the WEC can
be met for some particular solutions, see for instance [62—66]. In [67], it is shown that Rastall theory is capable of modifying the
energy condition requirements of the matter source to satisfy the strong energy condition at the throat. This modification demands
that either the Rastall coupling « or A has to be negative. It is concluded that Rastall gravity has the potential to alleviate some issues
encountered by static wormholes within the framework of Einstein gravity. Since the dynamical wormholes in the context of Rastall
theory have not been studied yet, it seems worthwhile to put one step further to explore the theory for the possible generalizations
of the static solutions to dynamical cases.

The organization of the paper is as follows. In Sect. 2, we derive the general analytical solutions of the field equations for a
wormhole geometry. In Sect. 3, we analyze some particular solutions versus the flaring-out condition and WEC, and show that under
some constraints, these conditions are respected in the context of Rastall gravity. Section 4 is devoted to our concluding remarks.

2 Evolving wormholes in Rastall theory

The validity of the energy-momentum conservation law in the four dimensional spacetime was questioned by Rastall [5]. He
considered the following hypothesis

T, = MR, (1)

where TV is the energy-momentum tensor of matter source, A is the Rastall constant parameter, and R is the Ricci scalar. Hence,
the Einstein field equations get modified as

G+ K)“g/wm =Ty, 2)

where « is the gravitational coupling. In the present work, we are interested in dynamical wormhole solutions of these field
equations. For the static wormhole solutions in Rastall theory, see [62—-67]. Hence, we consider a time-dependent generalization of
Morris—Thorne wormhole metric as [17]

B(r)

2
ds> = ~U(r)dr® + R(1)? <1d’ +r2(do” +sin” 6 d¢2>), ®

-
where R(?) is the scale factor of the background universe, U(r) is the redshift function, and B(r) is the wormhole shape function.

The static Morris—Thorne wormbhole is recovered by setting R(¢) = constant. In order to have a wormhole geometry, the following
general constraints on the redshift and shape functions are required [17, 18].

e The wormhole throat connecting two asymptotic regions is located at the minimum radial coordinate ro = B(ro).

e The shape function B(r) must satisfy the so-called flaring-out condition B(r) — r B'(r) > 0 at the vicinity of the throat which
reduces to B/(ro) < 1 at the throat.

e In order to keep the signature of the metric for r > rp, the shape function holds the condition 1 — @ > 0.

e For asymptotically flat wormholes, the metric functions should satisfy the conditions U(r) — 1, B(r)/r — 0 as r — oo. In this
case, the metric (3) tends to the flat Friedmann—Robertson—Walker metric in the asymptotic region.

e The redshift function U(r) must be finite and nonzero throughout the spacetime in order to ensure the absence of horizons and
singularities.

We use a similar methodology as in [68] for evolving Lorentzian wormholes in GR. We will see that how Rastall’s parameter
appears in the solutions for the scale factor and shape function to modify the similar solutions in [68]. Considering the metric (3)
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with the constant redshift function U(r) = 1, and the energy-momentum tensor T} = diag(—p(t, ), P.(t, r), Pi(t, r), Pi(t, 1)),
field Eq. (2) yields

oy = (312 B'(r) AR 4
p(t.r) =3+ 2 ), @)
Py = (—3m? o - BD L om 5
(t,7) 7(— <2 — e ) )

_1 P : () B(r)
Put,r) _K<—3H ~2H — et RGP +wﬁ), 6)

where H = R(t)/R(t), and the Ricci scalar reads as

2B'(r) y
= 12H H.
R 2R + +6 @)

For integrating the present system of three nonlinear partial differential Eqs. (4), (5), and (6) with five unknowns R(t), B(r), p(t,
r), P.(t, r) and Pi(z, r), one can consider a physically motivated constraint; more specifically an equation of state for the sets of
unknowns (p(t, r), P-(t, r)) and (p(¢, r), Pi(¢, r)) or even for (P.(¢, r), P;(¢, r)) as in [68]. Another possibility is to consider
traceless constraint on EM tensor as in [69]. Here, in order to keep the equation of state as much as possible general which can
reduce to some known specific equations of state, we consider a general EoS including our three unknowns (p(¢, r), P.(t, r), Pi(t,
r)asin [70, 71]

1 fzy (Po(t.r) + 2y P(t.7)). ®)

pt,r)=

where w and y are the equation of state parameters. This equation of state depending on two parameters w and y can reduce to the
following special cases: (i) the barotropic EoS as p(t, r) = wP(¢t, r) when P.(t, r) = Pi(t, r) = P(t, r), Yy, which reduces to
cosmological constant for o = —1, (ii) the traceless EM’s EoS as —p(¢, ) + P.(¢t, r) +2P;(t,r) =0whenw =3, y =1, and
(iii) the dimension (n) dependent EoS p(t, r) = a(P-(t, r)+ (n —2)Pi(¢, r)) [72] in n = 4 when y = 1. Later, we will see that
how the Rastall’s coupling B and the wormhole conditions together put constraints on each of these two parameters w and y in (8).

Combining the set of Eqs. (4, 5, and 6) with the EoS (8), we obtain the following single nonlinear partial differential equation in
our unknown functions B(r) and R(¢)

(1+yQ+o)rB'(r) —wly —DB(r) R’ (1+2y)(8wH +12H (0 + 1))
Kk(1+2y)r3 B (4+8y)
+AR(1 + ) R(1). ©)

This equation can be integrated for B(r) and R(¢) by separating it into the radial and temporal parts as follows:
(1+yQ+w)rB'(r) —o(y — DBr) 2B(1+w)B (r)
(1+2y)r3 r2
R(*(1+2y)(8wH + 12H*(w + 1))
4+8y)

= B(1 +w)R(1)>’(12H* + 6H) — , (10
where § = k. This equation can be considered as the master equation to be solved for our unknowns, and it is similar to the
master equation in [68]. In [68], the master equation was derived by combining the field equations considering the relation p,(z,
r) = ap:(r, t) where in general « = «(r). However, one notes to the modification here by the Rastall’s parameter 8 and the
difference in the coefficients due to the different equations of state used. The radial and temporal parts of Eq. (10) give the following
ordinary differential equations (ODEs) for the shape function and scale factor, respectively

(1+yQ2+w)rB (r) — w(y — 1)B(r) 2801 +w)B (r) c an
(1+2y)r3 r2 -

and
R [(6B(w+1) —20)H + (12B(w+ 1) — 3(w + 1) H*] = C. (12)
Let the constants a = 68(w + 1) — 2w and d = 128(w + 1) — 3(1 + w), then Eq. (12) can be rewritten as follows:

R(t)*[aH +dH?*] = C, 13)
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or equivalently
aR(R(t) +bR(1)? = C, (14)

where the constant b = d — a = a + w — 3. Here, one notes that the dynamics of the scale factor depends on the Rastall’s coupling
parameter 8 and EoS parameter w while is independent of the parameter y .

In the following subsections, we obtain general exact solutions to Eqgs. (11) and (14) for two cases C = 0 and C # 0. Some
particular sub-classes of the obtained general solutions will be investigated versus the flaring-out and weak energy conditions in the
next section.

2.1 Solutions for C =0
2.1.1 Solution for the shape function

Integrating Eq. (11) for C = 0, the shape function can be obtained as follows:

d—y)w
ro ) 2By +D{w+ Dty (@+2)

B(r) = ro( , (1)

Here, one observes that how the Rastall’s coupling parameter 8 modifies the wormhole’s shape function in comparison with the case
of GR when B = 0. The resulting geometry can be asymptotically flat or nonflat depending on the set of parameters w, y and B.
The flaring-out condition at the throat reads as follows:

-1
B'(ro) = v = Do <1 (16)
1-28Qy + D(w+ 1) +y(w+2)
Moreover, in order to satisfy the asymptotically flatness @ — 0 asr — oo, the following condition should be fulfilled
1 —
1< 1=y <1 (17)
1-28Qy + D(w+ 1) +y(@+2)
2.1.2 Solution for the scale factor
One can integrate Eq. (14) for C = 0 to find the general solution
1 a
R(t) = (Rot+ R)™/ = (Rot + R1)4, (18)
where Rg and R; are integration constants. One observes that this solution does not contain the big bang singularity if ¢ —Ilg—(‘).

Here, one notes that the solution (18) is a generic dynamic wormhole solution that is similar to the solution obtained in [68] in
GR. Hence, the general form of the solution for the scale factor is independent of the Rastall gravity due to the similarity in the
governing ODE on R(¢) in (14). However, the solutions may differ depending on the assumed parameter constraints for the purpose
of the solution in the underlying theory. Here, Rastall’s coupling B arises in the power § and can be considered as a factor for
distinguishing the solution from those in GR in the limit 8 — 0. Later, we will discuss the values of 8 parameter and its effect on
the satisfaction of wormhole conditions. The following particular subclasses of (15) and (18) can be of interest.

ea=d
For this case, the scale factor, shape function, and w are given by
68 -3 1
R(t) = Ryt + Ry, = s -,
(1) =Ro Ay B#

3 (19)

B(r) = .
"o

One can verify that this solution to (10) fails to satisfy the flaring-out condition for evolving wormhole solutions. Hence, we do
not analyze this solution versus the WEC.

e a=2d
In this case, we have

R(t) = (Rot + R)?, @

33B-D(r—1) (20)

ro\ BGy+H—y—2
B(r) = r0<—0>ﬁ(5w) =
r

where y should satisfy the wormhole conditions.
e a— %d
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In this case, we find

R(®)= (Rot + R)?, =3,
ro 8/5(23(31)7—]5—1
B(r) = ro(—> .
r

Here, the B8 parameter remains arbitrary, and y should satisfy the wormhole conditions. Here to make clear how the Rastall gravity,
and not only the choice of the stress-tensor, is important in influencing the solutions (20) and (21), one may consider the following
two possibilities: () fix the parameter y and w by assuming known specific stress energy tensors at this step, so that solutions
now clearly depend on the Rastall factor, and (ii) consider the theoretically and observationally verified values or ranges on Rastall
parameter 8, and then obtain corresponding allowable w and y values satisfying the wormhole conditions that can include parameter
ranges for both the normal and exotic matters. The latter possibility implies how the coupling parameter 8 confines or affects the
matter sources needed for such configurations. Up to this point, one observes the constraint on w parameter. In Sect. 3, in order to
investigate the obtained viable solutions versus the ECs, regarding the theoretical and observational constraints on § parameter [5,
73-76], we will consider two admissible ranges 0 < 8 < é and B < 0, and we will analyze the above latter possibility in detail.
Specifically, we show that the satisfaction of wormhole conditions is possible for two observationally obtained values of 8 = 0.163
[75] and B = 0.041 [74]. As an instance, for the particular solution of a = 1d, consideration the EoS parameters w = 3, y = 0.35
with 8 = 0.041 provides the possibility of satisfaction of all wormhole conditions that are illustrated in Fig. 4. This is an interesting
case in the sense that substituting these EoS parameters in (8) and defining an effective pressure P.(t, r) = P.(¢, r) + (0.7) P(¢,
r), we have an effective equation of state P,(t, r) = %p(r, r) which denotes a matter source respecting ECs. This indeed is an
example of the first possibility mentioned above as well.

2D

2.2 Solutions for C # 0
2.2.1 Solution for the shape function

The shape function B(r) can be obtained by integrating (11) as
C

3 (y—Dow
— ro + C] 7 1-2BQy+D(o+ Dty (w+2) s (22)
6B(w+1)—w—3

B(r) =

where C and C are separation and integration constants, respectively. Like (18), the solution (22) is a generic wormhole shape
function and is similar to the solution in [68]. The difference being is upto some parameter choices. However, one observes that,
as we will see later in analyzing solutions versus WEC, the difference in the underlying theories, i.e., here the being of Rastall
parameter 8, can play a crucial role in satisfying wormhole conditions even by ordinary matter sources. This indeed implies how
such a modification in EM source, akin to the higher order curvature terms in other modified theories, is capable of solving the
issue of the need for exotic matter in GR. To be specific, the presence of 8 puts constraints on the required matter sources, i.e., on
w and y, see the classification given in Table 1. In other words, as discussed in [67] for static cases, considering the field equations
G v = kS, where the effective EM tensor S, includes the Rastall’s modification term 893g,.,, the actual matters make up with
phantom characteristics. Therefore, in Rastall gravity, general wormhole solutions can exist with both normal and phantom matters,
depending on the Rastall coupling parameter.
Using the (initial) condition B(rg) = r¢ at the wormhole’s throat, we can determine integration constant C; as

o 3
Ci = 6B(w+1) —w—3)rg+ Cry ’ (23)

Do

(=
(6,3(60 + 1) —w— 3)r I1-2BQy+D(w+D)+y (w+2)
0

from which we find the flaring-out condition at the throat as
—Cri1+2y)+o(l —y)

B'(rg) = <
—1+28Qy + DN(w+1) —y(w+2)

(24)

Here, one observes that depending on the set of parameters w, y, and 8, the coefficient of the first term in (22), i.e., k = m,
appears as an effective cosmological constant. This means that for C # 0, we have asymptotically (anti) de Sitter-like solutions, and
the asymptotic flatness condition does not hold here. Also, as it is pointed out in [68], the above defined k constant can be interpreted
as a topological number denoting the spatial curvature of the background FRW spacetime taking values £1, O representing a closed,
open, and flat universe, respectively. One can write the B(r) function as

B(r) = —kr’ + B, (r), (25)

where k represents the spatial curvature of the FRW metric, and B,(r) is the shape function of a wormhole inhabiting within this
spacetime. One should note to the difference here in (23) and (24), similar to [77, 78] as instances, and in [68], where the throat
condition B;(rg) = rg is imposed only on the second term B, (r) in the shape function. It is mentioned in [77, 78] that imposing the
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throat condition B(rg) = rop, the spatial extension of the wormhole solution cannot be arbitrarily large. Following [68], the throat
condition B, (rg) = ro together with the flaring-out condition gives
(y — Do

B0 = s, s D+ Dy ~ - (26)

The asymptotic flatness condition reads as follows:

- a-yw <1 27)
1-28QRy + DH(w+ 1) +y(w+2)

2.2.2 Solution for the scale factor

Considering the general case a, b # 0, Eq. (14) can be integrated giving the following first-order nonlinear differential equation

R2(1) = %(1 - ROR_ZATb), (28)

/ — = i\/> / dt, (29)

— RoR™ @

where Ry is an integration constant and hence

for C/b > 0. Here, one can obtain the explicit form of the scale factor R(¢) for some particular cases of parameters a and b. The
following particular cases can be of interest.

e a = —2b This case gives the scale factor R(¢), w and shape function B(r) as follows

R 1  Ro i\/? R ? _3-98 2
(t)—FO—T Ef‘i‘l ’w—%j,ﬂ#g,

3G38-D(y—1) (30)
50) 98 —2)C 5 ro(B—12B)+ (9B —2)Cr) [ r \ “FGreir+
= = + I s
Ty I 128 -3 7o
where R; is an integration constant.
Considering B, (r) as the shape function of the inhabiting wormhole, we have
1 Ro 2 3-98 2
Rt:———(:l: kt+R>, - , g
(0= = (FVk )oe=ogy PPy
368-1y—1) (B

r —BGSy+T)+y+2
B,(r)=ro| — s
ro

where the reality of the solution requires k = 1. Later, we will show that the WEC can be respected in both the above cases for
a = -2b.

ea=-b
In this case, one finds

R = ——sin[+ /SR i) p=1
= sin —_ S = -,
JRo b ! 4
2 2(y—Dow
B(r) = — 2€ 5, ro(2Crg +w =3) (r\ o ’
w—3 w—73 ro

(32)

where R; is an integration constant. We do not analyze this solution versus the wormhole conditions since the contraction of the
field Eq. (2) by the metric gives the Ricci scalar as R = ﬁT which diverges for g = }—1 and T # O [5].

3 Weak energy condition

In order to investigate the obtained viable solutions versus the energy conditions, regarding the theoretical and observational
constraints on 8 parameter [5, 73-76], we will consider two admissible ranges 0 < 8 < % and 8 < 0.
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3.1 WECfor0 < B < &

In this subsection, considering 0 < 8 < %, we obtain the valid ranges of @ and y satisfying both the WEC (p > 0, p+ P > 0, and

p + P; > 0) and flaring-out condition (B/(ro) < 1) simultaneously.

3.1.1 Analysis of solutions for C =0

Here, we analyze the following particular solutions for the scale factor when C = 0.

ea=2d
Inserting the scale factor and the shape function in (20) into the field Egs. (4-6), one obtains

338 — )6 — DR]

PET) = = G@B = (Rot + R1)?
32 @B =1DBB = DO — Dy = 1) rro\ 3553 a3
8 GAB — 1)(BGBY +7) — vy — 2)(Rot + R)* ( r ) ’
(68 — R

pt,r)+ P(t,r) = 21G(4B — 1)(Rot + R1)?

R l6B =Dy =D =4y + 1) (2 )z% a4)
8mGUAB — )(BGBY +T) —y —2)(Rot + R)* \ r ’
B (68 — DR}
P+ BT = 5 G@B — DRot + R1?
_ rg 268 — DBy —4) =2y +5) (3)*% 5)
160GMAB — BBy +7) —y —2)(Rot + RY)* \ r '

In order to avoid the singularities in density and pressure profiles that corresponds to the big bang singularity at R(¢) = O, it
requires ¢ # —%. Combining the constraint on w and g in (20) with 0 < B < é, the flaring-out, flatness, and weak energy
condition can all be satisfied simultaneously if

28— 1 168 — 5 1\/ 148y — 28 — 4y +1

<y < > o> 3 ’
wp—4 " "2 T 2\ RRGEy+7p v D)

R()Rl > 0, (36)

Here, one observes that the satisfaction of all wormhole conditions imposes some interesting constraints. Specifically: (i) The
required matter type (y and w parameters) for a specific solution is constrained by the Rastall’s coupling, and (ii) the wormhole
throat radius rg cannot be arbitrary, and is constrained by the Rastall’s coupling 8 and the matter parameter y . This is similar to the
result in [79] where it is shown that for wormholes in the Einstein-de Sitter universe, the wormhole throat radius not only depends
on the shape function parameters but also on the background cosmological constant. For a specific set of parameters according to
the constraints (36), the behavior of p, p + P, and p + P; as well as B(r)/r are illustrated in Figs. 1 and 2. The positiveness of p,
p + P, and p + P; represents the satisfaction of the WEC in Rastall’s theory. Figure 1 shows that for § = 0.163 with variety of
y values in the range given by (36), the WEC remains respected for a variety of wormholes with radius ry satisfying (36). Here,
one notes that the throat radius rg is fixed for a fixed value of 8 and y, and is defined as the point where B(r) is minimum. In
case of a dynamic wormhole, the throat area is subject to change in time due to changing R(¢). In Fig. 2, the first plot represents
the asymptotic flatness of B(r)/r function, and the other plots represent the satisfaction of WEC for a specific wormhole with the
characteristic parameters ro = 0.1, 8 = 0.163, y = 0.4.

1
e a— id
Inserting the scale factor and shape function in (21) into the field Egs. (4-6), we find
3R2(68 — 1)
plt,r) = 0 5
327 GA4B — 1)(Rot + Ry)
3y 268 — DB — D(y — 1) (@>W3 a7
8rGMAB — 1H)BBRYy +1) =5y — )(Rot + Ry) \ r ’
(68 — DR}
t,r)+ P.(t,r) =
PN+ B = B~ DG(Rot + K1 2
~ rg (68 — D(BBy +4) —y —2) (2 )ﬁ((iﬂs 38)
ArGUEB — DBBRy +1) =5y — 1) (Rot + Ry) \ r ’
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Fig. 1 This figure represents the behavior of p, p + Py, and p + Py, respectively, for various wormholes characterized by the throat radius r( and y parameter
given in (36). Here, we considered the set of constants Rg =2, Ry =3, § =0.163, t =1 and G = 6.67 x 1011

1.00
0.99
0.98
0.97
0.96
0.95

Fig. 2 This figure indicates the behavior of @ , P, p+ Pr,and p + P; versus the radial coordinate r and time coordinate t, respectively. Here, we considered
the set of constants Ry =2, Ry =3, ro =0.1, 8 =0.163, y = 0.4 and G = 6.67 x 10711

e (68 — DR
p(t,r)+ Pi(t,r) = 167 G@B — D(Rot + R1)2
06— DAy )ty D oy (39)
167G — 1)(8B2y +1) =5y — D(Rot + R1) \ r '

In this case, satisfaction of flaring-out condition, flatness condition, and WEC at throat requires

2By R1—2BR —y R1+R)
> _
o= 2\/ RZ(16By+8—5y—1)

—8ByR1—4BR1+4y R1—R;
r°>\/ RZ(16By+8p—5y—1) ° @)

1 _ 1. [_6yRi—3R;
Y =3 ﬁ—ga ro > 6yR(2) s

—4p—1 2—-4p 1 1. —8ByR1—4BRi+4yR1—R;
Spa <V <1 §<P<@ 1 >\/ RA(16By+86—5y—1)

Ro,R;1 <O:

—4p—1. 1. 8By R1+4BR1—y R1 2R,
0<p<giro> ﬁ\/ R2(16By+8B—5y—1)

Ro,R1 > 0: 1 _ 1. R (41)
Y>3 B=3 ro > VRS

—48—1 2-48 1 1. 8By Ri+4BR1—y R1—2R)
< el A W 2 .
-4 <Y <g=1 5 <P <3 o > ﬁ\/ R2(16By+8p—5y—1)

Similar arguments given for the previous solution, and its figures can be also made here. Figure 3 shows that for a specific
B = 0.041, the WEC will be satisfied for variety of wormholes with rg and y meeting the constraints in (40). Figure 4 shows the
asymptotic behavior of B(r), as well as p, p + P, and p + P; satisfying the WECs for a specific set of parameters according to

the constraints (40) in the entire spacetime.
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Fig. 3 This figure represents the behavior of p, p + Py, and p + P, respectively, for various wormholes characterized by the throat radius ro and y parameter
given in (40). Here, we considered the set of constants Rg = —2, Ry = =3, 8 =0.041, t =1 and G = 6.67 x 10~ 1!

.
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0.6 Y
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0.4 1x107 ¢
0.3
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0.1 0’.’~§~
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B(r)

Fig. 4 This figure represents the behavior of ==, p, o+ Py, and p + Py, respectively, for various wormholes characterized by throat radius r and y parameter
given in (40). Here, we considered the set of constants Ry = —2, Ry = -3, ro =2, f =0.041, o =3, y =0.35 and G = 6.67 x 10— 11

3.1.2 Analysis of solutions for C # 0

Here, we analyze the following two particular cases.
ea=—-2b
Substituting the scale factor and shape function in (30) into the field Eqgs. (4-6), we find
3CR}BB — 1)(6B — DB —2)
2 G(4f — 1)(—485 +R? (2J§(4,3 — DRt/ G2 + 2 - 9p)Cr2 +3(4p — 1)Rf) + 12)

pt,r) =

, 42)

162R326 — (3 — 1068 — Dy — D(COB —2)+ 157G — 128)) (m)%%

r

2 2
7G(1 —4B)2(BGy +7) — y — 2)<R§ (ﬁt C_90C 4 3R1> - 36)

CR3(68 — )98 —2)
2GS — 1)(48ﬂ +R? (2ﬁ(1 —4p)Ri1,| GO + (95 — 2)Cr2 + (3 — 12,3)Rf) - 12)

6R§(6ﬂ - D2B(Ty —1)—4y + 1)<C(9ﬁ -2)+ r0_2(3 — 12;3))

p(t’r)+Pr(t’r)=

+ 2
GBSy +T) -y — 2)(—48;3 + R} (2«/5(4,3 — DRt/ EHC + (2 - 9p)Cr2 +3(4f — 1)R12) + 12)
(r_o )3*73%;3(%3’ 43)

.

CR2(68 — )9 —2)
2rGEp — 1)(48ﬂ +R2 (2ﬁ(1 —4p)Rit [ ZHC + (9p —2)Cr2+ (3 - 125)R12) - 12)
3R2(68 — APy —4) — 2y + 5)(C(9/3 —2) 41523 - 12,3)))
2
7GBGy +T)—y — 2)(—48,3 +R? (2\@(4,3 — DRt JC2BE + 2 —9p)C12 +3(4p — 1)Rf) + 12)

3 36p=Dy=1)

(r_0> —BGy+)+y+2 ) (44)
r

pt,r)+ Pit,r) =

+
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Fig. 5 This figure represents the behavior of p, p + Py, and p + Py, respectively, for various wormholes characterized by the throat radius ro and y parameter
given in (45). Here, we considered the set of constants Ry =5, Rgp =2, C = -3, =0.041, r =1 and G = 6.67 x 10~11

0.2

-0.2

Fig. 6 This figure indicates the behavior of B ﬁr) , P, p+ Pr,and p + P; regarding r and t from left to right, respectively, for 0.3 <r < 10and 0 < ¢ < 5.

The arbitrary constants are taken as follows:Ry =2, § =0.041, C =-3, Ry =5, rp =03, y =0.2 and G = 6.67 x 10~

Since 0 < B < % and w = g;—g’;, the WEC and flaring-out condition will be satisfied under the fallowing conditions

=2 2. _1 281 148y —2p—4y+1
Ro= . or Ro> s —3 <V = a2 10 > \/ ©p—y+IC *

C<0: (45)
=2 _ R < _1l_, < 208—7BR3RI+2RIR?—4 s [TABy=2p—dy+1
O=TRT ~ 2=V = Ti6psspRIRI_RIRI+20° 0=y OB-D@y+IC -

Similar arguments given for the previous solutions and their figures can be also made here. Figure 5 shows that for a specific
B = 0.041, the WEC will be satisfied for variety of wormholes with ry and y meeting the constraints in (45). Figure 6 shows the
behavior of B(r)/r as well as p, p + P, and p + P; satisfying the WEC for a specific set of parameters according to the constraints
in (45). As it is seen from the first plot, in this case, we have a finite wormhole configuration which cannot be arbitrarily large.

ea=-2b, k=1
Considering the shape function and scale factor as (31) leaves the field Egs. (4-6) as
3(68 — DR3((3B — DR3(Ry £1)> — 4p)
C 2r@p— DG(RA(Ry +1)? —4)°
6(68 — (B6B — 5)+ D(y — DR3ry” (@)37% “6)
(Gn(4,8 — D(BGY +7) =y — (RA(Ry £ 1)2 — 4)2) r

p(t,r) =

(68 — DRG(RG(Ry % 1)* +4)
2w GA4B — 1)(RA(Ry £ 1)? —4)°

p(t,r)+ P.(t,r) =

- 2RZ268 — D2B(Ty — 1) — 4y +1) (@)3—% “n
TGAB — D(BGy +T) —y — 2)(R3(Ry 12 —4)> \ 7 ’
_ 2(p2 2
o(t.F) + Prle,r) = (68 — DRG(RE(R £1)* +4) i
2nG@ApP — 1)(RI(R £1)2 —4)
_ ro “RG(68 — DUAB(y —4) — 2y +5) (2 )37% 48)
(7G@B ~ DGBGEy +7) — y = 2(RAR =02 = 4)7) 17
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Fig. 7 This figure represents the behavior of p, p + Py, and p + P, respectively, for various wormholes characterized by the throat radius ro and y parameter
given in (49). Here, we considered the set of constants Ry =5, Rgp =2, § =0.041, t =1 and G = 6.67 x 10~ 1!
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0.85

r

H 5 10 15 20

Fig. 8 This figure indicates the behavior of 5 "r(r ) , p, p+ Pr,and p + P; regarding r and t from left to right, respectively, for 0.3 <r <20and0 < < 5.

The arbitrary constants are taken as follows:Rg = 2, = 0.041, R{ =5, rg =0.3, y =0.3 and G = 6.67 x 10711

Considering 0 < 8 < é and w = g;—fg, the WE, flaring-out, and asymptotically flantess conditions will be satisfied simultane-

ously if

+2  28-1 168 — 5 ) 148y — 28 — 4y +1

Ry #0, Ro # —— TN Gy +78 -y — D(RIRE+4) “

R’ 14p—4 7V T ag—2°

Figure 7 shows that the WEC will be satisfied for variety of wormholes with rg and y meeting the constraints in (49). Figure 8 shows
the asymptotic behavior of B, (r)/r as well as p, p + P, and p + P, respecting WEC in entire spacetime.

3.2 WECfor B <0

Some observational tests of Rastall theory indicates negative values of 8 , see as an instance [73]. Hence, in this subsection, we
address the WEC and flaring-out condition for 8 < 0.

3.2.1 Analysis of solutions for C =0

e a=2d
In order to satisfy the WEC, flaring-out condition, and flatness condition in this case, using Eq. (20) with 8 < 0, the following
constraints should be satisfied.

26— 1 168 —5 1 [ 14y —28—4y +1
— <y <—, rp> — . (50)
148 — 4 48 —2

ROR1 > 0,
2\ R3RI(5By +7B — v —2)

The constraints here are the same as the obtained ones for 0 < 8 < % in (36).

e a= %d
Using (21), since w = 3 and B < 0, the following restrictions on y parameter provide respecting the WE, flaring-out, and flatness
conditions

248 2By Ri—2BR1—y Ri+R)
£ 7P > —
Y <gp-1» 0= 2\/ RZ(16By+86—5y—1) °

Ry, Ry <0 (51)

—4B—1 —8ByR1—4BR1+4y R1—R,
Y= gz 10> \/ R2(16By+8p—5y—1)
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2-4p . . 88y Ri+4BR) —y Ry —2R
Yy <gpmr oty =0 B<—5 o> ﬁ\/ R3(16ﬁy+;€ﬂ75VI*l) E
Ro.R; > 0: 1 _ap1 1 _2ByR1-2BRi—yRi+R, (52)
sz <V <0, B<-3 ro =2 R}(168y+88—5y—1) °

R3(16By+86—5y—1)

y< it oy > R -l 2p <0 na V3 P

3.2.2 For solution of C # 0

ea=-2b
Considering Eq. 30, the WEC and flaring-out condition will be met if

25 25 1 261 148y —2B—dy+1
o. | RO=Trr ot Ro> g —2 <Y = qap 70 >/ ©p=ay+hC 3
C=<01y s < Ry < 25 _ 1 _ o, o 20B—TBRGRI2RGRI—4 _ [T4By—2p—dy+] (33)
IR1] 0= TRiI 2 =V = TepesprIRI-R K20 0 ©B-2)2y+1)C -
ea=-2b k=1
3-98

Considering (31), with 8 <0 and w = 9p=2 the WE, flaring-out, and flatness conditions will be respected if

£ 2%-1 _ 168-5 W4fy 20— 4y 41
Ry #0, Ro # g 2\/(5ﬂy +78 —y — 2)(R3R} +4)

, , 54
R 14g—4 VT ag 2 (54

4 Conclusion

In this paper, analytical evolving wormhole solutions with a constant redshift function are investigated in the context of Rastall’s
modified theory. A general class of solutions, including the asymptotically flat and (anti)de Sitter solutions, is derived by assuming
a particular equation of state for the energy density and pressure profiles. Regarding the theoretical and observational constraints
on Rastall’s coupling 8, two admissible ranges 0 < 8 < % and B < 0 are considered in order to study the solutions versus the
required conditions for traversable wormholes. It is shown that simultaneous satisfaction of all these conditions is achievable under
the obtained constraints on the parameters of the solutions. Also, it is shown that the size of the wormhole throat is constrained
and depends on both the Rastall’s coupling B and the equation of state parameters of the matter source. A list of three particular
solutions with their constraints providing the satisfaction of all wormhole conditions is given in Table 1.

Data Availability Statement No data associated in the manuscript.
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