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We study differential-difference  equation  (d/dx)t(n+1,x)=f(t(n,x),t(n
+1,x),(d/dx)t(n,x)) with unknown #(n,x) depending on continuous and discrete
variables x and n. Equation of such kind is called Darboux integrable, if there exist
two functions F and I of a finite number of arguments x, {f(n+k,x)}; .,
{(d*/dx*)t(n,x)},, such that D,F=0 and DI=I, where D, is the operator of total
differentiation with respect to x and D is the shift operator: Dp(n)=p(n+1). Re-
formulation of Darboux integrability in terms of finiteness of two characteristic Lie
algebras gives an effective tool for classification of integrable equations. The com-
plete list of Darboux integrable equations is given in the case when the function f
is of the special form f(u,v,w)=w+g(u,v). © 2009 American Institute of Physics.
[doi:10.1063/1.3251334]

I. INTRODUCTION

In this paper we continue investigation of integrable semidiscrete chains of the form

it(n +1,x) =f(t(n,x),t(n + l,x),it(n,x)> , (1)
dx dx

started in our previous paper1 (see also Refs. 2—4). Here r=t(n,x) and t,=t(n+1,x) are unknown.
Function f=f(t,1,,t,) is assumed to be locally analytic and Jf/dt, is not identically zero. Nowa-
days discrete phenomena are very popular due to their applications in physics, geometry, biology,
etc. (see Refs. 5-8 and references therein).

Below we use subindex to indicate the shift of the discrete argument: t,=t(n+k,x), k € 7, and
derivatives with respect to x: f;1=t,=(d/dx)i(n ,x), ty=t,=(d*/dx*)t(n ,x), t,1=(d"/dx")t(n x),
m e N. Introduce the set of dynamical variables containing {f},__..; {fn]}per-

We denote through D and D, the shift operator and the operator of the total derivative with
respect to x correspondingly. For instance, Dh(n,x)=h(n+1,x) and D h(n,x)=(d/dx)h(n,x).

Functions / and F, both depending on x and a finite number of dynamical variables, are called,
respectively, n- and x-integrals of (1), if DI=1 and D,F=0 (see also Ref. 9). One can see that any
n-integral I does not depend on variables 7,,, m € Z\{0}, and any x-integral F' does not depend on
variables 1,3, m € N.

Chain (1) is called Darboux integrable if it admits a nontrivial n-integral and a nontrivial
x-integral.

Note that all Darboux integrable chains of the form (1) are reduced to the d’ Alembert equation
wi,—w,=0 by the following “differential” substitution w=F+I. Indeed, D,(D—-1)w=(D-1)DF
+D, (D-1)I=0. This implies that two arbitrary Darboux integrable chains of the form (1)
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Mlx:f(usul’ux)s U]x:f(U,Ul,Ux)

are connected with one another by the substitution

Flo,uupu_y,...)+ I0cu,ugity,...) = F(x,u,0,0_,...) + I(X,0,0,,0,...),

which is evidently split down into two relations,

F(x,u,ul,l/l_],...) :f(x,U,U],U_],.--) _h9 I(-xvusuxquCX?"') ZT(X,U,UX,UXX,...) + hs

where £ is some constant.

The idea of such kind integrability goes back to Laplace’s discovery of cascade method of
integration of linear hyperbolic-type partial differential equation with variable coefficients made in
1773 (see Ref. 10). Roughly speaking the Laplace theorem claims that a linear hyperbolic partial
differential equation admits general solution in a closed form if and only if its sequence of Laplace
invariants terminates at both ends (see Ref. 11). More than hundred years later Darboux applied
the cascade method to the nonlinear case. He proved that a nonlinear hyperbolic equation is
integrable (Darboux integrable) if and only if the Laplace sequence of the linearized equation
terminates at both ends. This result has been rediscovered very recently by Anderson and
Kamran'? and Sokolov and Zhiber."

An alternative approach was suggested by Shabat and Yamilov in 1981 (see Ref. 14). They
assigned two Lie algebras, called characteristic Lie algebras, to each hyperbolic equation and
proved that the equation is Darboux integrable if and only if both characteristic Lie algebras are of
finite dimensions.

The purpose of the present article is to study characteristic Lie algebras of the chain (1)
introduced in our papersz_4 and convince the reader that in the discrete case these algebras provide
a very effective classification tool.

We denote through L, and L, characteristic Lie algebras in x- and n-directions, respectively.
Remind the definition of L,. Rewrite first the chain (1) in the inverse form f.(n—1,x)
=g(t(n,x),t(n-1,x),t,(n,x)). It can be done (at least locally) due to the requirement (df/dr,)
(¢,t;,t,) #0. An x-integral F=F(x,t,f+,t+,...) solves the equation D F=0. Applying the chain
rule, one gets KF'=0, where

K d . d 7 d d 7 d d 2)
=— 4+t e T+ i T+
ax ot o TS, T o, T8
Since F does not depend on the variable ¢,, then XF=0, where X=4/dt,. Therefore, any vector
field from the Lie algebra generated by K and X annulates F. This algebra is called the charac-
teristic Lie algebra L, of chain (1) in x-direction. The notion of characteristic algebra is very
important. One can prove that chain (1) admits a nontrivial x-integral if and only if its Lie algebra
L, is of finite dimension. The proof of the next classification theorem from Ref. 1 is based on the
finiteness of the Lie algebra L,.
Theorem 1.1: Chain

tlx:tx'i'd(t,t]) (3)
admits a nontrivial x-integral if and only if d(t,t;) is one of the following kinds:
(1) d(t,1)=At,-1),
(2) d(t,t)=c\(t;=t)t+cy(t;—1)>+c5(t, 1),
() d(t,1))=A(t,=1)e”,
(4) d(t,1))=cyle™—e™) +cs(e™ 1 —e™™),
where A=A(t,—t) is an arbitrary function of one variable and a#0, ¢, #0, ¢y, ¢3, c4#0,
cs# 0 are arbitrary constants. Moreover, some nontrivial x-integrals in each of the cases are

(1) F=x+[""(du/A(u)), if A(u) #0, F=t,—t, if A(u)=0,
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(ii)

t—t 1 ty—t
=( c+c)ln (—cz+c1)t2 t1+c2 +C—ln 022 1—c2+cl
-Gty 3—h 2 1~
Jor cy(cy—cy) #0,
Fol h-ti| h-f
=ty t—t
for ¢,=0,
o2l (Th
-1, t—t
for c,=c.
(iii)
. ftl—z ey J‘tz—tl du
B Aw) Alw)’
(iv)

(€% — ) (™1 — ¢913)

- (eat_ eat3)(eat1 _eatz) .

In what follows we study semidiscrete chains (3) admitting not only nontrivial x-integrals but
also nontrivial n-integrals. First of all we will give an equivalent algebraic formulation of the
n-integral existence problem. Rewrite the equation D/=1 defining n-integral in an enlarged form,

1068, fof ) =11t E ). (4)

The left hand side contains the variable ¢; while the right hand side does not. Hence we have
D~!(d/dt,)DI=0, i.e., the n-integral is in the kernel of the operator

Y,=D'Y,D,
where
d d d d
Yi=—+D' (Y +D'Y(f)—— + D 'Yo(fr) — + - 5
1= (Yof) o o(fy) o o(f) o (5)
and
d

Yo=—. 6
= (6)

It can easily be shown that for any natural j the equation D~/Y,D/I=0 holds. Direct calculations
show that

DY D =X, +Y;, j=2,

where

J J J
Y =D 'Y f)—+D'Y(f)—+D'Y(f)—+ -, j=1, 7
j+1 ( }f)atx _/(.fx)at _/(.fxx)&t J ( )

XX XXX
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d
Xj=5= (8)

=

The following theorem defines the characteristic Lie algebra L, of the chain (1).
Theorem 1.2: (Ref. 3) Equation (1) admits a nontrivial n-integral if and only if the following
two conditions hold.

(1) Linear space spanned by the operators {Y ;}{ is of finite dimension, denote this dimension by
N.

(2) Lie algebra L, generated by the operators Y|,Ys,...,Yn,X|,X5,...,Xy is of finite dimen-
sion. We call L, the characteristic Lie algebra of (1) in the direction of n.

We use x-integral classification Theorem 1.1 and n-integral existence Theorem 1.2 to obtain
the complete list of Darboux integrable chains of the form (3). The statement of this main result
of the present paper is given in the next theorem.

Theorem 1.3: Chain (3) admits nontrivial x- and n-integrals if and only if d(t,t,) is one of the
kind.

(1) d(t,t))=A(t,~1), where A(t,—1) is given in implicit form A(t,—t)=(d/d6)P(0), t,—t=P(6),
with P(0) being an arbitrary quasipolynomial, i.e., a function satisfying an ordinary differ-
ential equation,

PN = PN 4o P+ P,

with constant coefficients p, 0=k=N.

(2)  d(t,1)=Cy(6]=)+ Colty 1),

(3) d(t,tl)=\’/C3€2atl+C4€a(tl+t)+C3€2at.

(4) d(t,1)=Cs(e"1—e")+Cy(e™*1—e™),
where a#0, C;, 1 =i=6, are arbitrary constants. Moreover, some nontrivial x-integrals F
and n-integrals I in each of the cases are the following.

(1) F=x-[""ds/A(s), I=L(D,)t,, where L(D,) is a differential operator which annihilates
(d/d#)P(6) where D, 6=1.

(i)  F={(s _tl)(tZ_t/)}/{(t3_ L) (-1}, I=t,—C*=Cat.

(ili)  F=[1""e"ds/\C3e* @+ Che®+Csy— [271ds/ N C3e>¥ + Cye® +C5, =21, — at’— aCe>.

(lV) Fz{(eat_eatz)(eatl —eat3)}/{(€at—€at3)(6atl _eatz)}, I=tx— CSeat_ C6€_w.

Equation of the form 7,=A(7), where 7=f,—1, is integrated in quadratures. But to get the final
answer one should evaluate the integral and then find the inverse function. The general solution is
given in an explicit form,

n—1

t(n,x) = 1(0,x) + 2, Px +¢)), 9)
j=0

where #(0,x) and c; are arbitrary functions of x and j, respectively, and A(7)=P'(6), t,—t=P(0).
Actually we have 7,=Py(60)60,=Py(6), which implies 6,=1, so that 7(n,x)=P(x+c,). By solving
the equation #(n+1,x)—t(n,x)=P(x+c,) one gets the answer above. Requirement for 7,=A(7) to
be Darboux integrable induces condition on function P to satisfy a linear ordinary differential
equation with constant coefficients.

The x-integrals in the cases (2) and (4) given in Theorem 1.3 are written as cross ratios of four
points 1, £, f,, 13 and, respectively, points €', ', e'2, e'3. Due to the well known theorem, given four
points z;, z», Z3, Z4 in the projective complex plane CP can be mapped to other given four points
Wi, Wy, W3, Wy by one and the same Mobius transformation,
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apw+a
z=R(w) = ———=2, (10)
a21W+a22
such that z;=R(w;), where j=1,2,3,4, if and only if
Z4—Z223—21=W4—W2W3—W1 (11)

Z4—232—31 Wqg—W3Wr—W;

Evidently function F for the case (2) [as well as for the case (4)] can immediately be found from
the equation /=c(x) which is equivalent to Riccati equation ¢,=C 1>+ C,t+c(x). It is well known
that cross ratio of four different solutions of the Riccati equation does not depend on x.

Studying the examples below we briefly discuss connection between discrete models and their
continuum analogs. The case (3) with C;=1 and a=1 leads in the continuum limit to the equation

uxy=e”\ru§+l (12)
found earlier in Ref. 13. Indeed set #(n,x)=u(y,x) and C,=—2+¢€>, where y=ne. Then substitute
t=eu,+0(€) as €—0 into the equation #;,—t,=e'\e*"+C4e™+1 and evaluate the limit as e—0 to
get (12). Tt is remarkable that Eq. (12) has the same integral (y-integral) I=2u,,—u’—e* as its
discrete counterpart.

The chain 1,,—1,=(e"1—¢")/2 goes to the equation uxy=%e“uy in the continuum limit. Its
n-integral [ =tx—%e’ coincides with the corresponding y-integral of the continuum analog. The
Darboux integrable chain #,,—1,=Ce1*'2 [it comes from the case (3) for appropriate choice of the
parameters] being a discrete version of the Liouville equation u,,=e", also has a common integral
I= 2txx—t§ with its continuum limit equation. Note that the chain defines the Béacklund transform
for the Liouville equation.

Let us comment the list of the equations in Theorem 1.3. Case (1) is degenerate, it is reduced
to a first order ordinary differential equation and easily integrated. Equation (2) with C,=0 is
given in Ref. 9. Case (3) for C,= = Cj is found in Ref. 15. To the best of our knowledge Egs.
(2)—(4) are new except these two cases.

The article is organized as follows. In Sec. II general results related to the Lie algebra L, of
Eq. (1) are given. Section III is split into four subsections. Theorem 1.1 from Sec. I gives a
complete list of Eq. (3) admitting nontrivial x-integral. This list consists of four different types of
equations (3). In each subsection of Sec. III one of these four different types from Theorem 1.1 is
treated by imposing additional condition for an equation to possess nontrivial n-integrals. The
conclusion is provided in Sec. I'V.

Il. GENERAL RESULTS

Define a class F of locally analytic functions each of which depends only on a finite number
of dynamical variables. In particular, we assume that f(z,7,,¢,) € F. We will consider vector fields
given as infinite formal series of the form

Jd
Y=y — (13)
=0 9K

with coefficients y, € F. Introduce notions of linearly dependent and independent sets of the vector
fields (13). Denote through Py the projection operator acting according to the rule

Ny
Py(Y)=2 yo——

. (14)
k=0 9K

First we consider finite vector fields as
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.
= V4 (15)
k=0 MK
We say that a set of finite vector fields Z,,Z,, ...,Z,, is linearly dependent in some open region U,
if there is a set of functions \;,\,,...,\,, € F defined on U such that the function |\;|>+|\,|?
+---+|\,,|> does not vanish identically and the condition
)\121+)\222+ "'+)\mZm=0 (16)

holds for each point of region U.

We call a set of the vector fields Z;,Z,,...,Z, of the form (13) linearly dependent in the
region U if for each natural N the following set of finite vector fields Py(Z,),Py(Z5), ..., Pn(Z,,)
is linearly dependent in this region. Otherwise we call the set Z,,Z,, ...,Z,, linearly independent
in U.

Now we give some properties of the characteristic Lie algebra introduced in Theorem 1.2. The
proof of the first two lemmas can be found in Ref. 3. However, for the reader’s convenience we
still give the proof of the second lemma.

Lemma 2.1: If for some integer N the operator Yy, is a linear combination of the operators
Yiwithi=N: Yy =Y+ &Y+ ... +ayYy, then for any integer j> N, we have a similar expres-
sion Y=Y+ B Yo+ +ByY .

Lemma 2.2: The following commutativity relations take place: [Y,,X,]1=0, [Y,,Y,]=0, and
[X,,DX,D~']=0.

Proof: We have

[y, x]—[i i}—o
0L = d[l’dl‘_l =Y,

d d
[Yo,Y,]1=D7'[DY D', Y,]D=D"! {—,—]D =0,
dt, dt

[X,,DX,D™"1=D[D7'X,D,X,1D"" = D[X,,X,]D™"' = 0.

Note that

Yk+1=D_1YkD’ k22, D_1Y1D=X1+Y2. (17)

The next three statements turned out to be very useful for studying the characteristic Lie algebra
L,

Lemma 2.3: (Reference 1) If the Lie algebra generated by the vector fields SO=E;CZ_DO&/ ow; and
S1=27__.c(w;)d/dw; is of finite dimension then c(w) is one of the forms

cw)=a+a,e™" +aze ™",
(1) cw)=a;+ae™ +aze™

2) c(w)=aqa, +a2w+a3w2, where N# 0, ay, a,, and ay are some constants.

Lemma 2.4:

(1)  Suppose that the vector field

J J J
Y=a(0)— +a(l)— +a(2)— + -,
a( )at+“( )ar+“()at +

X XX

where a,(0)=0 solves the equation [D,,Y1=2,__. .,B(k) 3/, then Y=a(0)d/or.
(2) Suppose that the vector field
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Y=a(l)2-+ a2+ al3) =+

X XX XXX

solves the equation [D,,Y]=hY+2Z_ ., .oB(k)d/dt;, where h is a function of variables t, t,,
Lep +voo by, Exo, ..., then Y=0.

Lemma 2.5: For any m=0, we have

[D.Y,]=- 2 DY, (MY~ 2 Y, (04— _ 3y (D1 (18)
j=1 k=1 My k=i oty

—k

In particular,

[DuY]=-3 Yo(Dk_lf)&i, (19)
k=1 17

[D.Y]=-D7'(Yy(f)Y, - EY D~k Vg) 9 —EY (D"‘lf)— (20)

—k

Both Lemmas 2.4 and 2.5 easily can be derived from the following formula

[D,.Y]= ((0) - a(1)) % EY(D g~ —EY(D"‘lf)—+2 (0= alk+ )=~

_k K
(21)

Suppose that Eq. (1) admits a nontrivial n-integral. Then, by Theorem 1.2, its characteristic Lie
algebra L, is of finite dimension. Linear space of the basic vector fields {Y,}] is also finite
dimensional. We have the following theorem.

Theorem 2.6: Dimension of span{Y,}} is finite and equal, say N if and only if the following
system of equations is consistent:

Dx()\N) = )\N(AN,N - AN+1,N+1) - AN+1,N’
Dy (\n-t) = Mo (Aot vot = Ansivet) + AvAN - = Ans vt

Dx()\N—Z) = )\N—Z(AN—Z,N—Z - AN+1,N+1) + )\N—IAN—I,N—2 + )\NAN,N—2 - AN+1,N—2’

D, (\2) = No(Agp = Ansivet) + N3As 0+ o+ NyAy 2 = Ay 25
D.(\y) = )\1(141,1 —AN+1,N+1) FNA  HNAs o NAN T — Ay

0=NA 0+ NA 0+ N3A30+ -+ ANAN o — Ansr 0 (22)

Here Ay j=D7(Y,_f).
Proof: Suppose that the dimension of span{Y,}{ is finite, say N, then, by Lemma 2.1,
Y,,..., Yy form a basis in this linear space. So we can find factors A\, ...,\y such that
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YN+]:)\|Y]+)\2Y2+ "'+)\NYN. (23)
Take the commutator of both sides with D, and get by using the main commutativity relation (18)

the following equation:

N+1
- 2 AN+1,ij=Dx()\1)Y1 +D(\)Y,+ -+ D, (A Yy
j=0

1 2 N
—<)\12A1’ij+)\22A2,ij+ +)\N2AN,]YJ)
j=0 j=0 Jj=0

Now replace Yy, at the left hand side by (23) and collect coefficients of the independent vector
fields to derive the system given in the theorem.

Suppose now that the system (22) in the theorem has a solution. Let us prove that the vector
field Yy, is expressed in the form (23). Let

Z=Yny = MY =Ny — o = MYy (24)
Let us find [D,,Z].
[Dxaz] = [Dx’ YN+1] - Dx()\l)Yl - Dx()\N) Yy— M[Dm Yl] - )\Z[Dx’ Yz] - )\N[Dxa YN]
N+1
== 2 AN+1,ij_Dx()\1)YI - "’—Dx()\N)YN

j=0

1 2 N 0 C?

j=0 j=0 j=0 k=—0 k%0 Ity

Replace now D,(\;), ...,D,(A\y) by means of the system (22). After some simplifications one gets

[D.Z]=-AyannZ+ 2 Bk (25)

J
k=—20 k0 Ity

By Lemma 2.4 we get Z=0. (]
The proof of the next three results can be found in Ref. 4.
Lemma 2.7: If the operator Y,=0 then [X,,Y]=0.
The reverse statement to Lemma 2.7 is not true as the equation #;,=f,+¢' shows (see Lemma
3.4 below).
Lemma 2.8: The operator Y,=0 if and only if we have

fl+D_l(f,1)ftx=0. (26)

Corollary 2.9: The dimension of the Lie algebra L, associated with n-integral is equal to 2 if
and only if (26) holds, or the same Y,=0.
Now let us introduce vector fields

C =[X.Y\]. G=[X.Cil, k=2 (27)
It is easy to see that
myy—1 J miy—1 J
Con=XrD™(Yo())~ =+ XID™ (YoD(f)~ —

XX

+XTD-1(YOD§(f))% + o (28)

XXX

Lemma 2.10: We have
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m

[D,,C,] == g XID'Yo(NX, - XID™'Yy(N)Y, - 2 AVC;, (29)
Jj=1

where

; m!
A = xmid Cm.j—1)g, —Cm )Y, m=1, Clmk)=——.
j =X { (m,j—1)g,  —Clm.j) o (m, k) K m— 0!

X

In particular,

I

_ _ 8
[D..Cil=-g X\D Yo(HX, - X\ D7'Y(NY, - (gt_] - g_t)cp

Proof: We prove the lemma by induction on m. Note that for any vector field,

J d d
A =’3(O)E +B(1)&_tx +,3(2); + o,

XX

acting on the set of functions H depending on variables 7_;, t, s k e N, formula (21) becomes

[D,oA] == (BO)g,+ A1), ) =+ (B.(0) = B = + (B(1) = B2~ + (B(2) - B3~

-1

+(BG) - BA) =+ -+

XXX

Applying the last formula with C; instead of A, we have

©

J _ - J
[D.,C1]== 2 XD Yo(NXy = XiD™ Vo) -+ 2ADX D™ VoD () = XaD™ oD} .

k=1 i
Since
[YO’Dx]G(l’ll’tx’txx»txxx’"') :fthtlzftlYOG’ i'e'» YODx:DxYO'l'ftlYO
and
[stXl]H(t—]J’tx’txx’txxx’ .. ) == gl_lHl_l == gt_IXlH’
then

DX, D7'Y DX '(f) - X, DY DX(f) = {D.X,D"'Y, - X, DY, DID*(f) = {D.X, DY,
- X,D7HD, Y, + f, YD\ (f)
=[D,.X,1D7Y DX (X, (D™ Yo(/)D YD (1)
- D (Yo(IX DYDY () = - g, XiDT'YoDTH()
- XD (Yo(ND™ YD () = D™ (Yo(MX, D™ YD ().

Therefore,
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PR o
[D,.Cil=-g XD Yo(HX; - X,D™'Yo()— - 2 X, (D™ Yo()D VoD () ——
oo ) a o0 B a .
— g 2 XiDTYD () = DTN (Yo(N) 2 XD YD () —— == g, XD Yo(HX,
k=1 27y k=1 27y

= XD (DY, = (g, +D7M(F,))C

that proves the base of mathematical induction. Assuming Eq. (29) is true for m—1, we have
[st Cm] = [st[Xl’Cm—l]] == [le[cm—]’Dx]] - [Cm—l’[Dx’X]]] = [Xls[D)nCm—l]] + [Cm—l’gl_IX]]

=[X0.[Dy Cpi ]l + Coi (g, VX1 -8 Ciu= |:X1’_ & X1 D7 Yo(NX) = X7 DT Y)Y

m—1
-> Aj(.’"‘l)Cj + gf_ltXX’in_lD_IY()(f)Xl -8 Cn=- 8:_IZXXT_1D‘1Y0(f)X1
j=1
m—1

— g XDV (DX, = XTD™'Y ()Y, = X' DT'Y()C, - > XA e,
j=1

m—1
= 2 A"CL + g, XD (X - g, Co=— 8 XTDTYo(NX - XD Y)Y,
j=1
m—1
— A+ g, 3G, — XD (N + X (ATIC - 2 X @) + ATV
j=2

m
=g XID'Yo(HX, - XD 'Y, (Y, - 2 AC),
j=1

where

AP = X7 DY () + X (AYD) = X! -gg—’ FX X C(m-1,0)g,_l-C(m-1,1)§}

t Iy

8

x

=X'1"'1{ C(m,0)g, - C(m, 1)&},

A =X (AD) + AT = X, X7 Clm = 1,5 = 1)g, = Clm - 1,j)3
- g

[)C

Iy Iy

+X’1”_j{ Cim-1,j- 2)g,_1 -Cm-1,j- 1):—’} =X’1”—J{C(m,j— l)gt_1 - C(m,j)?},

- 8 8
A =A:(n”ill) +8 ,= (m - l)gz_l -2+ 8 =mg,_ — =t
t 81,
that finishes the proof of the lemma. |

Assume equation #,,=f(¢,¢,,t,) admits a nontrivial n-integral. Then we know that the dimen-
sion of Lie algebra L, is at least 2 by Corollary 2.9.
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Consider case when the dimension of L, is at least 3 and C; # 0. Since linear space generated
by vector fields C;, C», Cs, ..., is of finite dimension, then there exists a natural number N, such
that

Cni1 = G+ poCo+ -+ unC,

and C|, C,, ..., Cy are linearly independent. By Lemma 2.10 we have
[D,.Cnsil=— ngAE)NH)Xl —AE)NH)Yl _A(1N+1)C1 - _Az(\lrm)cn —AJ(\XJEI){M1C1 + Gyt o
+ unCats

where Ag‘)=X’1‘D‘1Y0(f). On the other hand,

[D. Cria] = Do) C + Do) Co + ==+ Do) Cy + (- 8, ALK, — ALY, - A Cy)
+ (= g ATX = APY = APC = APCy) + -+ (- g, AGVX - APVY,
—ANC, - =AY Cy).

Linear independence of X, Y|, Cy, C,, ..., Cy allows us to compare coefficients before X;, C;,
1=k=N in the last two presentations for [D,,Cy,;]. We have

—AGY = =AY - AT - = inAgY,
AN AR = — A = AP — =AY + D),
N
— AN — AR == 2 A [+ D), 2=k=N-3,
J=k
— AW — oA = = 1y AN = i AR = AR + D (),

1 1 -1
- A%V—Jrl )~ #N—1A§\1/\i+1 )=- ,U«N—1A§\1/\i1 )~ MNAz(\va_)l + D (uy-1),

— AR = upARY = = AR+ D). (30)

Thus we have proven the following theorem.

Theorem 2.11: Consistency of the system (30) is necessary for the existence of a nontrivial
n-integral to the chain (1).

One can specify the system. Since

8u_ 81, 8811,
8 . —(N+1)
2z g

X

i

N+ DN
AR =X1{C(N+ LN-1)g, -C(N+ 1,N)§—’} _ WDV

Ly

A%\i“il)z {C(N+ LN)g,_ - C(N+1,N+ l)f} =(N+1)g,_ - 5—’

t 2

x X

81 81,

X

AN = {C(N,N— Dg:, = C(N,N)&} =Ng, - o

the last equation of (30) becomes
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(N+1)N 8i_ 81, 8181 1_ g g
8, ~ N+ D) ) (N+ g, = =5 =y Ng, ==
2 g, 8, &

X

- Dx(MN) B

that can be rewritten as

(N+1)N 8u_ 81~ 8:811_
Ty 8~ (N 1)% + ungr == D). (31)
!

X

If C;=0 then, by Lemma 2.10,

0=X,D"'Yo(f) = %D“(ftl)- (32)
-1

lll. PROOF OF THEOREM 1.3
A. Case 1: t,,=t,+A(t;-1)

Introduce 7=1,—t and rewrite the equation as 7,=A(7). Study the question when this equation
admits a nontrivial n-integral or the same when the corresponding Lie algebra L, is of finite
dimension. Since

Yof =A"(1)7, =D,A(7),

Yof =A"(1A(7) + A" (1)A"(7) = D,A(T)D,A(7),
and Y,Df=(D,A(7)**!, we can write Y, as

Y, =— +2D DA — aDk (33)

Now let us introduce new variables: 7,=t, 7=f,—f, 7_;=1—1_;, 7;=1;,—1;. Since

J J J J

+ b
ot dr, Jdt Jd1

then the expression (33) for ¥; becomes

V=t 2 S pp A

dr, dt IT 1o D)]E T,

(34)

One can ignore the term containing d/Jr since coefficients in the vector fields used below do not
depend on 7.
Multiply Y, by A(7_;),

d
A(T.)Y, =A(7_ og +A(7 1)T_I+EA(T D (DA(T ))"aDﬁﬂ. (35)
Introduce
p(6)=A(7_,(0), where df= (“) (36)
AT

Equation (35) becomes
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P P
A(r_ )Y, =p()— + — + >, DX(p(6 . 37
(m)¥i=p(O) 7+ 20+ 2 Di(p(8) 2 (37)

Now instead of X;=4/dt_;, define

~ 1% 14
Xl =A(7'_1)X1 = —A(T_l)_ +A(T_1)_.
aT_4 d7_y

It is indeed with new variables

S g pd 9
TAN U .

Note that [Dx,il]:DX(p(6)/p(0_1))W1, where W1=(9/15'0_1. Since [Dx’Xl]:_Xl(g)Xl _Xl(g—l)XZ?
then [D,,X,] € L,. Therefore, we have two possibilities:

. p(6)
i DAL5)=0or
(i) W, eL,

First let us consider case (i). We have

b ( p(6) )_p’(ﬁ)p(ﬁ_l)—p(ﬁ)p’(ﬁ_l) o
\p(6y) P2(9—1) .

Solving this differential equation we get p(6)=A(7_,(0))=pue’. Since db/dr_=1/A(1_,), we
have A(7)=\7+c.

Now concentrate on case (ii). Since D (p(6)/p(6_,))W, € L,, then W, € L, and, due to (38),
W=a/db¢eL,.

Lemma 3.1: If equation 7,=A(7) admits a nontrivial n-integral then function p(6), defined by
(36), is a quasipolynomial.

Proof: Instead of Y, X,, take the pair of the operators W=4/d6 and

J J J
Z=A(1.)Y = W=p(6)-— +D.p(6)— + Di(p(6) -—+ . (39)
i T4y Tixx
Construct a sequence of the operators
C =[W.z], C,=[W,C], C=[W,C,], k=2 (40)

Since algebra L, is of finite dimension then there exists number N, such that

Cni1= oZ+ 1 Cr+ -+ unC, (41)

and vector fields Z, C,...,Cy are linearly independent.
Direct calculations show that [D,, W]=[D,,Z]=0. Therefore, we have [D,,C;]=0 for all j. It
follows from (41) that

0=D(10)Z + Dy(p11)Cy + -+ + D(y) Cy,
which implies D,(u1;)=0. Clearly u;=pu;(6) and D.(u;)=p;(6)=0. Hence w; is constant for all
j=0.
Look at the coefficients of d/d7, in (41) and get
wop(6) + s’ (0) + ++++ pyp™(6) = p™*1(6). (42)

This means p(6) is a quasipolynomial, i.e., it takes the form
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p(0) =2 q;(0)eM’. (43)
j=1

O

Lemma 3.2: Let p(6) is an arbitrary quasipolynomial solving a differential equation of the

form (42) and which does not solve any equation of this form of less order. Then the equation
t1,=t,+A(t;—t) with A found from the conditions,

A(7,) =p(0),
6 —~ —_~
1= J p(0)do
0
admits a nontrivial n-integral.
Proof: Introduce
L(D,) =D = uyDY = uy DY = -+ = D — .

Equation (42) can be rewritten as L(D,)p(6)=0. However, L(D,)p(6)=L(D,)A(7_,). Since
LDt ,=L(D)t,+L(D)A(7) and L(D,)A(7)=0, we have L(D,f,=L(D,)t. But L(D,t,
=DL(D)t,, therefore DL(D,)t,=L(D,)t,. Denote L(D,)t,=I so we have DI=I. Hence L(D,)t, is an
n-integral. O
Therefore the condition (43) is necessary and sufficient for our equation to have nontrivial
n-integral.
Example 1: Take p(@):%e9+ %e“’:cosh 0, then

A(7_,) =cosh 6,

7_; =sinh 6+c,

or A(7_;)?>=(7_;—c)?=1 which gives A(7_)=\1+(7_;—c)?. So t;,=t,+\/ 1 +(t,—t—c)?, where c is
arbitrary constant, is Darboux integrable. Moreover, its general solution is given by #(n,x)
:G(x)+nc+2,f;ésinh(x+ck), where G(x) is arbitrary function depending on x and ¢, are arbitrary
constants.

B. Case 2: t,,=t,+c(t,-Dt+co(t; - D)%+ c3(H - D

Lemma 3.3: If equation t|,=t +d(t,t;)=t +c,(t; =) t+cy(t,—1)>+c5(t,—t) admits a nontrivial
n-integral, then there exists a natural number k such that

ke, - (k+ 1)cy =0. (44)

Proof: Introduce vector fields T,=[X,,Y,], T,,=[X,,T,_,], m=2. Direct calculations show
that

[D,.Ti]=(=ci+2c)X, + (= ¢ +2¢)Y, + (dt_l(t—lat) —d(t_,0))Ty,

[Dx’ Tm] = _Agtn—)le—l - A;('yrtn)Tm’ (45)
where

|

A =X Clomj = D (13) + Clom (1)), Clmk) =

Due to finiteness of algebra L,, there exists natural number M, such that
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Ty =T+ oo+ -+ py Ty,

and Ty, Ty, ..., Ty, are linearly independent. We have

(D Typi1] = [Dyo sy Ty + poTp + =+ + g Ty,

that can be rewritten by (45) in the following form:

— ATy = AU i Tog + pag Ty + oo+ iy T}
= Dx(#l)Tl = ey =2¢)X) = (e = 2¢)Y, - MlA(ll)Tl + D ()T, - ,U~2A(12)T1 - ,Uva(zz)Tz
“+ D, () Ty = AN Ty = pngASy Ty

Compare coefficients before the operators. The coefficient before X, and Y, gives —u;(c,—2¢5)
=0. In this case we have two choices: u;=0 or ¢;—2¢,=0. The second one glves (44) with k
=1.1f ¢;—2¢, #0, then u, —O Using this, from the coefficient of 7| we get —,UQA )=0. Again, we
have that either u,=0 or A )=0.1f A(2) 0 we stop, if not then w,=0 and we continue to compare
the coefﬁc1ents Using w;=u,=0, the coefficient before T, gives —,u3A )=0 which means M3
=0 or A )=0. Same as before: if A( )—0 we stop, if not then u3;=0 and we continue to the
procedure

If g =+ =y =0 then Ty;,;=0 and [D,, Ty, 1=0=-AWT, — AW VT, | = AMT, Since
Ty, ..., Ty are 11near1y 1ndependent then Ty #0 and therefore A(MJrl =0. It follows A(k =0 for
some k 1,2,...,M+1. Evaluate Ak B

AP == Cllk=2)d, , (t1,1) + Cllk = 1)d,,_(t-1,8) == k(k = 1)(c = ¢}) +k(c; = 2¢5) = kfke,

- (k+ 1)C2}.
|
Let us rewrite the equation in case (2) as
TX=CI7T+ 0272+C3’T,
where 7=t;—t. We have two important relations.
(1) Yof=D,In H, where
01/6 c
=T—1/, 0=ﬂ, e=——1. (46)
CEXI T Cy
(2) Y, f=D,In RH_,, where
O ¢
H_ = H, R= ., when e€#0.
0+¢€)

[The case €=0, i.e ¢;=c,, is not realized due to Lemma 3.3. The case ¢,=0, due to Lemma
3.3, leads to ¢;=0, and the equation becomes t,,=t,+c;(¢;—1) with an n-integral I=t,—c;t.]

These two relations allow us to simplify the basis operators Y, Y;, X;. Really, we take

Y]:H—IYD ?OZHY(),

and get [D,,Y,]=0 and [D,,Y,]=AY,, where A=—(H_,/H)D, In(RH_,).

First we will restrict the set of the variables as follows: t,,7,7_;,%,,t,,... and change the
variables r*=¢, 7_;=t—t_; keeping the other variables unchanged. Then some of the differentia-
tions will change,
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Jd 9 d d

ot ot or, at,  ar,
So we have X1=—&/&T_1=—)A(1 and

- a4
Y=H | —+— |+ HDIYD“—
| (m an) g 1D(¥, f)mk]

Since [D,,X,]=D,(In R_)X,, one can introduce X,=(1/R_,)X, and get [D,,X,]=0. Here R_,
=D"'R.
Introduce vector fields C,=[X,,Y,], C3=[X,,C,], C,=[X,,C,_,], k=3. We have

[DX,CH_l]:i]l(A)?O, ]2 1

Since the algebra L, is of finite dimension then there is a number N, such that

Crs1 = unC+ =+ o Co+ 1 Y, (47)

where Y, Cy, C,, ... are linearly independent.
Applying the commutator with D, one gets D,(u;)=0 for j=1,...,N and

XY = XY™ = = A =0 (48)

All the operators in our sequence have coefficients depending on 7, 7_;, . So do wu;
=p;(7,7_,1). But the relation D u,(7,7_;,t)=0 shows that du;/dt=0, i.e., u;=pu;(7,7_,). Since
the minimal x-integral for an equation in case (2) depends on variables ¢, t,, t,, f3, the relation
D,(u;)=0 implies that u; is constant for all j.

Introduce new variables 7, 7, 7 as

f=t, f=f,

T T e”
n=In | , or the same 7= A\ 1207/ (49)
—e
T+ (= 1)
€
Then
9 _9n 9
aT_, 077'_1&77’
o8

" o7 at an’

g d dnd
— =+
In these new variables X | takes the form
= T1(0_,+€ 0 1%
g, oml0are 7 7
0_, dr_y dm

and Eq. (48) becomes
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av AR
(W_MNW_..._MJA:(), (50)

where

ﬂ(&_f+D‘1a_f) - 2=y 6D

H_
A=-—" (7. nR+D,InH_|)=-
H H \ gt ot H

Let us show that ¢;—2c,=0. Assume contrary. It follows from (50) and (51) that both functions
H_; and 7_1H_; should solve the linear differential equation with constant coefficients,

dN dN—l
(ﬁ—ﬂwm— "'—M1>y(71)=0-

Therefore, both functions H_; and 7_;H_; must be quasipolynomials in 7.
Due to (46) and (49), we have

r
H_=—-e"(1-emVe!
€
and

7,2
T—lH—l = 2327](1 - e’/])l/e—2.

To be quasipolynomials in # it is necessary that e=1/m for some natural m =2.
Rewrite our vector fields X 1 Y | in the new variables;

~ J dn dn \ 0
Y1=H_1_~+H_1 _++_ — +
of ot dr_ /) dn

Study the projection on the direction d/dn.

The operators X \=3d/dn and H_,(dn/dt*+dn/ dr_;) I/ dn generate a finite dimensional Lie
algebra over the field of constants. Due to Lemma 2.3 in this case the coefficient H_; d %/ dt should
be of one of the forms

Cle M4+ "4 E or Cif +Com+ s, (52)

d d 1
H_l(—z + —77) = (1 + (— - 1)@’7)(1 —eMle,
arr  dty €

with 1/e=m =2 and it is never of the form (52). This contradiction shows that ¢;—2¢,=0. [

but we have

C. Case 3: t,,=t,+A(t;-bHe*!

Introduce 7=t,—¢ and rewrite the equation as 7,=A(7)e®. Study the question when the equa-
tion admits a nontrivial n-integral or the same when the corresponding Lie algebra L, is of finite
dimension.

Instead of the vector fields Yo=d/dt; and Y,=d/dt+D~'(3f/ dt,) (9! dt,)+ D~ (df ./ dt,) (9] dt,)

++++, we will use the vector fields Yy=A(7)Y, and Y,;=A(r_,)Y,. They are more convenient since
they satisfy more simple relations,
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[D,.Yo]=0, [D.Y]=\Y,

as operators acting on the enlarged set t;, ¢, t_|, t_5, ...}t Ly, Lo --.. Here the coefficient
)\1 is
A(7_
M= 2 4 () () - A (1 e e,
A(7)

Since the equation is represented as 7,=A(7)e® it is reasonable to introduce new variables as 7,
=1, T_1 Zt—t_l N T_2=t_] —t_z, such that

1% d 14 d d d 1% 14

= + , = + , = .
ot 077'+ (?7'_1 at_l (97'_1 (97'_2 (91‘_2 (97'_2

Instead of the operators X,=4d/d¢_; and X,=4/dt_, use new ones )Zl =A(7_))e *™1d/d1_, and )?2
=A(7_,)e"*23/dr_,. They satisfy relations [D,,X,]=0 and [D,,X,]=uX,. Here the coefficient
is

= aA(T_l)e—ZaT,ﬁat.

Construct a sequence by taking X;, ¥,, C,=[X,.Y,], C;3=[X,.C,], Ci=[X;,Ci,] for k=3.
One can easily check that

[D,,C]=- f’l(#)iz‘uzl()\l)?o:bziz+i1(7\1)?0,

[D,.C3]=X{(\ )Yy~ (Co + X, Y ) (WX, = XT(N )Y + 53X,

and for any k (it can be proven by induction)

[D,,Cd=X""(\) Y, + b X,

Since the characteristic Lie algebra L, is of finite dimension then there is a number N, such that

Cnsr = mnCy+ =+ i Yy + X (53)
where )?1, 71, C,, C,, ... are linearly independent.

Commute both sides of (53) with D, and get

XYONDY o+ by Xo = D(pup) Cy+ -+ + Do) Yy + Do) Xy + XY "N Yo+ -+ + g\ ¥y
N

+ Ebkﬂk i2-
k=2

Collect the coefficients before the operators and get Dx(,u,j):O for j=0,1,...,N, and

(XY =y X =y XY= = )N =0, (54)

Introduce new variables 7, 7_; as solutions of the following ordinary differential equations:

dr_ dr_
T_1 =A(T_1)€_a’r71, )
dn dn_,

=A(T_2)€_a772. (55)

Thus our vector fields are rewritten as
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P et b A )+ DA )t
an aT, at,

By looking at the projection on d/dn we get an algebra generated by d/d»n and e*™1d/dn con-
taining all possible commutators and all possible linear combinations with constant coefficients.
Due to Lemma 2.3, we get that ¢™! can be only one of the forms (a) e*™1=c,e?"+c,e P7+c; and
(b) e*™1=ci P +crm+cy,

where B, c|, ¢,, c3 are some constants.

The equation A(7_)=(1/a)(d/dn)e*™! implies that in case (a) we have A(7_|)=(B8/«)
X (c,1eP7=ce™P7), or the same

ﬁ2 at
A7) = g{(e —c3)—4cic,), (56)
and in case (b) we have A(7_;)=(1/a)(2c;m+c,), or the same,

4c ¢l —4eqc
AN = ey 12 (57)
o o

In addition to the operators )?1, )?2, 170, 171 introduced above, we will use 172
=A(T_Z)D_I(Ylf)ﬂtx+A(T_Z)D_I(Ylfx)&,xx+' - defined as Y,=A(7_,)Y,. It satisfies the commutativ-
ity relation

[D,.Y,]=\Y, + &Yy + vX,, (58)
where
A A
£=- —j(T;)D*(YIf) =- ;;’;j){(—A’(T_o @A)+ A () T T e,
A(T_
)\=—A§+j§D_1(Y1f) and v=—N\e"™-L. (59)
Lemma 3.4:

(1)  Equation t;,=t.+(B/ a)(e*™—c3)e® admits a nontrivial n-integral if and only if c3=* 1.
(2) Equation t\,=t,+cse™, c5# 0 does not admit a nontrivial n-integral.

Proof: In this case the equation 7,=A(7)e® is reduced by evident scaling of x and 7 to

ti,=t,+e" or t,=t +el+ee.

By induction on m one can easily see that for the equation ¢;,=¢,+¢’, the basic vector fields Y,, are

J
le_,
at

J J
Y, = e-0nmD— 4 el-n-D)(t, — e-n-D)— 4 -+,
(9 X XX
Since these vector fields Y,,, m=1, are linearly independent then equation f;,=¢,+¢' does not
admit a nontrivial n-integral.
For equation 7,,=1,+e'+&¢’, the basic vector fields Y,, are
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J Jd J
Yi=—+e—+et,+e)—+ -,
&t X XX

Y, =(e+ l)e’-<m-1)i +(g+ De~m-0(t, + (1 - e)e’-(m-”)i + o
&tx XX

One can see that vector fields Y,,, m=1, are linearly independent if & # = 1. Therefore, if &
# = 1, equation 1,,=t,+e'l+ee’ does not admit a nontrivial n-integral. If e=—1, the equation
becomes f;,=t,+e''—¢', and one of its n-integrals is I=t,—¢". If e=1, the equation becomes 7,
=t,+e'1+¢, and one of its n-integrals is =21, —12—e?. |

Lemma 3.5: Let equation t, =t +A(t,—t)e® with (a) A>(7)=(B%/ a®){(e*"—c3)?—4c c,} or (b)
AX(D)=(4e,l a®)e® +(c2—4c c3)/ o, admit a nontrivial n-integral. Then in case (a), we have,
A(t,-1)=(B/a) \/(e“(’l")—c3)2—c§+ 1, where c is an arbitrary constant, and in case (b), we have
Aty —1)=ce' =0 \phere ¢ is an arbitrary constant.

In cases (a) and (b) the corresponding n-integrals are I:(a/2)t)2(—txx+(a/2)ez"” and I=
~(@/2)E+1y,.

Proof: Note that

D p=\, where p=— M —e%2
P s p N (T—l)
This implies that the vector field,
Ry=Y,-pY,,

satisfies very simple and convenient relation,

A(T—z)
A(7)

M_IA(T—z)

[Dx7R2]=g?0+Vil7 g=_ A(’T 1)

DY f)=pNy, v=e D\(Y,f).

Study now the sequence

Rjy = [)A(,Rj], j=2, where f(:)?l + e 1X,.

Direct calculations show that

[D..R,]= X" 2(HY, + X" (D)X, +b,X,. (60)

Since X 1s fz, )70, R, are linearly independent, then there exists a number N=2, such that

Ry = pnRy + pinoiRyci + 00 oo + X

and

[DyRys1] =Dy unRy + sy Ryoy + Ry + i Xy . (61)

We use [D,,X,]=aA(r_)e 2¢™1*%X, [D, ,X,]=0, and (60) to compare the coefficients before
linearly independent vector fields R, and 170 in (61). We have, D,(u;)=0, k=2,3,...,N, and

RODE) = iy XEDE) 4 -+ oF. (62)

Under the change in variables
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dq(z) ar
7=z, 7=2,-4(2), =—e %™,
Jz
equation (62) is reduced to
(DY — DY = oo = ) E=0, (63)

where i =p(7_1, 70)=m(z,2_). Since Dz_,)=0, DJ(z)=e*#0, and 0=D,(u)
=Dz_|(,uk)Dx(z_l)+Dz(,u,k)Dx(z), then coefficients u; do not depend on variable z. Since, due to
(63),

~ A
E= A(z' ;) 1M A (7)) + aA(T_) + A’ (T_y)e”*2} + A(z-;;)em{A'(T) - aA(7)
A (e ) S A () ) A e )

is a quasipolynomial in z= 7 for any 7 and ¢, then (d/d7)(£A(m)e™®) is a quasipolynomial as well.
Hence we have

(A"(7) — aA"(DHA(7_5) + A7) "2}

is a quasipolynomial in z, which is possible only if A”(7)—aA’(7)=0 or A(7_)+A(7_;)e*™2 is a
quasipolynomial in z.
In case (a) we have

eZaT
A1) - aA (D) =-afcy ——F—3. c=4c0,
(V(e*"=c3)" = cy)
and in case (b) we have
4c e —deie\ P
" ’ 2 — ar 1 ar 2 143
A"(7) = aA' (1) = — dcia2e? (aze +T) .

Therefore, A”(7)—aA’(7)=0 if ¢,c,=0 in case (a) and if ¢;=0 in case (b). Both these cases are
considered in Lemma 3.4.
It follows from dgq/dz=—e*™! that, in case (a), if r= \,'c§—4c1c2¢ 0, then

SRR N et 1 et S L A bk
7 Br eﬁ”—p2 ’ ! 2¢; ’ 2 2¢; ’
and if r= \’C§—4C162=0, then
1
q(n) =

C1,3(€B77—P1) .

In case (b), if r;=Vc3—4c c3#0, then

1 n-p) . TCtn . TC—I
g(m)=-—"1In .. pi= . D= ,
Bri | n-p, 2¢ 2¢)
and if r1=\c§—4clc3=0, then
1
q(n)=——"".
ciB(n-py)

In case (a) we have
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o
IE(A(T_2) +A(7‘_1)ea7—2) = Clgﬁ’?—l — CZE_B‘”‘I + (016'87’— C2€_‘B77)(C1€’B7I_1 + cze_B”-l + C3)

=16P71(c1ePT = ce P+ 1) + ceP-1(c1ePT = cre P — 1) + ¢501€P7
_ c3c2e‘ﬁ’7 - Cleﬁz_rﬁq(z)(cleﬁz —ce P 1)+ Cze—ﬁz_ﬁﬂq(z)(cleﬁz
— e P = 1) + cyc1 — ey

One can see that A(7_,)+A(7_;)e®™2 is a quasipolynomial in case (a) only if r= \rc§—4c,cz
==+ 1. If r= %1, function A(t,—1) becomes (B/ a) \/(e”("")—c3)2—c§+ 1, where c; is an arbitrary
constant, and one of n-integrals for t,,=t.+(8/ a)e“’\/(e“(’l")—c3)2—c§+1 is I=(a/2)*~1,,
+(a/2)e ™.

In case (b) direct calculations show that

A1) +A(7_)e* 2= Q(2) + P(z,2_y) + J(z,2.)),

where Q(z) is some function depending only on z, P(z,z_;) is a polynomial function of two
variables, and

2¢
J(z,z_)=— jz_lq(z)(chz +¢y).

Since A(7_,)+A(7_))e*2—P(z,z_1)=0(z) +J(z,z_;) is a quasipolynomial in z, then

M — %q(z)(chz + CZ)
71 @

is also a quasipolynomial in z, which is possible only if r1=\c§—4clc3=0. If r;=0 we have
Aty —1)=ce' =) where ¢ is an arbitrary constant, and the corresponding n-integral is /=
—(al2)t+t,,. [

D. Case 4: t,,=t,+c,(e*1—e*) + c5(e M - ™)

It is clear that this equation has a nontrivial n-integral which is I=t,—c,e®+cse” . It satisfies
the equation DI=1I since DI=t,,—c4e“'+cse”*"1=1.

IV. CONCLUSION

In this article we studied differential-difference equations of the form (1) from the Darboux
integrability point of view. The problem of classification of Darboux integrable chains is studied
by reducing it to an adequate algebraic form. We use the fact that the chain (1) is Darboux
integrable if and only if its characteristic Lie algebras L, and L, both are of finite dimension to
obtain the complete list of Darboux integrable chains of the particular form ;,=7+d(z,1,).
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