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Abstract

Let By, (n, r) denote the set of unlabeled bipartite graphs whose edges connect a set of n vertices with a set of r vertices.
In this paper, we provide exact formulas for | B, (2, r)| and | B, (3, r)| using Polya’s Counting Theorem. Extending these results
to n > 4 involves solving a set of complex recurrences and remains open. In particular, the number of recurrences that must
be solved to compute |By(n, r)| is given by the number of partitions of » that is known to increase exponentially with n by
Ramanujan—Hardy—Rademacher’s asymptotic formula.
© 2017 Kalasalingam University. Publishing Services by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

This paper focuses on the number of unlabeled bipartite graphs. While a few results have been reported on counting
series of unlabeled bipartite graphs [1—4], no closed-form expression is known for the exact number of such graphs
in the literature. It was established in [5] that this problem is equivalent to the enumeration of binary matrices that
remain distinct under row and column permutations. The problem is formally stated as follows. Let (/, O, E) denote
a graph with two disjoint sets of vertices, I and a set of vertices, O, where each edge in E connects a vertex in / with
avertex in O. We let n = |I|, r = |O|, and refer to such a graph as an (n, r)-bipartite graph. Let G, = (I, O, E))
and G, = (I, O, E,) be two (n, r)-bipartite graphs, and @ : I — I and 8 : O — O be both bijections. The bijection
pair («, B) is an isomorphism between G| and G, provided that («(vy), B(v2)) € E, if and only if (vi, v2) € Ej,
Yv; € I,Yv, € O. The set of 2™ (n, r)-bipartite graphs is partitioned into equivalence classes under such bijection
pairs. Let B, (n, r) denote any set of (n, r)-bipartite graphs, formed by including exactly one such graph from each of
the equivalence classes. Determining | B, (n, r)| amounts to an enumeration of non-isomorphic (#, r)-bipartite graphs
that will henceforth be referred to as unlabeled (n, r)-bipartite graphs. In [5], Harrison used Pdlya’s counting theorem
to obtain an expression for the number of distinct # x r binary matrices. He further established that this expression also
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enumerates the number of unlabeled (n, r)-bipartite graphs. However, Harrison’s expression involves a nested sum
whose argument includes factorial, exponentiation and greatest common divisor operations, and it cannot be simplified
into a closed-form expression even when 7 is fixed to small numbers such as 2 and 3. Clearly, |B,(1,7)| = r + 1.
Deriving closed-form formulas for n = 2 and n = 3 is the focus of the present work.

2. A closed-form formula for | B, (2, r)|

We use Polya’s counting theorem (See [6]), in particular Harrison’s cycle index formulation in [5] to compute
|B,(2, 7)]. Let S, denote the symmetric group of permutations of degree n acting on set N = {1, 2, ..., n}. Suppose
that the n! permutations in S, are indexed by 1,2,...,n! in some arbitrary, but fixed manner. The cycle index
polynomial of S, is defined as follows ([7],see p.35, Eqn. 2.2.1):

n!l n

zsn(xl,xz,...,xn)——Z]"[ o )

'm 1 k=1

where p,, « denotes the number of cycles of length k in the disjoint cycle representation of the m™ permutation in S,,,
and Y ;_ kpui =n,Ym=1,2,...,n!

Let S, x S, denote the direct product of symmetric groups S, and S, acting on N = {1,2,...,n} and R =
{1,2,...,r}, respectively, where n and r are positive integers such that n < r. It can be inferred from Harrison ([8],
Lemma 4.1 and Theorem 4.2) that the cycle index polynomial of S, x S, is given by

Zs, x5, (X1, X2, ooy Xpp) = Zs, (X1, X2, ..., Xp) K Zg, (X1, X2, ..., X)), )

where X is a particular polynomial multiplication that distributes over ordinary addition, and in which the

multiplication X,, © X; of two product terms, X, = x;""'x;"*---x,™" and X, = x| 1xgrz -x/"" in Zg, and

Zs,, respectively, is defined as'
X X = ‘ d Pm k41, j ged(k, j) 3
m @ t= HH’“Iem(k,n : €)]
k=1 j=1
Harrison further proved that [5]
|Bu(n,r)| = ZSnXS,-(zv 21 72) (4)
\—\(—/

nr

wher’ n #r.
We need one more fact that can be found in Harary ([7], p. 36) in order to compute | B, (2, r)|:

1 r
Zs (X1,X2, 0 onn.. LX) = _inZS,_,-(xl»XZv ...... , Xr_i) 5
e

where Z5,() = 1.
We now calculate | B, (2, r)| as follows?

|BM (27 r)| = ZSZXS;«(27 27 MR 2)9 (6)
= Zsz(xl,xz) X Zs, (x1, x2, .. ~7xr)] 2,2,...,2), (N
= [( X +X2)> ‘XZS,-(xl,XZ,-«~,xr):| 2,2,...,2), 3
1
=3 [x] B Zs, (x1, 20, oo x) + 00 B Zg, (22,0, )] (2,2, .00, 2), 9)

' The lem(a, b) and gcd(a, b) denote least common multiple and greatest common divisor of a and b.

2 Asnoted in [5], n = r case involves a different cycle index polynomial and will be omitted here as well.

3 Note that the zero powers of x1, x2, are not shown in the cycle index polynomial Zg,. We will use the same convention for all other cycle
index polynomials throughout the paper.
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r! r r! r
1 1 . 1 i
=AML YT ez o+ [nrS Y[ |e2...2. } (10)
r t=1 j=1 r t=1 j=1
r! r r! r
1(r1 . 1 "
- A A0 ez o+ [ X" ]e2 ...,2)}, (11)
T =1 j=1 T =1 j=1
roor rloor
1fr! 2y, ged(1.j) 1 41,7 ged(2. /)
=1 j=1 =1 j=1
r! r r! r
1(r1 2 ; 1 . £ed(2, )
=3 [ﬁznqu,_/](z, 2,...,2)+ [ﬁznxl‘i&‘;’ﬁ J ](2, 2,...,2)}, (13)
Tr=1 j=I1 Tr=1 j=I1
roor rloor
_1 [l' anzq,,j] i [l' S [T2 gcd(lj)]}, (14)
2|tr! =1 j=1 - j=1
rloor r!
1(r1 1
= [F XTI |+ [ X T2 T (22)%-1']}, (15)
r t=1 j=1 - t=1 odd j even j
1
=i[zs@. 2 )]+ |z 222 )]} (16)

Thus, we have reduced the computation of | B,(2, r)| to computing the two terms in (16). These computations are
carried out in the next two lemmas.

Lemma 1. Zs,(22,2%,...,2%) = ("F).

r

Proof. Using (5), we have

rZs, (22,20, ..., 0 =) 2°Zs, (2%,2%,...,2%), (17)
i=1
r—1
r—1Zs_,(2%,2°,....2) =) 2°Zs | (2,22, ..., 2. (18)

i=1

Subtracting the second equation from the first one and simplifying it gives

rZs, (22,22, ...,20) — (r — DZs,_(2%,2%,...,2) =4Z5,_ (2%,2%,...,2%), (19)
Zs (22,2%,...,20) = (r Jrr 3)Zgr_1(22, 22,...,2%). (20)
Expanding the last equation recursively, we obtain
Zs (222220 = (& Jr“ 3)(: J_r f)zsﬁ(zz, 2,22, @1
= Sz, 22)
Noting that Zg,() = 1 proves the statement, i.e.,
Zs (22,2%,...,2%) = <r Jrr 3). O
Lemma 2.
Z5(2,22,2,2%, .. ) = 2748 AT+ 23)

8
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Proof. By (5),

r=pi r—p2
rZs(2.2%,..) =Y 275 (2,2%,.. )+ Y 2°Zs (2,2%,..)), (24)
odd i even i
where 81 = 1, B, = 0ifrisevenand B; = 0, B, = 1 if r is odd. Similarly, for r — 2,
r—2—p; r—2—p;
(r—2Zs ,2. 2% ..0= Y 2Zs, 2.2 .0+ Y 2°Zs, (2.2%..) (25)
odd i even i

Subtracting the second equation from the first one and rearranging the terms give
rZs,(2,2%,..)=2Zs, (2,25, .. )+ (r +2)Zs, ,(2,2%,..)). (26)
We now use induction and this recurrence to prove that (23) holds.

Basis » = 0. Substituting » = 0 in (23) gives 1 as it should since Zs,() = 1.
r = 1. Substituting » = 1 in (23) gives

21 + 8 +7+ (=)'
g =

and this agrees with (5), i.e., Zs, (2) = 1 (2Z5,0) = 2.

Induction Step: Suppose that (23) holds for » — 2 and r — 1. Then by (26), we have

rZs,(2,2%,..) =2Zs, (2,2%, .. )+ (r +2)Zs, ,(2,2%,..0),

Z5,(2) = 2, 27)

_1\2 _ _1y-—1 _9\2 _ _1\y—2

:22(r )"+ 3(r 81)~I—7+( 1) +(r+2)2(r 2)" +8(r 82)~|-7+( 1) 7 28)
2 1V

:r2r +8r—;7+( 1) 7 (29)

that agrees with (23). O

Finally, by combining Lemmas 1 and 2, we have

Theorem 1.
2r3 4+ 15r2 4+ 34r + 225+ 1.5(=1)"
B,@.r)| = LA A2+ D (30)
24
3. A closed-form formula for | B, (3, r)|
We proceed as in the computation of | B, (2, r)|.
|Bu 3, 1) = Zsyus,(2,2,...... .2), (€2))
= [Zsy(x1, %2, x3) K Zs, (x1, X2, .. . ... L)) 2,2,...,2), (32)
1
- [(8 (x] + 3x1x2 + 2x3)) X Zs, (X1, X2, .. .... ,x,)} 2,2,...,2), (33)
1
= 6[xfxzs,(xl,xz, ...... )] (2.2, ...+
1
; [3x1x2 B Zg, (x1, %2, ... 0] 2,2, +
1
¢ [2x3 X Zg, (x1, x2, ... . .. cx)](2,2,...,2), (34)

—_

r! r r! r
c [xf X%an?’j](l 2.2+ [3x1x2®’%znxf"j](2, 2.2+

T =1 j=1 Cr=1 j=1
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[23@&%2“9(?”](2, 2,...,2)}, (35)

=1 j=I

r! r r! r
- é{[%fo@Hx?”](Z, 2,0+ [%lexz@]_[xj”](z, 2,0+
T =1 =1 T =1 j=1
r! r
[% ZX3@HxZ"-’](2, 2.. ..,2)}, (36)
T =1 j=1

! r r! r
L1l ¢ 341, god(l, ) 3 gr.; 2d(1.))_qp ged(2.))
_ 5] ’ t,j 8edUL,J) gy, j ged(2, ]
= g{[; h3Y ] Bt ](2’ 2.2 [ﬁ T 1w xiame) ](2’ 2.+
Cr=1 j=1 Tr=l1 j=1

rlr
[; D B B ](2, 2,...,2)}, &
T =1 j=1

rlor rlor
1(r1 34, 3 1 dr,j €ed(2. )
- 8{[ﬁznqu’f](z,2,...,2)+[EZij’fxﬁc;,{(iD M. o+

=1 j=1 =1 j=1

rlr
2 1. 2ed3.)
ED )| Eivid) GNP} @

Tr=1 j=1

rlr rlr rlor
- l{ [l ST 23qt,_,~] + [3 3 []2e2e gcd(z,j)] + [E > ]2 gcd(3,j)] } (39)
6(trti3 j=1 I j=1 o j=1
rloor r!
1(r1 , 1 , .
_ 8{[_; Z H(ZS)qw] + 3[_' Z 1_[ (22)%,1 l—[ (23)qt./]
g j=1 g odd j even j
r!
1
+2[—' Yo [T @ 1 2%1‘]}, (40)
r t=1 j mod 3=0 j mod 3#0

1
_ 6{[zsr(z{ 23, ...,23)] + 3[ZS,(22, 23,2223, . .)] +2[ZS,(2, 2,23,2,2,2%, .. )]} (41)

Thus, we have reduced the computation of | B, (3, r)| to computing the three terms in (41). These computations are
carried out in the next three lemmas.

Lemma 3. Z5 (2%,23,...,2%) = (r+7)'

r

Proof. Using (5), we have

rZs (28,23,...,2% = 22325,4(23, 23,...,2%, (42)
i=1
r—1
r—DZs_(2°,2%,...,25) = 22325,_1_,,(23, 23....,2%. (43)

i=1
Subtracting the second equation from the first one and simplifying it give
rZs,(22,2°, .2 —(r = 1Zs, ,(2°,2°,...,2%) =825, (2°,2°,...,2%), (44)

r+7
Zs (23,2%,...,25) = (T)zsr_l(zi 23,2, (45)
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Expanding the last equation recursively, we obtain

z5@. 2, 2 =Ch( 0z, o0 ), (46)
+7 . r+6_r+5 8
= (D) - (D)2, (47)

Noting that Zg,() = 1 proves the statement, i.e.,

7 7
ZS,(23,23,...,23)=<r+ ):(r;’ ) O
r

Lemma 4.
r+4) (2r4 + 323 + 17212 +352r + 15(—=1)" + 225)

Zs,(22,2%,22,2%, ... 48
5, ( ) 960 (48)
Proof. We consider two cases:
Case 1: r mod 2 = 0.
By (5),
r—1 r
rZs(22,2°,22,2°, )= 22Zs, (2,2°,2,2°, .. )+ Y 275 (22,2°,22,2°, ), (49)
odd i even i
and
r=3 r=2
(r—=2Zs, ,(2,2°,22,2%,..) =) 275, (22,2°,22,2°, .. )+ > 27, (22,2°,2%,2°,..).  (50)
odd i even i
Subtracting the second equation from the first one and rearranging the terms give
rZs,(22,2°,22,23 ) =4Zs, (2%,2°,22,2°, .. )+ (r +6)Zs, ,(2%,2°,22,2°, ... (51)
Case2: rmod2 = 1.
Again by (5),
r r—1
rZs,(22,2°,22.2°, )= 22Z;, (22.2°,22.2°, . )+ Y 2z (22.2°.22.2°, ), (52)
odd i even i
r—2 r=3
(r—2Zs_,(2°.2°,22,2%, .. ) =) 275, (22.2°,22.2°, .. )+ > 2°Zs,, (222,222, ..). (53)
odd i even i
Subtracting the second equation from the first one, and rearranging the terms give
rZs,(22,2°,2%,23 ) =4Zs, (2%,2°,22.23 . )+ (r +6)Zs, ,(2%,2%,..)). (54)

Hence, we obtain the same recurrence for both even and odd r. We now use induction and this recurrence to prove
that (48) holds.
Basis r = 0. Substituting » = 0 in (48) gives 1 as it should since Zs,() = 1.
r = 1. Substituting r = 1 in (48) gives
1+4) (2(D)* +32(1)° + 172(1)* + 352(1) + 15(—1)" + 225
2o 1) = (HH @O+ 320 9(63 (+15-D'+225) 55

and this agrees with (5), i.e., Zs, (2%) = 1 (22Z5,0) = 2% = 4.

Induction Step:
Suppose that (48) holds for » — 2 and r — 1. Then by (54), we have

rZs,(22,2%,2%,23,..)
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=4Zs (22,2°,2223 . )+ (r +6)Zs, ,(2%,2°,22,2°, ), (56)
A +3) (20r — D+ 320 — 1)* + 172(r — 1)* 4 352(- — 1) 4 15(—1)" ) 4 225)
N 960
(r +6)(r +2) (20r — 2)* +32(r — 2)> + 172(r — 2)? + 352(r — 2) + 15(—1)"~2 + 225)
+ , (57)
960
8r> + 120r* 4 640r3 + 1440r% + [1212 — 60(—1)"]r — 180(—1)" + 180
- 960 +
2r% 4+ 327 + 180r* + 40073 + [193 + 15(—1)"1r% + [120(—1)" — 312]r + 180(—1)" — 180 58)
960 ’
2r%440r° + 300" + 1040r° + [1633 + 15(—1)"1r 4 [900 + 60(—1)"Ir 59
- 960 ’
(r +4) (2r* 4 32r% 4+ 172r? + 352r + 15(—1)" + 225) 60)
=7r .
960

that agrees with (48). [

Lemma 5.
34 12,2 +45r 4+ 54
(r” 4 12r” +45r +59) ifr mod 3 =0
54
3 2
75(2.2,28,2,2,23, ) =4 12 ;45”50) ifr mod 3 = 1 61)
3412, 439 + 28
1239 +28) e ed 3 =2
54
Proof. We consider three cases:
Case 1: r mod 3 = 0. Using (5), we have
r r—2
rZs(2,2.2°, )= Y 2Zg (2.2.2°...0+ Y 2Zg (2,2.2°...)
i mod 3=0 i mod 3=1
r—1
+ Z 275, (2,2,2%,..)), (62)
i mod 3=2
r—3 r=>5
(r—13)Zs, ,(2,2,2°,..) = Z 2°Zs, , (2,2,2°, )+ Z 2Zs, . (2,2,2%,..)
i mod 3=0 i mod 3=1
r—4
+ ) 2Zg ,,(2.2,2°, ). (63)
i mod 3=2

Subtracting (63) from (62) we get
rZs,(2,2,2%,..) —(r —3)Zs,_,(2,2,2%,..)=2Zs_,(2,2,2%,..)
+ 2Zs ,(2,2,2°,..)+8Zs _,(2,2,2°,..)), (64)
rZs,(2,2,2°,..)=2Zs, (2,2,2°,..)+2Zs, ,(2,2,2°, .. )+ (r +5)Zs, ,(2,2,2%,..)). (65)

Cases 2,3: rmod3 = 1, mod 3 = 2. We omit the derivations for these two cases as it is not difficult to show that
these two cases also lead to the recurrence in (65).

Now we use the recurrences given in (5) and (65) to prove (61) by induction on r.

Basis (r = 0). Substituting r = 0 in (61) gives 1 as it should since Zg,() = 1.

(r = 1). Substituting » = 1 in (61) gives 2 as it should since Zg, (2) = } (2Z5,0)) = 2 by (5).
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(r = 2). Substituting r = 2 in (61) gives 3 as it should since
Z5,(2,2) = § (2Z5,(2) + 2Z5,0) = 2 =3 by (5).
(r = 3). Substituting r = 3 in (61) gives 6 as it should since

Z5,(2,2,2%) =1 (2Z5,(2,2) + 2Z5,(2) + 23 Z5,0) = S = 6 by (5).

Induction Step: Suppose that (61) holds for» — 1,7 — 2, and r — 3 and r mod 3 = 0. Then by (65),

rZs(2,2,2%,..)

=275, (2,2,2°, . ) +2Zs, ,(2,2,2°, )+ (r +5Zs,_,(2,2,2°,..0), (66)
2[r — D} +12(r — 1243900 — 1)+ 28]  2[(r — 2)3 + 12(r — 2)> +45(r — 2) + 50]
= +
54 54
r 4+ 5)[(r —3)° + 12(r —3)2 +45(r — 3) + 54
n ( I( ) ( = ) ( ) ]’ 67)
2r3 + 1872 +36r +2r3 + 12r2 + 187 r* 4+ 813 + 1512
= + , (68)
54 54
_ 44+ 1203 + 4572 + 54r’ 69)
54
_ r(r3 + 1212 + 45r + 54)’ (70)
54
as stated in (61). The other two cases are shown to hold similarly and omitted. [
Combining Lemmas 3-5 we have
Theorem 2.
1 <r +7> N 3(r+4) (2r* +32r3 4+ 17212 4 352r + 15(—1)" 4 225) N 2(r3 + 12r2 + 45r + 54) i rmod 3 =0,
6|\ 7 960 54 |
1 /r+7 3G +4) (2r* +32r3 + 17262 4+ 352r + 15(=1)" +225) 203 + 1272 + 45r + 50) | .
[By (3, 1) = 3 ( 7 >+ 960 + 5 ifrmod 3=1,

V[ /r 47\ 30 +4) (2% +323 417272 4352 + 15(=1)" +225) 203 + 1272 + 397 + 28) |
7 )% 960 + 54

if rmod 3 =2. O

Remark 1. The computation method described here can be extended to |B,(n, r)| for n > 4, but the solutions of
resulting recurrences become significantly more complex to obtain closed form formulas. More significantly, the
number of recurrences that must be solved is given by the number of partitions of n that is known to increase
exponentially with n by Ramanujan—-Hardy—Rademacher’s asymptotic formula. We also note that for any integer

r42"—1
r

n > 2, the solution of one of these recurrences results in — and this establishes a lower bound for

|By(n,r)|, Vr>2. O

Remark 2. It is noted that |B,(2,2i — 2)| coincides with the ith hexagonal pyramidal number (see the integer

sequence, A002412 in [9]), wheni = 1,2, 3, .. .. O
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