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In theoretical land economics the existence of a competitive equilibrium with an additive price is consid-
ered problematic. This paper studies the exchange and allocation of a heterogeneous divisible commodity
such as land, which is modeled as a measurable space. In a ‘land’ trading economy with unordered convex
preferences, the existence of a competitive equilibrium with an additive equilibrium price is proved. This
paper demonstrates also the existence of a weak core and a fair allocation.
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. Introduction

We consider the exchange of a heterogeneous divisible com-
odity, such as land, which is modeled as a measurable space (X,
). In theoretical models of land economics, X is assumed to be a

orel measurable subset of the Euclidean space R2 (or more gen-
rally, Rk) and � to be the Borel �-algebra B(X) of subsets of X.
t is usual to consider this measurable space with the Lebesgue

easure. The existence of a competitive equilibrium with addi-
ive prices in land trading has been an issue in theoretical land
conomics; this is the central question that the present paper
ddresses.

The first study of competitive equilibria in the traditions of
eneral equilibrium theory (à la Arrow-Debreu), in a land-trading

conomy is due to Berliant (1985). He shows the existence of a
ompetitive equilibrium when preferences over land parcels are
epresented by utility functions of the form U(B) =

∫
Bu(x)dx, so

hat U is a measure on B(X) absolutely continuous with respect

� I am grateful to the participants of the session in the International Conference
n Game Theory at Stony Brook, July 10–14, 2006, where results of an early draft
f this paper were presented, for useful discussions. I am also grateful to Nedim
lemdar and Ozgur Evren for many useful comments and a referee for many useful
uggestions that led to a number of improvments.
∗ Tel.: +90 312 2902228; fax: +90 312 266 5140.
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o the Lebesgue measure. His proof uses a method that imbeds the
and-trading economy into an economy with the commodity space
∞(X), and then uses Bewley’s (1972) equilibrium existence results
long with methods of infinite dimensional analysis.

Dunz (1991) studies the existence of the core in a land-trading
conomy for substantially more general preferences. In this paper
references are represented by the utility functions that are com-
ositions of quasi-concave functions with a finite number of parcel
haracteristics. Dunz proves that under these assumptions on pref-
rences the weak core of a land-trading game is nonempty. These
haracteristics are countably additive over land parcels. Assign-
ng a finite number of additive characteristics to land parcels is a
ommon assumption made in empirical literature on land trading.
unz (1991), based on results of his joint work with Berliant and
unz’s (1986), argues that “...if prices are required to be additive...

hen an equilibrium might not exist. If no equilibrium with addi-
ive prices exists, then it is not clear what the final allocation of the
conomy will be since there would always be arbitrage opportuni-
ies. This suggests that competitive equilibrium might not be the
ppropriate solution concept for economies with land.” However,
onexistence of equilibrium in Berliant and Dunz’s (1986) exam-

le is of the same nature as one in the classical case of trading
ivisible commodities and is due to nonconvexity of preferences.
ne of the goals of the present paper is to show that a competitive
quilibrium with an additive price exists in a land-trading econ-
my with rather general unordered ‘convex’ preferences. In fact,

dx.doi.org/10.1016/j.jmateco.2010.12.001
http://www.sciencedirect.com/science/journal/03044068
http://www.elsevier.com/locate/jmateco
mailto:farhad@bilkent.edu.tr
dx.doi.org/10.1016/j.jmateco.2010.12.001
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his is done in the more abstract context of a measurable-space-
rading economy. We show the existence of an equilibrium where
he equilibrium price is a measure, �, on (X, �), absolutely con-
inuous with respect to the sum of all characteristic measures. For
he land-trading economy, where all characteristic measures are
ssumed to be absolutely continuous with respect to the Lebesgue
easure �, we obtain that the equilibrium price � is also abso-

utely continuous with respect to the Lebesgue measure �. Hence,
he Radon–Nikodim derivative (d�/d�) is an integrable function h
n the measure space (X, �, �) (see Aliprantis and Border, 1994, p.
50). So �(B) =

∫
Bh(x)d�(x) for all measurable sets B in X. Here the

unction h can be interpreted as the equilibrium price density on X.
In a related paper Berliant and Dunz (2004) (henceforth, BD)

tudy the existence of equilibrium in a model where the shape and
ocation of land parcels affect agents’ preferences. While BD assume
omplete and transitive preferences, we do not employ these
ssumptions in the present paper. Another difference between the
wo papers is that preferences in BD are defined directly on the
-algebra of land pieces, whereas here they are defined through
haracteristic measures of land pieces. The use of the characteristic
easures allows us to formulate the convexity of agents’ prefer-

nces in a straightforward way. By contrast, the existence theorem
f BD utilizes a novel ‘convexity’ condition called ‘separation by
yperplanes’ which is assumed for nonwasteful partitions. More-
ver, they assume the existence of nonwasteful partitions. Actually,
he last two assumptions are joint assumptions on agents’ prefer-
nces. Thus, there are significant conceptual and methodological
ifferences between the two papers.

Using the standard scheme, in this paper we also show that, a
ompetitive allocation is a weak core allocation. This core existence
esult generalizes existing core existence results in two direc-
ions: first, it considers the division problem in the setting of an
bstract measurable space and does not assume a certain refer-
nce measure, and second, preferences are not assumed to be
rdered.

The next topic dealt with in this paper is the existence of a fair
ivision. Examples of the fair division problem include dividing an

nheritance fairly among the inheritors, and designing land reform
aws that allow dividing land owned by a collective farm fairly
mong its members in transition economies. On a deeper level,
airness can be regarded as an essential and a desirable property
f a solution concept in economics (and game theory).

Weller (1985) considers a problem of fair division of a mea-
urable space (X, �) with a finite number of atomless measures
escribing agents’ preferences over measurable subsets. He shows
he existence of an envy-free and efficient partition of this problem.
n a somewhat different setting, namely when X is a measurable
ubset of the Euclidean space Rk and preference measures are
onatomic and absolutely continuous with respect to the Lebesgue
easure, Berliant et al. (1992) show the existence of a group-

nvy-free and efficient partition. The concept of a group-envy-free
artition is stronger than the concept of an envy-free partition.
owever, neither of these results implies the other. Weller’s result

s concerned with the more abstract problem of fair partitioning
n abstract measurable space with no reference measure. On the
ther hand, Berliant et al. (1992) prove the existence of a fair par-
ition in a stronger sense. Our approach to the fairness problem is
bstract and we will consider much more general preferences over
easurable pieces. The result established here contains both of the

bove-discussed results.

We would like to stress that all the results of this paper assume

ather general classes of preferences over measurable pieces. The
mportance of considering such preferences in the present context
as been indicated by students of heterogeneous commodity mar-
ets. For example, Chambers (2005) notes that “working with more
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eneral domains of utility functions should be a motivating goal in
his model.”

In proving the existence of a competitive equilibrium we use
he following scheme: first, we show that the problem of exchange
f a heterogeneous divisible commodity is reducible to that of
finite number of homogeneous divisible commodities (totality

f subjectively attributed characteristics of measurable pieces),
here endowments are subsets in the commodity space rather

han commodity bundles. Then we transform this economy into
he general model introduced by Gale and Mas-Colell (1975), and
hereby employ their competitive equilibrium existence theorem.

This introduction is followed by a section that introduces basic
oncepts and some preliminary results. In Section 3 we present our
entral results on the existence of a competitive equilibrium and
onemptiness of the core in a measurable-space-trading economy.
ection 4 studies fairness criteria for this economy. In Appendix A
e state a classical theorem on convexity of the range of a vector-
easure mapping, defined on partitions of a measurable space that

s used in the proofs of the main results. Appendix B is devoted to
he proofs of the main results.

. Preliminaries

We model a measurable space trading problem in the follow-
ng way. Let (X, �) be a measurable space (a cake or land plot) and
et P = {A1, A2, . . ., An} be a measurable ordered partition of X. Let

1, �2, . . ., �n be nonatomic finite vector measures on (X, �) of
imensions s1, s2, . . ., sn, respectively. �j

i
(j = 1, . . . , si) will denote

he j-th component of vector-measure �i. The interpretation is that
here are n persons, denoted as 1, 2, . . ., n, each contributing his
hare Ai (i ∈ N = {1, 2, . . ., n}) to the cake X, and pieces of the cake
re valued by individuals according to their measures �1, �2, . . .,
n, respectively. The components of vector �i(B) are interpreted

s measures of different (possibly subjective) attributes of a mea-
urable piece B, attached to this piece by individual i. We assume
hat individual i has a preference �i over his subjective attributes
rofiles �i(B), B ∈ �, and hence over measurable sets B ∈ �. We will
se the same symbol �i for denoting both of these preferences. No
onfusion should arise. Every ordered measurable division {B1, . . .,
n}of X will be interpreted as a feasible allocation of X. All divisions
onsidered further are assumed to be ordered and measurable. An
lternative interpretation is that initially individuals possess land
arcels A1, . . ., An, respectively, and they exchange pieces of land
o improve their welfare.

efinition 2.1. A pair (P = {B1, B2, . . ., Bn}, �) consisting of a divi-
ion P and a measure � is a competitive equilibrium if for each
ndividual i the subset Bi maximizes his preference �i on his budget
et

i(�) = {B ∈ � | �(B) ≤ �(Ai)}.
n this case, the division P is called an equilibrium allocation and the

easure � is called an equilibrium price.

A coalition is an arbitrary nonempty subset of N. The set of all
oalitions is denoted as N.

efinition 2.2. A coalition I ⊂ N improves (weakly improves)
pon a division P = {B1, B2, . . ., Bn} if there exists a divi-
ion Q = {Ci | i ∈ I} of A(I) = ∪ i∈IAi such that Ci � iBi for all i ∈ I (not
i � iCi for all i ∈ I and Ci � iBi at least for one i ∈ I.)
efinition 2.3. Division P = {B1, B2, . . ., Bn} is a weak core allocation
core allocation) if no coalition improves (weakly improves) upon
. The set of all (weak) core allocations is the (weak) core of the
easurable space trading economy.
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Next, we introduce two concepts of Pareto efficiency of a divi-
ion.

efinition 2.4. Division P = {B1, B2, . . ., Bn} of X is weak Pareto
fficient (Pareto efficient) if there is no division P ′ = {B′

1, B′
2, . . . , B′

n}
f X such that �i(B′

i
)�i�i(Bi) for all i ∈ N (not Bi�iB

′
i
for all i ∈ N and

′
i
�iBi for at least one i ∈ N).

We will identify a vector of vectors (perhaps of different dimen-
ions) as a long vector with scalar coordinates arranged in the
exicographic order. Sometimes we will denote coordinates with
ouble indexes, the first showing the component vector and the
econd showing the component in that component vector.

. Existence of a competitive equilibrium and core

In this section for preferences �i(i ∈ N) on the nonnega-
ive orthant, Rsi+, in the Euclidean space Rsi we denote Pi(xi) =
x′

i
∈ Rsi+|x′

i
�ixi}. Clearly, the correspondence Pi defines �i in a unique

ay. We do not assume preferences �i are complete or transi-
ive. We assume that preferences �i, i ∈ N, are continuous (that is,
raphs of correspondences Pi are open relative to Rsi+ × Rsi+) and con-
ex (that is, the upper contour sets, Pi(xi), are convex for arbitrary
haracteristics vectors xi ∈ Rsi+, i ∈ N).

As usual for vectors x = (x1, . . ., xm), y = (y1, . . ., ym) in Rm we write
≥ y if xi ≥ yi for all i = 1, . . ., m. We write x > y if x ≥ y and x /= y, and
� y if xi > yi for all i = 1, . . ., m.

We will assume also that preferences are monotonic: if
i, x′

i
∈ Rsi+, x′

i
≥ xi, then Pi(x′

i
) ⊂ Pi(xi).

We assume the following about the initial endowments of the
ndividuals.

ssumption. (Positive Endowments)
For each i ∈ N, the set Ai can be divided into n measurable parts

ij (j ∈ N) such that �j(Aij) � 0 for all j ∈ N.

ne property, with a clear economic interpretation, that is suffi-
ient for fulfilment of the positive endowments assumption may
e formulated in terms of mutual continuity of measures �i(i ∈ N).
or two measures � and �′ defined on the same domain, �′ is called
bsolutely continuous with respect to � if �(A) = 0 implies �′(A) = 0.
t is easily seen that if for each i ∈ N there exists j ∈ {1, . . ., si} such
hat �j

i
(Ai) > 0 and all the component measures are absolutely con-

inuous with respect to each other, then the assumption of positive
ndowments is satisfied.

The central result of this paper is the following competitive
quilibrium existence theorem.

heorem 3.1. If the attribute vector-measures �i, i ∈ N, are
onatomic, and preferences �i, i ∈ N, are irreflexive, continuous,
onotone and convex, and the positive endowments assumption is

atisfied, then there exists a competitive equilibrium (P = {B1, B2, . . .,
n}, �) in the measurable space trading economy. Moreover, the equi-

ibrium price measure � is absolutely continuous with respect to the
um of all component measures of vector-measures �i, i ∈ N.

Proof of this theorem will be given in Appendix B.

orollary 3.2. Under the assumptions of Theorem 3.1 the weak core
n the measurable space trading economy is nonempty.

roof. It is easy to see that a competitive equilibrium allocation
B1, B2, . . ., Bn} belongs to the weak core. Assume on the contrary,

hat there exists a coalition I that improves upon partition {B1, B2,
. ., Bn}. Thus there exists a partition {Ci | i ∈ I}of A(I) = ∪ i∈IAi such
hat Ci � iBi for all i ∈ I. Then since ({B1, B2, . . ., Bn}, �) is an equilib-
ium we have �(Ci) > �(Bi) for all i ∈ I. Adding these inequalities we
ill get �(C(I)) > �(A(I)). This contradicts to C(I) = A(I). �

s

T
w

l Economics 47 (2011) 54–59

Hüsseinov (2008) shows that under the assumptions of
onatomicity of characteristic measures �i (i ∈ N), and rational-

ty, continuity and convexity of preferences, the weak core of
he heterogeneous divisible commodity exchange economy is
onempty. In Corollary 3.2 preferences are not assumed to be ratio-
al. Instead, monotonicity of preferences and positive endowments
re assumed.

It follows from Theorem 5 in Hüsseinov (2008) that if in addi-
ion to the assumptions of Theorem 3.1 preferences are rational and

easures
∑si

j=1�j
i
(i ∈ N) are absolutely continuous with respect to

ach other, then the weak core and the core coincide. From this
bservation and Corollary 3.2 it follows that under these assump-
ions the core is nonempty.

The following proposition is proved in Hüsseinov (2008, see
heorem 5).

roposition 3.3. If preferences �i are the strict parts of ratio-
al continuous weak preferences �i, monotone (for xi, x′

i
∈ Rsi+, x′

i
>

i implies x′
i
�ixi,) and if measures �i = ∑si

j=1�j
i
(i ∈ N) are absolutely

ontinuous with respect to each other, then the weak core and the core
oincide.

Corollary 3.2 and Proposition 3.3 imply

orollary 3.4. If in addition to the assumptions of Proposition
.3 preferences are convex and positive endowments assumption is
atisfied, then the core in the measurable space trading economy is
onempty.

. Existence of fair divisions

efinition 4.1. A division P = {A1, A2, . . ., An} of X is fair if it is

(a) weakly Pareto efficient, that is, if there is no other division
Q = {C1, C2, . . ., (Cn)} such that �i(Ci) ∈ Pi(�i(Ai)) for i ∈ N, and

b) envy-free, that is, if �i(Aj) /∈ Pi(�i(Ai)) [in other words, not
Aj � iAi] for all i, j ∈ N.

We define now a stronger version of the last concept.

efinition 4.2. A division {A1, A2, . . ., An} is weak group-envy-
ree if for any pair of coalitions N1, N2 with |N1 | = | N2 | there is no
ivision {Ci}i ∈ N1

of ∪j ∈ N2
Aj such that Ci ∈ Pi(Ai) for all i ∈ N1.

This definition is adapted from Berliant et al. (1992). Obviously,
f an allocation is weak-group envy-free then it is envy-free and

eakly Pareto efficient.

efinition 4.2′. A division {A1, A2, . . ., An} is group-envy-free if for
ny pair of coalitions N1, N2 with |N1 | = | N2 | there is no division
Ci}i ∈ N1

of ∪j ∈ N2
Aj such that Ai /∈ Pi(Ci) for all i ∈ N1 and Ci ∈ Pi(Ai) at

east for one i ∈ N1.

Of course when preferences Pi are derived from rational weak
references �i, (equivalently, �i are negative transitive and asym-
etric), then the last part of Definition 4.2

′
reads as

i�iAi for all i ∈ N1 and Ci�iAi at least for one i ∈ N1.

As in Proof of Proposition 3.3 it can be shown that under the
ssumptions of this proposition every weak group-envy-free divi-

ion is group-envy-free, that is, the two concepts coincide.

heorem 4.4. Under the assumptions of Theorem 3.1 there exists a
eak group-envy-free and weakly Pareto efficient allocation.

Proof of this theorem will be given in Appendix B.
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Let �j
i
, i ∈ N be nonatomic measures on (X, �). If there had

xisted a partition of X into n parts, say Cj, j ∈ N, so that restric-
ions of vector-measure � = (�1, �2, . . ., �n) into sets Cj, j ∈ N have
dentical ranges, then one could exploit the standard scheme of a
roof of the existence of a fair division by assigning each individual
the piece Cj. The author does not know whether such a partition
xists, therefore we are not able to derive the existence of a fair
ivision from the existence of an equilibrium division.

For proving the existence of a fair (or more generally, a group-
nvy-free and efficient) allocation, we will use the aforementioned
ethod that we also use to establish the existence of a competitive

quilibrium: We will first construct an economy with an aggregate
ndowment set, and then generate from it the type of economy
s in Gale and Mas-Colell (1975), in which individuals are given
qual profits. We will then use a competitive equilibrium of the
atter economy for constructing a division in the measurable space
ivision problem that is group-envy-free and Pareto efficient.

When X is a subset of the Euclidean space Rk and preferences �i
re given by scalar Borel measures on X, absolutely continuous with
espect to the Lebesgue measure, Theorem 4.1 reduces to Theorem
of Berliant et al. (1992). It should be noted that in their approach

hey start with a special reference measure (the Lebesgue measure),
hile our approach does not assume any such a priori measure.

Theorem 4.1 implies the following corollary:

orollary 4.5. Under the assumptions of Theorem 3.1 there exists a
air division of a measurable space (X, �).

Finally, let us also note that if each agent i has a single attribute
ormalized as a finite positive measure �i on � and preferences
efined simply as strictly greater relation on R (which is the same
s saying that preferences are given by scalar measures on �), then
orollary 4.2 is reduced to Weller’s (1985) fairness result.

ppendix A. Chernoff’s theorem

The following theorem is a generalization of a result known as
ubins–Spanier’s theorem (see also Aliprantis and Border, 1994,
. 358) and easily follows from this result. It is to be noted that,

n fact, this theorem was discovered a decade earlier by Chernoff
1951). Both of these theorems are consequences of the celebrated
iapunov Theorem (Liapunov, 1940).

heorem A. Let (X, �) be a measurable space and let �1, �2, . . .,
n be nonatomic finite vector measures on (X, �) of dimensions s1, s2,

. ., sn, respectively. Then the following set in Rs, where s =
∑n

j=1sj,

= {(�i(Bi))
n
i=1 ∈ Rs | P = (B1, B2, . . . , Bn) is a division of X}

is compact and convex.

roof of Theorem A is based on the Dubins–Spanier’s theorem.
et � = (�k)s

k=1 be a vector measure (�1, �2, . . ., �n) of dimension
. With every division P = (B1, B2, . . ., Bn) ∈ �n(X) we associate the
× n matrix of reals M(P) = (�k(Bi)). Denote by Ms×n the space of
ll s × n matrices with real entries. By Theorem 1 in Dubins and
panier (1961) the range R′ ⊂ Ms×n of the matrix-valued function

is compact and convex.
Let L : Ms×n → Rs be a mapping defined in the following way: The
rst s1 components of L(M) are the first s1 entries in the first column
f matrix M, the second s2 components are the entries in the second
olumn of M with the column indexes s1 + 1 through s1 + s2, and so
n. Clearly, L is a linear mapping with L(R′) = R. SinceR′ is compact
nd convex it follows that so is R. �

p

F
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ppendix B. Proofs of main results

Proof of Theorem 3.1. We will reduce the above exchange econ-
my to an economy of exchange of a finite number of divisible
omogeneous commodities, where endowments of individuals are
ets in the consumption spaces, rather than commodity bundles,
rom which the individuals are free to choose.

There are s commodities in this economy. Thus the commodity
pace is Rs, the s-dimensional Euclidean space. Rs+ and Rs++ denote
he nonnegative and positive cones in this space, respectively. For
∈ N, Rsi+ will be the consumption space of individual i, which we
onsider as a subset in Rs+.

We define the initial endowment set Ei ⊂ Rs of individual i in the
ollowing way:

i = {(�1(C1), �2(C2), . . . , �n(Cn)) | {C1, C2, . . . , Cn} is a partition of

By Theorem A the initial endowment sets are compact and con-
ex.

Denote by 	 the unit simplex in Rs. A price p = (ps1 , . . ., psn ),
here psi is the price associated with consumer i, will be an element

f 	. Given a price p ∈ 	, the wealth of individual i is defined as

i(p) = max{p · x | x ∈ Ei} for all i ∈ N,

here p · x is the scalar product of vectors p and x. The budget set
f i is defined as

i(p) = {x ∈ Rsi | psi · x ≤ ˛i(p)}.

Preferences of individual i are defined through mapping Pi :
si+ → Rsi+ which is irreflexive, that is, xi /∈ Pi(xi) for all xi ∈ Rsi+, has
n open graph in Rsi+ × Rsi+ and nonempty convex values.

We denote by E the exchange economy involving n individuals
, . . ., n, their endowment sets E1, . . ., En, and preferences P1 . . . ,
n, respectively.

Define the set of aggregate endowment vectors as the algebraic
um of individual endowment sets, E =

∑
i∈NEi, and the technology

et as Y = E + Rs−.
Proof of the following fact is a straightforward exercise.

act 1. Y is closed and has a nonempty bounded intersection with
he nonnegative cone Rs+.

et E0 ⊂ E be the Pareto frontier of Y, in other words, the smallest
et with Y = E0 + Rs−.

efinition B1. A competitive equilibrium in economy E is defined
s an (2N + 1)-tuple (x̄1, x̄2, . . . , x̄n, ŷ1, ŷ2, . . . , ŷn, p̄) ∈ ((�i ∈ NRsi+) ×
�i ∈ NEi)) × 	 such that

¯0 =
∑

i ∈ N

x̄i =
∑

i ∈ N

ŷi = ŷ0 ∈ E0, (1)

¯ · x̄i = p̄ · ŷi = ˛i(p̄) for i ∈ N, (2)

nd

(x̄i) ∩ Bi(p̄) = ∅ for i ∈ N. (3)

Define

(p) = sup p · Y for p ∈ 	. (4)
Obviously the supremum in formula (4) is attained for each
∈ 	.

Proof of the following fact is a straightforward exercise.

act 2. � : 	 → R+ is a nonnegative continuous function.
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By the definitions of Y and E we have

(p) =
∑

i ∈ N

˛i(p) for p ∈ 	. (5)

This is known as ‘aggregation’ in Microeconomics; see Mas-Colell
t al., 1995, Proposition 5.E.1). Following Gale and Mas-Colell
1975) observe that

¯ · ŷ0 =
∑

i ∈ N

p̄ · ŷi =
∑

i ∈ N

˛i(p̄) = max p̄ · Y.

By the positive endowments assumption, Ei contains a strictly
ositive vector. Hence

i(p) > 0 for all p ∈ 	, i ∈ N.

Now we have the following economy

0 = {(Rsi , Pi, ˛i)i ∈ N, Y}
atisfying all of the assumptions of Gale–Mas-Colell existence theo-
em (1975). So there exists an (N + 1) − tuple (x̄1, x̄2, . . . , x̄n, p̄) such
hat the following relations are satisfied:

i ∈ N

x̄i = x̄0 ∈ Y, (6)

¯ · x̄i = ˛i(p̄) for i ∈ N, (7)

nd

(x̄i) ∩ Bi(p̄) = ∅ for i ∈ N. (8)

Next we will show that for every competitive equilibrium
x̄1, x̄2, . . . , x̄n, p̄) in E0 (that is for every vector (x̄1, x̄2, . . . , x̄n, p̄)
atisfying conditions (6)–(8)), there exist ŷi, i ∈ N such that
x̄1, x̄2, . . . , x̄n, ŷ1, ŷ2, . . . , ŷn, p̄) is a competitive equilibrium in E.

In this step we make use of the monotonicity assumption.
o let (x̄1, x̄2, . . . , x̄n, p̄) be a competitive equilibrium in E0. Then

i ∈ Nx̄i = x̄0 ∈ Y .
If x̄0 ∈ E0, then since E0 ⊂ E

¯0 =
∑

i ∈ N

x̄i =
∑

i ∈ N

ŷi

or some ŷi ∈ Ei (i ∈ N). Since p̄ · x̄0 = max p̄ · Y it follows that Eq. (2)
re satisfied. Thus (x̄1, x̄2, . . . , x̄n, ŷ1, ŷ2, . . . , ŷn, p̄) is a competitive
quilibrium in E. Assume x̄0 /∈ E0. It follows from the definitions
f Y and E0 that there exists x̂0 ∈ E0 such that x̂0 ≥ x̄0. Set x̂i = x̄i +
x̂0 − x̄0)si for i ∈ N. Then

i ∈ N

x̂i =
∑

i ∈ N

x̄i +
∑

i ∈ N

(x̂0 − x̄0)si = x̂0.

o (x̂1, x̂2, . . . , x̂n) is feasible.
We also have

¯ · x̂i = p̄ · x̄i = ˛i(p̄) for i ∈ N.

Indeed, x̂i ≥ x̄i implies p̄ · x̂i ≥ p̄ · x̄i = ˛i(p̄) for all i. It is not pos-
ible that p̄ · x̂j > p̄ · x̂j for some j; for otherwise, we would have

¯ ·
∑

i ∈ N

x̂i =
∑

i ∈ N

p̄ · x̂i >
∑

i ∈ N

p̄ · x̄i =
∑

i ∈ N

˛i(p̄) = max p̄ · Y.

his is a contradiction since vectors x̂i form a feasible allocation.

herefore p̄ · x̂i ≤ p̄ · x̄i and hence p̄ · x̂i = p̄ · x̄i for all i.

Since x̂i ≥ x̄i, by the monotonicity assumption it follows that
i(x̂i) ⊂ Pi(x̄i). This inclusion, together with Eq. (8) imply that

i(x̂i) ∩ Bi(p̄) = ∅ for i ∈ N.

˛

D
I

˛
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o, we have constructed a new competitive equilibrium
x̂1, x̂2, . . . , x̂n, p̄) in E0 such that

i ∈ N

x̂i = x̂0 ∈ E0.

We have shown above how to construct a competitive equilib-
ium in E from one in E0 with this property. Thus, we have proven
he existence of a competitive equilibrium in economy E.

Let (x̄1, x̄2, . . . , x̄n, ŷ1, ŷ2, . . . , ŷn, p̄) be a competitive
quilibrium in the economy E. By the definition of sets
i (i ∈ N) there are divisions Pi = {A1

i
, A2

i
, . . . , An

i
} of sets Ai

uch that (�1(A1
i
), �2(A2

i
), . . . , �n(An

i
)) = ŷi for each i ∈ N. Set

j = ∪i ∈ NAj
i
(j ∈ N). Clearly, {B1, B2, . . ., Bn} is a division of X. Define

measure � on � by setting

(D) =
∑

i ∈ N

p̄si · �i(D ∩ Bi) for D ∈ �.

Obviously � is a measure on � that is absolutely continuous
ith respect to 
 = ∑

i ∈ N

∑si
j=1�j

i
. We will show that the pair

{B1, B2, . . ., Bn}, �) is a competitive equilibrium in the measur-
ble space exchange economy. As {B1, . . ., Bn} is a division of X,
t suffices to show that Bi is � i-maximal in the budget set of indi-
idual i, Bi(�), for all i ∈ N. Assume on the contrary, that for some i
here exists B ∈Bi(�) such that B � iBi. Thus

(B) ≤ �(Ai) = �(Bi) = ˛i(p̄)

nd �i(B) ∈ Pi(�i(Bi)). This preference implies that

¯ si · �i(B) > p̄si · �i(Bi) = �(Bi) = ˛i(p̄) ≥ �(B) =
∑

j ∈ N

p̄sj · �j(B ∩ Bj).

e thus have

¯ si · �i(B \ Bi) >
∑

j ∈ N\{i}
p̄sj · �j(B ∩ Bj).

As {B1, . . ., Bn} is a division of X, B \ Bi = ∪ j∈N\{i}(B ∩ Bj), where
ets B ∩ Bj (j ∈ N \ {i}) are disjoint. It follows from the last two rela-
ions that there exists j /= i such that

¯ si · �i(B ∩ Bj) > p̄sj · �j(B ∩ Bj).

This implies �i(B ∩ Bj) ≥ 0. The last inequality implies that the
wners of the piece B ∩ Bj would receive a higher profit by selling
his piece to individual i rather than to individual j. This contra-
icts to the construction of the division {B1, . . ., Bn} as a profit
aximizing division.

emark B. A byproduct of the above proof is the existence of a
ompetitive equilibrium in an exchange economy where individu-
ls are free to choose from some sets of commodity bundles rather
han possessing a single commodity bundle. Such economies were
onsidered in Aubin (1981).

roof of Theorem 4.1. Define

= {(�1(A1), �2(A2), . . . , �n(An)) | {A1, A2, . . . , An} is a partition of

By Theorem A, E ⊂ Rs is a nonempty compact convex set. Set
= E + Rs− and Xi = Rsi+ for i ∈ N as in the previous proof. As before,

efine
(p) = max p · Y.

efine individual wealth functions by setting ˛i(p) = ˛(p)/n for i ∈ N.
t is easily seen that ˛(p) > 0 and hence

i(p) > 0 for all p ∈ 	.
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Budget sets are defined as

i(p) = {xi ∈ Xi | psi · xi ≤ ˛i(p)}.
o, we have an economy E for which a competitive equilibrium is
efined in the following way: �

efinition B2. An (n + 1)-tuple (x̄1, x̄2, . . . , x̄n, p̄), where
¯ i ∈ Xi x̄0 = �i ∈ Nx̄i ∈ Y, p̄ · x̄0 = max p̄ · Y , and p̄ ∈ 	 is a com-
etitive equilibrium in economy E, if x̄i is a Pi-maximal element in
he budget set Bi(p) for all i ∈ N.

For the economy E all of the conditions of Gale–Mas-Colell exis-
ence theorem (1975) are satisfied. So, there exists a competitive
quilibrium (x̄1, x̄2, . . . , x̄n, p̄) in economy E. We have

¯0 =
∑

i ∈ N

x̄i ∈ Y and p̄ · x̄0 = max p̄ · Y.

f x̄0 ∈ E0, where, as before, E0 is the Pareto frontier of Y, then x̄0 ∈ E,
nd hence there exists a division {B1, B2, . . ., Bn} of X such that

i(Bi) = x̄i for i ∈ N.

As in the previous proof, define a measure � on � by setting

(D) =
∑

i ∈ N

p̄si · �i(D ∩ Bi) for D ∈ �. (9)

e have

(Bj) = p̄sj · �j(Bj) = ˛j(p) = ˛(p̄)
n

for all j ∈ N.

We assert that division B = {B1, B2, . . ., Bn} is weak group-
nvy-free and weakly Pareto efficient. Assume it is not weak
roup-envy-free. Then there exist N1, N2 ⊂ N such that |N1 | = | N2 |
nd there is a division ∪i ∈ N1

Ci of ∪j ∈ N2
Bj such that Ci ∈ Pi(Bi) for all

∈ N1. It follows then �(Ci) > �(Bi) for all i ∈ N1. Summing up these

nequalities we will have �(∪i ∈ N1

Ci) > �(∪i ∈ N1
Bi). But from (9) we

ave

(∪i ∈ N1
Ci) = �(∪j ∈ N2

Bj) = |N2|
n

˛(p̄) = �(∪i ∈ N1
Bi).

W

al Economics 47 (2011) 54–59 59

Assume now that division B is not weakly Pareto efficient. Then
here exists a division C = {C1, C2, . . ., Cn}of X such that Ci ∈ Pi(Bi) for
ll i ∈ N. Then �(Ci) > �i(Bi) for all i ∈ N. Summing these inequalities
e will have

∑
i∈N�(Ci) >

∑
i∈N�(Bi) that is, �(X) > �(X), a contradic-

ion.
If x̄0 /∈ E0, then there exists x̂0 ≥ x̄0 such that x̂0 ∈ E0, and hence

ˆ0 ∈ E. Using the weak monotonicity assumption as in Proof of The-
rem 3.1 we reduce the situation to the case of x̄0 ∈ E0.
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