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Abstract

A proofof astrengthenedersionof thephasegrowth condition
for Hurwitz stablepolynomialsis given. Basedonthisresult,a
necessargndsufiicientconditionfor apolynomialp(s) to bea
local corvex directionfor a Hurwitz stablepolynomialg(s) is
obtained.The conditionis in termsof polynomialsassociated
with theevenandodd partsof p(s) andg(s).

1 Intr oduction

Rantzel[13] gave aphasegrowth conditionwhichis necessary
andsuficient for a given polynomialto be a corvex direction
for the setof all Hurwitz polynomials.The phasegrowth con-
dition directly givesthat(i) anti-Hurwitzpolynomials(ii) poly-
nomialsof degreeone(iii) evenpolynomials(iv) odd polyno-
mials,and(v) ary multiple of polynomialsfrom (i)-(iv) (taken
onefrom eachset)areexampleof corvex directionsfor theen-
tire setof Hurwitz polynomials.In [2], thealternatingHurwitz
minor conditionis usedto constructcorvex directionswhich
arenotin oneof the above sets(i)-(v). Clearly, theglobalre-
guirementis unnecessarilyestrictve whenexaminingthe sta-
bility of particularsegmentof polynomialsandit is of more
interestto determineconditionsfor a polynomialto be a con-
vex directionfor asingleHurwitz polynomialor for aspecified
classof Hurwitz polynomials.

There are several solution to the edge stability problem.
Among these,the sggmentlemmaof [3] gives a condition
which requirescheckingthe signsof two functionsat some
fixed points. Bialas[4] gave anothersolutionin termsof the
Hurwitz matricesassociatedvith the vertex polynomials. In
[7] and[11], differentdefinitionsof local corvex directions
have beenused. A polynomialp(s) is calleda (local) corvex
directionfor ¢(s) if thesetof & > 0 for whichg(s) + ap(s) is
Hurwitz stableis asingleinterval on therealline. Notethat, if
p(s) is acorvex directionin this sensethestability of ¢(s) and
p(8)+q(s) impliesthestabilityof ¢(s)+ap(s) forall a € [0, 1]
but notvice versa.lt seemghatnoneof the methoddescribed
above is suitablein determiningcorvex directionsfor subsets
of Hurwitz stablepolynomials. We will shov by someexam-
plesthatour resultis suitablein determiningcorvex directions
for subset®f Hurwitz stablepolynomials.
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The paperis organizedasfollows. In the next sectionsome
propertiesof Hurwitz polynomialsarerecalled. In section3,
we statethe mainresult, Theoreml, which givesa necessary
andsufficientconditionfor determinindocal corvex directions
for a Hurwitz polynomial. As an applicationof Theorem1,
givena polynomialp(s) we constructa setof Hurwitz stable
polynomialsfor which p(s) is alocal corvex direction.

2 Hurwitz StablePolynomials

Let R and C denotethefield of realandcomplex numbers,
respectiely. Let R[s] denotethe setof polynomialsin s with
coeficientsin R. Let  denotethe setof Hurwitz stablepoly-
nomials. Giveng € R[s], the even-oddparts (h(u), g(u))
of ¢(s) are the unique polynomialsh,g € R[u] suchthat
q(s) = h(u) + sg(u) whereu = s%. Let S(r) denotethe

signofr, i.e.,
-1
0
1

Finally, considerg( K, u) := h(u) + Kg(u) andy (K, u) :=
ug(u)+ Kh(u) for K € R. Theequationp(K,u) = 0 implic-
itly definesafunctionu(K). Therootsensitvity of ¢(K,u) is
definedby Kj—};, and givesa measureof the variationin the
root locationof ¢(K,u) with respecto percentageariations
in K. Theroot sensitvities of ¢(K,u) andy(K,u), respec-
tively, areeasilycomputedo be

h(u)g(u)
Vo (u)

For a Hurwitz stablepolynomialg(s) therateof changeof the
argumentsatisfies

if r<0
if r=0
if »>0.

S(r)

ug(u)h(u)

Salu) := Vsq(u)

) Ssq (u) =

Py (w) 2 |W )

where i, (w) := arg ¢(jw) and the inequality is strict if

deg(q(s)) > 2. This propertyalsogivenin [13] seemso be
known in network theoryaspointedoutby [5] ( seealso[8] for

a proof basedon Hermite-BiehlerTheoremand[9] for related
conditions).

| Yw >0,

A necessanandsufficient conditionfor the Hurwitz stability
of g(s) in termsof its even-oddparts(h(u), g(u)) is known as
the Hermite-Biehletheoremwhich is basedon the following
definition.



A pairof polynomials(h(u), g(u)) is saidto beapositive pair
[6] if R(0)g(0) > 0O, theroots{u;} of h(u) and{v;} of g(u) are
real, negative, simpleandwith k := deg(h) andl := deg(g)
either(i) or (ii) holds:

(4) > ug > v, (2)
(44) > > ug. (3)

The Hermite-Biehler Theorem, [6], states: A polynomial
q(s) with even-oddparts(h(u), g(u)) is Hurwitz stableif and
onlyif (h(u), g(u)) is apositive pair.

k=land O0>wu;i>v1>...
k=l+1and 0>u; >v; >...

Conditions(i) and(ii) canbe replacedby positiity of certain
polynomialsof . Considerthe polynomials

Vq(u) W (u)g(u) = h(u)g'(u), @)
Vag(u) = h(u)g(u) — ulh'(u)g(u) — h(u)g'(u)]-

Lemma 1. Let h,g € R[u] be coprimewith deg(h)
deg(g) > 1 orwith deg(h) = deg(g) + 1 > 1. Then,(h, g) is
apositive pairif andonly if

(7) all rootsof h andg arerealandnegative,
(i1) Vy(u) >0Vu <0, (5)
(iii)  Vig(u) > 0Vu < 0. (6)
Proof. Let & = deg(h) andl = deg(g). Let
wy > us > ... > up andv; > vy > ... > vy, bethe

rootsof h(u) andg(u), respectiely. By hypothesisy;, v; are
realandeitherk =1 >1ork=1+1>1.

[Only if] By definition,if (h(u), g(u)) is a positive pair, then
h(0)g(0) > 0 and(2) and(3) holds.By partialfractionexpan-
sion

k .
% = O‘”Zufzuz @)
h(u) B Bj+1
ORE ﬂ°+Z+Zu1——u/ 8

whereay =0if kK =1+ 1andBy = 0 if £k = [ andwhere

a; = g,((zi?), i=1,... .k, (9)
_ h(0) o h(v;) .
Bu= o B = fgl(ﬂuj)’ j=1,...0. (10)

As all u;, v; are real and negative, we have Sh/(u;) =
(-1)"-'Sh(0) and Sg'(v;) = (—1)7"'Sg(0) for all i =
ki g = 1,...,1. By (2) and (3), we also have

Sh(v;) = (- 1)JSh( ) andSg(u;) = (—1)""1Sg(0) for all
i=1,...,k; j= ., 1. It followsthat
s 2O
i = |Otz|3h(0), 1= 1,...,]{;,
h(0) .
i1 = |5; —,i=1,...,1 11
ﬁ]-i—l |/BJ+1|Sg(0)7 J ) 7l ( )

By differentiating(7) and (8) and multiplying by A(u)? and
u?g(u)?, respectiely, we obtain

k
Vw) = b)Y o
il
axn il 9(0)
= h(u) ;(U_MP )’ (12)
l ﬁ
Valw) = glBi+ole) Y o Fhs a3
_ ot o~ 1Bl Gh(0)
S ORI Moy o)

Theconditions(5) and(6) follow.

[If] If (6) (resp.,(5)) holds,thentherootsof h(u) aredistinct;
sinceif sayh(u) = (u — ug)2h(u) for someuy < 0 and
h € Ru], thenh(ug) = h'(uo) = 0, which contradicts(6)
(resp.,(5)). Similarly, if g(u) hasa negative root of multiplic-
ity greaterthanone,then(6) (resp.,(5)) is contradicted Since
all rootsof h(u) andg(u) arereal,negative,anddistinct, it fol-
lowsthattheequalitieg8), (10)and(13) hold. By (6) and(13),
we have

>0Vu<0.

Brg(u (14)

+ Z IBJ"FI )
Evaluatingtheleft handsideatwy, . . ., v;, respectiely, we ob-
taing; >0, j =2,...,l+1. ThisyieldsSg'(v;) = —Sh(v;)
forj = 2,...,1 + 1 by (10). Onthe otherhand,asu — 0,
the left handsideof (14) approacheg; g(0)? = h(0)g(0) by
(10), sothatg(0)h(0) > 0. Sinceall rootsof g(u) arerealand
negative, we have Sg'(v;) = (-1)9718g(0), j = 1,...,l s0
thatSh(v;) = (=1)ISg(0) for j = 1,...,1. This meanshat
therearean odd numberof rootsof h(u) betweereachpair of
rootsof ug(u). Sincethedegreest and! candiffer by atmostl
however, theinterval (v;,v;41) mustcontainexactly oneroot
of h(u) for j = 0,1,...,l wherevy := 0, vy; := —o0. The
interlacingproperty(2) or (3) follows. ]

3 Local ConvexDirections

A polynomialp(s) is calleda global corvex direction (for all
Hurwitz stablepolynomialsof degreen) if for any Hurwitz sta-
ble polynomialg(s)theimplication

q(s) + p(s)is Hurwitz stableand
deg(q(s) + Ap(s)) =n VA € [0,1]
= q(s) + Ap(s) is Hurwitz VX € (0,1)

holds. Rantzerin [13] hasshavn thata polynomialp(s)is a
corvex directionif andonly if it satisfiesthe phasegrowth
condition [13, 1]

’ sin(2¢, (w))

dp(w) < PRS2 v >0, (15)



wheneer ¢,(w) # 0. The condition (1) is in a sensea
complemenbof thephasdncreasingropertyof Hurwitz stable
polynomials.

Ourmainresultin thissectionyieldsacharacterizatioof poly-
nomialsp(s), ¢(s) whichsatisfythelocal corvexity condition

(LCC) q, q +p € H and deg(q + \p)
=>q+IpeHVYINE(0,1).

Let (h(u),g(u)) and(f(u), e(u)) betheeven-oddpartsof ¢(s)
and p(s), respectrely. We first give the following Theorem
which givesatestfor LCC in termsof polynomialsassociated
with thethe even-oddpartsof p(s) andq(s).

= deg(q) VA € [0,1]

Theorem 1. Let p, ¢ be polynomialswith n := deg(q) > 1.
Then,LCC holdsif andonly if

V! ) (v Vptqa(u) + \/V Vu <0: f(uwe(u) >0,
Vip(u) < (/Vi(prq) (u) + \/Vsq )?Vu < 0: f(u)e(u 216)
Proof. See[12] for a proof. ]

Note thatif “V,(uv) < 0Vu < 0 : f(u)e(u) > 0 and
Vep(u) < 0Vu < 0: f(u)e(u) < 0", thenthecondition(16)
is satisfied. The conditionjust statedis preciselythe global
corvexity conditionprovidedby Ranzte{13], see[10].

Remarks.
(1) The following alternatve conditionto (16) can be easily
obtained:

h(0 )(h(O)
Vp(u) <( \/Vp-i-q

This is more suitablefor deriving conditionsin termsof the
coeficients of p(s) and¢(s) sincefor ary polynomialr(s),

deg V,.(u) < deg Vs, (u) with strictinequalityholdingin most
casesandsincecheckof thesignof f(u)e(u) is nolongernec-
essary

(2) The following alternatve statemeneliminatesthe square
rootsin (16): Undertheassumptionsf Theoreml, g+ Ap € H

forall A € (0,1) if andonly if

f(0)) >0, g(0)(9(0) +(0)) >0
)+ v/ V4 (w)? Vu < 0.

uw<0: fue(u)>0,4A(u) <0
A(u) <AV (w)V, ( )s
u<0: f(u)e(u) <0,B(u) <0
B(u)? < 4V,(pyq) (u)Vs ( ),
where
A(u) Vptq(u) + Vo(u) = Vp(u)
B(u) = Vipiq)(u) + Vig(u) — Vip(u)

In orderto get moreinsightinto LCC, we will useTheorem
1 to constructexamplesfor which LCC holds. Givena poly-
nomial p(s), we obtaing¢(s) by addingzerosto its even and
odd partsandfind conditionsthat mustbe satisfiedfor p(s) to
be a local corvex directionfor ¢(s). The conditionswill be

givenin termsof the sensitvity functionsS,(u) and.Ssp(u).
Letp(s) = f(u) + se(u) and

q(s) ==
+c

whereb, c € R. Letay = —%¢, ay

“bret /el andn(u) =

2

(u+0)f(u) + s(u+ c)e(u)

= =-1-%c 3=

24 (b+c+1)u+be+ e

Corollary 1. Letp(s) = f(u) + se(u) be a Hurwitz stable
polynomialandletg(s) = (u+ b) f (u) + s(u + c)e(u) besuch
thatb > c. Then,p, ¢ satisfyLCC if andonly if thefollowing
implicationshold:

a<u<o =

flu)e(u) <0, Sgp(u) > 1

B<u<az

u < B, f(u)e(u) >0

Proof. Seetheappendixfor aproof.

Remarks.
(3) If in Corollaryl we havec > b thenp, ¢ satisfyLCC if and
only if thefollowing implicationshold:

G <u<ar > flu)elw) > 0,5, > <
fu<ar > fwelw)>0,5,u) > 1
B S <0 > Sz

(4) In corollary1, p(s) is assumedo beaHurwitz stablepoly-
nomialto ensurethatq(s) is alsoa Hurwitz stablepolynomial
for a majority of valuesof b ande¢. If this assumptioris re-
movedgq(s) will be Hurwitz stableonly for very specialvalues
of b andc. The casep(s) is not Hurwitz stableis hencenot
veryinteresting.

Example 1. Considerp(s) = s* + 2s® + 45 + 45 + 3 with
f(u) = u? + 4u + 3 ande(u) = 2u + 4. Letb = 5 andc = 4
we get

q(s)
q(s) +p(s)

255 + 65° + 18s* + 365° + 4652 + 48s + 30
s% + 655 + 19s* + 3832 + 5052 + 525 + 33

which areHurwitz stablepolynomials.With a; = —4.5, as =
—5.5andg = —5.7071, we canseefrom Figurel thatthethree
conditionsin the Corollary 1 aresatisfied. Hencewe conclude
thatp(s), ¢(s) satisfyLCC.

Underthe sameassumptiorof Theoreml, thatis q(s) €
andp(s) + ¢(s) € H, it is easyto shaw thatif

H

A(u) >0 Yu<0 f(u)e(u)>0

Bu)>0 Vu<0 f(ue(u)<0



—
- nu)/(b-c)

Figurel: Plotsof thesensitvity functions

then p(s) is a local corvex directionfor ¢(s) This sufiicient
conditionallows usto constructsubsebf Hurwitz stablepoly-

nomialsfor whichp(s) isalocalcorvex direction. Thisis made
clearby thefollowing example.

Example2. Letp(s) = s® + 352 +3s+ 1 with f(u) = 3u+1
ande(u) = u + 3. It is easyto seethat (f(u),e(u)) form a
positive pair hencep(s) € H andthereforeit is not a global
corvex direction. Considerthe setof third orderpolynomials
q(s) = 8% + a28% + a1s + ag with h(u) = asu + ap and
g(u) = u+ ay. Choosingz; > 3 and0 < ag < 3a, we have

Au) >0 Yu<0,
B(u) >0 Yu <0,

in additionwe have ¢(s) € H. Usingthe above analysiswe
have p(s) is a local corvex direction for setof polynomials
Q = {q(s) = * + a2s® + a1 s + ag suchthata; > 3 and0 <
ag < 302}.

This exampleclearly shavs that althoughp(s) is not a global

corvex direction,i.e.,it doesnotsatisfyRantzers phasegrowth

condition,it is a local corvex directionfor aninfinite number
of polynomials.Corversely givenaHurwitz stablepolynomial

or acertainsetof Hurwitz stablepolynomialswe canconstruct
aninfinite numberof local corvex directionswhicharenotnec-
essarilyglobalcornvex directions.

4 Conclusion

In Theoreml, LCC is givenin termsof squarerootsof poly-
nomialsof . This makesthe conditiondifficult to check.We

canovercomethis problemby makingadditionalassumptions
on p(s) andq(s). In Corollary 1, we obtainedconditionsfor
LCC in termsof the sensitvity functions.S,(u) and S, (u)
andfor p(s) andg(s) relatedin a specialway. Otherinterest-
ing specialization®f Theoreml arereportedin [12]. Simi-
lar conditionsto that of Corollary 1 were obtainedin [10] in
characterizinglobal corvex directionsin termsof .S, (u) and
Ssp(u).

5 Appendix

In this appendixwe prove Corollary1.
Letp(s) = f(u) + se(u) and

q(s) := (u+b)f(u) + s(u + c)e(u)

whereb, c € R andb > c. Leta; = — bfe,

>
B = _b_c_l_z" =+ andn(u) = u? + (b+c+ 1)u+be+
%. By straightforvardcomputation,

Vq(u) (u+b)(u + )Vp(u) + (¢ — b) f(u)e(u),
Vig(u) = (u + b)(u+ ) Vep(u) — (c = b) f(u)e(u),
Alw) = 2V (u) + Qu+b+¢)Vp(w)
= 2n(u)Vp(u) + 2(c — b) f(u)e(u),
B(u) = 2Vsq (u) + (2u + b+ ¢)Vsp(u)
= 2n(u)Vsp(u) — 2(c — b)uf(u)e(u).
By Remark2, ¢(s), p(s) satisfyLCC if andonly if
V() > —(u+ HE)V; (u)

u<0:f(u)e(u)20:>{

u<0: flue(u) <0=

et <0 { Grih 2 O N
Noting thatthefirst implicationholdswheneveru + +C >0,
we canwrite this conditionas

Vu<0 :u +b+c -1,

fu)e(u )>0=>V()
fu)e(u) <0 = Vyg(u) >
Yu<0: —1§u—|—b+c<0
f(U)e(u)20=>Vq(U)
fue(u) <0 = Viy(u) >

Substitutingthe expressiondor V, (u), V,
tain

—(u+ 5 Vp (u),
—(u+ ”*C)V (u),

(u+ 522 Vp(w),
(u+ 552)Vip(w).

5q (1), wefinally ob-

Yu<O0:u+ % < -1,
f(we(w) 2 0= n(w)Vy(u) > (b-c)f(u)e(u),
fwe(u) <0 = n(u)Vep(u) 2 (¢ —buf(u)e(u),

Vu<0:-1<u+ e <o,
fwe(u) >0= —(b—c)*Vp(u) > 4(b—c) f(u)e(u),
fwe(u) <0= (b—c)*Vyq(u) < 4(b— Juf(u)e(w).

By consideringthe sign of n(u) and the fact that S, ()
0Vu < 0 f(w)e(u) > 0 and Syp(u) > 0 Yu
0 : f(u)e(u) < 0, theresultfollows.
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