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ABSTRACT

ON THE MINIMAL NUMBER OF ELEMENTS GENERATING
AN ALGEBRAIC SET

Mesut Sahin
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Ali Sinan Sertoz
August, 2002

In this thesis we present studies on the general problem of finding the minimal
number of elements generating an algebraic set in n-space both set and ideal
theoretically.
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OZET

BIR CEBIRSEL KUMEYI URETEN MINIMAL ELEMAN
SAYISI UZERINE

Mesut Sahin
Matematik Bolumii, Master
Tez Yoneticisi: Dog. Dr. Sinan Sertoz
Agustos, 2002

Bu tezde n boyutlu uzayda bir cebirsel kiimenin hem kiimesel hem de ideal teorik
olarak iiretilmesi i¢in gerekli olan minimal eleman sayisinin bulunmasi problemi

sunulmustur.

Anahtar sézciikler: Tek terimli egriler, Tam kesigimler, Cebirsel kiime.
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INTRODUCTION AND STATEMENT OF

RESULTS

In this thesis we will present studies on the general problem of finding the min-
imal number of elements generating an algebraic set in n space both set and
ideal theoretically. This problem may be investigated in algebraic and analytic

category; we will deal with algebraic category in this thesis.

Let k be an algebraically closed field of characteristic zero and X be affine or
projective n space and Y C X be an algebraic set. We say that Y is generated

by m elements set theoretically if we can write

Y =Z(f1, s o)

Let u(Y') be the minimal number of elements generating Y set theoretically. So

w(Y) <mif Y is generated by m elements set theoretically.

We say that Y is generated by m elements ideal theoretically if 1(Y') can be
generated by m elements. Let p(/(Y')) be the minimal number of elements gen-

erating Y ideal theoretically. So p(I(Y)) < m if Y is generated by m elements

3



1. INTRODUCTION AND STATEMENT OF RESULTS 4

ideal theoretically. We define codimension of Y as codim(Y) = n — dimY . It is

easy to see that

codim(Y') < p(Y) < p(1(Y')).
Y is called a complete intersection set theoretically if
u(Y) = codim(Y).

If moreover

u(I(Y)) = codim(Y),

then Y is called a complete intersection ideal theoretically. If Y is a complete
intersection ideal theoretically, i.e. wp(I(Y)) = codim(Y) then it follows from
codim(Y) < p(Y) < p(I(Y)) that u(Y) = codim(Y'), i.e Y is a complete inter-
section set theoretically. But the converse is not true. For example the projective
twisted cubic curve is a set theoretic complete intersection even though it is not

an ideal theoretic complete intersection.

We present studies on the general problem of finding the minimal number of

elements generating an algebraic set in n space both set and ideal theoretically.

We state and give a detailed proof of Eisenbud and Evans’ Theorem 2.10 and
Theorem 2.13, which suggests the best possible answer known to the problem

mentioned above [7].

Although the minimal number u(Y) < n, for an algebraic set Y in the set
theoretic case due to Eisenbud and Evans’ result, it may be arbitrarily large in
the ideal theoretic case due to Bresinsky [6]. So there is no upper bound on the

minimal number of elements generating Y ideal theoretically.

It is still an open question to decide whether Eisenbud and Evans’ result is
best possible in the set theoretic case. We consider curves to solve this problem

at least for special cases. A curve C'is a complete intersection set theoretically, if
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1(C) = n— 1. Hence the open problem turns out to be whether every irreducible
(even smooth) space curve is a set theoretic complete intersection of 2 surfaces.
The answer of corresponding question in 4 space is negative. Since the surface
S = Z(x,y)|J Z(z,w) is not a complete intersection of 2 hypersurfaces. We say
a noetherian topological space Y is connected in codimension 1, if the following
condition is satisfied “whenever P is a closed subset of Y and codim(P,Y) > 1
then Y — P is connected.” To show that S is not complete intersection it remains
to prove that S is not connected in codimension 1, by a Theorem 3.4 of Hartshorne
[11]. Since P = {(0,0,0,0)} is a closed subset of S, codim(P,S)=2—-0=2>1
and S — P = [Z(z,y) —{(0,0,0,0)} U[Z(z,w) — {(0,0,0,0)}] is not connected,
S is not connected in codimension 1, hence S is not a complete intersection set

theoretically.
So the problem mentioned above can be divided into two parts:
(i) Set Theoretic Case

The first general result was given in 1882 by Kronecker [15]. He showed that
any radical ideal in a polynomial ring in n variables over k is the radical of an ideal
generated by n + 1 polynomials, i.e. u(Y) <n+ 1. For a long time, Kronecker’s
result was believed to be the best possible due to an example of Vahlen [30].
Vahlen’s example was a curve in the complex projective 3 space, which he claimed
could not be written as an intersection of 3 surfaces. Vahlen’s error was noticed
in 1942 when Perron [21] gave explicitly 3 surfaces, whose intersection is exactly
the curve given by Vahlen. Vahlen’s error was that he could not separate the

notion and description of ideal and set theoretic complete intersections.

In 1961, Kneser showed that Perron’s result is a special case of the fact that
indeed every space curve C' is an intersection of 3 surfaces, i.e. pu(C) < 3in 3

space [14].
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In 1963, Forster generalized affine analogue of Kronecker’s result to Noethe-
rian rings, i.e. any radical ideal in an n dimensional Noetherian ring R can be
generated by n+1 elements up to radical, i.e. any radical ideal in R is the radical

of an ideal generated by n + 1 elements [8].

Eisenbud and Evans generalized Kneser’s result in 1973 to n spaces by proving
that any radical ideal in an n dimensional Noetherian ring can be generated by n
elements up to radical [7]. Storch also generalized independently Kneser’s result

in 1972, but he only considered the affine case [26].

Let us define affine monomial curves in A" and affine monomial space curves.

Definition 1.1 Let k be a field of characteristic zero and m; < ... < m, be
positive integers such that ged(my,...,my) = 1. An affine monomial curve
C(my,...,my,) in A" is given parametrically by

Ir1 = tm

Tog = tm?

T, =t""

where t is an element of the ground field k. If n = 3, then C(my, mg, m3) is called

an affine monomial space curve.

Here are some special results:

in A"

(1) All monomial space curves in A% are the set theoretic complete intersection

of two surfaces [3].
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The monomial curve C(mq,mg, ms, my) is a set theoretic complete intersec-
tion in A?* if and only if < m;,ma, ms, my > is a symmetric semigroup, for

the definition of a symmetric semigroup see section 3.3, [4].

For any n > 4, if some n — 1 terms of mq,...,m, form an arithmetic se-
quence then the monomial curve C'(my,...,m,) is a set theoretical com-
plete intersection [20]. As a corollary to this result: The monomial curve
C(n,an—sd,...,an—d,an+d, ..., an+td) is a set theoretical complete inter-

section where a,n, s, d are positive integers with an > sd and ged(n,d) = 1.

Definition 1.2 We say a curve C in P? is a set theoretic complete inter-
section on a surface S if there exist another surface T such that C' is the

intersection of S and T'.

in P"
Rational normal curves are set theoretic complete intersections in P™ [22].

The rational normal curve in P is the nth Veronese image of the projective

line, i.e. v, (P') C P", where Veronese map is defined as follows:
Up - Pl - ]Pnavio,h = 3360‘1'111

where 4,7, are nonnegative integers such that iy + 4, = n and v;,;, denotes

homogeneous coordinates of P".

All monomial curves in P? whose projective coordinate rings are Cohen-
Macaulay are set theoretic complete intersections. But the smooth monomial
curve Cy = (t4, 3u, tu®, u*) whose coordinate ring is not Cohen-Macaulay is
not a set theoretic complete intersection on anyone of the three binomial
surfaces fi = x2wy — 23, fo = xor3 — 11279 and f3 = z122 — 23 even though

Z(Cy) = Z(fi1, fo, f3). It is an open question whether Cy is a set theoretic

complete intersection [23].
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Smooth monomial curves in P? of degree > 3 are not set theoretic complete
intersections on bihomogeneous surfaces [29]. A bihomogeneous surface in

P3 is a surface defined by a bihomogeneous polynomial F. A polynomial

— V0 ,.V1 .02 ,.U3
F= E (ygvivgvs Lo L1 Lo T3~ € k[%,fl,xz,ﬂfg]

is called bihomogeneous of type (d,a;,as) and degree (a,b) if Gyyvyvp0s = 0

for all (v, v1, vo, v3) With
vo(d,0) + vi(ar,d — ay) + va(as, d — az) + v3(0,d) # (a,b).

Smooth monomial curves in P? of degree > 3 are not set theoretic complete
intersections on surfaces with at most ordinary nodes as singularities or of

degree at most three or cones [13].

Smooth monomial curves in P? of degree > 3 are not set theoretic complete

intersections on any binomial surfaces [27].

A binomial surface in P? is a surface defined by a binomial f of the following
form:

_ Vo, U1, V2 U3 Ho M1 M2 13
J = Qugu1vy03 0" T T T3° — Qpugpy piaps T L1 T T3

where Z?:o v; = Z?:o L.

All monomial curves in P which are set theoretic complete intersections on
two binomial surfaces are exactly those that are ideal theoretic complete

intersections [28].

(ii) Ideal Theoretic Case

The minimal number of equations needed to define a space curve can be ar-

bitrarily large due to an example of Macaulay given in 1916 [17]. His example

was

a curve in A® with large number of singularities, so the ideal of curve needs

arbitrary large number of generators even locally at these singularities. For any
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r > 1, Macaulay constructed a curve C' in A% such that u(I(C)) > r. For more
details see [[9],page 310].

Definition 1.3 The monomial curve C), is defined parametrically as follows
x =ty =t -, =t

where a; = 2" m(m + 1), ay = 2" m(m + 1) + 1), a3 = 2" *(m + 1)?, a4 =
27 (m + 1)+ 1), as = 2" m + 1)2 + 22, q; = 2" (m + 1)? 4+ 2775 +
Z;ZG(—l)JQ"_j, fori > 6, with m > 2 and n > 4.

In 1999, Arslan S.F. gave the description of the ideal of the monomial curve

C™ in his article [2] and showed that u(I(C™)) =2m +n — 1.

It is worthwhile to find how many generators are necessary to define a curve
locally (which means that in a neighborhood of any point of the curve), and then
knowing the answer we can consider the curve globally. This is the so called local
global principle; first we prove a theorem on the local ring then, we try to get an

analogue of the theorem on the global ring.

In 1963, Forster used this local global principle to show that every smooth

curve in A® can be defined by 4 equations ideal theoretically [8].

In 1970, Abhyankar proved that 3 equations are enough to define a smooth
curve in A3. Moreover he proved that smooth curves of genus < 1 in A3 are

complete intersections ideal theoretically, if their degree is < 5, [1].

According to Serre all smooth curves of genus < 1 would be ideal theoretically
complete intersections, if every projective module of rank 2 over k[zy, xo, 23] would

be free [25].

In the same year 1970, Segre claimed that he has found smooth curves of genus
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< 1in A3 which are not complete intersection ideal theoretically (i.e. cannot be

defined by 2 equations ) [24].

In 1971, Murthy has shown that, in the polynomial ring k[z1, x4, 3], over a field
k, any ideal of height 2 which is locally a complete intersection can be generated
by 3 elements [18]. This means that if C' is a curve in A which is generated
by 2 elements in a neighborhood of any point of C', then I(C) is generated by 3
elements. We give an example to show that any prime ideal of height 2 need not
be generated by 2 polynomials, for details see Remark 4.1. Murthy also gives an
example to show that the ideal corresponding even to a nonsingular curve in 3

space need not be generated by 2 elements.

In 1974, Murthy and Towber [19] proved that every projective module of rank
2 over k[, xy, x3) is free. Hence it follows from this result together with Serre’s
result that every smooth curve in A® of genus < 1 can be defined by 2 equations

ideal theoretically, which shows that the Segre’s claim is false.

Here are some special results:

in A"

(1) Herzog proved that for the monomial curve C'(my, ms, ms), I(C) is generated

by 2 elements iff < my,mg, mg > is a symmetric semigroup [12].

(2) Bresinsky showed that there are some monomial curves needing arbitrarily

large minimal number of equations to define them ideal theoretically [6].
(3) Bresinsky also showed that for the monomial curve
C(my, ma, ms, my)
if

< my, Mo, M3, My >
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is symmetric then 1(C) is generated by 3 or 5 elements [5].

For higher dimensions the question, whether the symmetry implies existence of
a finite upper bound for the minimal number of elements generating a monomial

curve C'(my, ..., m,) ideal theoretically, is open.

In projective case the situation is completely different since the local global

principle doesn’t hold.



1(Y) < nm FOR AN ALGEBRAIC SET Y

IN AN n SPACE

In this chapter, we will state theorems which are the answers of the following
question. What is the minimal number of elements generating an algebraic set?
First we state and prove the theorem of Kronecker, which says that pu(Y) < n+1,
for an algebraic set in n space and then we present Forster’s theorem, which is
the affine generalization of Kronecker’s result to any Noetherian ring. Finally we
state and give a detailed proof of Eisenbud and Evans’ theorem, which suggests

the best possible answer so far to the question above.

2.1 Theorem of Kronecker

Let us first state the theorem of Kronecker and then prove it for projective n
space, since affine case follows from projective case. We use Geyer’s notes [9] in

this section.

12
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Theorem 2.1 (Kronecker,[15]) Every algebraic set in n space is defined by

n+ 1 elements set theoretically.

For projective n space the theorem above can be stated as follows:

Theorem 2.2 FEvery algebraic set in P" is defined by n+1 homogeneous polyno-

mials set theoretically.

To prove Theorem 2.2 we need a lemma:

Lemma 2.3 ([16], Lemma 3.2, page 49) If ¢ is a homogeneous polynomial of
degree m in the polynomial ring k[z1, ..., x, 0] over an algebraically closed field
k, then making a linear transformation y; = x; + N\iTpia, foralli=1,...,n+1

and \; € k, ¢ takes of the following form

m—1
O (Y1s - Ynat, Tngz) = A(= A1, oo —Angr, D)ty + Z Vi, Ynt1) Ty o
=0
where ¢(—A1,...,—Anpy1,1) # 0 and v;’s are homogeneous of degree m — j, for

allj=0,....,m—1.

Proof: First assume that ¢ is a homogeneous polynomial of degree 2 in the
polynomial ring k[xy,zs]. Let ¢(x1,22) = ax? + bryxs + cx3 and y = 1 + As.

Defining ¢*(y, 22) = ¢(1, z2) we get
O*(y, 22) = Py — ATg, T2) = aly — Ax2)® + by — Aag)xs + a2
= (aX® — bA + ¢)x5 + (by — 2a\y) w2 + (ay?)
= ¢(=X, )5 + 1 (y)z2 + Yo(y)

where ¥;(y) = (b — 2a\)y is homogeneous of first degree and vy(y) = ay? is

homogeneous of second degree. Since k is an infinite field, we may choose A so
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that ¢(—A, 1) # 0. This is because every nonzero polynomial in one variable may

have at most finitely many zeroes.

Therefore, we have proved for n = 0 and m = 2 that

m—1
¢*(y1, <y Yng, l’n+2> = ¢<—>\17 coy = Angt, 1)55:Ln+2 + Z wj(yh S 7yn+1)$fz+2
=0
where 9;’s are homogeneous of degree m — j, forall 7 =0,...,m — 1.

Now letting

. v1 Un+1,,Un+2
§b - E Ay vpga®y o Tyl Ty s
vV1t...+Upr2=mM
and putting y; — \;x,, o instead of x; in the above expression for alli =1,... n+1
we get
* v ) Un 42
Q" = E Ay ..o 12 (yl - /\1xn+2) o (yn—H - )‘n+1$n+2) s

v1+...tUvnt2=m

Thus by binomial expansion we get

* v U1 Un+1 Un+1 Un+2
Q"= § Qyy..vpyo (y1k1 — A} xn+2) o Yngrbnr — Ant Ty )In+2 )

v1t...+UpL2=m

and

¢" =y Z Aoy omia (= A1) (=)

v1t...+Up42=m

Here the last --- is used instead of terms in which x, .5 has power less than m.
Hence
m—1 A
¢*(y1> <oy Ynta, $n+2) = ¢(—>\1> e = Angs 1)5Unm+2 + Z %‘(?Jh cee »yn+1)$fz+2
j=0
where 1);’s are homogeneous of degree m — j, for all j = 0,...,m — 1. To
accomplish the proof we need to show that Ay,...,\,11 can be chosen so that

d(—A1,. .., —Ans1,1) # 0. This is a consequence of the following fact:

If k is an infinite field and F' € k[xy, ..., z,] is a nonzero polynomial then there

exist Aj,..., A\, € k so that F'(A,...,\.) # 0. This can be proven by induction
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on r. If r =1 then F can have at most finitely many zeroes. Since k is infinite
we may choose A; such that F'(A;) # 0. If r > 1 then assume that the claim is
true for r — 1. Let F(xq,...,2,) € k[z1,...,2,] be a nonzero polynomial. Then

we can write F' in the following form

N

F(xy,...,x,) = ZGi(atl, e Tpl1)Th

1=0

Since F'is a nonzero polynomial, there exist ¢ such that G; is a nonzero poly-

nomial in k[xy,...,2z,_1]. By induction hypothesis, for this fixed i, there exist
AD O AD e kosuch that Gy, L. AP ) £ 0. Thus FOAY, ... A% 2,) is a

nonzero polynomial in one variable and by the first case there exist 2D ek so

that F(A, ..., A7) #£0.

Proof of Theorem 2.2: [[9],page 215] Since every algebraic set is defined by
a finite number of polynomials due to Hilbert’s basis theorem, it suffices to show
that any algebraic set defined by n 4+ 2 homogeneous polynomials is defined by
n + 1 homogeneous polynomials, set theoretically. In this way we can decrease
the number of defining polynomials by one, so this step can be iterated. We can
suppose that the degrees of polynomials are the same, since f = 0 is equivalent

to the following system of equations

rof=...=x2,f=0
where [zg : ... : z,] € P", that is, (z¢,...,2,) # (0,...,0). The transcendence
degree of k[zo, ..., x,] over k is n+ 1. If we take n 4+ 2 homogeneous polynomials
fi, -+, fuyo of the same degree d in the polynomial ring k[zo, . .., x,], then these

polynomials must be algebraically dependent, since their number is greater than

the transcendence degree of the polynomial ring k[zo, ..., x,]. Algebraically de-
pendent means (f1,..., fni2) is a zero of some nonzero polynomial ¢ of degree
m, that is,

¢(f17--~;fn+2) =0
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Since ¢ = 0 is equivalent to ¢; = 0, where ¢; is the homogeneous component

of ¢ of degree i, we may suppose that ¢ is homogeneous of degree m.

By making a linear transformation g; = f; + A\ fnio, forall i =1,... n+1

and \; € k, we get another polynomial equation by using Lemma 2.3:

¢*(g1, <5 9n+1, fn+2) =0

where the coefficient of f, in ¢* is ¢(—A1,..., —A,11,1). Since k is an infinite
field (k is algebraically closed) and ¢(xq, ..., z,) is a nonzero polynomial we can

choose A; so that ¢(—Aq,..., —A,11,1) # 0. Hence we get the following

m—1
0= (b*(gl? <oy 9nt, fn+2) = ¢<_/\17 BRI _>\n+17 1)f711n+2 + Z wj(glu s 7gn+1)frjz+2
=0

Since g;’s are homogeneous of the same degree d in xg,...,x, we can assume
that the polynomials ;s are homogeneous of degree m —j in ¢i,. .., gnp41. Since
Jj < m, 1;’s have positive degree, thus ¢;(g1,...,gnt1) vanishes whenever g;’s
vanish for all + = 1,...,n 4+ 1. In this case f, o vanishes by the equality above.
It follows from ¢g; = f; + i fnio = 0that f; =0, foralle =1,... ,n+1. Therefore

we have shown that

Z(fri- o nr2) 2 Z(g15 -5 gnir)-

Conversely if f; =0, foralli =1,...,n+2 then by g; = f; + \; fni2 we get g; = 0,
foralli=1,...,n+ 1. Hence

Z(fla--->fn+2> = Z(glw"vgn—i-l)'

O

Remark 2.4 Let R be a Noetherian ring and N = Rad(0) be the nilradical ideal
of R. IfR=R/N,I=(I+N)/N,f; = fi+ N and Rad(I) = Rad(fi,..., fa)
then

Rad(I) = Rad(fi,..., fn)-
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Proof: Since f; € I, it suffices to show that Rad(I) C Rad(fi,..., fn). Take any

h € Rad(I), i.e., h" € I, for some positive integer r. This implies that
h"+N=(h+N) €l=h+ N € Rad(I) = Rad(fi,..., fn)

Then by the definition of a radical ideal we have

WHNe(fioofa)=(h+N.o fut N)
for some positive integer s. It means that
W+ N=F+N)(A+N)+...+ (ko +N)(fo + N)
where k; € R. By the multiplication and summation in R/N we have
h*+ N = (zn:k,-fi) +N
i=1

which means that
h® — (Z klfl) € N.
i=1
Thus we have
(h* = Z kifi)' =0
i=1

for some positive integer t. By Binomial expansion we have the following

het — zn:kgfi =0
=1

where k] € R. Thus we end up with

W= "kifi € (fi, o fu) = h € Rad(fy, ..., f)

Proposition 2.5 ([16], Prop.1.5, pagedl) Let S be a reduced ring with only
finitely many minimal prime ideals and let dimS = 0. Then S is isomorphic to

a finite direct product of fields.
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Proof: Let @i, ..., pr be the minimal prime ideals of S. If dimS = 0, then there
is no prime ideal other than those. Thus they are maximal ideals and therefore
also pairwise relatively prime i.e. @; + ¢; = S, for all ¢ # j. Chinese Remainder
Theorem [[16], Prop.1.7, page41] tells us that if @, ..., p are pairwise relatively

prime ideals of S then the canonical ring homomorphism
p: 8 — S/p1 X ... x S/px

is onto and its kernel is

k
Ker(p) = ﬂ §i-
i=1
Since S is reduced, we have
k
N =i = (0)
i=1

Thus ¢ is injective and S is isomorphic to S/p; X ... X S/ where S/p;’s are

fields, since p;’s are maximal ideals. OJ

Proposition 2.6 ([16], Lemmal.l, page 123) Let S be a commutative ring
with identity which is isomorphic to a finite direct product of commutative rings
with identity S1 X ... X S,. Then S is a Principal Ideal Domain < each S; in the

product is a Principal Ideal Domain.

Proof: Any ideal I of S is of the form I = I x ... x I}, where each [; is the image
of I 'in thering S;. I, = (f;) < I = (f1, .., fx)- O

Let us give the following two very well known propositions for completeness:

Proposition 2.7 Let S be a reduced ring and @1, ..., pr be the minimal prime
ideals of S. Let U = S — {5\, i} and I be an ideal of S. Then Rad(Iy) =
(Rad(I))u.
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Proof: By the definition of the localization we have that

Rad(ly) = {f/ul(f/uw)" € Iy,r > 1}
= {f/ulfrel,u"eUnr>1}

and

(Rad(I))y ={f/ulf" € I,uc U,r > 1}

It follows from v" € U < u € U and the definitions of the sets that

Rad(Iy) = (Rad(I))y

Proposition 2.8 Let p be a prime ideal and I, J some ideals in a commutative

ring R with identity. If o D 1J, then ¢ O I or o 2O J.

Proof: Take any y € J and suppose that o 2 I, i.e. 3x € [ — p. Now consider
xy € IJ C p. Since g is a prime ideal, xy € p = = € p or y € p. By the

assumption on x, we must have y € p , which means that J C p. O

2.2 Affine generalization to Noetherian rings

Forster generalized Kronecker’s Theorem 2.1 to Noetherian rings in the affine
case. We state and prove Forster’s theorem by a modified version of the proof

which is given in [9].

Theorem 2.9 (Forster,[8]) If R is an n dimensional Noetherian ring and I is

a radical ideal in R then there exist elements fi,..., fans1 € I such that

I = Rad(fl, ceey fn+1>
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Proof: [[9], page218] We will prove this by using induction on n. Let n = 0
and N be the nilradical ideal of R then R/N is a reduced ring. It follows from
Proposition 2.5 and Proposition 2.6 that R/N is a principal ideal domain, so there
exist f € R such that (I+N)/N = (f+ N). By Remark 2.4, we get I = Rad(f).

Now let n > 0 and g4, ..., pr be the minimal prime ideals of R. They are
finitely many because in a noetherian ring every proper ideal J is the intersection
of finitely many primary ideals Q;,i = 1,...,k, by Theorem 2.17 in [16]. Since

radical of a primary ideal is a prime ideal we get that

k k
Rad(J) = ﬂ Rad(Q;) = ﬂ ©i.

Radical of an ideal J is the intersection of minimal prime ideals that contains J,
so minimal prime ideals cannot be infinitely many, which can be seen for example

by taking J = (0).

Consider the set i
U=S5- U ;.-

i=1
Clearly U is a multiplicatively closed set, since 1 € U and a,b € U implies that
ab € U because of the primeness of p;’s. Thus p;’s are the maximal ideals of
Ry. Therefore Ry is zero dimensional and by the zero dimensional case there
exist fi € R such that Iy = Rad((f1)y) in Ry. By using Proposition 2.7, we
get Iy = (Rad(f1))y. Since R is a Noetherian ring, I is finitely generated. If
hi, ..., hy, are generators of I, then h; € I implies that h;/1 € Iy = (Rad(f1))u.

Thus there exist some u; € U such that u;h; € Rad(f1),i =1,...,m.

Let v = uy...u,,. Then u € U, since U is multiplicatively closed. Hence we
have

ul C Rad(fy).
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Since u € U, no p; contains u, for i = 1,..., k, thus we have (u) Z ;. Therefore
in R/(u), no ideal chain contains prime ideals gp;, which implies that
dimR/(u) <n—1.

Let R* = R/(u) and I* = (I + (u))/(u). By the induction hypothesis there exist
f5, [y € I* such that I* = Rad(f5, ..., fi,,) in R*. Let f5, ..., foy1 € R such
that f = fi + (u), for all i = 2,...,n + 1.

We claim that I C Rad(f1,..., fnt1). Since we have

I:ﬂp
and

Rad(fi, . fur) =[] ®
©O(f15 e fnt1)
to prove our claim it suffices to show that if  is any prime ideal of R such

that © O (f1,..., far1) then p DO I. Since p O (fi,..., fur1) 2 (f1) we have
© 2 Rad(f1) 2 ul. By Proposition 2.8, either p O (u) or p 2O I.

*

In the first case p 2O (u), p* = p/(u) is a prime ideal and © O (f1, ..., fus1)

implies that
@* 2 (an 7fn+1)/(u) = (f2*7 SRT) f:—&-l)
from which follows that
©" 2 Rad(f,.... fo) =1
Thus in this case
(o + (uw)/(u) =p/(u) =" 21" = (I + (u))/(u)
which implies that o D I.
Therefore in both cases we show that ¢ O I. Thus we have proved that

I C Rad(fy,..., fns1). Since fi,..., for1 € I it follows that Rad(f1, ..., fuy1) C 1.
Hence I = Rad(fi, ..., fnt1)- O
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2.3 Eisenbud and Evans’ Theorem for affine n space

Theorem 2.10 (Eisenbud and Evans [7]) Let R = S[z| be a polynomial ring

for some Noetherian ring S of dimension n — 1 and I be an ideal of R. Then

there exist n elements gy, ..., g, € I such that Rad(I) = Rad(g, ..., gn)-

Proof: We will prove the theorem by induction on n = dimR. So first assume
that n = 1, which means that dimS = 0. Let N be the nilradical ideal of S, then

S/N is reduced and it follows from Proposition 2.5 that
S/N = 5) x ... x Sk
for some fields S;, where i = 1, ..., k. Since S;’s are fields, S;[z|’s are PID.

Proposition 2.6 implies that R/N = S/Nz] = Si[z] x ... x S,[z] is a PID.
Hence there exist ¢ € I C R such that (I + N)/N = (g + N). Therefore
Rad(I) = Rad(g), by Remark 2.4.

Now assume that n > 1. Let @1, ..., pr be the minimal prime ideals of S and

let

k

U=25- U i

i=1
Since the minimal prime ideals p;’s are also maximal, the dimension of Sy is
zero, hence the dimension of Ry is one. By the one dimensional case there exist
g1 € I such that Rad(ly) = Rad((g1)v) in Ry. By using Proposition 2.7 we get
(Rad(I))y = (Rad(g1))v-

Since every ideal in a Noetherian ring is finetely generated, I is a finitely
generated ideal of R. Let hq, ..., h,, be the generators of I. Then h; € Rad([),
which implies that h;/1 € (Rad(I))y = (Rad(g1))y. Thus there exist some u; € U
such that u;h; € Rad(gy), for all i = 1,...,m.
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Let u = uy...uy,. Then u € U, since U is multiplicatively closed. Thus we have
that
ul C Rad(gy).

Since u € U, no p; contains u, for all ¢ = 1,..., k. Hence we have (u) Z g;.

Therefore in R/(u), no ideal chain contains prime ideals g;, which implies that
dimR/(u) <n—1.

Let R* = R/(u) and I* = I + (u)/(u). By the induction hypothesis there exist
Gay s g € I™ such that Rad(I*) = Rad(gs,...,g}) in R*. Let go,...,g, € I such
that ¢gf = g; + (u), for all i = 2,...,n.

We claim that Rad(l) C Rad(gy, ..., gn). Since we have

Rad(I) = () ¢

o1

and

Rad(gy, ..., gn) = m ©.

To prove our claim it suffices to show that if g is any prime ideal of R such that

02 (g1 ga) then p 3 I Since p D (g1, - ga) D (g1) we have that
© 2 Rad(g1) 2 ul.
By Proposition 2.8, either p O (u) or p 2O 1.

*

In the first case p O (u), p* = p/(u) is a prime ideal and p D (g1, ..., gn)
implies that
0" 2 (92, 9n) /(W) = (93, -, 9n)-
It follows that
©* D Rad(gs,...,g;) = Rad(I*) D I".
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Thus in this case

which implies that p D 1.

Therefore in both cases we show that ¢ O I. Thus we have proven that
Rad(I) € Rad(g, ..., gn). Since g1, ..., g, € I we have Rad(¢1, ..., gn) C Rad(I).
Hence Rad(I) = Rad(gy, ..., gn)- O

Corollary 2.11 FEvery algebraic set in A™ can be generated by n polynomials set

theoretically.

Proof: Let k be an algebraically closed field and S = k[xy,...,z,_1] be the
polynomial ring of dimension n — 1. Let R = S[x,] and Y be an algebraic set in
A™. By using Theorem 2.10 above, for the ideal I(Y), we get g1,...,9, € I(Y)
so that Rad(I(Y)) = Rad(gi,...,gn). Therefore we have that

Y =2(I(Y))=2Z(g1,- -, 9n)-

2.4 Eisenbud and Evans’ Theorem for projective n space

Let S =375, 5% and S* =37, S%. We assume that S* is generated by S,
Relevant prime ideals are prime ideals which do not contain the irrelevant
prime ideal ST of S. Projective dimension of S is the length of a maximal
chain of relevant prime ideals of S. Note that if S is a noetherian graded ring of
projective dimension n — 1, then the projective dimension of S[z| is greater than
or equal to n. For projective analogue of Eisenbud and Evans’ theorem we need

to give a lemma about division of polynomials.
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Lemma 2.12 (Eisenbud and Evans, [7]) Let S be a ring and f,g € S[z] some
polynomials having degrees d and e respectively, with d < e. Ifu € S is the leading

coefficient of f, then for all N > e — d there exist polynomials h and r such that
uNg=fh+r

and the degree of r in x is less than d. Moreover, if S is a graded ring and f and

g are homogeneous polynomials then h and r can be chosen homogeneous as well.

Theorem 2.13 (Eisenbud and Evans, [7]) Let R = S[z| be a graded poly-
nomial ring for some noetherian graded ring S of projective dimension n — 1.
If I € STR is a homogeneous ideal then there exist homogeneous elements

g1, -+ Gn € I such that Rad(I) = Rad(gu, ..., gn)-

Proof: The proof goes by induction on n, as in the proof of Theorem 2.10.

If n =0, ST is the nilpotent ideal of S, since Rad(0) is a prime ideal and there
is no relevant prime ideal in S, so ST C Rad(0). The converse is always the case.

Thus Rad([) is the nilradical of R which is the radical of the ideal (0), generated

by the empty set of elements.

If n > 0, then assume that P, ..., P, are the minimal relevant prime ideals
of S. We will show that there exist elements u € ST and ¢g; € I such that
u Ule P; and

ul C Rad(gy).

For this let us define for all t =1,...,k
I, =(I+ P,R)/P,R C R/P,R.

For h; € I, let h} € I; be a homogeneous polynomial having the lowest possible

degree in x such that h; = b} + PR, for all i = 1,... k. Choose a homogeneous
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element, s; € S such that
k

se(Jp)-P

j=1
and choose s € S — Ule P;; here we must show that S®) — Ule P, # 0, if it
is empty, then SO C J¥_, P, which implies that S* C (U, P)) UCia: SO).
This gives a contradiction ST C P;, for some i. If A} = 0 then choose u; € ST to
be any homogeneous element such that u; € P;. If b} # 0 and u} is the leading
coefficient of hf then choose u; € ST to be a homogeneous element such that
u; = u; + FP;. Multiplying each h;,u; and s; by a suitable power of s we can

assume that for all 7 and j,
deg(h;) = deg(hy)
deg(u;) = deg(u;)
deg(s;) = deg(s;).
Let g1 = Zle s;h; and u = (S(Zf:1 siu;))Y where N is sufficiently large. Clearly

u € ST since u; € ST. Since P; is a prime ideal, s; € P; and u; ¢ P; implies that

siu; € P;. Thus
k

(Z siw) € (P,

i=1

on the other hand s ¢ Ule P; hence

k
u ¢ UPi'
i=1

We claim that ul C Rad(g;); to see this let us fix ¢ and define the following:

g1 =91 + bR
u=u"+ PR
SZZS:‘FPZR

*

then gf € I; is s7h! since it is the image of ¢; in R/P;R, i.e.

k

k
g1= sihi=Y (sthi + PiR)
=1

=1
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Therefore the degree of g7 is the minimal among the degrees in x of elements of

I;. By definition of u,
Zsul (s* +PR Zs*u*+PR

We have that u* = (s*)V(sfu?)V is a multiple of a large power of the leading
coefficient sfu; of g, thus by Lemma 2.12 we get u*k = lg] +r, for all k € I; with
the degree of r in x is less than the degree of gj in z. So r = 0, since degree of gj
is the minimal. Therefore we conclude that u*I; C (g7). Because u € ST it follows
that «u/ C STR. On the other hand w*I; C (g7) implies that ul C ((¢1) + P,R),

for all i, therefore we get
ul C (SYR)(\((91) + PR). (2.1)

Every prime ideal of R contains either STR or some P;R. Let P be any prime
ideal of R such that P D (g1). If P O STR then we have P O ul by Equation
2.1. If P O PR, for some i, then we have P O ul again by Equation 2.1. So
P D (g1) implies that P O ul which means that ul C Rad(g,) as desired. O

Corollary 2.14 Fvery algebraic set in P™ can be generated by n homogeneous

polynomials set theoretically.

Proof: Let k be an algebraically closed field and S = k[zo,...,x,_1] be the
homogeneous polynomial ring of projective dimension n — 1. Let R = S[z,)]
and Y be an algebraic set in P". Without loss of generality we may assume
that [0 : -~ : 0:1 € Y ¢ P". Then I(Y) C STR = (z0,...,%n-1). By
using Theorem 2.13 above, for the ideal I(Y'), we get ¢1,...,9, € I(Y) so that
Rad(1(Y)) = Rad(g, ..., gn). Therefore we have that

Y=Z(I(Y))=Z(g1,---,9n)



MONOMIAL CURVES THAT ARE

COMPLETE INTERSECTION

3.1 Introduction and monomial curves

In this chapter we will prove that all monomial space curves in A? are set theoretic
complete intersection of two surfaces [3]. This gives a partial answer to the well
known question of whether every monomial curve in A" is a set theoretic complete

intersection.

Later we will give an example of a monomial curve which is a set theoretic

complete intersection in A%

Let us first define affine monomial curves in A™ and then prove that all affine

monomial space curves are set theoretic complete intersection in the next section.

Definition 3.1 Let k be a field of characteristic zero and my < ... < m, be

positive integers such that ged(my,...,my,) = 1. An affine monomial curve C' =

28
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C(ma,...,my) in A" is given parametrically by
T = t™
To — tm?
T, =1

where t is an element of the ground field k.

3.2 All monomial space curves are complete intersection

set theoretically

By [12], the prime ideal I(C) C k[zy, 2, 23] corresponding the monomial space

curve C' = C(ny,ng, ng) is given by
— — mi2 ,,M13 — M2 ma21 ,.M23 — M3 m31 ,.1M32
I(C) = (fi =a{" —ag™ay"™, fo = 23 — 2" 2y, fy = 23" — 2" 25")
where all components are positive integer satisfying the following relations

my = Ma1 + M3y
Mo = M2 + M32

mg = M3 + Mag3.

Lemma 3.2 (Bresinsky, [3]) J = (fl, fg, fg) ﬂ(xT21’$3112) = (fl, fg, 1'717121 fg, l';nufg)

Proof: D is trivial as

f1, fa, 20" f3, 2572 f3 € (f1, fa, f3)

and

:L.TQI f3’ x;le f3 e (:CT21 , x727742)'
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ma21 mi2

So we only need to show that fi, fo € (27"*',25"?) but these are evident from the

following equalities

_ mi mi12 ,.M13 _ m21 ,.,1M31 mi12 ,.M13 m21 mi12
Ji=a]" — 1"y = oz =y € (o, 2y™?)

J— m2 m21 ,.,1M23 J— mi2 ,.M32 m21 ,.1M23 mai mi2
Jo=xy"? — 2y xy = a5y — w ey e (o ay"?).

For the converse inclusion consider the polynomial
3
F=> afiel
i=1

then

ma21 m12)

g3fs € (x™", x4

ma21 mi2 ma1 mi2

since fi; and fy are already in (x]"*', x5""?). It is easy to see that (z]"',z5"?) is

irreducible and primary. Since f3 is not in
(2?1, 372) = Rad<x§n217x;f112)

by the definition of primary ideal gs must be in the ideal (z]",z5"?), which

implies that
gs = pray + pay™
where py,pa € klx1, 22, 73).

Hence

3
f= Zgifi = g1f1 + gafo + (127" + p2xy'?) fs € (f1, fo, 27 f3, 2572 f3).
i=1

0J
Lemma 3.3 (Bresinsky,[3]) We have (fi, fo, 27 f5, 252 f3) = (f1, f2)

Proof: D is trivial. C can be deduced by the equalities

B fo =~y = 2 o
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1y f3 = =" fo — 23 fi

Corollary 3.4 Z(f1, fo) = CUL , where the line L is the x5 -axis.

Proof: It follows from Lemma 3.2 and Lemma 3.3 that J = (fi, f2) thus
Z(f1, f2) = Z(J) = Z(f1, f2. f5) U Z (31, 32) = CU L. 0

Indeed we can prove Corollary 3.4 directly as follows:

Proof of Corollary 3.4: Take a point p = (a,b,c¢) € Z(f1, f2). We may
have two cases, either a = 0 or not. If a = 0 then b = 0 by f2(p) = 0. Hence
p=1(0,0,c) € L.

If @ # 0 then b # 0 and ¢ # 0 by fi(p) = 0. Hence a,b and c are all nonzero

which follows that
filp) =0=a™ =b"2c™M3 = M3 = @My

fo(p)=0=10 a™ e mB = B = g7 "™
Therefore we get

m m m mi1—m mo—1m m, m
M3 = M3 M3 M1TM2I M2 =12 o M31}m23

which means that f3(p) =0, ie. ,pe€C. O

Theorem 3.5 (Bresinsky, [3]) If g € I(C) such that fs € Rad(g, f1) and g =
+a§ + h, where h € (z1,22) and « is a positive integer, then C' = Z(g, f1).

Proof: It is immediate from (g, f1) C I(C) that

C = Z(I1(C)) € Z(g, /).
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For the converse, we take a point p = (a,b,c) € Z(g, f1) and show that p € C.
Either a = 0 or a # 0. In the first case a = 0, we get b = 0 and ¢ = 0, from
fa(p) = 0 and g(p) = 0, respectively. So p = (0,0,0) € C in this case. In the
second case if we assume that b = 0 or ¢ = 0 then we get a = 0, by fi(p) = 0,
which is a contradiction. So a, b and c are all nonzero in the second case. Consider

the following facts
fulp) = 0= @™ = e = ¢ms — g
fQ(p) =0 = ™ = M2 "M2B — M8 — gTMm2pm2.

Therefore we get

mi13 1m23

= M3 — gMi—ma1pme—mi2

— gMs1pmes

which means that f3(p) =0, i.e. p€ C. O

According to above Theorem 3.5, to show that C' is the set theoretic complete
intersection of the surfaces ¢ = 0 and f; = 0, the only thing we need is to
construct a polynomial g € I(C) such that fo € Rad(g, f1) and g = +2§ + h

where h € (z1,22). To construct such a polynomial g we first take

mi1 __ ma2 _ ma1 ,.mM23\mM1 __ ma2 ma1mi ,,mM23M1
oyt = (7} oy )™ = x5k £ o) T3

where k € (x1,x2), and then subtract or add

m21m1 ,,TM23MmM1 __ ,mime21 ,,,m1me3 mi(m21—1) mis, mig+mimag
L1 L3 Ji =} L3 — I Lo T3 )

mi2

and lastly divide by x5""?. At the end we get a polynomial

— pms2f 4 xml(m21—1)xm13+m1m23'
2 1 3

Note that if me; = 1 then
g = :E;nzszk + xg%13+m1m23 — :|:.CE§ +h

where h € (21, z5) and o = myz+mymas. If mg; # 1 we will show that the process,

i.e. subtracting or adding proper multiples of f; and dividing by x5, can be
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carried through ms; times. Let — denote a change of a term by subtracting or

adding proper multiples of f; .

Proposition 3.6 If we apply — to the term z$xbx$ ,n times , this term turns

into the form z{~ "mlxb+”m12a:§+"m“

Proof: Let us prove it by induction. For n = 1 we have the following

a—mi1 b _.c mi2

b mi3 a—m1 b+m12 c+m1s
T{THTG — TY Ty (T — 1} ) =

T3 =T T3

Suppose that the proposition is true for n — 1 and applying < one times more

we’ll show that it is also true for n. Assume that we get the term

$(11_(n_1)m1 l‘g+(n_1)m12$§+(n_1)ml3

after applying < to x¢xbz§ , (n — 1) times. Subtracting

a—nmy b+(n— 1)m12 c+n 1)mi3
2y Lo S

from the above term we get that

a—nm1 b+nm12 c+nm13
Ly T3

By binomial theorem we have the following
gnl _ (xénz _ xTzlxgnzs)ml — Z(_l)j 771-1 $gm1—j)m21$gm2x:(3m1—j)m23_

2

The terms of this expansion can be made divisible by x5""2, mg; times, as follows:

mi1ma3+ma1mis

m21m12x
3

For j=0, z7"*"™* z5""™** turns into x after applying < mao;

times by the Proposition 3.6.

For 7 = mo; the term

x?l21m31x;n2m21xgn23m31 — 377171217”31 xgblzleng32m21xgn23m3l
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is already divisible by x5 | mg; times.

For 1 < j < msy; — 1 the term

mi—j)m j mi—j)m
xg 1—3) 21x32mzxg 1—j)mas3

turns into the form
(m1—j)ma1—(ma1—1)m1 _ jma+(ma1—1)mia _(mi1—j)maz+(ma1—1)mas
Ty Ty T3

after applying < (mg; — 1) times by the Proposition 3.6.

Therefore we construct a polynomial

__ ,.Mm21mi2,,m1ma3+ma1mi3
Jo = T T + ho

after applying < to f3"*, moj times, where hg € (x1, z5) is divisible by =

times. If we divide gg by x5'*?, mo; times, then we get another polynomial

mi1ma3+ma1mi3 + h

g =13

where h € (21, 22).

34

) mao1

Hence we have just constructed a polynomial g which is needed in the state-

ment of the Theorem 3.5 to show that C'is the set theoretic complete intersection

of the surfaces ¢ = 0 and f; = 0. This construction provides the existence of such

a polynomial g for all monomial space curves.

Let us give some examples to see concrete surfaces whose set theoretic complete

intersections are those monomial space curves given first. These examples are

given to make more clear all steps in the proof of the Theorem 3.5.
Examples

(i) The affine twisted cubic
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The simplest example of a set theoretic complete intersection is the well known

affine twisted cubic curve C' = C(1,2, 3) given parametrically by

l’lztl
IQZtQ
$3:t3

where ¢ € k. By the computer program Macaulay [10] we get ideal of C' as
I(C)=(f= I% — Iy, fo = x% — 1123, f3 = 3 — 11729)
Let us first find a representation of the twisted cubic being complete intersection

set theoretically, by using the idea in the proof of the Theorem 3.5 as follows:

2 2 2 _ 4 2.3 22
fo = (x5 — ma3)” = x5 — 2020507 + w105

If we subtract

20 _ 2.2 2
x5 f1 = x725 — T273

from f2 and divide by x5, we get the polynomial

2 3
g = X3 + Ty — 2T1T2X3.

It is easy to see that f2 = g + z2f) and f? = w29 + 72 f1, hence, the affine

twisted cubic curve is the set theoretic complete intersection of the surfaces
f1 = x% — X9 = O

and
_ .2 3 _
g =25+ x5 — 2x17923 = 0.
Now let us show that the affine twisted cubic curve is indeed an ideal theoretic

complete intersection, that is, [(C) = (fi = 2% — xo, f3 = x3 — T122). It suffices
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to prove that I(C) C (f1 = a% — x9, f3 = 23 — x122), since the converse is already

true. This is evident from the following relation

Jo=—xafi — w1 fs € (f1, f3)-

Hence the affine twisted cubic curve is a complete intersection ideal theoretically

but it is proved in the last chapter that the projective twisted cubic is not.
(ii) C=C(2,3,5)

This example illustrates all steps in the proof of the Theorem 3.5. We know
from the computer program Macaulay [10] that the ideal corresponding this curve

can be generated by the following polynomials :

fi=at — a3
fo = a3 — xixs
f3 =13 — 1173
By using the same idea as in the proof of the Theorem 3.5 we consider the

following

3 3_ .2 \3_ 9 2.6 4,32 6 3
f5 = (x5 — xiz3)° = x5y — 3xiasws + 3rja505 — 2725,

By adding

xi’x%fl

to f3 and dividing by z2 we get the following

7 2. 4 4, .2 3.3
Ty — 3x]Tyx3 + 3T X275 — XT3,

Similarly by adding x3 f; to the above equation we get
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7 2 4 4, .2 2.3
Ty — 3T{TyT3 + 3T T2T5 — THTs.

It can easily be seen that the third term of the above equation is not divisible

by x3, to make it divisible by z3 we subtract
3z 1$2$§f 1

hence we get

7 24 3.2 .23
Ty — 3x]Tyx3 + 311255 — THT5.

Finally dividing the last equation by z2 we get the polynomial
g = x5 — 3xiw51s + 3113975 — T3,
Therefore C is the set theoretic complete intersection of the surfaces
fi=al—a25=0
and

_ 5 2 2 2 _ 3
g = Xy — 3x{T5T3 + 3T1T2x3 — T.

3.3 Set theoretical complete intersections in A*

A semigroup S is a set with an associative law of composition and with an identity
element. But elements of S are not required to have inverses. The semigroup

generated by ny,ng,n3,ny € N = {0,1,2,...} is denoted by < ny,ng,n3,ny >
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and defined as follows

4
<Ny, Mg, N3, Ny >= {Z a;n; | a; € N}

i=1
where N denote the nonnegative integers. Let ¢ be the greatest integer not in S.
S is called a symmetric semigroup if ¢ — z € S whenever 2 is not in S. By using
the same idea as in the proof of the Theorem 3.5, Bresinsky [4] shows that if the
semigroup

< Ni1,MN2,N3, N4 >

is symmetric, then the monomial curve
C = C(nb na,ns, n4)

is a complete intersection set theoretically. He uses the fact that 1(C') is generated
by 3 or 5 polynomials [5] to prove that C' is a set theoretic complete intersection.
Since in the first case pu(I(C)) < 3 the curve C' is indeed an ideal theoretical
complete intersection, he is interested in the second case p(/(C)) < 5 and he
showed that p(C) < 3 in any case. We will not give the proof of this theorem,
C(n1,n9,m3,n4) is a set theoretic complete intersection, in the general case but

we will cover all steps in the proof by proving it on an example:

Let us consider an irreducible monomial curve C' = C(5,6,7,8). It can be
found that the generators of the prime ideal I(C'), using the computer program

Macaulay as follows

1(C) = (fi = mi’—x3x4, J2= $§—$1$37 J3= $§—$2$4, Ja= l‘i—ﬁ@, f5 = zox3—1174)
Lemma 3.7 (Bresinsky, [4]) f5 € Rad(f, fa, f3, f1)-

Proof: It is easy to see that

f2=a3fo+ 2l fa+ zxafi € (f1, fo, f1),
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that is, f5 € Rad(f17f2;f37f4>' =

Infact f5 € (f1, f2, fa) for this example but we need f; for other examples.
Corollary 3.8 (Bresinsky, [4]) I(C) = Rad(fi, fa, f3, f1).

Proof: It is clear that Rad(fi, fa, f3, f1) € (f1, f2, f3, f1, f5) = I(C). The con-

verse is a direct consequence of Lemma 3.7. (]

Let us show that the following fact

Rad(fy, fa, f3) = Rad(f1, f2, fs, f1) (@1, 72, 73).

This is equivalent to show that

Lemma 3.9 (Bresinsky, [4]) We have the following

Z(f17f27f3) = Z(f17f27f37f4) UZ($1,$2,.T3)-

Proof: DO is obvious. To prove the converse take an element p = (a,b,c,d) €
Z(f1, fa, f3). Either a = 0 or not. If a = 0 then b = 0 by fo(p) = 0 which implies
that ¢ = 0 by f3(p) = 0so p € Z(x1,x2,23). If a # 0 then b # 0 otherwise ¢ =0
by f3(p) = 0 which gives a contradiction a = 0 by fi(p) = 0. Since a # 0, ¢ and d
are nonzero by fi(p) = 0. Thus a,b,c and d are all nonzero. The following facts
accomplish the proof

filp) =0=a*>=cd
f2(p) =0=1* =ac
f3(p) =0 = % = bd.

It follows from the first and last equalities that bed® = a®c?, that is, bd* = a?(ac).
From the second equality we get bd? = a?b? which implies that d? = a?b, that is
f4(p) = 0 which provide that p= (CL, b7 ¢, d) € Z<f17 f27 f37 f4) O
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Therefore Z(f1, f2, f3) = C'|J L where the line L is the z, axis. We want to
lose L in the union, to do this we should find a new polynomial g € I(C') such
that ¢ = Faf + h , where h € (1,9, x3) is a polynomial and p is a positive

integer.

Theorem 3.10 (Bresinsky, [4]) If g € I(C) is a polynomial such that fo €
Rad(g, f1, f3) and g = Fa!y + h , where h € (x1,x9,x3) is a polynomial and p is
a positive integer, then we have C = Z(g, f1, f3).

Proof: It is clear that C' C Z(g, f1, f3). To prove converse, we take any point
p = (a,b,c,d) € Z(g, f1, f3). Then fo(p) = 0, since fo € Rad(g, f1, f3). Either
a =0 or not. If a = 0 then b = 0 by fo(p) = 0 which implies that ¢ = 0 by
fs(p) = 0. It follows that d = 0, from ¢(0,0,0,d) = Fd* + h(0,0,0) = 0 , where

h € (x1,x9,23) is a polynomial and p is a positive integer. So p = (0,0,0,0) € C.

If @ # 0 then b # 0 otherwise ¢ = 0 by f35(p) = 0 which gives a contradiction
a =0 by fi(p) = 0. Since a # 0, ¢ and d are nonzero by fi(p) = 0. Thus a,b,c

and d are all nonzero. The following facts accomplish the proof
filp) =0=a® =cd

f2(p) =0=b* =ac
fg(p) =0= = bd.
It follows from the first and last equalities that bed® = a®c?, that is, bd? = a?(ac).

From the second equality we get bd?> = a?b? which implies that d? = a?b, that is
fa(p) = 0 which provide that p = (a,b,¢,d) € Z(f1, fo, f3, fa) = C. [

According to above Theorem 3.10 to show that C'(5,6,7,8) is a set theoretic
complete intersection it suffices to construct such a polynomial g. To construct
it consider

3_ .6 4 2.2.2 33
f5 = vy — 3xym3 + 3wy7703 — ThT]
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by adding 3 f; to f5 we get

6 4 2,22 4
Ty — 3ryw1w3 + 3T5T1T3 — T3Xy

again by adding z4f3 to the above equation we get
TS — 351173 + 350 0E + w30 — 2w0miT].

We want to get a term consist only of a power of z4. If we can divide every term
by x3 we are done. It can easily be seen in the above expression that the last
term is not divisible by zZ. To make it divisible let us add 2zo23f5 to the last

equation. Hence we have

6 4 2,22 23
Ty — 3ToT1T3 + 3THT{T5 — THTy.

Now we can divide every term by z2 to get
g = x5 — 3x5wi33 + 3ri; — 7.
By the construction of g we have

f3 =39 — 23 f1 — xafy — 22025 f5 € (g, 1, [3)

that is, fo € Rad(g, fi1, f3). Therefore C' = Z(g, f1, f3), that is, C' is the set

theoretical complete intersection of the hypersurfaces
g = xy — 3x5w133 + il — 2 = 0,

_ .3 _
fi=a) —x324=0

and

2
fs =235 — x224 = 0.



EXAMPLES FOR THE IDEAL

THEORETICAL CASE

In this chapter we suggest examples to point out that the minimal number of poly-
nomials generating an algebraic set in an n space is n set theoretically, it may be
much larger than n ideal theoretically. We present a theorem of Bresinsky which
says that there are some monomial curves in A™ with n > 3, having arbitrary
large minimal number of elements to generate their ideal [6]. These examples also

show the strength of Eisenbud and Evans’ Theorem 2.10 and Theorem 2.13.

Let us first quote the work of Bresinsky [6]. Let C' = C(ny,n2,n3, ny) be the

monomial curve defined by

ny =rs
ny = rd
n3=rs—+d
ng = sd

where s > 4 is even integer, r = s + 1, d = s — 1. Bresinsky shows that we must

have s polynomials to generate C' ideal theoretically, i.e. wu(I(C)) > s. Thus

42
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for any integer s > 4, we can construct a monomial curve whose defining ideal

requires at least s generators.

4.1 A monomial curve C in A3 with u(C) =2, u(I(C)) =3

In the first chapter we mentioned a result of Murthy which tells us that any prime
ideal of height 2 in k[xy, zo, x3], which is a complete intersection locally, that is,
in a neighbourhood of any point of the corresponding curve the prime ideal can
be generated by 2 polynomials, can be generated by 3 polynomials. The following

remark shows that this result is best possible:

Remark 4.1 A prime ideal of height 2 in k[x1,xo, x3], which is a complete in-

tersection locally, need not be generated by 2 polynomials.

Proof: In chapter 3, we gave a general proof of the theorem that all monomial
space curves are complete intersection set theoretically but now we will show that
although the curve C defined below is a complete intersection of 2 surfaces its
ideal cannot be generated by 2 polynomials. Let us consider a monomial space

curve C' = ((3,4,5) defined parametrically by

l’lztg
$2:t4
$3:t5

If we define a homomorphism
¢ @ klxy, o, 23] — klt]

Ilztg
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Ty = t*
Tr3 = o
then we can easily show that Ker(p) = I(C) is a prime ideal and generated by
the following polynomials:
fi= 95? — T2
f2 = x% — L1173
f3= 1:3 - x%@

by the computer program Macaulay [10].

Let g = x{ — 211293 + 23 be another polynomial, by following equalities
ft=a3fs+xig

f22 = x?f:& + 29

we get [(C) C Rad(fs,g) so Z(fs,g) C C.

Conversely f3(t3,t4,t%) = g(t3,t4,45) = 0, i.e., C C Z(f3,9). Hence C is the

complete intersection of the surfaces g = 0 and f3 = 0.

Affine coordinate ring A(C') of the curve C' is isomorphic to k[t], since ¢ is
indeed an isomorphism. Hence dim(C) = dimA(C) = 1. Since I(C) is prime
ideal, C' is irreducible and its coordinate ring A(C) is integral domain. For any

integral domain D which is a finitely generated k-algebra we have
dim(D) = dim(D/P) + height(P)

Hence height(1(C)) = 2 by dim(k[z1, x2, x3]) = 3. Let us show that I(C) cannot

be generated by two polynomials. Let

deg(xq)
deg(xs)

3
4
5

deg(x3)
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thus we get the following

deg(fi1) =9
deg(fz) =8
deg(fs) = 10

Suppose that I(C) = (g, h). If g, h have degree greater than 8 then f; is not in
the ideal generated by g and h which is a contradiction hence one of them must
have degree 8, say deg(g) = 8. A monomial 27" z5?z5" has at least degree 3 so
a polynomial contained in the ideal generated by g must has at least degree 11.
So f; and f3 is not in the ideal generated by ¢. If degree of h is greater than 9
then f; is not in the ideal generated by g and h, so degree of h must be 9. But

in this case f3 is not in the ideal generated by g and h which is a contradiction.

Hence I(C') cannot be generated by 2 polynomials.

4.2 A monomial curve C in A* with u(C) <4, u(I(C)) <9

In this example we see that although the minimal number of polynomials gener-
ating C' is 4 set theoretically, it is 9 ideal theoretically. This shows the strength
of Eisenbud and Evans’ Theorem 2.10. Let us consider the monomial curve C'

defined parametrically by

T = 7512
Ty = t13
T3 = t16
Ty = t17.

It follows from the computer program Macaulay [10] that the generators of
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I(C) are the following polynomials

fi = x§ — .Z‘Q.IZ
fo = mows— x4
f3s = xé — .Iz{’l’g
fi = xlxg — m%xi
fs = xll’% - IZ
fo = zixd—adny
fr = x%x% - $31’z2;
fs = x‘;’xg — m%m
Jo = Ii‘ - l'g

It can be easily checked that the following equalities hold

i = xafs —x1fs —x3f9

2 = 2laaxifs + (xf — x3d) f3 — 23 fo — (23323 + 2wy w9720%) fo
f8 = x3aifs +afusfo — 20303 w304 fo
f2 = a3fo — x3xafs + (2323 + 221050324) fo
12 = xaafs + (2323 — 2323) fo + (203 wox? — 2323 — 2z 232d7y) f

thus we get f17 .f47f67 f77f8 € Rad(f?a f37 f57f9) which 1mphes that
I(C) = Rad(fs, f3, f5, fo)-

Hence C' = Z(fs, f5, f5, fo)-
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4.3 Projective twisted cubic curve

Projective twisted cubic curve C is a monomial curve in P? having parametric

representation as follows
3

r = u
y = u’t
2 = ut?
w = t

where (0,0) # (u,t) € k*. We know from the computer program Macaulay [10]
that the homogeneous prime ideal I(C) of the projective twisted cubic curve is
generated by the following polynomials

fi = w—yz

fo = ¥y —wz

fs = 2 —yuw.
Now let us show that although the projective twisted cubic curve is a complete

intersection set theoretically, it is not a complete intersection ideal theoretically,

ie. u(I(C))>2and u(C) = 2.

Let f = z2fs +wfi = 22 — 2yzw + zw?. It is easy to see that

C= Z(f17f27f3) g Z(f, f?)
On the other hand, we have

f12 - xf+22f27
f?? - Zf+w2f27

which implies that Z(f, fo) C C = Z(f1, f2, f3)-
Therefore C' = Z(f, f2) and p(C) = 2.

To show that C'is not a complete intersection ideal theoretically, let us choose

the following degrees, in fact the degrees can be chosen in different ways, in order
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to make proof in short we choose

thus we get

deg(w) =3
deg(z) = 4
deg(y) =5
deg(x) =6
deg(f1) =9
deg(fz) =10
deg(fs) =8

48

Suppose that 1(C) = (g, h), for some homogeneous polynomials g and h. If g

and h have degree greater than 8 then f3 is not in the ideal generated by g and h

which is a contradiction hence one of them must have degree 8, say deg(g) = 8. A

monomial xy"22"3w™ has at least degree 3 (when m; = 0, for i = 1,2,3 and

my4 = 1), so a polynomial contained in the ideal generated by g must has at least

degree 11. So f; and f3 is not in the ideal generated by g. If degree of h is greater

than 9 then f; is not in the ideal generated by g and h, which is a contradiction,

so degree of A must be 9. But in this case f; is not in the ideal generated by g

and h which gives a contradiction. Hence I(C') cannot be generated by g and h

polynomials, i.e., u(1(C)) > 2.



Future Researches

As a last word, I would like to mention some prospective problems on which

research may proceed based upon the results presented in this thesis.

Historically, the problem of finding the minimal number of elements generating
an algebraic set in n space was treated by Kronecker in 1882 [15]. Kronecker
succeeded to prove that n + 1 elements suffice to generate an algebraic set in
n space. In 1973, Eisenbud and Evans improved the result for sufficiency to n
elements, by using the methods of Commutative Algebra [7]. Hence the next
natural aim would be to reduce this minimal number of sufficient elements to
n—1. This is not always possible, which is the case for zero dimensional algebraic
sets in n space by Theorem 4 in [[9], page 204]. So the next aim would be to
characterize under which condition it is possible to reduce this minimal number
to n — 1. As a general problem it is very hard to determine the reduction to
n — 1. So a natural path for research may be to investigate the characterization
of reducibility of this minimal number to n — 1 in some certain special cases such

as monomial curves in n space or irreducible smooth curves in 3 space.

49
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A result of Bresinsky tells us that this minimal number reduces to n — 1 for
monomial curves of type C(my,...,m,) for which (my,...,m,) is a symmetric
semigroup in the case of affine n = 4 space [4]. My current insight through
the mentioned result is that this minimal number reduces to n — 1(= 3) for
the monomial curves C(my,...,m,) for which (m4,...,m,) may not be a sym-
metric semigroup in the case of n = 4. It may be interesting to show that if
(m1, ma, mg) is a symmetric semigroup and my is the greatest integer which is
not in (mjy,msy, m3), then the monomial curve C(my, ma, mg, my) is a complete

intersection set theoretically.

Another result of Robbiano and Valla tells us that if the projective coordinate
ring of a monomial curve in P? is Cohen Macaulay then this curve is a set theoretic
complete intersection of 2 surfaces [23]. So a further insight of research may start
with the rational quartic curve Cy = (t*, t3u, tu®, u?) whose projective coordinate

ring is not Cohen Macaulay.

From a different direction, ideal theoretically, Bresinsky has constructed some
monomial curves in A" whose defining ideals need arbitrary large minimal number
of generators [6]. Arslan S.F. has recently constructed a family of monomial
curves in A" whose ideals need arbitrary large minimal number of generators. He
has also shown that the ideal of the Cohen Maculay tangent cone of the curve
that he constructed, need arbitrary large minimal number of generators [2]. So
my current insight for prospective research is to construct such counter examples
to exclude the characterization of the minimal number of generators under some

certain condition in projective case.
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