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An isomorphism theorem for Dragilev spaces 

By 

MEFHARET KOCATEPE *) 

Necessary and sufficient conditions for an Ly(a, l)-space to be isomorphic to some 
Lg(b, m)-space have been found. 

Introduction. In [2] Dragilev has claimed that if r, s ~ { + o% 1, 0, - 1 } and r + s, then 
for any two rapidly increasing Dragilev functions f and g and for any two sequences 
a = (ai) and b = (bi), the spaces Ly(a, r) and Lo(b, s) cannot be isomorphic. In [4] and [5], 
by means of examples it was shown that this is not  true for (r, s ) =  (1, + oo) and 
(r, s) -- ( -  1, 0). 

In this note we characterize those Ly(a, 1) spaces which are isomorphic to L~(b, or) 
spaces. The characterization is given in terms of the functor Ext and a condition which 
is obtained by comparing the diametral dimensions of the two spaces. 

Preliminaries. Let f be an odd, increasing, logarithmically convex function (i.e. 
(0(x) = logf(e  x) is convex). Throughout  this paper such a function will be called a 
Dragilev function. Let a = (al) be a strictly increasing sequence of positive numbers with 
tim a~ = + oo and (rk) a strictly increasing sequence of real numbers with lim r k = r where 
- oo < r < + oo. The Dragilev space Ls(a, r) is defined as the K6the space 2(A) generat- 

k ed by the matrix A = (a~), a~ = expf(rkai) (see [21). 
By logarithmic convexity of f we have that for every a > 1, r(a) = lim ( f(ax)/ f(x))  

exists, x-, + 
Moreover either (i) v(a) < + oo for all a > 1, or (ii) z(a) = + oo for all a > 1. f is called 

slowly increasing in the first case, rapidly increasing in the second case. It is well-known 
that Li(a, r) is isomorphic to a power series space if and only i f f  is slowly increasing. In 
this paper we shall consider only rapidly increasing Dragilev functions. 

In [7] several properties of functor Ext (E, F) = Ext 1 (E, F) for two Frrchet  spaces E and 
F were given. It was shown in [1] that  Ext(Lo(b, oo), Lg(b, oo))= 0 and in [3] that 
Ext(LI(a,  1), Ly(a, 1)) = 0 if and only if there is a number c > 1 such that the set of limit 
points of the set {aj/ai: i,j ~ N} is contained in [0, 1] w [c, + co]. 

Results. We first give a necessary condition for Ls(a, 1) to be isomorphic to some 
Lo(b , oo). 
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Proposition 1. I f  L i (a ,  1) is isomorphic to some Lg(b, co), then there is a strictly increas- 
ing sequence (rk) o f  positive numbers with l im r k = 1 and there is a strictly increasing 
function p: N --* N such that 

J'(rk+*al) < f(rk+za,)  
k e N ,  i > p(k) .  

f(rkal) = f ( r k + l a l ) '  

The  p r o o f  of this p r o p o s i t i o n  is essent ial ly  given in [4] (P ropos i t i on  1). The  on ly  difference 
is tha t  we choose  rg sl ightly larger  than  the one chosen  in [4], so tha t  the inequal i ty  above  
holds  for all large  i (depending  on k). 

Before ou r  next  p r o p o s i t i o n  we observe  the following.  

R e m a r k .  If a posi t ive  sequence (rk) s tr ict ly increases  to 1, then  there  is a k 0 e N such 
tha t  

rk+l < r2 k > ko 
rk rl 

This  follows f rom lira rk+ 1/rg = I and  r2/q > 1. 

Proposition 2. Suppose inf(a~+l/ai)= a > 1 and there is a strictly increasing positive 
sequence (rk) with lira r k = I and there is a strictly incresing function p: N -~ N such that 

f(rk+ t al) < f(rk+ 2al) 
k e N ,  i > p(k) .  

f(rka~ ) = f(rk+las) '  

Then Ls(a,  1) is isomorphic to some Lg(b, oo). 

P r 0 0 f. By the prev ious  remark ,  by  pass ing  to a subsequence  of (rk) if necessary we 
m a y  assume tha t  

(1) rk+~ __< r2 k e N 
rk r 1 

Since inf(ai+!/ai) = a > 1, there  is a k o such tha t  rko > 1/a. Again  by pass ing  to  a subse-  
quence of  (rk) if necessary  we m a y  assume tha t  r 1 > l/a, tha t  is 

(2) rka~ < ai < ai+ l < q ai+ l, i, k e ]N. 
a 

Then  by  using logar i thmic  convexi ty  of f (1) and  (2) for i, k e N we have 

f (rk + l ai) ~o(log(rk+ l ai)) - (o(log(rkai)) 
log -- (log rk+ 1 -- log rk) 

f ( r  k ai) log r k + 1 -- log rk 

~0 (log (r E as + l)) -- ~0 (log (r 1 a i + 0) 
< (log rk+ i --  log r~) 

log r 2 --  log q 

f ( r za i+l )  logrk+l - - l o g r  k , f(r2a~+t) 
= log f(ra a,+ 1t 10~72 - -  i o n ,  =< ,og ~ as+ 1)' 
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where ~0(x) = logf(e  x) which is convex. That  is, we have 

(3) f ( r k + l a i )  < f (r2ai+l--)  i, k e N .  
f ( r k  at) = f ( r l  ai+ ~,)' 

Now let io = min {p(k): k > 2} = p(2) and for i >_- io, define k( i )  = max {k: p ( k )  < i}. Then 

2 = k ( i o ) < = k ( i ) < = k ( i + l )  for i=>io, l i m k ( i ) = + o o  
i ~ oo 

and p(k(i))<_<_i for i>=io. 

Rewriting the hypothesis we have 

f (rk + l ai) f (rk + 2 ai) 
< - -  i > io , ,  k ( i )  > k .  

(4) f ( r k  al) = f ( r k +  1 ai) '  = -= 

Next we choose s > I and fix it, and define s k = s k. Then we define a sequence b = (bi) , 
i = i o as follows: bio = I and b i + l  is inductively defined by 

b i + l  1 l o g f ( r l a i + O  - l o g f ( r k ( i ) a i )  
- o g s  

log sk(i )_ 1 bi l o g f ( r k ( i )  ai)  - -  l o g f ( r k ( i ) -  i ai) 

By (2), the right hand side is positive and so s k ( O - l b i  < bi+!~ that is Sk(1) b i < s l b i +  1 . 

Also by (3) we have 

logf ( r l  ai+ 1) - l o g f ( r k t i ) a l )  logf ( r l  ai+ l) - -  l o g f ( r k ( i ) a i )  
~) = ~ 1 ~  a~+~) logs  < 1 ~ - - 1 - o ~ )  log s, 

that  is (by using definition of bi+ 1) 

1 S l b i + l  logf ( r l  ai+ l) - -  logf(rk(1)al) log s < Jog - - -  
l o g f ( r 2 a i + l )  - -  l o g f ( r l a i + l )  = Sk(i)b i 

logf ( r l  ai+ l)  - -  l o g f  (rk(oai) 
< l ~ , ) ~ i )  -- l o ~ ~ )  logs ,  

or since log (Sk bi) - -  log (Sk -1  bl) = log s, for i > i 0 we equivalently have 

(5) l ~  ai) --  l ~  l ai) < l~  ai+ 1 )  - -  l~  

log (sk(o bl) - log (Sk (1)- 1 bl) = log (s l  bl + 1) - log (Sk(o bl) 

logf(r2 al + l) - -  logf ( r l  al + l)  < 

log (s 2 b i+ 1) - log (s 1 bi + 1) 

Now we choose i 1 > io such that  

l o g f ( r  z ah)  - l o g f ( r  1 ail) > log s. 

Then we define ~t (log (Sk bl)) = l o g f  (rk al), i > i 1, k < k(i) ,  and Pk, i = (log (Sk bi), g/(log (Sk bi))) 
and join the points 

Pl,i~ ~ " "  ~ Pk(i~),i~ - ' * ' "  -~ Pl, i  ~ P z , i - - * " "  -'* Pk(1),i ~ P L i + l  ~ P2,1+l "'" 



284 M. KOCATEPE ARCH. MATH. 

by line segments. This way ~u is defined for all x > log (st bil). Fo r  x < log (s i bi~), we define 
~(x) = l o g f ( r  1%)  - log (sa bh) + x. It is clear that  ~ is increasing. By (4) we have that  
is convex within the i-th block and f rom (5) it follows that  the slope of ~/: increases when 
we pass f rom the i-th to the (i + l)-st block. Finally i t was chosen in such a way that  the 
slope of  qJ f rom (0, ~(0)) to Pi.h is smaller than the slope f rom Pl,h to Pz,i~. 

N o w  we define 

f (ri ai,) ~ x ,  

g ( x )  = eO(logx) ' 

- g ( - x ) ,  

0 <-- X <-- S 1 bi~ 

si bi~ < x 

x < 0 .  

Then  g is an increasing, odd  funct ion with log g(e x) = ~,(x), and  so g is logari thmically 
convex .  

Finally for i > i i and  k < k(i), that  is for i > max {p(k), it} we have f(rkat) = g(Skb',), 
which shows that  L:(a, 1) is i somorphic  to Lg(b, oo). 

Next  propos i t ion  extends Propos i t ion  2. 

Proposit ion 3. Suppose Ext(Lf(a,  I), Lg(a, 1)) = 0 and there is a strictly increasing se- 
quence (rk) with l imr  k = 1 and a strictly increasing function p: N - *  N such that 

f(rk+iai) < f(ra+zai) k e N ,  i >p(k) .  
f(rkai ) = f(rk+iai) '  

Then Ly(a, 1) is isomorphic to some Lo(b, oo). 

P r o o f. By [6], Ext (L:(a, l), L:(a, 1)) = 0 if and  only if the pair  (L:(a, 1), Lg(a, 1)) 
satisfies condi t ion (S*), and  it was shown in [3]. (p. 37 and  p. 29) that  this happens  if and  
only if there is a number  c > 1 such that  the set of limit points  of {aj/ai: i,j e N} is 
conta ined in [0, 1] w [c, + oo]. Let a = (1 + c)/2 > 1. 

We set it = 1 and  choose i 2 as the smallest index n such that  a,/a h > a, then we choose  
i 3 as the smallest index n such that  a,/a~2 > a. We cont inue this way and  choose a strictly 
increasing sequence (i,) of indices such that  

ai"+~>a, a i"+l -~<a,  nE~q .  
a i  n a i  n 

Let M = {n: i ,  + 1 < i,+1}. 
If  M is a finite set, then there is an n o e N such that  for n > no, i,+ t = i~ + ! and so 

for some too, i,o+, = m o  + n for n > 1. Hence 

amo+.+l ai.o+.+~ >= a, n >= 1 
a m  o n a i n  0 + n + 
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and by Proposit ion 2, Lz((ai)i>,.o, 1) is isomorphic to some Lg((bi)z>,.o, oo) and so Lf(a ,  1) 
is isomorphic to Lg(b, oo). 

If M is an infinite set. it follows from as.+1_ 1/a~. < a and from the property of c 
that 1 is the only limit point of the bounded set 

ai. 

and so l i m ( a i . + , _ l / a i . ) =  1. Since a i . + , / a i >  a, by Proposi t ion2,  Li((ai.), 1) is iSO- 
h E M  

morphic to some Lg((bi.),oo ) with f ( r k a i . ) = g ( s k b l .  ) for n > n k .  For  h e m  and 
i n < i < i, + 1 we define bl in such a way that bi. < bi < bj < bi.+, if i, < i < j < i, + 1 and 

Now given k we find no such that 

ai,,+,-i rk+l bi,+~-I Sk+l 
< , - -  < - - ,  n~_~n O. 

ai~ rk bl. sk 

If i. < i < i . + l f o r  n > no, then 

ai rk + l bi Sk + l < , < - -  
al. rk bi. s k 

and so for n _-> max{n 0, rig+l} and i, < i < i~+l we have 

f ( r~a3  __< f(r~+ ~ % )  = o(s~+ ~ b~~ _<_ g(s~+ ~ b~), 

g(s~b~) <__ g(s~+ ~ b~) = f(r~+ 1 % )  __< f(r~+ ~ a~). 

So Li(a ,  1) is isomorphic to Lo(b , o~). 
Now we combine our propositions and the fact that Ext(Lz(a, 1), Ls(a, 1))= 0 is a 

necessary condition for Lf(a ,  1) to be isomorphic to some Lg(b, oo) in the following 
theorem. 

Theorem. Let  f be a rapidly increasing Dragilev function. Then Ly(a, 1) is isomorphic to 
some Lo(b , oo) i f  and only if  the following conditions are satisfied: 

(i) Ext(Lr 1), Lz(a,  1)) = O, 
(ii) There is a strictly increasing sequence (rk) with lira r k = 1 and a strictly increasing 

funct ion p: N ~ N such that 

f(rk+lai~) < f(rk+2ai) k ~ N ,  i > p ( k ) .  
fO~a3 = f(rk+la3'  = 
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