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1. Introduction

We consider the exchange of a heterogeneous divisible com-
modity, such as land, which is modeled as a measurable space (X,
Y). In theoretical models of land economics, X is assumed to be a
Borel measurable subset of the Euclidean space R? (or more gen-
erally, R¥) and ¥ to be the Borel o-algebra B(X) of subsets of X.
It is usual to consider this measurable space with the Lebesgue
measure. The existence of a competitive equilibrium with addi-
tive prices in land trading has been an issue in theoretical land
economics; this is the central question that the present paper
addresses.

The first study of competitive equilibria in the traditions of
general equilibrium theory (a la Arrow-Debreu), in a land-trading
economy is due to Berliant (1985). He shows the existence of a
competitive equilibrium when preferences over land parcels are
represented by utility functions of the form U(B)=f3u(x)dx, SO
that U is a measure on B(X) absolutely continuous with respect
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to the Lebesgue measure. His proof uses a method that imbeds the
land-trading economy into an economy with the commodity space
Lo(X), and then uses Bewley’s (1972) equilibrium existence results
along with methods of infinite dimensional analysis.

Dunz (1991) studies the existence of the core in a land-trading
economy for substantially more general preferences. In this paper
preferences are represented by the utility functions that are com-
positions of quasi-concave functions with a finite number of parcel
characteristics. Dunz proves that under these assumptions on pref-
erences the weak core of a land-trading game is nonempty. These
characteristics are countably additive over land parcels. Assign-
ing a finite number of additive characteristics to land parcels is a
common assumption made in empirical literature on land trading.
Dunz (1991), based on results of his joint work with Berliant and
Dunz’s (1986), argues that “...if prices are required to be additive...
then an equilibrium might not exist. If no equilibrium with addi-
tive prices exists, then it is not clear what the final allocation of the
economy will be since there would always be arbitrage opportuni-
ties. This suggests that competitive equilibrium might not be the
appropriate solution concept for economies with land.” However,
nonexistence of equilibrium in Berliant and Dunz’s (1986) exam-
ple is of the same nature as one in the classical case of trading
divisible commodities and is due to nonconvexity of preferences.
One of the goals of the present paper is to show that a competitive
equilibrium with an additive price exists in a land-trading econ-
omy with rather general unordered ‘convex’ preferences. In fact,
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this is done in the more abstract context of a measurable-space-
trading economy. We show the existence of an equilibrium where
the equilibrium price is a measure, v, on (X, X), absolutely con-
tinuous with respect to the sum of all characteristic measures. For
the land-trading economy, where all characteristic measures are
assumed to be absolutely continuous with respect to the Lebesgue
measure A, we obtain that the equilibrium price v is also abso-
lutely continuous with respect to the Lebesgue measure A. Hence,
the Radon-Nikodim derivative (dv/dA) is an integrable function h
on the measure space (X, %, 1) (see Aliprantis and Border, 1994, p.
350). So v(B)= fgh(X)d)\.(X) for all measurable sets Bin X. Here the
function h can be interpreted as the equilibrium price density on X.

In a related paper Berliant and Dunz (2004) (henceforth, BD)
study the existence of equilibrium in a model where the shape and
location of land parcels affect agents’ preferences. While BD assume
complete and transitive preferences, we do not employ these
assumptions in the present paper. Another difference between the
two papers is that preferences in BD are defined directly on the
o-algebra of land pieces, whereas here they are defined through
characteristic measures of land pieces. The use of the characteristic
measures allows us to formulate the convexity of agents’ prefer-
ences in a straightforward way. By contrast, the existence theorem
of BD utilizes a novel ‘convexity’ condition called ‘separation by
hyperplanes’ which is assumed for nonwasteful partitions. More-
over, they assume the existence of nonwasteful partitions. Actually,
the last two assumptions are joint assumptions on agents’ prefer-
ences. Thus, there are significant conceptual and methodological
differences between the two papers.

Using the standard scheme, in this paper we also show that, a
competitive allocation is a weak core allocation. This core existence
result generalizes existing core existence results in two direc-
tions: first, it considers the division problem in the setting of an
abstract measurable space and does not assume a certain refer-
ence measure, and second, preferences are not assumed to be
ordered.

The next topic dealt with in this paper is the existence of a fair
division. Examples of the fair division problem include dividing an
inheritance fairly among the inheritors, and designing land reform
laws that allow dividing land owned by a collective farm fairly
among its members in transition economies. On a deeper level,
fairness can be regarded as an essential and a desirable property
of a solution concept in economics (and game theory).

Weller (1985) considers a problem of fair division of a mea-
surable space (X, X) with a finite number of atomless measures
describing agents’ preferences over measurable subsets. He shows
the existence of an envy-free and efficient partition of this problem.
In a somewhat different setting, namely when X is a measurable
subset of the Euclidean space Rk and preference measures are
nonatomic and absolutely continuous with respect to the Lebesgue
measure, Berliant et al. (1992) show the existence of a group-
envy-free and efficient partition. The concept of a group-envy-free
partition is stronger than the concept of an envy-free partition.
However, neither of these results implies the other. Weller's result
is concerned with the more abstract problem of fair partitioning
an abstract measurable space with no reference measure. On the
other hand, Berliant et al. (1992) prove the existence of a fair par-
tition in a stronger sense. Our approach to the fairness problem is
abstract and we will consider much more general preferences over
measurable pieces. The result established here contains both of the
above-discussed results.

We would like to stress that all the results of this paper assume
rather general classes of preferences over measurable pieces. The
importance of considering such preferences in the present context
has been indicated by students of heterogeneous commodity mar-
kets. For example, Chambers (2005) notes that “working with more

general domains of utility functions should be a motivating goal in
this model.”

In proving the existence of a competitive equilibrium we use
the following scheme: first, we show that the problem of exchange
of a heterogeneous divisible commodity is reducible to that of
a finite number of homogeneous divisible commodities (totality
of subjectively attributed characteristics of measurable pieces),
where endowments are subsets in the commodity space rather
than commodity bundles. Then we transform this economy into
the general model introduced by Gale and Mas-Colell (1975), and
thereby employ their competitive equilibrium existence theorem.

This introduction is followed by a section that introduces basic
concepts and some preliminary results. In Section 3 we present our
central results on the existence of a competitive equilibrium and
nonemptiness of the core in a measurable-space-trading economy.
Section 4 studies fairness criteria for this economy. In Appendix A
we state a classical theorem on convexity of the range of a vector-
measure mapping, defined on partitions of a measurable space that
is used in the proofs of the main results. Appendix B is devoted to
the proofs of the main results.

2. Preliminaries

We model a measurable space trading problem in the follow-
ing way. Let (X, X) be a measurable space (a cake or land plot) and
let P={Aq, Ay, ..., Ay} be a measurable ordered partition of X. Let
M1, L2, ..., un be nonatomic finite vector measures on (X, X) of
dimensions sq, Sy, . . ., Sy, respectively. ,u’i(i =1,...,s;) will denote
the j-th component of vector-measure ;. The interpretation is that
there are n persons, denoted as 1, 2, ..., n, each contributing his
share A;(ieN={1, 2, ..., n}) to the cake X, and pieces of the cake
are valued by individuals according to their measures w1, s, ...,
In, respectively. The components of vector w;(B) are interpreted
as measures of different (possibly subjective) attributes of a mea-
surable piece B, attached to this piece by individual i. We assume
that individual i has a preference >; over his subjective attributes
profiles u;(B), B e X, and hence over measurable sets B¢ X. We will
use the same symbol ~; for denoting both of these preferences. No
confusion should arise. Every ordered measurable division {Bq, .. .,
By} of X will be interpreted as a feasible allocation of X. All divisions
considered further are assumed to be ordered and measurable. An
alternative interpretation is that initially individuals possess land
parcels Aq, ..., Ap, respectively, and they exchange pieces of land
to improve their welfare.

Definition 2.1. A pair (P={B, By, ..., By}, V) consisting of a divi-
sion P and a measure v is a competitive equilibrium if for each
individual i the subset B; maximizes his preference >; on his budget
set

Bi(v) = {Be X|v(B) < V(A;)}.

In this case, the division Pis called an equilibrium allocation and the
measure v is called an equilibrium price.

A codlition is an arbitrary nonempty subset of N. The set of all
coalitions is denoted as M.

Definition 2.2. A coalition IcN improves (weakly improves)
upon a division P={Bj, By, ..., Bp} if there exists a divi-
sion Q={C;|iel} of A(I)=U;qA; such that C;>;B;for alliel (not
B; > ;C;for alli e Iand C; > ;B; at least for one iel.)

Definition 2.3. DivisionP={B,B,,..., By} isaweak core allocation
(core allocation) if no coalition improves (weakly improves) upon
P. The set of all (weak) core allocations is the (weak) core of the
measurable space trading economy.
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Next, we introduce two concepts of Pareto efficiency of a divi-
sion.

Definition 2.4. Division P={By, By, ..., By} of X is weak Pareto
efficient (Pareto efficient) if there is no division P’ = {B}, B,, ..., By}
of X such that 1;(B;)>;u;(B;) for all ie N (not B;>-;B; for allie N and
B!~;B; for at least one i € N).

We will identify a vector of vectors (perhaps of different dimen-
sions) as a long vector with scalar coordinates arranged in the
lexicographic order. Sometimes we will denote coordinates with
double indexes, the first showing the component vector and the
second showing the component in that component vector.

3. Existence of a competitive equilibrium and core

In this section for preferences >;j(ieN) on the nonnega-
tive orthant, R%, in the Euclidean space RS we denote Pi(x;) =
{X] € Réi|x{>;x;}. Clearly, the correspondence P; defines >~; in a unique
way. We do not assume preferences »~; are complete or transi-
tive. We assume that preferences >;, i € N, are continuous (that is,
graphs of correspondences P; are open relative to R x R )and con-
vex (that is, the upper contour sets, P;(x;), are convex for arbitrary
characteristics vectors x; e R%, i€ N).

Asusual forvectorsx=(x1,...,Xm), y=1,. . .¥m)in R™ we write
x>yifx;>y;foralli=1,...,m. We writex>yifx>yandx # y,and
x> yifx;>y; foralli=1,...,m.

We will assume also that preferences are monotonic: if
Xi, X{ e R%, x{ > x;, then Pi(x]) C Pi(x;).

We assume the following about the initial endowments of the
individuals.

Assumption. (Positive Endowments)
For eachie N, the set A; can be divided into n measurable parts
Ajj (j e N) such that ;(A;) >0 for all jeN.

One property, with a clear economic interpretation, that is suffi-
cient for fulfilment of the positive endowments assumption may
be formulated in terms of mutual continuity of measures p;(i € N).
For two measures i and ' defined on the same domain, ' is called
absolutely continuous with respect to w if u(A) = 0 implies u/(A)=0.
It is easily seen that if for each i e N there exists je {1, ..., s;} such
that pc’i(Ai) > 0and all the component measures are absolutely con-
tinuous with respect to each other, then the assumption of positive
endowments is satisfied.

The central result of this paper is the following competitive
equilibrium existence theorem.

Theorem 3.1. If the attribute vector-measures u;, ieN, are
nonatomic, and preferences >;, ieN, are irreflexive, continuous,
monotone and convex, and the positive endowments assumption is
satisfied, then there exists a competitive equilibrium (P={Bq, Ba, ...,
By}, v)in the measurable space trading economy. Moreover, the equi-
librium price measure v is absolutely continuous with respect to the
sum of all component measures of vector-measures i, i< N.

Proof of this theorem will be given in Appendix B.

Corollary 3.2. Under the assumptions of Theorem 3.1 the weak core
in the measurable space trading economy is nonempty.

Proof. It is easy to see that a competitive equilibrium allocation
{B1, By, ..., By} belongs to the weak core. Assume on the contrary,
that there exists a coalition I that improves upon partition {By, By,
..., Bn}. Thus there exists a partition {C;|ie I} of A(I)=U jA; such
that C; > ;B; for alliel. Then since ({By, B, ..., Bn}, v) is an equilib-
rium we have v(G;)>v(B;)for alliel. Adding these inequalities we
will get v(C(I)) > v(A(I)). This contradicts to C(I)=A(I). O

Hiisseinov (2008) shows that under the assumptions of
nonatomicity of characteristic measures pu;(i<N), and rational-
ity, continuity and convexity of preferences, the weak core of
the heterogeneous divisible commodity exchange economy is
nonempty. In Corollary 3.2 preferences are not assumed to be ratio-
nal. Instead, monotonicity of preferences and positive endowments
are assumed.

It follows from Theorem 5 in Hiisseinov (2008) that if in addi-
tion to the assumptions of Theorem 3.1 preferences are rational and
measures JS’=1 ,uj,. (ie N) are absolutely continuous with respect to
each other, then the weak core and the core coincide. From this
observation and Corollary 3.2 it follows that under these assump-
tions the core is nonempty.

The following proposition is proved in Hiisseinov (2008, see
Theorem 5).

Proposition 3.3. If preferences ~; are the strict parts of ratio-
nal continuous weak preferences =;, monotone (for x;, x; € R¥i, x; >

x;implies x;>;x;,) and if measures n; = ZJS’:l ,ujl: (ieN) are absolutely
continuous with respect to each other, then the weak core and the core

coincide.
Corollary 3.2 and Proposition 3.3 imply

Corollary 3.4. If in addition to the assumptions of Proposition
3.3 preferences are convex and positive endowments assumption is
satisfied, then the core in the measurable space trading economy is
nonempty.

4. Existence of fair divisions

Definition 4.1. A division P={Aq, Ay, ..., An} of Xis fair if it is

(a) weakly Pareto efficient, that is, if there is no other division
Q={Cq,Cy, ..., (Cn)} such that u;(G) e Pi(1i(A;)) forie N, and

(b) envy-free, that is, if w;(A;)¢Pi(i(A;)) [in other words, not
Aj >iAi] for all i,jEN.

We define now a stronger version of the last concept.

Definition 4.2. A division {A1, Ay, ..., A} is weak group-envy-
free if for any pair of coalitions N7, N, with [N7 |=| N, | there is no
division {Cj}; n, 0f Uj ey, A;j such that C; € Pi(4;) for all i e Ny.

This definition is adapted from Berliant et al. (1992). Obviously,
if an allocation is weak-group envy-free then it is envy-free and
weakly Pareto efficient.

Definition 4.2’. Adivision {A1, Ay, ..., An} is group-envy-free if for
any pair of coalitions Ny, N, with |Ny |=| N5 | there is no division
{Gilien, OfUjen,Aj such that A; ¢ P(G) for all ie Ny and C; e Pi(A;) at
least for one i e Ny.

Of course when preferences P; are derived from rational weak
preferences :=;, (equivalently, >; are negative transitive and asym-
metric), then the last part of Definition 4.2 reads as

Gi=iAjforallieN; and C;>;A; at least for one ieNj.

As in Proof of Proposition 3.3 it can be shown that under the
assumptions of this proposition every weak group-envy-free divi-
sion is group-envy-free, that is, the two concepts coincide.

Theorem 4.4. Under the assumptions of Theorem 3.1 there exists a
weak group-envy-free and weakly Pareto efficient allocation.

Proof of this theorem will be given in Appendix B.
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Let //Jl., ieN be nonatomic measures on (X, X). If there had
existed a partition of X into n parts, say G, jeN, so that restric-
tions of vector-measure p =(f1, 2, . .., n) into sets G;, je N have
identical ranges, then one could exploit the standard scheme of a
proof of the existence of a fair division by assigning each individual
Jj the piece C;. The author does not know whether such a partition
exists, therefore we are not able to derive the existence of a fair
division from the existence of an equilibrium division.

For proving the existence of a fair (or more generally, a group-
envy-free and efficient) allocation, we will use the aforementioned
method that we also use to establish the existence of a competitive
equilibrium: We will first construct an economy with an aggregate
endowment set, and then generate from it the type of economy
as in Gale and Mas-Colell (1975), in which individuals are given
equal profits. We will then use a competitive equilibrium of the
latter economy for constructing a division in the measurable space
division problem that is group-envy-free and Pareto efficient.

When X is a subset of the Euclidean space R¥ and preferences »;
are given by scalar Borel measures on X, absolutely continuous with
respect to the Lebesgue measure, Theorem 4.1 reduces to Theorem
2 of Berliant et al. (1992). It should be noted that in their approach
they start with a special reference measure (the Lebesgue measure),
while our approach does not assume any such a priori measure.

Theorem 4.1 implies the following corollary:

Corollary 4.5. Under the assumptions of Theorem 3.1 there exists a
fair division of a measurable space (X, X).

Finally, let us also note that if each agent i has a single attribute
formalized as a finite positive measure i; on ¥ and preferences
defined simply as strictly greater relation on R (which is the same
as saying that preferences are given by scalar measures on %), then
Corollary 4.2 is reduced to Weller’s (1985) fairness result.

Appendix A. Chernoff’s theorem

The following theorem is a generalization of a result known as
Dubins-Spanier’s theorem (see also Aliprantis and Border, 1994,
p. 358) and easily follows from this result. It is to be noted that,
in fact, this theorem was discovered a decade earlier by Chernoff
(1951). Both of these theorems are consequences of the celebrated
Liapunov Theorem (Liapunov, 1940).

Theorem A. Let (X, X) be a measurable space and let 1, iy, ...,
Jn be nonatomic finite vector measures on (X, X) of dimensions s1, S,

..., Sn, respectively. Then the following set in RS, where s = Z;:]sj,

R = {(1i(B)i; €R| P =(B1,Ba, ..., By)is a division of X}

is compact and convex.

Proof of Theorem A is based on the Dubins-Spanier’s theorem.
Let i = (141 )j_1 be a vector measure (i1, L2, - - ., 4n) Of dimension
s. With every division P=(Bq, By, ..., By) € [1"(X) we associate the
s x n matrix of reals M(P)=(uy(B;)). Denote by M**" the space of
all s x n matrices with real entries. By Theorem 1 in Dubins and
Spanier (1961) the range R’ ¢ M**" of the matrix-valued function
M is compact and convex.

Let L : M**" — RS be a mapping defined in the following way: The
first s; components of L(M) are the first s; entries in the first column
of matrix M, the second s, components are the entries in the second
column of M with the column indexes s; +1 throughs; +s5, and so
on. Clearly, Lis alinear mapping with L(R’) = R.Since R’ is compact
and convex it follows that soisR. O

Appendix B. Proofs of main results

Proof of Theorem 3.1. We will reduce the above exchange econ-
omy to an economy of exchange of a finite number of divisible
homogeneous commodities, where endowments of individuals are
sets in the consumption spaces, rather than commodity bundles,
from which the individuals are free to choose.

There are s commodities in this economy. Thus the commodity
space is R®, the s-dimensional Euclidean space. R and R’ | denote
the nonnegative and positive cones in this space, respectively. For
ieN, R% will be the consumption space of individual i, which we
consider as a subset in Rf, .

We define the initial endowment set E; ¢ RS of individual i in the
following way:

Ei = {(n1(Cr), m2(G2), ooy (G 1{Ce, Gy .

By Theorem A the initial endowment sets are compact and con-
vexX.

Denote by A the unit simplex in R®. A price p=(p°1, ..., p5»),
where pSi is the price associated with consumer i, will be an element
of A. Given a price p € A, the wealth of individual i is defined as

oi(p) = max{p-x|xekE;} forall ieN,
where p-x is the scalar product of vectors p and x. The budget set
of i is defined as

Bi(p) = {xeR% | p%i - x < a;(p)}.

Preferences of individual i are defined through mapping P; :
R% — RS which is irreflexive, that is, x; ¢ P;(x;) for allx; €R%, has
an open graph in R% x R% and nonempty convex values.

We denote by £ the exchange economy involving n individuals
1, ..., n, their endowment sets Eq, ..., E,, and preferences P; ...,
Pp, respectively.

Define the set of aggregate endowment vectors as the algebraic
sum of individual endowment sets, E = Z ienEi, and the technology
setasY =E+RS.

Proof of the following fact is a straightforward exercise.

Fact 1. Y is closed and has a nonempty bounded intersection with
the nonnegative cone RS,

Let Eg C E be the Pareto frontier of Y, in other words, the smallest
set with Y = Eg + RS..

Definition B1. A competitive equilibrium in economy €& is defined
asan (2N+1)-tuple (X1, X2, ..., X0, ¥1, 92, ..., Jn, P) € (TT;c NRE)
(IT; e NE;)) x A such that

o= %= yi=Jocko, (1)

ieN ieN
p-x=p Ji=aip) for ieN, (2)
and
P(X;)NBi(p)=2 for ieN. (3)
Define
I(p)=supp-Y for peA. (4)

Obviously the supremum in formula (4) is attained for each
peA.
Proof of the following fact is a straightforward exercise.

Fact 2. [II:A — R.is anonnegative continuous function.

, Cp}is a partition of A;}.
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By the definitions of Y and E we have
M(p)=> ai(p) for peA. (5)
ieN
(This is known as ‘aggregation’ in Microeconomics; see Mas-Colell

et al, 1995, Proposition 5.E.1). Following Gale and Mas-Colell
(1975) observe that

P-Jo= P-Ji=» aip)=maxp-Y.
ieN ieN
By the positive endowments assumption, E; contains a strictly
positive vector. Hence

ai(p) >0 forall peA, ieN.
Now we have the following economy
Eo ={(R%, P, otj)ic N, Y}

satisfying all of the assumptions of Gale-Mas-Colell existence theo-
rem (1975). So there existsan (N+ 1) — tuple (X1, X2, ..., Xn, p) such
that the following relations are satisfied:

Zx,- —R%oeY, (6)

ieN
p-%=ai(p) for ieN, )
and
P(x)NBi(p)=2 for ieN. (8)

Next we will show that for every competitive equilibrium
(X1,X2,...,Xn, P) in & (that is for every vector (xq,X2,...,Xn, D)
satisfying conditions (6)-(8)), there exist §;, ie N such that
(X1,%X2, ..., Xn, Y1, 92, ..., ¥n, D) is a competitive equilibrium in &.

In this step we make use of the monotonicity assumption.
So let (xq,X2, ..., Xn, p) be a competitive equilibrium in &. Then
EieN)?f = )_(0 eyY.

If X9 € Eg, then since Eyg CE

X0 = g X = g Vi
ieN ieN

for some §; € E; (ie N). Since p - Xg = max p - Y it follows that Eq. (2)
are satisfied. Thus (%1, X2, ..., Xn, ¥1, V2, . .., ¥n, D) is a competitive
equilibrium in & Assume Xq ¢ Ey. It follows from the definitions
of Yand Ey that there exists Xg € Eg such that Xg > Xg. Set &; = X; +
(Ro — %o)" forie N. Then

~ - - — \S; ~
E Xj = E XHrE (Ro —X0)" = Xo.
ieN ieN ieN

So (X1, Xy, ..., %) is feasible.
We also have

ﬁ-)?i:[_)-)_(i:a,‘(i)) for ieN.

Indeed, ; > X; implies p - X; > p - x; = «;(p) for all i. It is not pos-
sible that p - &; > p - &; for some j; for otherwise, we would have

Py K= p-x>» p-xi=) op)=maxp-Y.

ieN ieN ieN ieN
This is a contradiction since vectors &; form a feasible allocation.
Therefore p - %; < p-X; and hence p - &; = p - x; for all i.

Since X; > X;, by the monotonicity assumption it follows that
P;(X;) C P;(%;). This inclusion, together with Eq. (8) imply that

Pi(&)NBi(p)=o for ieN.

So, we have constructed a new competitive equilibrium

(X1,%2, ..., Xy, P)in & such that
Z)A(i =)A(0€E().
ieN

We have shown above how to construct a competitive equilib-
rium in € from one in &, with this property. Thus, we have proven
the existence of a competitive equilibrium in economy €.

Let (X1,X2,...,%n,V1,¥2,...,9n,P) be a competitive
equilibrium in the economy &£ By the definition of sets
Ei(ieN) there are divisions P;={A!,A?,... A} of sets A
such that (u1(A]), u2(A?), ..., un(AM)) =3; for each ieN. Set
Bj = UjcNAl(j eN). Clearly, {By, By, ..
a measure v on X by setting

v(D):Zﬁsi -ui(DNB;) for DeX.
ieN

., By} is a division of X. Define

Obviously v is a measure on X that is absolutely continuous
with respect to 0 = ZieNZ;leuji. We will show that the pair
({B1, Ba, ..., Ba}, V) is a competitive equilibrium in the measur-
able space exchange economy. As {Bj, ..., By} is a division of X,
it suffices to show that B;is > ;j-maximal in the budget set of indi-
vidual i, B;(v), for allie N. Assume on the contrary, that for some i
there exists B € B;(v) such that B>~ ;B;. Thus

V(B) = v(A;) = v(B;) = (D)
and pi(B) € Pi(14i(B;)). This preference implies that
B - ju(B) > B - jui(By) = v(By) = i(p) = w(B) = > B - 11j(BNBy).
jeN
We thus have
P pu(B\B) > Y B i(BNBy).
JeN\)

As {By, ..., B} is a division of X, B\ B;=Ujcn (i} (BN B;), where
sets BNB;j(je N\ {i}) are disjoint. It follows from the last two rela-
tions that there exists j # i such that

p% - ui(BNB;) > p% - ui(BN Bj).

This implies w;(BNB;) > 0. The last inequality implies that the
owners of the piece Bn B; would receive a higher profit by selling
this piece to individual i rather than to individual j. This contra-

dicts to the construction of the division {By, ..., By} as a profit
maximizing division.

Remark B. A byproduct of the above proof is the existence of a
competitive equilibrium in an exchange economy where individu-
als are free to choose from some sets of commodity bundles rather
than possessing a single commodity bundle. Such economies were
considered in Aubin (1981).

Proof of Theorem 4.1. Define
E ={(;1(A1), n2(Az), ..., un(An)) [{A1, Az, ..

By Theorem A, ECRS is a nonempty compact convex set. Set
Y =E+R* and X; = Rj forieN as in the previous proof. As before,
define

o(p) = maxp-Y.

Define individual wealth functions by setting «;(p) = a(p)/n forie N.
It is easily seen that a(p) >0 and hence

ai(p) >0 forall peA.

., Ap}is a partition of X}.
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Budget sets are defined as
Bi(p) = tx; € X; | p%i - X; < at;(p)}.

So, we have an economy ¢ for which a competitive equilibrium is
defined in the following way: 0O

Definition B2. An (n+1)-tuple (X1,X2,...,Xn,p), Where
X €XiXxo=XjcnXj€Y,p-Xo=maxp-Y, and peA is a com-
petitive equilibrium in economy &, if X; is a P;-maximal element in
the budget set B;(p) for allie N.

For the economy ¢ all of the conditions of Gale-Mas-Colell exis-
tence theorem (1975) are satisfied. So, there exists a competitive
equilibrium (X1, X5, ..., Xp, p) in economy & We have
Xo=) XieY and p-Xo=maxp-Y.

ieN
If Xg € Eg, where, as before, Eg is the Pareto frontier of Y, then Xy € E,
and hence there exists a division {Bq, By, ..., By} of X such that

/,L,'(Bi) = )_(,' for ieN.

As in the previous proof, define a measure v on X by setting

V(D) = Zf}si -ui(DNB;) for DeX. 9
ieN
We have

WB) =5 - () = (p) = “P)

forall jeN.

We assert that division B={By, By, ..., By} is weak group-
envy-free and weakly Pareto efficient. Assume it is not weak
group-envy-free. Then there exist N7, N, ¢ N such that [N |=| N |
and there is a division U; y, G; of Uj ¢y, Bj such that C; e Py(B;) for all
i€ Ny. It follows then v(G;) > v(B;) for all i e N;. Summing up these
inequalities we will have V(U n, Gi) > V(Ujen, B;). But from (9) we
have
_INg|

W(Uien, G) = v(Yjen, Bj) = 701(15) = W(Vjen, Bi)-

Assume now that division B is not weakly Pareto efficient. Then
there exists a division C={Cy, Cy, . . ., Gy} of X such that C; € P;(B;) for
allie N. Then v(C;) > ui(B;) for alli e N. Summing these inequalities
we will have > jcnv(G) > ienv(B;) that is, v(X) > 1(X), a contradic-
tion.

If Xo ¢ Eo, then there exists Xy > Xo such that Xy € Eg, and hence
X € E. Using the weak monotonicity assumption as in Proof of The-
orem 3.1 we reduce the situation to the case of xg € Eg.
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