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ABSTRACT. We classify the modular representations of a cyclic group of prime
order whose corresponding rings of coinvariants are Poincaré duality algebras.
It turns out that these algebras are actually complete intersections. For other
representations we demonstrate that the dimension of the top degree of the
coinvariants grows at least linearly with respect to the number of summands
of dimension at least four in the representation.

1. INTRODUCTION

Let V be a finite dimensional representation of a finite group G over a field k.
The representation is called modular if the characteristic of k£ divides the order of
G. Otherwise it is called non-modular. The induced action on V* extends naturally
to k[V] := S(V*) by graded algebra automorphisms. We let k[V]% := {f € k[V] |
9(f) = f Vg € G} denote the subalgebra of invariant polynomials in k[V]. A
classical problem is to characterize the representations whose invariant rings are
polynomial. By the famous result of Chevalley [3] and Shephard and Todd [I7], a
non-modular representation k[V]¢ is polynomial if and only if G is generated by
reflections. In the modular case Serre [12] proved that G still has to be a reflection
group if k[V]¢ is polynomial, but there are modular reflection groups with non-
polynomial invariants. In this paper we study the ring of coinvariants which is the
quotient ring

KV]g = k[V)/I
where I := k[V]§ - k[V] is the Hilbert ideal of V' in k[V] generated by invariants
of positive degree. Since G is finite, k[V]s is a finite dimensional vector space.
Coinvariants provide information about the invariants and often play an important
role in the construction of the invariant ring. The polynomial property of the
invariants is also encoded in the coinvariants. In the non-modular case k[V]¢ is
polynomial if and only if k[V]s satisfies Poincaré duality. For representations in
characteristic zero, this result is due to Steinberg [20] and Kane [§]. For non-
modular representations over finite fields this result was proven by Lin [10] and for
general non-modular representations it was proven by Dwyer and Wilkerson [5].
This equivalence does not hold in the modular case as first noted by Smith in [I8]
where he showed that the coinvariant ring of a four dimensional representation of
Cs is a Poincaré duality algebra but the corresponding invariants do not generate a
polynomial ring. Nevertheless, in the same source it is shown that when dim V' = 2
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equivalence in the non-modular case carries over and when dimV = 3 a weaker
implication holds in the following way: If G is a p-group and k[V]¢ is a Poincaré
duality algebra, then the Hilbert ideal I of V is generated by three elements, i.e.,
kE[V]e is a complete intersection. In [I6] it is proven that, with the exception
of the regular representation, all coinvariant rings of the modular indecomposable
representations of the Klein four group are complete intersections (while that of
the regular representation is not a Poincaré duality algebra). More examples of
Poincaré duality coinvariant rings are provided in [5] where the invariant rings are
not even Cohen-Macaulay. And as noted in [5] Remark 4.5] in all these examples
the coinvariants are in fact complete intersections.

Before we describe our work we recall the representation theory of a cyclic group
C} of prime order p over a field k of characteristic p. Over k, there are exactly p
indecomposable C)p-representations Vi,...,V, and each indecomposable represen-
tation V; is afforded by a Jordan block of dimension i with 1’s on the diagonal
([l p. 38]). Our main result in this note is the following classification theorem.

Theorem 1. Assume the notation of the previous paragraph. For a modular repre-
sentation V=32 ;o) Vo, of Cp with nj > 1, the ring of coinvariants k[V]c, is a
Poincaré duality algebra if and only if either V =1Va or V = Vs + (I —1)Va, where
l is a positive integer.

As in the previously studied examples, Poincaré duality coinvariant rings that
we list in the theorem are actually complete intersections. We feel that the accu-
mulation of these findings gives support for Conjecture Bl Also in the process of
the proof of Theorem [I] we show that, when V is not {V5 or V5 + (I — 1)V3, the
dimension of the top degree piece of k[V]c, grows at least linearly with respect to
the number of summands in V' of dimension at least three or four (see Proposition
for the precise statement). In the final section we demonstrate that for each V there
is a separating set of invariants whose corresponding quotient ring is a complete
intersection.

For more background on modular invariant theory we refer the reader to [2] and
[4].

2. POINCARE DUALITY IN MODULAR COINVARIANT RINGS

A graded ring R = @5:0 R with R® = k is called a Poincaré duality algebra

provided

(1) dimg(R?Y) = 1;

(2) the bilinear form R’ ®; R~ a8hab, Rpd induces a perfect pairing, i.e.,

a € R'is 0 if and only if a-b = 0 for all b € R,

Note that for Artinian rings, satisfying Poincaré duality is equivalent to being
Gorenstein. Before specializing to a cyclic group of prime order, we prove a couple
of general results.

Lemma 2. Let V and W be representations of G. Fix a term order on k[V & W].
Let M be a monomial in k[V] that is not a lead term in the Hilbert ideal of V.
Then M is not a lead term in the Hilbert ideal of V & W.

Proof. Dual to the inclusion V. — V @& W, there is a G-equivariant surjection
7 k[V @ W] — k[V] which is given by the restriction f — f|y. Assume on the
contrary that a monomial M in k[V] is a lead term in the Hilbert ideal of V ¢ W.
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Then there exists g; € k[V & W] and f; € k[V & W]{ such that the lead term of
> figi is M. But if the lead term of a polynomial survives after restricting to V,
then it stays the lead term after this restriction. So it follows that M is also the
lead term of the polynomial Y 7(f;)m(g;). But this gives a contradiction as 7(f;)
is either zero or is in k[V]¥ and so > m(fi)m(g;) is in the Hilbert ideal of V. O

The maximal degree of a polynomial in a minimal homogeneous generating set
for k[V] is known as the Noether number of V and is denoted by 8(G,V). We
also denote the largest degree in which k[V]¢ is non-zero by topdeg k[V]q.

Remark 3. In the modular case, topdeg k[V]¢c gives an upper bound for the max-
imal degree of an indecomposable transfer, i.e., an invariant of the form Tr(f) :=
dec g(f). To see this, take a minimal homogeneous generating set f1,..., f; for
k[V] as a module over k[V]%. By the graded Nakayama Lemma, topdeg k[V]g is
equal to the maximum of the degrees of these module generators. Let f € k[V] be an
arbitrary homogeneous element whose degree is strictly larger than topdeg k[V]¢.
Write f = 3" g;fi, where g; € k[V] are homogeneous. Then Tr(f) = 3" g; Tr(f;).
Therefore Tr(f) is expressible in terms of invariants of strictly smaller degree since
Tr(c) = 0 for any constant ¢ € k.

For the rest of this section, we write V=13, i< Vp, for an arbitrary represen-
tation of C, and assume that n; > ng > -+ > n;. Since trivial summands do not
contribute to the coinvariant ring we also assume that n; > 1. We identify k[V]
with k[X; ; |1 <i<n;, 1 <j <l and assume that a fixed generator o of C}, acts
on the variables by o(X; ;) = X;; + X;_1; for 1 < i < n; and o(X;,) = X1 ;.
We use graded reverse lexicographic order on k[V] with X;, ; < X;, ; for i1 < iy
and X;, ;, < X, j, if j1 < jo. The number 5(C)p, V) has been computed for all
such V' in [6]. In [2, §7.7] another computation of 5(C), V') is given which does not
use the monotonicity of the Noether number. As an intermediate result it is shown
that topdeg k[V]c, and B(C,, V) actually coincide. Conversely, it is also possible
to compute topdeg k[V]c, as a corollary to the monotonicity and results in [6].

Proposition 4. Assume the convention of the previous paragraph. We have

p—1)+p—2ifn >3;
Ip—1)+1ifny <3 and V #IV;.

Proof. Assume that n; > 3. Then by [6, 3.3] topdegk[V]c, is bounded above
by I(p — 1) + p — 2. On the other hand, k[V]» is generated by transfers, orbit
products of the variables X,,, ; for 1 < j < [ and invariants of degree at most
I(p—1) = (dimV —1) by [7, 2.12]. Note that orbit products of the variables have
degree p and B(C,, V) = l(p—1)+p—2 by [6, 1.1]. Since l(p —1) +p —2 is
strictly larger than I(p — 1) — (dimV — ), it follows that the maximum degree
of an indecomposable transfer is I(p — 1) + p — 2. So by the previous remark
topdeg k[V]c, > I(p — 1) + p — 2 as well. The second case is treated similarly as
follows. We have 8(C,,, V) = l(p—1)+1 by [6l 1.1]. The description of the generating
set for k[V]% in [7, 2.12] again gives that there is an indecomposable transfer of
degree [(p—1)+1. So from the previous remark we get topdeg k[V]c, > l(p—1)+1.
The reverse inequality follows from [I5], 2.8]. O

topdeg k[V]c, = {

We show that each summand in V' with large enough dimension contributes to
the dimension of the top degree of k[V]¢, .

Licensed to Bilkent University. Prepared on Sun May 20 15:41:31 EDT 2018 for download from IP 139.179.72.75.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



5116 MUFIT SEZER AND WENLIANG ZHANG

Proposition 5. (1) Assume thatny > 3 and let I’ be the number of summands
i V whose dimensions are at least four. Then

dimy k[V]g:lepH >

(2) Assume that nqy < 3 and let I’ denote the number of summands in V whose
dimension is three. Assume further that I’ #0. Then

dimy K[V]EFVT >0

Proof. By Lemma B, X772 .X? ! is not a lead term in the Hilbert ideal of V,,,

n;—1,1 n,; 2

for 1 < i < I'. Then by Lemma [2 it follows that Xﬁfl_inZ;il is not a lead term
in the Hilbert ideal of V for 1 < i < I. So from [I4, Remark 4] we get that
Xz:fl,z‘ [Ticj< Xﬁjjl is not a lead term in the Hilbert ideal of V for 1 <4 < ['.
Hence the first assertion follows.

Secondly, by [15], 2.6] ngﬂ(é’)?l is not a lead term in the Hilbert ideal of V,,, for
1 <4 <!’. Then as in the first case, using Lemma 2l and [14, Remark 4] we get that

Xo; ngjgl Xﬁ:; is not a lead term in the Hilbert ideal of V for 1 <3 <’. O

Lemma 6. Let V =V, and n; > 3. Then the monomial Xﬁ:fl’lez;} is not a
lead term in the Hilbert ideal of V.

Proof. For simplicity put n for n, and X; for X; ;. We proceed by induction on
n. A reduced Groébner basis for the Hilbert ideal of V4 has been computed in
[15, 3.2]. We see from there that X2 2X?~! is not a lead term in the Hilbert
ideal of V;. Now let n > 4. To avoid ambiguity identify V¥ ; with Yi,...,Y,_1
where Y7 is the fixed point. Dual to the inclusion V,,_; — V,,, there is surjection
™ k[Vn] = k[Xl,. ..,Xn] - k[vn—l] = kD/lw”;Yn—l] given by 7T(X,L') = Y; 1
for 2 < i < n and 7(X;) = 0. By induction Y”2¥?" is not a lead term in the
Hilbert ideal of V,,_;. But m maps the Hilbert ideal of V,, into the Hilbert ideal
of V,,_1, so XﬁjXﬁ_l is not a lead term in the Hilbert ideal of V,, either because
r(XP2Xp-1) = YP2vP ! and LT(n(f)) = n(LT(f)) for f not in the kernel of
. O

We are now ready to prove Theorem [l

Proof of Theorem [ We have k[V]c, = k[Xz1,...,Xou]/(X5,,...,X5,) if V =
V5 by [15] 2.6]. From the same source we also have

k[Vle, = k[X21, X31, X22,. ., X2ul /(X3 1, X5 1, X35, ..., X3 ),

if V.= "V3+ (I — 1)V,5. Notice that these algebras are complete intersections and
so in particular they are Poincaré duality algebras. We show that k[V]c, is not a
Poincaré duality algebra for all remaining representations.

Assume first n; > 4. Then by the proof of Proposition [3] Xﬁ:}lyl [Ticj< Xfl’;]l
is not a lead term in the Hilbert ideal of V. Note that the degree of this element
is the top degree in k[V]c, by Proposition @ and hence it is a socle element. We
show that k[V]c, is not a Poincaré duality algebra by producing another monomial
which is a socle element. Since X; ; for 1 < j <[ span the invariant linear forms in
k[V]%, Xo, is not a lead term of an invariant polynomial. Among the monomials
in k[V] that is divisible by X1 consider a monomial of maximal degree that is
not a lead term in the Hilbert ideal of V. Call this monomial M. The class of M
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is non-zero in the coinvariants. Moreover, since ni > 4 the divisibility condition
by Xo ;1 implies that M # Xf:;zl’l [Ticj< Xﬁ:; Let Y be any variable in k[V].
Then by maximality of the degree, MY is a leading term in the Hilbert ideal of V.
Therefore its class in the coinvariants is equal to a linear combination of classes of
monomials that are not lead terms in the Hilbert ideal and smaller in the order.
By the maximality of divisibility by X3 1, none of these monomials are divisible by
X51. By our ordering, the only variable that is smaller than X ; is X ;. But the
class of this variable in the coinvariants is zero. It follows that the class of MY is
zero in the coinvariants. Equivalently, the class of M is a socle element in k[V]c, .
Since the monomials that are not lead terms in the Hilbert ideal of V' are linearly
independent in k[V]c,, the dimension of the socle of k[V]¢, is at least two.
Finally, if V = 10'V3 + (I — I')V, with I’ > 2, then the dimension of the top degree
of k[V]¢, is strictly larger than one by Propositions @ and [l O

Remark 7. From the proof of Theorem [ one can see that k[V]c, is a Poincaré
duality algebra if and only if it is a complete intersection.

In general, an Artinian Poincaré duality algebra (i.e., an Artinian graded Goren-

stein algebra) is not necessarily a complete intersection. For instance, the graded
: _ k[X,Y,Z]

ring R = (XZ_Y2,Y?—Z2 XY,YZ,ZX)
intersection ([II] p. 172]). Remark [7] says that the modular coinvariant rings of C,
have a special feature. The following example indicates that modular coinvariant

rings of the alternating groups also share the same special feature.

is a Poincaré duality algebra but not a complete

Example 1 (Alternating groups). Let W denote the n-dimensional natural repre-
sentation of the symmetric group S,, (and hence a representation of the alternating
group A,) over a field k. In [I9], it is proved that the Hilbert ideal of A,, is the
same as the one of S, if and only if char(k) divides the order of A4,,. It is well known
that the Hilbert ideal of S,, is generated by n elementary symmetric polynomials
e, ..., e, (regardless of the characteristic of k) and depending on the characteris-
tic, the Hilbert ideal of A,, has one more generato which we denote by A. When
char(k) divides |4,|, the ring of coinvariants k[W],, is the complete intersection
E[X1,...,Xn]/(e1,...,e,) and hence is a Poincaré duality algebra. When char(k)
does not divide |A,|, then k[W1a, = k[X1,...,Xn]/(e1,...,€en,A) which is an
almost complete intersection; hence not a Poincaré duality algebra by [9].

Based on our results and previously studied examples, we would like to propose
a conjecture.

Conjecture 8. Let G be a p-group and let V' be a modular representation of G
over a field k. Then k[V]qg is a Poincaré duality algebra if and only if k[V]g is a
complete intersection.
3. COINVARIANTS WITH RESPECT TO A SEPARATING SET
Recall the following definition from [4, 2.3.8].
Definition 9. Let V be a representation of a group G over a field k. A subset
S C k[V]9 is called a separating set if for any two points u,v € V we have: If there

If chark # 2, then A = [Ti<icj<n(zi — ;); if char(k) = 2, then A is the orbit sum

0 n—1
2oea, To) " To(n)
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exists an invariant f € k[V]“ with f(u) # f(v), then there exists s € S such that
s(u) # s(v).

Remark 10. Let G be a group and V' be a representation of G over a field k, where
k is a field of characteristic p > 0. Let S be a separating set of k[V]¢ and T be an

arbitrary subset of S. Set 7" to be {tpﬁ(t)
depending on ¢t. Then

| t € T} where e(t) is a positive integer

(S\T)uT'

is also a separating set, since t(u) # t(v) if and only if = (u) # = (v) for all
u,v e V.

Definition 11. Let G be a group and V be a representation of G over k, where k
is a field of characteristic p > 0. Let S be a separating set in k[V]%. We will call
the ideal generated by S in k[V] the separating Hilbert ideal associated to S and
denote it by H(S). We will call the quotient ring k[V]/H(S) the ring separating
coinvariants associated to S.

Clearly, if one chooses S to be a generating set of invariants, then H(S) is the
Hilbert ideal and k[V]/H(S) is the ring of coinvariants k[V]¢.

In general, there are many choices of separating sets; e.g. Remark[I0l It turns out
that, for each indecomposable modular representation of C,,, there is a separating
set such that the corresponding ring separating coinvariants is a Poincaré duality
algebra. We use the simplified notation from Lemma [0 for the indecomposable
modular representation V,, of dimension n with k[V,] = k[X1,...,X,]. Also set

N(f) = Ilgec 9(f) for f € k[V].

Proposition 12. Let V,, be an indecomposable modular representation of the cyclic
group C,, over a field k. Forn > j > 2, set

T, = {NCGY T (XX T |2 <i<j - 1)
and S :={X1} U(Uj—, 7;). Then

(1) S is a separating set of k[V,]°?; and
(2) k[V,]/H(S) is a complete intersection.

2

Proof. (1) is an immediate consequence of [13, Theorem 3] and Remark [I0
(2). Set S; = {Xi}U( é:z T¢) and let S; - k[V,] denote the ideal of k[V}]
generated by S;. We will use induction on j to show that
0—1 j—1
(1) S kVu] = (X, X7, X7 ).
When j = 2, we have

N(Xo)” " = N(X3) = X?(mod X;).
Hence
Sy k[Va] = (X7, X5),
which proves the case when j = 2. Assume that we have proved (IJ) for S;_;. Then
we have

j—1

EX;D (mod Sj_l kJ[Vn])

j—2

N(X;)?
and

Te(X; X077 € S5m0 -kVa] = (X1, X5, .., X)) for 2<i<j—1.
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£—1

Therefore, (@) holds; in particular, S - k[V,] = (X1, X%, , X7 7...,X,’;nfl).
Hence,

E[Va] k[X1,. .., X

HS) (X, X, XP7T X2
which is a complete intersection. O
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