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Abstract

We present a new generalized algorithm which allows the construction of Bicklund transformations (BTs) for higher
order ordinary differential equations (ODEs). This algorithm is based on the idea of seeking transformations that
preserve the Painlevé property, and is applied here to ODEs of various orders in order to recover, amongst others, their
auto-BTs. Of the ODEs considered here, one is seen to be of particular interest because it allows us to show that auto-
BTs can be obtained in various ways, i.e. not only by using the severest of the possible restrictions of our algorithm.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

One area of research that for some time now has attracted considerable interest is the study of properties of the six
Painlevé equations P, ..., Py [1-4]. One property that is generally considered to be of particular importance is the
existence of Backlund transformations (BTs), that is, transformations relating a particular Painlevé equation either to
itself (with possibly different values of the parameters appearing as coefficients), or to another equation with the
Painlevé property. Various approaches to the recovery of BTs can be found for example in [5-14]; see [8] for a list of
references prior to 1980.

The Painlevé equations, as is well known, resulted from the classification of second order ordinary differential
equations (ODEs), within a certain class, having what today is referred to as the Painlevé property. This classification
was motivated by the search for new transcendental functions. The work of Painlevé was extended to higher order
ODE:s by authors such as Chazy [15], Garnier [16], Bureau [17], Exton [18] and Martynov [19], although no complete
classification has yet been given for a class of ODEs as general as that originally considered at second order. More
recent work that has continued this classical approach to Painlevé classification can be found in [20-25]. An alternative
approach to the problem of obtaining new integrable ODEs, based on the use of non-isospectral scattering problems,
can be found in [26-29]. It is amongst the equations found in [20-29] that ODEs defining new transcendental functions
might be expected to be found. This then leads naturally to the problem of studying the properties of such new ODEs.

For the Painlevé equations, the study of BTs has been undertaken by a great number of different authors (see the
references given above). One well-known approach is that adopted in [8]. In this approach, an ansatz is made relating

* Corresponding author. Present address: Area de Matemdtica Aplicada, ESCET, Universidad Rey Juan Carlos, C/Tulipan s/n,
28933 Mstoles, Madrid, Spain. Fax: +34-914-887-338.
E-mail address: mpruiz@escet.urjc.es (P.R. Gordoa).

0960-0779/$ - see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.chaos.2004.02.055


mail to: mpruiz@escet.urjc.es

1104 P.R. Gordoa et al. | Chaos, Solitons and Fractals 22 (2004) 1103-1115

the solutions of a Painlevé equation in v(z) to those of a second order ODE in u(z) having the Painlevé property; the
ansatz used in [8] relates v(z) and u(z) via

(dv* 4+ ev+ flu— (V' + av* + bv+¢) =0, (1)

where a, b, ¢, d, e and f are all functions of z only. The algorithm presented in [8] then determines the precise forms
of both the BT (1) and the ODE in u(z), this last by construction in [8] being at most quadratic in u”"(z).

Various generalizations of this approach have since appeared in the literature. In [30,31] the same ansatz (1)
was used to obtain second order second degree ODEs related to A, ...,Py;. In [32], instead of the ansatz (1), the
ansatz

2 4
[(Z c,-v’> v+ Zdiu’} u—
=0 =0

W) + <22: al-vi) v+ 24: biv’} =0, (2)
=0

i=0

where all a;, b;, ¢; and d; are functions of z only, was used to find further second order second degree ODEs related to
P, ..., Py. In [33] (2) was used to obtain second order fourth degree ODEs related to A, ..., Py.

Meanwhile in [34] it was noted, using as examples Py and Py, that the ansatz (1) can be used to obtain BTs to ODEs
of degree higher than two. In [35] a generalized version of the algorithm in [8] was given, allowing the construction of
BTs for nth order ODEs, in quite a general class, to ODEs of the same order but perhaps of higher degree; as an
example this generalized approach was applied to a particular fourth order ODE believed to define a new transcen-
dental function. This generalized algorithm has also been applied in [36] to the fourth order analogue of P, and in [37]
to the generalized fourth order analogue of Py;. In [38] the approach developed in [34,35] was applied to P, and P to
obtain BTs to second order ODEs of degree greater than two. We note that an alternative approach to finding BTs
appears in [39-41].

The aim of the present paper is to consider further generalizations of the above approaches, in order to obtain BTs
for higher order Painlevé equations. We begin in Section 2 by seeking BTs for fourth order ODEs using an ansatz first
suggested, though not actually used, in [35]. It is analogues of this ansatz that we use to seek BTs in subsequent sections.
We give here a general description of this approach. Further generalizations are of course always possible (see [35] for a
discussion).

We consider nth order equations with the Painlevé property of the form

U(n) = .f-(Z7 U7 D/’ M) U(n72)7 v("il))7 (3)

where f is a rational function of v~ ... v with coefficients functions of z. Here we consider, instead of (1), a
transformation of the form

G(z7 v,..., v("’z))u — [U("’l) + F(z, v,..., v(”’2>)] =0, 4)

where the functions /' and G guarantee that the equation in u also has the Painlevé property, i.e. that (4) is a trans-
formation that preserves the Painlevé property. In the current paper we will take both F and G to be polynomial in
vi"=2 ... v, with coefficients functions of z only, such that each monomial is of maximum weight » under the rescaling
(v,d/dz) — (v, Ad/dz).

Differentiating (4) once and replacing v using (3), and then v"» using (4), yields a polynomial in
0,0, ..., 0" u with coefficients functions of z. Elimination of v between this last and (4) then yields the nth order
ODE satisfied by u. This elimination process can be simplified by insisting on special choices of the coefficients in the BT
(4) such that the polynomial in v,v',...,v" ? u, u' reduces to a polynomial in v,v',...,v") u,u’ for some p < n—2;
in particular we might ask that it reduces to a polynomial in v, u, u’. In the special case n = 2, which is that considered
in [8], this polynomial will already be a polynomial in v, u, u’ only.

The aim of the present paper is to show how the above algorithm can be used to derive BTs, and in particular auto-
BTs, for higher order Painlevé equations. In Section 2 we apply this algorithm to two fourth order ODEs widely be-
lieved to define new transcendents; in Section 3 we consider two sixth order ODEs, higher order analogues of those in
Section 2. We limit ourselves in Sections 2 and 3 to the case where we reduce the polynomial whose derivation is
outlined above to one in v, u, ¥’ only. The reason for this is that this is enough to allow us to recover auto-BTs for the
ODEs considered. It is in Section 4 that we consider whether auto-BTs can be recovered without reducing this poly-
nomial to one in v, u, ¥’. Thus we consider the application of our algorithm to a third order ODE; we find that, in this
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case, a less severe restriction, to a polynomial in v, v/, u, ¥’ but linear in v/, can also be used in order to recover an auto-
BT. Section 5 is devoted to conclusions, to a consideration of possible generalizations of our approach, and also to a
discussion of the mathematical foundations underlying this kind of approach to deriving BTs.

2. Fourth order Painlevé equations

We consider in this section the application of the algorithm outlined above to two fourth order Painlevé equations.
Thus we seek a BT of the form

G(z,0,0, 0" )u — " + F(z,0,0',0")] = 0, (5)
where F and G are given by

F = —(amv + aoo)UN — b()o(l?l)z — (C021]2 + Co1U + Coo)D, — (do41}4 + d031j3 + dozUz + d(nU + doo), (6)
G = (d“U + tllo)UN + b]()(l)/)z + (012U2 + C110 + C]())U/ + (d14l)4 + d13l73 + dlzliz + dnv + le) (7)

and where all a;;, bjy, ¢;;, and dj; are functions of z only. In order to simplify the presentation of our results we rewrite the
BT (5) as

UW = (Alv —‘—Ao)l}” + Bo(U/)z + [Czl)z + Clb‘ + C()}D/ + D4U4 + D31J3 + D2U2 + DIU + D()7 (8)

where

14‘]':alju“l‘a()j7 j:O,l7
Bo = biou + b,

. . ©)
y=cyu+cy, j=0,1,2,

D;=dju+dy, j=0,12734
The two fourth order Painlevé equations dealt with in this section have the form

1Y = [Pi(z,0)0 + Py(z, )" + Os(z, v)(v’)2 + O1(z,0)v" + Qo(z,v), (10)

where all ; and Q, are polynomial in v with coefficients functions of z. We assume that the BT to an ODE in u is as given
by (5), and follow the procedure outlined in Section 1. Differentiating Eq. (5) and using Eq. (10) to replace v*, and
Eq. (5) to replace v, yields the relation

(0" + 0" + 4’2(1}/)2 + 10"+ dy =0, (11)

where all ; and ¢, are polynomials in v, u, u’ with coeflicients functions of z. Elimination of v between this relation and
(5) leads to an ODE in u.

In this section we consider the following simplification of this elimination procedure: we choose 4;, By, C;, and D; (i.e.
a;j, bo, ¢;; and dyj) so that y;, j = 0,1 and ¢, j = 1,2 are identically zero. In this case Eq. (11) reduces to a polynomial in
v (with coefficients polynomials in u, #’ with coefficients functions of z),

¢O(U7Z) =0, (12)

which then defines the inverse of the transformation (5). Elimination of v between this last equation and (5), in order
to find the ODE in u, is thus made much easier. We now turn to our examples.

2.1. Example 2.1

As our first example we consider the equation
v = 100%0" + 100(v')* — 60° — B0 — 20°) 4+ zv + o, (13)

which is the second member of the generalized second Painlevé or Py hierarchy; see [5] for the P hierarchy, [21,25]
for the above fourth order ODE, and [42] for the generalized Py hierarchy. We find that y, and ¢, in (11) are given by
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W, = Ay + 2By,
Yo = (A7 + C, — 10)0” + (24140 + A} + C1)v + Af + Ay + Co + B,
¢, = (41By + 2C, — 10)v + 4By + B, + C,
¢, = (41Cs +4Dy)0* + (4,Cy + AoCy + C) + 3D3)0?
+ (41Co + AoCy + Cp 4 2D32)v + AgCo + Cy + Dy,
¢ = (A1Dyg + 6)v° + (D + 4, D5 + AoDy)v*
+ (D3 + A, Dy + AyD3 — 2B)0° + (D + A1 Dy + ApDy)v?
+ (D} + 41Dy + AyDy — z)v + D)y + AyDyy — o..

(14)

Imposing that ;, j = 0,1 and ¢, j = 1,2 be identically zero, implies that 4o = C; = D = D3 = 0,4, = —2¢, By = ¢,
Cy, =6, Co =—pf, Dy =3¢ and D, = —¢f, where ¢ = +1. Without loss of generality we may also set Dy = u. The
resulting equation ¢, = 0 (12) then reads

QReu+z)v— (W —a)=0 (15)
and the transformation (5) becomes
u=1v"+2e" —e(v')* — (6v* — P)v — 3ev* + efi’. (16)
We now introduce, for reasons that will become clear shortly, the new variable y(x) = 2;12. Eq. (15) then becomes
_ 0+ )
v= 2y ) (17)

where v = o + 5, and Eq. (16) becomes
2

y= 2 : (18)
20" + 4evv” — 2e(v')” — 2(602 — PV — 6ev* + 2efv? + ez
Substituting v from (17) into (18) then yields the fourth order ODE in y,
Syy" S [250)° s 4sp)t (5 300 3 1
@ _ _ _ 2202 " 222 2 _ 245 1po3 )
y y + 2 e 2V + By + 87 1" 2ﬁ 5 i +2ﬁvy +zy — 2e.
(19)

Thus we obtain the BT (17), (18) between the second member of the generalized P hierarchy (13), and Eq. (19). We
now use this result to derive auto-BTs for Eq. (13).

2.1.1. Auto-Backlund transformations for Eq. (13)

We now use the BT obtained above to derive auto-BTs for Eq. (13). Here we make use of the fact that Eq. (19) is
invariant under v — —v.

We begin by noting that the BT (17), (18) defines a mapping between solutions v of (13) for parameter value
o = v —§ and solutions y of (19) for parameter value v. Changing the sign of v in this BT then yields an alternative BT
consisting of the two relations

_ /o 2
po ZV =) (20)
2y
and (18), between solutions v of (13) for parameter value o = —v — £ and solutions y of (19).
Thus given a solution y of (19) we can obtain two solutions v and v of (13),
_ / 2
0= My (21)
2y
_ / 2
po— - (22)
2y
for parameter values o« = v —§ and & = —v — § respectively. Since we are using the same solution y to obtain v and o,

subtracting (21) and (22) gives
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U=v+ evy. (23)
Substituting for y from (18) and noting that o + & = —e¢ yields the auto-BT

n 2ea+ 1
20" + devt” — 2e(v')” — 2(61 — P)v’ — bev* + 2efr? + ez’

a=—(a+e), (25)

<
I

v (24)

which relates two solutions v and v of the same Eq. (13) for parameter values o and & respectively. This BT is a
generalization of the BT first obtained by Airault [5] for the second member of the A hierarchy; we note that the above
result for (13) was also obtained in [37] using the different ansatz (1). Thus we see that our approach allows us to derive
auto-BTs for Eq. (13).

2.2. Example 2.2
As a second example of the application of our method we consider the equation

1
0(4) _ _SU/U// + Suzv// + 51)(0/)2 _ 05 + v — 50‘7 (26)

which has recently been proposed as defining a new transcendent [21,25]. Proceeding as in our previous example, we
find this time that the coefficients 1, and ¢, in (11) are given by

W, =4, +2By+ 5,

Yo = (43 + Cy — 5)* + (24,40 + A + Cy)v + A% + 4, + Cy,

¢, = (4,By +2Cy — 5)v + AoBy + B + Cy,

¢, = (41Cy +4Dy)0* + (4,Cy + 49Cy + C} 4 3D3)1? 27)
+ (41Co + AyCy + Cy 4+ 2Dy)v + 4o Co + Cy + Dy,

¢ = (41Dy + 1)0° + (D, + 4, D5 + AoDs)v* + (Dy + A1Ds + AoD3)v*

1
+ (D, 4+ A\ Dy + AyDy)v* + (D + A1 Dy + ApDy — z)v + D), + 4yDy +5
In order to make l//j,j =0,1and ¢,, j = 1,2 identically zero, we have to choose 40 = Cy = C; = D; =D, = D; =0,
Ay = —(2By+5), C; =5 — A} and Dy = — 1 4,C,. Also we have two possible values of By, namely By = —3 or By = —3,
and, without loss of generality, we may set Dy = u. We will now consider these two cases separately.
Case 1: By = —3. In this case, we have 4, = 1, C; =4, D, = —1 and the equation ¢, = 0 becomes

(u—z)v+ (u’ +%o¢) =0. (28)
Moreover, the transformation (5) becomes

u=1v"— o' +30) — 4 + . (29)
Introducing again a new variable y(z), y = -1, Eq. (28) becomes

2
p U (30)
y
where v = —1a — 1, and Eq. (29) becomes
1
, 61)

= > )
v ="+ 3(0) — 4+t —z

Substituting v from (30) into (31) yields the following fourth order ODE in y:

5/ 72
W= yyy - [ %_z) - szz}y" =50 =Y v+ L (32)
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Case 2: By = — % In this case we have 41 = -2, C, =1, Dy = % and therefore the equation ¢, = 0 becomes
1
Qu+z)v— (u’ + Ea) =0, (33)

and the transformation (5) reads

u=v"+2" + 3 W) =™ — 11)4. (34)
2 2
Let y = 52— Then Eq. (33) becomes
-/ +v?)
_-+w) 35
) (53)

where v = — 1o+ 1, and Eq. (34) becomes

y= 1 . (36)

i 03 (Y2 2 L4 1
V" 4 200" +5 (V)" — 0P — 30t 52

Substituting v from (35) into (36) we get

S 15077 [6s(Y)’ 5 135(/)" 5 ;1
(4): _ D22 2 N2 _ - 45 _
y y + 4y 12 2’ + 167 + g’ y() T +zy—2. (37)

Thus we obtain two BTs, namely the pairs of Egs. (30), (31) and (35), (36), between Eq. (26) and Eqgs. (32) and (37),
respectively. We now use these results to derive auto-BTs for Eq. (26).

2.2.1. Auto-Backlund transformations for Eq. (26)
Proceeding analogously as in the case of Eq. (13), and using the fact that Eqs. (32) and (37) are invariant under
v — —v, we obtain the following two auto-Béicklund transformations for Eq. (26):

o+ 2

v=0v+ R 38
V" — o 4 3(0') — 402 4 0t — 2 (%)

a=—0a—4 (39)

and

_ a—1

D=0v— 5 , (40)
20" + 4o + 3(v)T — 202 — vt +z

o=—o-+2. (41)

Thus we see, once again, that our approach allows us to derive auto-BTs for the equation under consideration, as
well as BTs to other ODEs (the above ODE:s in y). We note that auto-BTs for the similarity reduction of the modified
Sawada-Kotera/Kaup-Kupershmidt equation, i.e. (26) have also been given in [43]; these results were later extended to
auto-BTs for the entire reduced modified Sawada-Kotera/Kaup-Kupershmidt hierarchy in [44].

3. Higher order Painlevé equations

We consider in this section the construction of BTs and auto-BTs for two sixth order Painlevé equations, these being
higher order analogues of those considered in Section 2. The procedure is analogous to that outlined in Section 2, and
for this reason we do not give all details here.

The two sixth order Painlevé equations we consider here are of the form

v = P(z,0,0,...,0%), (42)

(4

where P is a polynomial in v,¢/,...,0™, linear in v™®, with coefficients functions of z. We seek a BT of the form

G(z,v,0, 0", 0" o) — [17(5) + F(z,0,0, 0", 0", 0(4))} =0, (43)
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such that u is the solution of another sixth order Painlevé equation. As in the previous section we use an abbreviated
notation and rewrite this BT as

1) = (410 + 40)v® + Bot'v" + (Cov? + Cro + Co)v” +D0(v")2 + (B + E))0'v" + (F3v® 4+ Fr? + Fo 4+ Fy)v”

+ Go(v ) (Hy* + Hyv + Hy) (v ) + (Kqv* 4+ K30® + Koo + Ko + Ko)v!

+ Let® 4+ Lsv® + Lyv* + L3v® + Lyv* + Lyv + Ly, (44)
where each coefficient 4;, B;, ..., L; is linear in u with coefficients functions of z. Differentiating Eq. (44) and substituting
for v from (42) and for v® from (44) we obtain an expression linear in v, i.e. analogous to the relation (11) obtained
in the fourth order case. Elimination of v between this expression and (43) leads to an ODE in u.

Here, as in the previous section, we consider a simplification of this elimination procedure: we choose the coefficients
A;,B;,...,L; in the BT (44) in order that this expression reduces to a polynomial in v. We now turn to our examples.

3.1. Example 3.1

As our first example we consider the equation
0© = 14020® + 5600 0" + 420(0")” + 70(')*0" — T00*" — 1400° (v/)* + 2007
— (W™ = 100%" = 100(v')* + 60°) — (V" — 20°) + zv + a, (45)

which is the third member of the generalized P;; hierarchy [42], i.e. it consists of a linear combination of members of the
original A hierarchy given in [5].

In order that the expression linear in v® resulting from the compatibility of our Eq. (45) and the BT (44) reduce to a
polynomial in v, we have to make the following choice of coefficients: Ay=C, =Ey=F =F =
H1 :K3 :Kl :L5 :L3 :Ll :0, A1 = —26, BO :26, C2 = 10, CO =7, Do = —€, E] 740, E 7206, F1 = —26')),
Go = 10, H, = 106, H() =€), Ky = *30, K, = 6“/, Ko = *ﬁ, L5 = *106, Ly = 36”/ and L, = *Eﬂ, where ¢ = £1. We can
also set, without loss of generality, Ly = u. The resulting polynomial in v is in fact linear:

QReu+zv— (' —a)=0 (46)

and defines the inverse of the BT (44) for this choice of coefficients.
Introducing the new variable y(x) = and setting v = o + §, Eq. (46) becomes

2(u+7

_ €(y2; ) (47)
and (43) becomes
y=1/T, (48)
where
=0 4 2e00® — 2er’ + 100> — )" + €(0")* — 2200 + 10e0® — ey)vv” — 10(v')° — (100> + 7)(v')?
+ (300" — 690 + B)v' + 10er® — 3epv® + efv? + % (49)

Thus we obtain the BT (47), (48) between Eq. (45) and the sixth order equation in y,

/1,(5) 1\2,(4) 21 /2 231 /- m
46 =722 _@(y)zy +14yi +<;vzy2_y)y(4)+_(y)+(3 (y) 1197 + Sy ;y yyy

y 2y 2y 2
49 (y”) 7 2 973 (y,) (y”) Vi N2 5 2.2 35 4_4 n"
27 +(2y+4 y)(y) P 4 7 10y2 OV {3y =gy =By
2499 ()" 1575 ()¢ 1 y 1052 s 1(,B 35 5 2 5 3
_ M) - 45____ / - 3___ 4.3 7 2,\ / T4,
5 16 s s\PuT 0 +5 SR T 0"+ 16Vy szy

1
+ Evzﬂf +zy — 2e. (50)
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Moreover, a calculation analogous to that in Section 2.1.1 then provides the auto-BT for Eq. (495),

_ 2e0 + 1
A (51)
a=—(a+e), (52)

where I is as given previously. Thus we see that our approach allows the derivation of auto-BTs for Eq. (45). We note
that since this equation is a member of the generalized second Painlevé hierarchy, its auto-BTs can also be constructed
from those of the standard hierarchy in [5].

3.2. Example 3.2

We now consider the equation

0@ = —700® + 7020 — 140" + 2800/ 0" + 210(1") + 28(1) 20" + 14020 0" — 140"
+ ?v(v’f —280° () + §v7 +zv— %, (53)

which corresponds to the similarity reduction of the seventh order member of the modified Sawada-Kotera/Kaup-
Kupershmidt hierarchy; see [44]. We proceed as in Section 3.1: in order that the expression linear in v* resulting from
the compatibility of Egs. (53) and (44) reduces to a polynomial in v, we have to choose 49 = Cy = Fy =0, By = —4, — 7,
C2:7—A%, Cl :—AII, D():%Al—%, El :14+3A%+7A1,E072Al A —7A1,F‘273AA and F1 A,l/’ and, in
addition, we have two possible choices for 4, namely 4, =1 or 4, = 72 We now consider these two different cases.

Case 1: 4, =1. In this case we find that Gy =Ls=4/3, H, =4, Ks=-8 and H =Hy=K; =K, =K, =
Ko=Ls=Ls=L; =L, =L; =0. We set, without loss of generality, Ly = u. The resulting polynomial in v is then in
fact linear:

1
(ufz)v+u’+§ac:0. (54)
Lety=—+ ,, then (54) becomes
/
_V+ vyzy (55)
y
where v = —1o — 1, and (43) becomes
1
—— 56
Y=t (56)
where I'; is given by
(5) N 2.0 ’o 3.0 4/3 2. \2 4.1 46
=0 — oo™ 4 800" — 60°0" 4 3(v")* — 2400'v" + 600 §(U) — 4 (V) —0—800—30 -z (57)
Thus we obtain the BT (55), (56) between (53) and the sixth order ODE
/1,(5) /" \2 /2 13 /) 14 (v' 3
yO = REAN R A @ N 7u + 42@ — 56)% — 147 |y —— (yz)
y y y y y y 3y
I /
+63(y)0}) + TVy(") — (42@) + 1dvty )y"+§v"y7+zy+l. (58)

Case 2: Ay =-2. In this case we have that G,=16/3, Ky=-2, H,=10, L¢=-2/3 and
H =Hy=K; =K, =K, =Ky=Ls =Ly =L; = L, = L, = 0. We set, again without loss of generality, L, = u, and thus
obtain the following—again linear—polynomial in v,

(2u+z)v—u’—%a:0. (59)
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Let y = 52—; then (59) becomes

2u+z°
_ -0+
v= 2y ’ (60)
where v = — 1o+ 1, and (43) becomes
1
= 61
Y=r (61)
where
(5) (4) 1 2. m 9 7\2 ’o0 3.0 16 n3 2/.\2 4.1 2 6 !
I =0 4 200 + 500" — 3v°v +§(v) — 1200"V" — 6v°v f?(v) — 100°(v") +2UU+§U +§z. (62)
In this way we obtain the BT (60), (61) between (53) and the sixth order ODE
YO 1 (7 147 (v')* ! 490" 1(71 609 ()} 'y
© _ 7YY L BN J D I S ) ) Yy m
y 7—)} +2<2v 7 +35 y +4 e +2 3V + 2 301 3 y
217 ()" 1 O 2 1 2 o)
= 11 s " 142 20\ _ 4.4 1"
5 +4 365 " + vy | (") +8 v = vyt — 3675 " V
2457 (y/)é 63 2()/)4 21 45, 2, 165
T6 5 ¢ T—Evy(y) +tag" +zy—2. (63)

In order to get auto-BTs for Eq. (53), we again exploit the fact that our equations in y, (58) and (63), are invariant
under v — —v. We thus obtain the following BTs between two solutions v and v of Eq. (53), with parameter values o and
a, respectively:

2
6:u+a; : (64)
x=—-o—4 (65)
and
B o—1
b=v— 5 (66)
o=—oa+2. (67)

Thus once again we see that our new approach allows the derivation of auto-BTs for the equation under consideration.
We note that the above auto-BTs for Eq. (53) were originally obtained in [44]; see also [45]. Also discussed in [44,45] are
special integrals of Eq. (53). We note, as is well known, that basic special integrals can be obtained by looking at where
auto-BTs, such as (64)—(67), break down. Similarly for the other equations considered in this and the previous section.

4. Further applications

In the previous two sections we have considered the application of our algorithm to ODEs of fourth and sixth order.
We have seen that in order to recover their auto-BTs, it is sufficient to consider the restricted case whereby the
polynomial encountered in v, v/, ..., v" 2 u, ' reduces to a polynomial in v, u, ’. However we have not considered the
possibility that we might also be able to recover auto-BTs from a less severely restricted version of our approach. We
consider in this section an example of a third order ODE—for which the calculations are therefore sufficiently
uncomplicated that it serves as a genuinely illustrative example—for which this is indeed the case.

We take as our example the equation

U

U/I/ — 3

+zv + ow (68)
v

given in [22]. This equation is related to the second Painlevé equation

V' =2 +zy 4 (69)
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via the substitutions
v=e', s =y (70)
Since we know that (69) has auto-BTs, which must then induce auto-BTs for Eq. (68), the question naturally arises
of how to recover these last. We note that our interest here is in obtaining auto-BTs for Eq. (68) directly; it may not
always be the case that we know how to relate an equation, such as (68), to an ODE for which we know in advance its

auto-BTs. Since Eq. (68) has not been considered before, the BTs obtained here are in fact new.
We seek for Eq. (68) a BT of the form

G(z,v,0 ) u— [V + F(z,v,0)] =0 (71)
or equivalently, in our abbreviated notation,

v = (410 4 4o)v + (B3v® + Bov* + Byv + By), (72)
where 4; and B; are linear in u,

Ad;j=ajyu+ay, j=0,1, (73)

B; =bju+by, j=0,1,23, (74)
with coefficients a;; and b;; functions of z only.

Differentiating the BT (72) and using Eq. (68) to replace v’ and (72) to replace v, we obtain
0= —(2410 4 340) (V)" + [420° + (24,40 + 4, — By)0* + (4} + 42 — 2B, — z)v — 3B,)v' + 4,B30°
+ (B 4+ A1By + A9B3)v* + (B, + A1B) + AoBy)v* + (B + AgBy + A1By — o)v* + (B} + AoBo)v. (75)

We now consider two possibilities.

4.1. Reducing (75) to a polynomial in v

First of all, proceeding as in our previous examples, we ask that the above equation be polynomial in v, u, /; setting
equal to zero the coefficients of (v’)2 and v’ requires that 4o = 4; = By = B, = 0 and B, = —z/2. In addition, without
loss of generality, we can set B; = u. The BT (72) then reads

v+ 1z
u=—rz (76)
and Eq. (75) factors to give
2u'* — 1 —200=0, (77)
which then defines the inverse of (76). Eliminating v between these last two equations then yields the ODE in u,
p_ 3
u”:z b +zu' —u(l + 20). (78)

This is related to Pxxxiv in [4] by a transformation similar to (70), followed by a further Mdbius transformation, with
the transformations (76) and (77) then becoming the well-known relations between P;; and Pxxxrv. Having obtained
Eq. (78) it should now be possible to recover auto-BTs for Eq. (68), in the same way as in Sections 2 and 3 (see also [8]
for Py).

4.2. Allowing (75) to be linear in v/

We now consider the possibility where, instead of reducing (75) to a polynomial in v, u, «//, we eliminate only the term
in (v’)z. This then requires only that 49 = 4, = 0; then (75) becomes

g v(Bfy + Biv + Byv* + By — ow)

79
3B() +Bzv2+2311)+zv ( )
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and the BT (72) takes the form
1)// = (B3U3 —+ BZUZ + B]U + B()) (80)

Eliminating derivatives of v between (79) and (80) yields a polynomial in v of degree nine. Since our motivation here
is to explore the different ways in which BTs for Eq. (68) can be derived, rather than give a complete analysis, we
consider here only the following two possible choices of coefficients:

Case 1: By = B, = 0 and B; = b where b is a constant. In this case we can also choose, without loss of generality,
By =1(u —z). In this case the BT (72) reads

v”:bv3+%v(u—z) (81)

and its inverse is defined by

2o 2wl — () — 2 + 2zu® + (Qu+ 1)’

4bu? ’ (82)
whereas u satisfies the third order ODE
3 — 20— 1 3 Qu4+1D)W) 222 +3Q20+1) 2u+1)
///:4 //___ ! 2 _ 2 ] A S
u » w5 o + o w4+ 20m —z(200+ 1) 2 (83)
The relation between this last and Py, as obtained here, would seem to be previously unknown.
Case 2: By = B; = 0 and B, = —3. We choose B, = u without loss of generality, and thus obtain the BT
1
V= w? — 370, (84)
i.e.
20" + zv
U= TR (85)
with inverse given by
2u” + zu
= . 86
2u? (86)
The equation satisfied by u is
W' =3 uu +zu' + au, (87)

where & = —o — 1. We therefore conclude that the above BT is in fact an auto-BT for Eq. (68). Thus we see that
allowing (75) to be linear in v can also lead to the derivation of auto-BTs for our Eq. (68).
Making the change of variable (70), and similarly for u,

u=¢e, {=w, (88)
the BTs (85), (86) become
20+ 1 25+ 1
W_y+72y’+2y2+z and y_w+72w’+2w2+z (89)

respectively. The above is of course the well-known BT for Aj.
We note in addition that the discrete symmetry (v, o) — (1/v, —a) of Eq. (68)—corresponding to (y,a) — (—y, —a)
for (69)—can then be used along with the auto-BTs (85) and (86) to obtain the auto-BT
2v

_ 90
4(1/)2 — 200" + zv? 0)
together with its inverse
2u

_ 91
4(u/)2 — 2uu” + zu? Ol

of Eq. (68), where now the parameters « and & in (68) and (87) are related by & = —a + 1.
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Finally, it is worth commenting that whilst the auto-BTs (85) and (86) provide mappings between Egs. (68) and (87)
with parameters related via o + & + 1 = 0, this does not mean that elimination between (85) and (86) yields (68) and (87)
in the usual way. Indeed, elimination between (85) and (86) yields two fourth order ODEs whose integration gives (68)
and (87) with o« and & two arbitrary constants of integration; the relation between these parameters is then fixed by
insisting that (85) and (86) are auto-BTs for these integrated equations.

However, if to the relations (85) and (86) we add Eq. (79), i.e.

2uv’ — 2vu' + 14 200 =0, (92)

then these three relations together imply Eqgs. (68) and (87) with parameters related by o + & + 1 = 0, without any need
for integration. In this way we have, unusually, a self-consistent triple of equations, whose differential consequence is
the two ODEs (68) and (87) with in this last & = —o — 1.

5. Conclusions

We have presented a new algorithm to derive BTs for higher order Painlevé equations. We have successfully used
this algorithm in order to obtain, amongst other BTs, auto-BTs for a range of ODEs, including for generalized versions
of known ODEs and also for ODEs that have not been considered previously. We have also explored the various
possible ways that BTs can be obtained using this algorithm.

Generalizations of the approach presented here are of course possible; some possibilities have for example been
suggested in [35]. Here we consider further possible generalizations, and also discuss briefly the mathematical foun-
dations underlying this kind of approach to obtaining BTs.

Our main aim here is to clarify a possible misunderstanding of this family of methods of finding BTs. Thus for
example, it might be said that the form of Eq. (8), as an equation in v, corresponds to an ODE of the polynomial class
studied by Chazy [15]. In this way the BT (8) might be referred to as a BT in the polynomial class, and could even be
generalized by including against v® a coefficient linear in u, E = e u + e, with either ¢, = 1 or ¢y = 1.

However, instead of considering BTs in the polynomial class, we could also consider BTs in some non-polynomial
class. For example, in the case of third order ODEs, we might seek, instead of (72), a BT of the form

N2
Dot — 4, )
v

1 1
+(Bzu+Bl+Boz)v/+c4v3+c3u2+czv+cl+C0;, (93)

where all coefficients are linear in u, and with either D = u + dy, or D = dju + 1. In the same way we could seek, for a
fourth order ODE, a BT in the third order non-polynomial class of equation studied in [22].

However, whilst such a classification of BTs is perfectly legitimate—indeed, in later work, we will consider BTs in
certain non-polynomial classes—it should not lead to the conclusion that the class of BT considered has to be based on
equations which, as equations in v, would arise in a Painlevé classification. That is, forms of BT based on non-Painlevé
equations can still provide mappings between ODEs with the Painlevé property. This can happen even when consid-
ering BTs based on first order equations. For example,

v =v’u (94)
is not a BT in what might be called the Riccati class. However, starting with the ODE

v = 607, (95)
which has general solution v = p(x — xo,0, g3), this BT leads to the polynomial in v,

30 + v —6=0 (96)
and thus to the second order third degree ODE in u,

9P (u")? — 24u(u ) (") + 16(u)u” — 291617 v" + 4032u(u')® + 1049761° = 0. (97)

The general solution of this last equation is the elliptic function given by u = ¢ (x — xo,0, g3)/p(x — Xo,0, g3)".

Thus we have two ODEs with the Painlevé property, (95) and (97), such that solutions of (95) are mapped into
solutions of (97) via a BT (94) not of some Painlevé class. The inverse of the BT (94) is of course given by (96), or
equivalently by the relation v = [27uu” — 48(/)]/[u/u” — 8(u')’ — 486142).
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