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Asymptotic solution of transonic nozzle flows with homogeneous

condensation. [l. Supercritical flows

Can F. Delale,?® Giinter H. Schnerr, and Jiirgen Zierep
Institut fiir Stromungslehre und Stromungsmaschinen, Universitit (TH) Karlsruhe, Germany

(Received 3 August 1992; accepted 7 June 1993)

A detailed analysis of supercritical transonic nozzle flows with stationary normal shock waves
is presented. A classification scheme based on the normal shock location is obtained using
asymptotic methods, and four distinct supercritical flow regimes are distinguished. A simple
shock fitting technique that determines the shock location within any desired precision is
introduced. Consequently, an algorithm that exhibits the asymptotic solution in each
supercritical flow regime is developed for the expansion of moist air in nozzles with atmospheric
supply conditions by utilizing the classical nucleation theory and the Hertz-Knudsen droplet
growth law. Good agreement with the recent static pressure measurements and visualized shock
locations is achieved in relatively slender nozzles when the condensed phase is assumed to

consist purely of water drops.

I. INTRODUCTION

The asymptotic solution of transonic nozzle flows with
heat addition from nonequilibrium homogeneous conden-
sation presented in the previous paper,! which will be re-
ferred to as Paper I in this paper, is valid only for subcrit-
ical or smooth flows, where the amount of heat released
does not exceed a critical value. If with the same working
fluid and nozzle geometry and for fixed initial specific hu-
midity and fixed reservoir temperature, the initial relative
humidity is increased beyond a certain limit, then the
amount of heat released by condensation may exceed the
critical amount. In such a case the effect of heat release
outweighs the influence of increasing cross section, moving
the flow Mach number (the Mach number based on the
local frozen speed of sound) toward unity. The flow is then
said to be “thermally choked” and the inclusion of a sta-
tionary normal shock wave becomes necessary. Such flows
will be termed supercritical, in contrast to subcritical or
smooth flows. If the initial relative humidity is further in-
creased with the rest of the conditions kept fixed, the nor-
mal shock becomes unstable, and an unsteady periodic
flow pattern sets in near the throat.

Supercritical nozzle flows with stationary normal
shock waves formed by excessive heat release from given
internal heat source distributions were first considered by
Jungclaus and van Raay,2 and a comprehensive treatment
of the subject can be found in Zierep.*> Early investigations
of supercritical nozzle flows with heat addition from non-
equilibrium condensation were made by Pouring,*
Barschdorff,’ and Barschdorff and Fillipov,6 and a simpli-
fied asymptotic analysis has recently been carried out by
Clarke and Delale.’

Pouring considers the case of a thermally choked flow
with a stationary normal shock in moist air expansions
through a converging-diverging Laval nozzle, where he
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assumes that the pressure distribution is known a priori
(e.g., empirically). Barschdorff uses an iterative numerical
scheme for the solution of the differential equations de-
scribing nozzle flows with nonequilibrium condensation of
wet steam, where he replaces the singularities by normal
shocks with continuous downstream acceleration to super-
sonic flow. He concludes that condensation of wet steam
with a stationary normal shock occurs closer to the throat
than the shock-free condensation. Moreover, when the va-
por is nearly saturated in the reservoir, he reports that no
stationary position for the shock can be found, and that
consequently an unsteady periodic flow sets in (unsteady
periodic flows in condensing nozzle flows were first ob-
served by Schmidt® and Barschdorff® and discussed by
Mosnier!® and Wegener and Mosnier“). Barschdorff and
Fillipov also consider unsteady periodic nozzle flows with
condensation and by an approximate analysis arrive at a
formula for the frequency of such flows. On the other
hand, Clarke and Delale present a simplified asymptotic
analysis of supercritical flows with a stationary normal
shock wave embedded in the droplet growth zone.

The aim of this paper is to give a detailed analysis of
supercritical flows with stationary normal shock waves by
extending the asymptotic theory of Paper 1. For this reason
a brief summary of the theory of thermal choking recently
developed by the present authors'? is first presented. The
condensation rate equation is then reconsidered to account
for the inclusion of a normal shock wave arising from com-
pressive effects due to excessive heat released by conden-
sation. A classification scheme that leads to four distinct
supercritical regimes with stationary normal shock waves
is introduced, and the asymptotic solution of the flow field
in each regime is presented. The normal shock relations
and shock strength are exhibited, allowing for the temper-
ature dependence of the latent heat. A simple shock fitting
technique based on accelerating the flow downstream of
the shock back to supersonic speeds is introduced. Conse-
quently, an algorithm that utilizes the classical nucleation
theory and the Hertz—-Knudsen droplet growth law, to-
gether with the liquid and ice models of Paper I, is devel-
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oped for moist air expansions under atmospheric supply
conditions. Good agreement with the recent static pressure
measurements and with the visualized shock locations by
Schnerr!? is achieved when the liquid model for the con-
densed phase is employed in relatively slender nozzles.

Only supercritical flows with stationary normal shock
waves are considered in this paper. Also worth mentioning
is that the notation used in this paper follows precisely that
of Paper I.

Il. THERMAL CHOKING

In this section we present a brief account of the theory
of thermal choking recently developed by Delale et al?
For this reason we first write Eq. (9) of Paper I conve-
niently in the form

* > y )
q (gx)_q(gx ) )

Men=Tow|(

where g(g,x)/(c,0T) denotes the amount of heat released
by condensation up to a location x, given by

q(gx) gL
chTO _chTO ’

(2)
g*(gx)/ (cxnTy) is the critical amount of heat defined by

q*(gx) {[1+ul+R(gx)]1/[2u,]}
To®(g) B

and where ®(g) is defined by

[1+y+(y—1)H 'g][1-H 'g]

2y ’
Naturally A=0 [or equivalently, ¢(g.x)/(c0T)
=q*(g,x)/ (cpoTo)] is a necessary condition for a flow
to be thermally choked. We call a flow subcritical if A>0
[or equivalently g(g,x)/(c,To) <g*(gx)/(cxTp)] for all
x>0, and supercritical if A<O [or equivalently
q(g:x)/(cnTy) > q*(g,x)/(cpoTo)] for some x>0. The
necessary and sufficient conditions for the existence of su-
percritical flows are exhibited in Delale et al.,'* where it is
shown in detail how such flows are realized by the exist-
ence of normal shock waves due to excessive heat release
from condensation. For given nozzle geometry and work-
ing fluid these normal shock waves can be stationary
(steady flow) or oscillating (unsteady periodic flow) de-
pending on the initial relative humidity for fixed reservoir
temperature and fixed initial specific humidity. In what
follows we present a detailed asymptotic analysis of super-
critical flows with stationary normal shock waves.

ool = 1, (3)

B(g)= 4)

11l. THE CONDENSATION RATE EQUATION IN
SUPERCRITICAL FLOWS

Herein, we reformulate the condensation rate equation
for g(x) in the supercritical regime and exhibit the normal
shock relation for dg/dx. The reconsideration of the con-
densation rate equation for supercritical flows is necessary
because the structure of the physically distinct condensa-
tion zones exhibited for subcritical flows in Paper I alters
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significantly downstream of the normal shock, depending
on its location. Since the location of the normal shock,
hereafter denoted by the normalized axial coordinate z, is
not known a priori (shock fitting), it is essential that the
choice for general consideration be made to allow for the
most compatible physical phenomena to occur. It is well
known that the location of the shock lies downstream of
the onset point x; (z>x;), where, in general, both nucle-
ation and droplet growth are important. Thus, without loss
of generality we assume that nuclei production continues
downstream of the normal shock no matter how short this
period can take. The limiting case where nucleation has
completely ceased prior to the shock location can then be
determined by simply taking the appropriate limit.

In reformulating the condensation rate equation we
first notice that the thermodynamic functions #*, B, =, and
Q of Paper I were taken to be at least piecewise smooth
functions of the three independent thermodynamic coordi-
nates: p, T, and g. Across the normal shock, the pressure p
and the temperature T are discontinuous. Consequently,
the thermodynamic functions #*, B, X, 1, and the latent
heat L of Paper I also exhibit discontinuities across the
normal shock location. For notational convenience we re-
serve subscript 1 for all thermodynamic functions with do-
main x<z and subscript 2 for those with domain x3>z.
Furthermore, we use subscript (4 ) to denote the variables
as x—z' and.subscript (—) to denote the variables
as x—z~ [eg, B_. = lim, ,-B(x) = B(z), B,
= lim,_ ,+ B(x) = B,(z), etc.; notice that since B is dis-
continuous at x=z, B_s:B_]. The condensation rate
equation given in Paper I by Eq. (16), namely,

(0= f (r+a /; nl(n>dn)3zl(§)A(§>

Xexp[—K~"'B(£)]dE, (5)

is now valid only upstream of and at the shock location
(x<z). Downstream of the shock location (x>z) the con-
densation rate equation can be constructed in a similar
fashion, but now taking into account the contribution from
downstream nuclei production as well to yield

z z X 3
0= [ (ff*(gwl fg mdn+1 | Qz(n)dn)

Xy

X2 (E)A(E)exp —K ' B (&) 1dE

+ [ (r@o+ L Qz(n)dn)3

X 2o(§)A(E)expl —K ' By(8) 1dE. (6)

In Eq. (6) the first integral characterizes the contribution
from nuclei created upstream of the normal shock, whereas
the second integral characterizes the contribution from nu-
clei produced downstream of the normal shock. It can eas-
ily be demonstrated from Egs. (5) and (6) that g(x) is
continuous, but not differentiable at x=z. The continuity
of g(x) at x=z is a consequence of the assumption that the
droplets pass through the shock unaltered. Differentiating
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Eqgs. (5) and (6) and taking, respectively, the limits as
x—z~ and x—zt, we arrive at the normal shock relation
for dg/dx:

dg Q, (dg _
(E;)fa‘“f () +r=deemp(—&"'8,)

Oy es g1

—-Q—r"_‘ E_AZCXP(_K B_), 7N

where 4,=A4(z) =4, =A_. In the limit where the normal
shock wave is embedded in the droplet growth zone with
vanishing nucleation rate, i.e., in the limit as
B, =B_— 0, we obtain the limiting normal shock rela-
tion,

dg Q. (dg

—| =o~{==) - (8)

dx Q_ \dx

+ oy

IV. CLASSIFICATION SCHEME AND ASYMPTOTIC

ANALYSIS OF THE RATE EQUATION IN
SUPERCRITICAL FLOWS

In this section we present a detailed analysis of super-
critical flows. It is well known that when the initial relative
humidity of a given working fluid for a given nozzle is
gradually increased keeping the initial specific humidity
and the reservoir temperature fixed, the onset point x;
shifts toward the throat of the nozzle. In particular, in
cases where the initial relative humidity exceeds a certain
limiting value with the rest of the conditions kept fixed, the
flow becomes thermally choked and normal shock waves
occur following the onset of condensation due to compres-
sive effects from excessive heat release by condensation.
These normal shock waves are generally embedded in con-
densation zones where both nucleation and droplet growth
are important (in some limiting situations they may be
embedded in the droplet growth zone DGZ, where nucle-
ation has completely ceased). The downstream solution
following the normal shock location may then alter con-
siderably depending on the zone where the normal shock is
embedded. Thus different supercritical flow regimes arise
depending on the location of the normal shock.

A. Classification scheme for supercritical flows

In supercritical flows the normal shock may be embed-
ded in any of the zones FGZ (further growth zone), RGZ
(rapid growth zone), NZ (nucleation zone with growth),
or DGZ (droplet growth zone) of Paper 1. In each case the
nature and structure of the condensation zones of Paper I
alter considerably downstream of the normal shock. ,

Figures 1(a)-1(d) distinguish four distinct supercrit-
ical flow regimes, depending on the location of the normal
shock in relation with the behavior of the normalized ac-
tivation function B of Paper I. Figure 1(a) shows the case
of a supercritical flow, designated as regime I, in which the
onset zone OZ is embedded in FGZ, where d B/dx=0(1)
numerically. In this case, the normal shock location
(z<x;) proceeds OZ and the nucleation rate decreases
considerably by the jump at the shock location. Down-
stream of the normal shock a relatively thin subsonic nu-

2984 Phys. Fluids A, Vol. 5, No. 11, November 1993

1 L | X OO AN I E— - X
xs 0z x xg 0 Z X,

IGZ;IOND (GZ E:Ng
c el |6—— — ey -

X Z| X Xs 0 z X
s Ozlz Z Zzl YA
.m
{a) (b)
B
B, -

3 Jl X L L - X

xs 0 X z xs 0 X,
Z .

(GZ|F|ANMD IGZF:NgD
— —+G G ——— — +—+ 10 G —~
%170 |7 [z X Loz Zizylz | *

(c) {d)

FIG. 1. Classification scheme for supercritical flows. (a) Regime I; (b)
regime IT; (c¢) regime III; and (d) regime IV. (Here x, is the saturation
point, x=0 is the throat location, z is the normal shock location, and x; is
the turning point of the activation function B.)

cleation zone followed by a droplet growth zone, where the
flow is accelerated back to supersonic speeds, takes place.
In Fig. 1(b) we distinguish the case of a supercritical flow,
designated as regime II, in which the onset zone OZ, as in
subcritical flows, is embedded in RGZ, where
dB/dx=0(K"?), but ends at the shock front z prior to the
relative onset point x,(z < x;). Downstream is the local sub-
sonic zone NZ followed by an ultimate supersonic flow in
DGZ. Figure 1(c) presents the case of a supercritical flow,
designated as regime III, where the normal shock proceeds
the relative onset point (z>x;). In this case the normal
shock is embedded in NZ, which is followed by DGZ,
where the flow is accelerated back to supersonic speeds.
Finally, Fig. 1(d) shows the case of a supercritical fiow,
designated as regime IV, where the normal shock is em-
bedded in the droplet growth zone (z> x;). Once again, the
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usual structure of a local subsonic zone followed by a su-
personic zone occurs downstream of the shock. In a ther-
mally choked flow any of the above supercritical regimes
may occur, the particular choice depending on the location
z of the normal shock fixed by a nucleation rate, sufficient
for realizing the onset of condensation and by the nozzie
geometry downstream of this onset zone.

B. Asymptotic solution of the rate equation in
supercritical flow regimes

In supercritical flows the asymptotic analysis of the
rate equation of Paper I applies only in the condensation
zones upstream of the normal shock, i.e., for x <z. Thus,
for a complete description of supercritical flows it is essen-
tial to carry out similar analysis downstream of the normal
shock. This requires asymptotic analysis of Eq. (6) in dif-
ferent supercritical flow regimes.

In regime I the asymptotic analysis of the rate equation
in IGZ and FGZ of Paper I remains valid upstream of the
normal shock [Fig. 1(a)]. The novel feature upstream of
the normal shock location is that the onset zone OZ is now
embedded in FGZ, thereby its analytical structure is sim-
ilar to that of FGZ of Paper I. Consequently, it suffices to
carry out the asymptotic analysis of the rate equation (6)
in the zones NZ and DGZ of Fig. 1(a) in the double limit
as K—0 and A— . This is done in Appendix A of this
paper, where the asymptotic expressions for g in the zones
NZ and DGZ downstream of the normal shock are explic-
itly exhibited. Regime II is realized when the location of
" the normal shock falls in RGZ of Paper I [Fig. 1(b)]. In
such a case the nucleation rate decreases considerably by a
jump at the shock location before possibly reaching the
maximum accessible value if the flow were to be continued
downstream continuously (z<x;). In this case the struc-
ture of the onset zone and the flow upstream of the shock
location are the same as in subcritical flow. Downstream of
the normal shock the asymptotic expressions for g in the
zones NZ and DGZ of Fig. 1(b) of this regime are given in
Appendix B. In regime III the location of the normal
shock falls in NZ (z>x;), as shown in Fig. 1(c). In this
regime the solution for subcritical flow of Paper I remains
unaltered up to the shock location in NZ. Similar to the
analysis of regimes I and II of Appendices A and B, the
asymptotic solution of the rate equation (6) in the zones
NZ and DGZ of this regime downstream of the normal
shock is presented in Appendix C. In regime IV the normal
shock wave is embedded in the droplet growth zone DGZ
[Fig. 1(d)]. Consequently, the asymptotic analysis in dis-
tinct condensation zones of Paper I remains unaltered up
to the shock location, i.e., for x <z, where z now lies in
DGZ. Naturally the droplet growth zone splits into two
regions (upstream and downstream regions relative to the
shock location). In the upstream region of DGZ the scal-
ing variables and asymptotic expression for g are precisely
those given in DGZ of Paper I. The asymptotic expression
for g in the zone DGZ downstream of the normal shock
can be found in Appendix D.

Combining the above summarized asymptotic solu-
tions for g in the condensation zones downstream of the

2985 Phys. Fluids A, Vol. 5, No. 11, November 1993

normal shock in each regime with those of Paper I up-
stream of the normal shock, together with the functional
relations (8)-(12) of Paper I and the normal shock rela-
tions, we obtain the local asymptotic solution for supercrit-
ical flows in the corresponding regime, provided that we
know the normal shock location z. In this case for the sign
in front of the square root in Eq. (8) of Paper I, the (+)
sign should be chosen in the supersonic region upstream of
the normal shock, the (—) sign in the local subsonic re-
gion downstream of the normal shock, and the (+) sign
again far downstream of the normal shock when the accel-
erated flow reaches supersonic speeds once again. In order
to develop an algorithm for asymptotic predictions of su-
percritical flows in each regime, we need to supplement the
above asymptotic analysis by the normal shock relations
and discuss how we can determine the normal shock loca-
tion z.

V. NORMAL SHOCK RELATIONS AND SHOCK
STRENGTH IN CONDENSING NOZZLE FLOWS

The normal shock relations of the flow variables for
condensing flows are well known.!* In thermally choked
flows the functional A(g,x) of Eq. (1) plays the most im-
portant role; therefore, it is essential to exhibit the normal
shock relations for condensing flows in relation to the func-
tional A(g,x). It follows directly from Egs. (1)-(4), to-
gether with the continuity of g at x=z that

1+u24+R,\? L(T.)
A;tz(_'z_u_:——) _®2(T0+ = gz)’

€0
where we have used the subscript z to denote the value of
any continuous function or functional at the shock location
[e.g., g,=g(2), ©,=0{(g,), R,=R(g,2), etc.]. It follows
immediately from Eq. (9) that the normal shock relation
for A is of the form

€))

0. ¢,
€0

where 8L=L(T ,)— L(T_). This shows that the func-
tional A(g,x) is discontinuous at x=z unless the latent
heat L is a constant. Since 7 > 7T _ and L is a decreasing
function of T for most fluids, it follows that for most fluids
8A>0, ie., A(g,x) shows an increase across the normal
shock due to temperature dependence of the latent heat.
The flow speeds u_,_ just upstream and u . just downstream
of the normal shock now follow from the functional rela-
tion for u(g,x) of Paper I as

(1+u2+R,)/QQu,) F YA,
T 4+y+(r—DH g1/2y)°
Eq. (11) immediately leads to the normal shock relation

for u, namely,
2¥(yA,+yAL)
1+y+(y—1DH g,

The normal shock relations for the rest of the variables
follow from the corresponding functional relations as

SA=A, —A_=-——25], (10)

(11)

Uy

Su=u,—~u_= <0. (12)
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’ u
5p5p+_p_=_z—(u‘7)75u>o, (13)
us
6pEp+—p_=—Z{=6u>O, (14)
Z
g u?
8T=T,—T_=-8L——8u>0, (15)
ch ch

where u° and 45, respectively, denote the arithmetic mean
and the geometric mean of #_ and u _, ie,

U, +u_
u'= +2 (16)
and
us= \u u_. (17

It is straightforward to show that the above normal shock
relations are equivalent to the classical ones. The normal
shock relations (12)-(15), together with Egs. (9), (11),
(16), and (17), solve for the variables with subscript (+)
just upstream of the normal shock in terms of those with
subscript (—) just downstream of the normal shock. This
solution is implicit since L(T ) is not known a priori. The
procedure to obtain the solution is to first assume an initial
guess for L(T ) [this initial guess may as well be set equal
to L(7T _)] and then to correct for it iteratively using the
normal shock relations, until a reasonable agreement be-
tween the resulting computed value and the initial guess is
achieved. In cases where L is treated as a constant
(6L=0), the above implicit solution turns into an explicit
one, since by Eq. (10) SA=0, thereby the functional
A(g,x) becomes continuous at x==z at the value
A,=A(g,z). In such a case 8u of Eq. (12) and 8T of Eq.

(15) simplify as
4y A,

T l+y+(y—1DH g,

Su= (18)

ud

8T =——¥6u, (19)
w0

and #° and #% of Egs. (16) and (17) can be explicitly
evaluated from

. 7(1+uf+R,) (20)
T wll oyt (—DE g
and
,T L/cp)
ug=(1—H_lg) _2_'__(%_&’2 2D

Having exhibited the essential normal shock relations
in condensing nozzle flows, it may be useful to discuss the
strength of such shock waves. For this reason we denote
the strength of the normal shock by I, as conventionally
defined by

(22)
which by Egs. (11) and (12) evaluates to
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A+ A,

(23)

= .
(14+2+R,)/(Qu) — A,

Introducing the bounded functional,
_ 1+q(gx)/cnTy
Dlex)=q +q*(g,x)/coTo

41;0(8) [eoTo+gL(T)]
= o) 5 (24)
cp0[1+us +R(g’x) ]

[obviously 0 < D(g,x)<1, for all x> 0; and D(g,x) is not,
in general, continuous at x==z unless L is a constant],
which characterizes a measure of the amount of heat
needed at any location x to thermally choke the flow, we
can conveniently write Eq. (23) for the shock strength in
the form

Jyl—-D_+ J1—D,
 1—y1—-D,

In the case of constant latent heat L where the functional
D(g,x) becomes continuous at x=z so that
D, =D,=D(gz), Bq. (25) simplifies as

2{1—D,
R 29

It follows immediately from Eq. (26) that for the case of
constant latent heat I' is a decreasing function of D,. In
particular, as D,—0 (possible only if 73—0), we obtain
I"— . In general, an upper bound for I" can, in principle,
be found if a lower bound for the reservoir temperature
Ty>0 is assumed. On the other hand, if isentropic flow
conditions are taken for granted at the throat (x=0), then
D—1; consequently I' >0 as z—0™, as expected.

(25)

VI. SHOCK FITTING

For a complete description of the asymptotic theory of
supercritical nozzle flows, it remains to discuss how one
can determine the shock location z (shock fitting). In this
connection the functional A(g,x) given by Eq. (1) be-
comes the most important quantity. Thus a detailed anal-
ysis of A(g,x) and its total derivative dA/dx is now essen-
tial.

We first define the amount of heat Q(g,x) needed at
any location x to thermally choke the flow by

0(gx) g*(gx) q(gx)

chTO = chTO - chTO ! (27)
Now Eq. (1) becomes
Q(g.x)
Algon) = T()@(g)( ) (28)
chTO
which, by differentiation, leads to
dA 1 d® dg d (Q(gx)
I 6) d—gA(g,x) Zo T 1@ o ( eTo )
(29)
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It is exhibited in Delale et al.'* from the singularities of the
differential equations characterizing nozzle flows with non-
equilibrium condensation that necessary (but not suffi-
cient) conditions for thermal choking are satisfied when-
ever

d (Q(gx)
A=0 and BE(c,,oTo)=°’ (30)
or, equivalently, by Eq. (29),
dA
A=0 and ——=0, (31)

dx

at the singularities of the differential system. For subcriti-
cal flows these conditions are only realized at the throat
(x=0) without heat addition, where the singularity is a
saddle point. In the same paper it is also demonstrated that
satisfying the conditions,

d Q(g,x)) <0,

and 2; ( chTO

A=0 (32)
at some point along the nozzle is sufficient for a flow to be
thermally choked. Therefore, for a thermally choked flow
the conditions given by Eq. (32) are satisfied at some
point, which we, from now on, denote by £ > 0 [Figs. 2(a)
and 2(b)]. Since A is differentiable in the interval (0,%)
prior to thermal choking and A=0 at x=0 and x=X%, it
follows from Rolle’s Theorem that there exists a point
x,,€(0,%), where dA/dx=0. It also follows from the con-
tinuity of the derivative d/dx[Q(g,x)/(cTp)] in the in-
terval (0,%) that

d (Q(gx)
dx ( chTO )

=0, (33)

for some point X< (0,£). Equation (30) now implies that
dA/dx <0 at x=X since d®/dg <0. This proves the result

(34)

[also see Figs. 2{a) and 2(b)]. Since A necessarily becomes
negative for x> %, the flow must stop at x=X, and the
inclusion of a normal shock prior to this location becomes
necessary. In principle, the normal shock location z may
fall anywhere in the interval (0,%). It is important to note
that as z—*£~ or z—07, we obtain D,— 1, thus I'-0. This
shows that the shock weakens as the shock location z ap-
proaches either the throat (x=0) or the point x=X. From
this we can expect shocks of large or moderate strength to
be found for 0 <z <X. Weak shocks may be located in the
interval (X,%) or near the throat.

‘We are now in a position to introduce a relatively sim-
ple shock fitting technique. This technique is based on ac-
celerating the flow downstream of the normal shock to
supersonic speeds by passing through a saddle point lo-
cated at x=x*, where both A and dA/dx vanish. It is
remarkable that the existence of a solution with the above
property should be regarded as a necessary condition for
the existence of stationary normal shock waves in ther-
mally choked flows (to guarantee sufficiency, the formida-
ble problem of stability of such shock waves should also be

0<x,<x<x
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FIG. 2. Variation of the functional A along the nozzle in supercritical
flows for (a) constant latent heat, (b) temperature dependent latent heat.
---, shock-free thermally choked flow; ——, supercritical flow solution
with a stationary normal shock at z passing through a saddle point x¥,
— - —, (curve 1) supercritical flow solution with shock location at z; <z,

* where the flow cannot accelerate to supersonic speeds; —- -, (curve 2)

supercritical flow solution with shock location at z,>z, where the flow
downstream cannot continue.

considered); otherwise the flow is unsteady, a case that will
not be discussed in this paper. We first let z; and z,
(z;<z;) be two points in the interval (0,X) with the fol-
lowing property: If the location of the shock is chosen at
zi, then the downstream solution cannot accelerate to su-
personic speeds, i.e., A remains positive for all x>z, [curve
1 in Fig. 2(a) or 2(b), depending on whether the latent
heat is constant or not}, and if the shock location is taken
at z,, then the downstream solution in the A-x plane
crosses the A=0 axis with a negative slope (dA/dx<0),
where the flow cannot continue [curve 2 in Fig. 2(a) or
2(b), depending on whether the latent heat is constant or
not]. If we now choose any point, say z3, in (z;,z,) as the
shock location, the downstream solution then resembles
either curve 1 of Fig. 2(a) or 2(b), depending on the latent
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heat, for which ze (z5,2;) or curve 2 of Fig. 2(a) or 2(b),
depending on the latent heat, for which z€ (z;,z;). (The
almost improbable case where z; is chosen by coincidence
so that the downstream solution passes precisely through
the saddle point x* yields the right choice for the shock
location, i.e., zy=z.) The above procedure is repeated se-
quentially until the uncertainty in locating z, thus in
achieving passage through the saddle point x*, is within
the desired degree of accuracy. When this occurs, it is
important that the (—) sign in front of \/K in the subsonic
branch of the functional u(g,x) of Paper I [Eq. (8) in
Paper I] should be changed to the (--) sign whenever
x>x* Finally, we should also mention that this simple
and practical shock fitting technique is equivalent to the
more complicated one employed by Barschdorff® and
Clarke and Delale.’

Vil. SUPERCRITICAL PREDICTIONS OF ASYMPTOTIC
THEORY

We are now in a position to present an algorithm for
computing supercritical nozzle flows. This algorithm nat-
urally starts with the algorithm of Paper I for subcritical
flows and follows the same procedure until the flow is ther-
mally choked. This occurs when the functional A(g,x)
vanishes at some point x=X downstream of the onset of
condensation [Figs. 2(a) and 2(b}]. Now the flow is super-
critical and if it is stationary, it falls in one of the four
regimes presented in Sec. IV. Unfortunately, since the
shock location z is not known a priori, it is difficult to
determine which supercritical flow regime is achieved for
fixed reservoir conditions, nozzle geometry, and working
fluid in steady flows (it is important to mention that for
fixed conditions of a thermally choked flow, we assume
that only one of the four regimes can be realized in steady
flows). Therefore, in the algorithm. we include all the four
regimes, the appropriate choice depending on the shock
location z.

In regime I the algorithm of Paper I for computing
subcritical flows remains valid upstream of the shock loca-
tion, which we choose to be within a finite distance up-
stream of the point x=x; [Fig. 1(a)]. From the normal
shock relations of Sec. V, we evaluate the flow conditions
just behind the normal shock. Now the asymptotic expres-
sions of regime I in Appendix A for NZ and DGZ down-
stream of the shock yield a downstream solution. From the
shock fitting technique of Sec. VI it is obvious that this
downstream solution corresponds to a situation of the form
of either curve 1 or curve 2 of Figs. 2(a) and 2(b). If the
downstream solution is of the form of curve 1 of Figs.
2(a)-2(b), i.e., if the flow is not accelerated back to su-
personic speeds, the assumed shock location should be
moved toward the point x;. In case the downstream solu-
tion is of the form of curve 2 of Figs. 2(a) and 2(b), the
assumed shock location should be moved toward the
throat x=0. This procedure is repeated until the shock is
located in this regime within a desired degree of accuracy.
If this is not possible, we proceed to regimes IT or III [Figs.
1(b) and 1(c)]. In these regimes the same procedure ap-
plies, now utilizing the asymptotic expressions of Appen-
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dices B and C, except that the initial guess for the shock
location is now within a distance of O(K'/?) upstream of x;
in regime II and downstream of x; in regime IIL. If no
location of shock with the desired downstream solution is
achieved in these regimes either, we proceed to regime IV.
In this regime the downstream solution is achieved simi-
larly, utilizing the asymptotic expressions of Appendix D
together with the shock fitting technique of Sec. VI, so that
the shock location lies in DGZ [Fig. 1(d)]. For a thermally
choked flow if the shock cannot be located in any of the
four supercritical low regimes, we conclude that the flow
is unsteady (this case is excluded from discussion in this
paper).

The above algorithm is used for the supercritical pre-
dictions of moist air expansions under atmospheric supply
conditions using three different nozzles. In addition to the
circular arc nozzles (nozzles 1 and 2) of Paper I, the hy-
perbolic arc nozzle (nozzle 3) with throat height 2y* =120
mm and with radius of curvature of the throat arc
R*¥=200 mm is employed to demonstrate an interesting
critical case of a flow bordering on supercritical flows.
Nozzle 1, as already mentioned in Paper I, is one dimen-
sional, whereas nozzles 2 and 3 are effectively two dimen-
sional. The classical nucleation rate equation and the
Hertz-Knudsen droplet growth law are employed so that
the thermodynamic functions and parameters entering the
asymptotic theory are precisely those given in Paper 1. The
properties of the condensed phase are taken from those of
the liquid and ice models of Paper I. The initial relative
humidity is in the range of 409 -80% under atmospheric
supply conditions, and the onset point is defined as the
point where the condensate mass fraction assumes the
value g;. = 0.1 g/kg (notice the change in definition from
that for subcritical moist air expansions of Paper I). As in
Paper I, all the primed variables herein denote actual val-
ues.

Figures 3-5 show the predictions of the asymptotic
theory for supercritical expansion of moist air with atmo-
spheric supply conditions through nozzle 1, as compared
to the two-dimensional (2-D) finite volume computations
by Schnerr and Dohrmann,'® and the recent experimental
data by Schnerr.?® As in subcritical flows, the predictions
of the 1-D and 2-D adiabatic pressure distributions along
the axis of this nozzle seem to agree well. Just as in sub-
critical flows, for this nozzle the predictions of the 1-D
asymptotic theory for the diabatic pressure distribution
downstream of the condensation zones yield values that are
a few percent higher than the experimentally measured
ones. In particular, Fig. 3(a) shows the Mach number
contours in nozzle 1, which demonstrates that the flow
through this nozzle is nearly one dimensional, at least in
the condensation zones of interest. In Fig. 3(b) the pre-
dictions of the 1-D asymptotic theory is presented in com-
parison with the 2-D finite volume computations of
Schnerr and Dohrmann' in the ice model with =0.2,
where no good agreement of the asymptotic predictions
with experimental data'? is achieved (the predicted shock
location is a few millimeters downstream of the location
visualized by schlieren photographs). Figure 4 shows the
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FIG. 3. (a) The Mach number contours from the numerical 2-D simu-
lation of Schnerr and Dohrmann'® in nozzle 1 under the atmospheric
supply conditions @y=73.4%, wy="7.3 g/kg, Ty = 287.2 K (the increment
between any two successive contours is AM=0.02). (b) Distribution of
the pressure, the nucleation rate, and the condensate mass fraction along
the axis of nozzle 1 under the atmospheric supply conditions g;=73.4%,
wy=17.3 g/kg, T§ = 287.2 K. @, static pressure measurements in experi-
ments conducted by Schnerr'® (observed shock location z/, = 12 mm).
---, numerical 2-D finite volume computations in the ice model with
a=0.2 by Schnerr and Dohrmann®® (7! = 281.5 K, T} = 230.8 K,
AT} =T, — T, = 507K, M;=1.105, J:m =0.86 X 10%*m™*sec!).
, supercritical 1-D asymptotic solution in the ice model with a=0.2
(T =2815K, T, = 2241 K, ATy = T; — T, = 574K, Mk—119
Jax = 0.103 X 10¥ m~3 sec“l,z’—IS mm, ['=0.317, K==0.119x 10",
and A=548.4).

pressure distributions and shock locations of the 1-D as-
ymptotic theory for the same reservoir conditions in nozzle
1 for different values of ¢ in the ice model. As in subcritical
flows better agreement with the static pressure distribution
and in this case with the observed shock location is
achieved if « is taken between 0.5 and 0.6, in contrast to
the value 0.2 of 2-D numerical computations of Schnerr
and Dohrmann.!® On the other hand, the predictions of the
1-D asymptotic theory for the same initial flow conditions
in nozzle 1, employing the liquid model, seem to agree even
better with the pressure measurements, observed shock lo-
cation, and shock strength (deduced from pressure mea-
surements), as shown in Fig. 5. Therefore we conclude that
for the supercritical expansion of moist air with atmo-
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FIG. 4. The pressure distribution along the axis of nozzle 1 in the ice
model with different values of the condensation coeflicient & under the
atmospheric supply conditions of Fig. 3. @, experimental measurements
by Schnerr!® (observed shock location z, ’p = 12 mm). ---, numerical 2-D
finite volume computations with @=0.2 by Schnerr and Dohrmann.®
—— supercritical 1-D asymptotic solution (for ¢=0.2, z’ =18 mm; for
a=0.5, z’=12 mm; for a=1.0, z’=9 mm).
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FIG. 5. Distribution of the pressure, the nucleation rate, and the conden-
sate mass fraction along the axis of nozzle 1 under the atmospheric supply
conditions cpo—73 4%, wy=1.3 g/kg, and T}, = 287.2 K @, static pressure
measurements in experiments conducted by Schnerr’ (observed shock
location zJ, = 12 mm). , supercritical 1-D asymptotic solution in the
liquid model where a==1.0 for x>x; (T; = 2815 K, T} = 227 2 K,
AT! =T, — T}, = 543K, Mk_1123J’ =023 X 10® m~3sec™!,
2’ =12 mm, I'=0.205, K=0.119 10"}, and 1=6938.3).
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FIG. 6. (a) The Mach number contours from the numerical 2-D simu-
lation of Schnerr and Dohrmann'® in nozzle 2 under the atmospheric
supply conditions @y=75.3%, wy=8.15 g/kg, and T = 288.1 K (the
increment between any two successive contours is AM=0.02). (b) Dis-
tribution of the pressure, the nucleation rate, and the condensate mass
fraction along the axis of nozzle 2 under the atmospheric supply condi-
tions @u=75.3%, wy=38.15 g/kg, and T| = 288.1 K. @, static pressure
measurements in experiments conducted by Schnerr'® (observed shock
location z, = 12 mm). , supercritical 1-D asymptotic solution in the
liquid model, where a=1.0 for xpx; (T, = 2829 K, T; = 2289 K,
AT, =T! - T;=54K,M;=1.103,7,,, = 0.7 X 102 m™3sec™,2z"= 10
mm, ['=0.169, K=0.116 10", and A=19 020.8).

spheric supply conditions through relatively slender noz-
zles like nozzle 1, better agreement with the experimental
data for the pressure distribution and shock location is
achieved by the 1-D asymptotic theory if the condensed
phase is assumed to consist purely of water drops, a con-
clusion reached for subcritical flows as well. Figure 6 ex-
hibits the predictions of the 1-D asymptotic theory in the
liquid model for the supercritical expansion of moist air
through nozzle 2 [which is obviously two dimensional, as
can be demonstrated from the Mach number contours of
Fig. 6(a)] against the experimental data of Schnerr.'® In
this case the adiabatic pressure distribution differs consid-
erably from that of one dimension, and the normal shock
location is shifted upstream, which should be considered as
a 2-D effect. As in subcritical flows through effectively 2-D
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FIG. 7. (a) The Mach number contours from the numerical 2-D simu-
lation of Schnerr and Dohrmann'® in nozzle 3 under the atmospheric
supply conditions @y=42.1%, w,=8.78 g/kg, and Ty = 298.7 K (the
increment between any two successive contours is AM =0.02). (b) The
pressure distribution along the axis of nozzle 3 in the ice model with
different values of the condensation coefficients a under the atmospheric
supply conditions @,=42.1%, w,=8.78 g/kg, T = 298.7 K. @, experi-
mental measurements by Schnerr:!? ---, numerical 2-D finite volume com-
putations with @=0.15 by Schnerr and Dohrmann'® (T; = 2822 K,
T =230K,AT, =T, — Ty = 495K, M;=1.191, 7, = 0.58 x 10%*
m~3sec™1); —, 1-D asymptotic solution (for a=0.15 and 0.5 we have
subcritical flow, whereas for =0.7 we have supercritical flow, with a
normal shock located at z’ =40 mm; K=0.838 X 1072, 1=3186.4).

nozzles, in contrast to the upstream pressure distribution
the downstream diabatic pressure distribution agrees well
with the experimental measurements. This shows that the
1-D asymptotic theory cannot yield a satisfactory descrip-
tion for the entire 2-D supercritical flow field, and there-
fore should be modified to account for 2-D effects arising
from nozzle wall curvature.

In all the predictions presented in Figs. 3-6, the super-
critical flow falls in regime I. It would be interesting to
compute a case of a supercritical flow that falls in other
regimes. Figure 7 shows the predictions of the 1-D asymp-
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FIG. 8. Distribution of the pressure, the nucleation rate, and the conden-
sate mass fraction along the axis of nozzle 3 with atmospheric supply
conditions exhibited in Fig. 7. @, static pressure measurements in exper-
iments conducted by Schnerr.?? , subcritical 1-D asymptotic solution
in the liquid model, where a=1.0 for x»x; (T, = 2819 K,
T;=2284K, AT =T, — T} =53.5K, M;=1.243,J.,, = 0.82 X 10%
m~3sec™!, K=0.838%10"2 and 1=40249.7). ’

totic theory for such a case through nozzle 3 (which is
effectively 2D) in the ice model. In this case it can be
demonstrated that whenever a>0.54 (correct to two dec-
imal places), the flow is supercritical, falling in regimes IIT
or IV, depending on the value of a, whereas the flow re-
mains subcritical for a <0.54. On the other hand, the pre-
dictions of the 1-D asymptotic theory in the liquid model
for this case, as shown in Fig. 8, demonstrate that the flow
is really subcritical (naturally deviations from experimen-
tal measurements in this case occur due to 2-D effects).
Flows resembling this example can be regarded as flows
bordering on supercritical heat addition, and may as well
be called “near critical flows.”

Vill. CONCLUDING REMARKS

In this work a detailed analysis of supercritical nozzle
flows with stationary normal shock waves is presented. A
classification scheme based on the location of such normal
shock waves, which distinguishes four distinct supercritical
regimes is given, and the asymptotic solution of the con-
densation rate equation in each regime is worked out. A
simple shock fitting technique is introduced to determine
the shock location. An algorithm for the supercritical ex-
pansion of moist air under atmospheric supply conditions,
which employs the classical nucleation theory and the
Hertz—Knudsen droplet growth law, together with the lig-
uid and ice models of the condensed phase of Paper I, is
developed by exhibiting the asymptotic solution in each
supercritical flow regime. Three distinct nozzles, 1, 2, and
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3, nozzle 1 relatively slender, the others effectively two
dimensional, are used. The following is demonstrated by
the above developed algorithm.

(i) The supercritical asymptotic predictions of moist
air expansions with atmospheric supply conditions through
relatively slender nozzles like nozzle 1 yield good agree-
ment with the measured static pressure distribution and
the visualized shock location when the liquid model for the
condensed phase is employed.

(ii) In supercritical moist air expansions with atmo-
spheric supply conditions through 2-D nozzles like nozzles
2 and 3, even when the liquid model is employed, the shock
seems to be located upstream of its visualized position and
the 1-D pressure distribution differs considerably from the
measured upstream distribution, in spite of the fact that
somehow good agreement is achieved downstream of the
shock.

(iii) In flows bordering on supercritical heat addition,
called “‘near critical flows,” either a subcritical flow pattern
with very steep gradients or a supercritical flow pattern
with a weak shock is observed in the liquid model, whereas
in the ice model under the same reservoir conditions and
nozzle geometry the flow may be supercritical or subcriti-
cal depending on the value assumed for the condensation
coefficient a.

(iv) The majority of supercritical flows considered fall
in regime I, whereas regimes III and IV seem to be realized
in “near critical flows.”
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APPENDIX A: ASYMPTOTIC SOLUTION OF THE
RATE EQUATION DOWNSTREAM OF THE NORMAL
SHOCK IN REGIME |

We herein assume that in Eq. (6) the thermodynamic
functions r§(£), 2,(&), B1(§), and Q,(§), all defined for
x,<E<z, are left-differentiable, whereas the thermodynamic
functions #F(&), 2,(&), B,(£), and Q,(£), all defined for
&>z, are right-differentiable as many times as necessary at
&=z (note that all these functions are not even continuous
at £=z). Using Laplace’s method for an end point mini-
mum as £€—z~ in the first integral and as £—z* in the
second integral of Eq. (6), together with the double limit
as K—0and A — «, we arrive at the asymptotic expression
for the normalized condensate mass fraction g in the form
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g =b_[(r* +a ¥)*+3a_(r* +a ¢)?
+6a> (#* +a, ) +6a> 1 +b, [(r* +a,9)®
X Go(¥) —3a, (7% +a, )Gy ()

+3d% (F* +a, PG (P) - Gs(¥)],  (Al)
where
=K-! B 0 A2
VES (7;)+(x—z)> , (A2)
Go(p)=1—e7%, (A3)
Gi(P)=1—(1+)e?, (A4)
G(P)=2— 2+ 2¢+¢P)e Y, (A5)
G3 () =6—(6+69+3¢>*+ e Y, (A6)
dB\ 1
a_s—/leK(-E) >0, (A7)
_ dB\ !
a+=/IQ+K(d—x)+ >0, (A8)
dB\ !
b_E—E_AzK(E) exp(—K~1B_)>0, (A9)
dB\~!
b+EE+AZK(a) exp(—K‘lB+)>0, (A10)
+

and where (dB/dx) . is to be evaluated from

(). ~(3). ).+ ().

In particular, as ¥— «, Eq. (9) becomes

) ~b_[(r* +a, ) +3a_(7* +a, )*+6a~ (%
+a, ) +6a> 1+b, [(F +a,9)*—3a, (%
+a,9)2+6d% (K +a, ) —6a%]. (Al2)

Obviously this cubic growth law that corresponds to a van-
ishing nucleation rate cannot persist throughout DGZ
downstream of NZ. Taking into account the approach of
the rate equation to saturated equilibrium states, the ap-
propriate asymptotic expression for g in DGZ of regime I
takes the form

gxK) = (b_+b,)AQ [R(x;K) 1> +3[b_(* +a_)

(A1l1)

+by (% —a ) A0 [R(xK) ]
+3[b_ (P4 2a_r* 24> ) +b, (P2
—2a, 7% +24%) |AQ  R(GK) +[b_(*
+3a_r** 4+ 6a> ¥ +6a° ) +b, (4
—3a, "1 6d% % —6d%)], (A13)

where
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~ . x 92(§;K)
R(x;K):J; Q.

Introducing the scaling variables y; and R; by

de. (A14)

Yi=AK"(x—2), (A15)

Ry=AK"Y*R(xK), (A16)
with

A=[(b_+b,)K120,, (A17)

we obtain the asymptotic formula for g in DGZ of regime
I as

g=R}+ &R} +€1Ry+6f, (A18)
where
e=[b_(r*+3a_r**16a> r* +6a° ) +b, (> —3a,

+6a’r% —6a%)]1, (A19)

S 3[b_(PP42a_r* +247 )+ b, (PP —2a, % 12d%)]

6{ = (b_ 1 b+ ) 173 H
(A20)
3[b_(*+a_)+b, (P —a,)]
&= G5 )7 , (A21)
and where R; satisfies the relaxation rate equation,
Re_s (A22)
dXI ¢

with R;=0 at ;=0 and 4=0,/Q, . Herein, we should
mention that the introduction of the scaling variables y;
and R; given, respectively, by Eqs. (A15) and (A16) is
based on the physical assumption that (dB/dx) +=0(1)
on measure K and on the ordering of the double limit as
K—-0 and A-w, so that the physical condition
(dg/dx) _=0(1) is fulfilled, namely
A=0O[K 3 exp(K~'B_)], as K—0. (A23)

This ordering of the double limit is similar to that given in
Blythe and Shih.!®

APPENDIX B: ASYMPTOTIC SOLUTION OF THE RATE
EQUATION DOWNSTREAM OF THE NORMAL
SHOCK IN REGIME Ii

Similar to the procedure of Appendix A, the asymp-
totic solution of the rate equation (6) in NZ downstream
of the shock in this regime can be written in the form
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g(¢)=d_[(?"_‘,+a+1//)3l)_1(7;?)+3c (r* +a,9)°D_ (

3 Y-
+62.0- (7 )
where
_ dB 0
Y_=— (d—x) >0, (B2)
1 __,(dB 0
B_:EK (W)_> y (B3)

d_=3_4,028_)" V2exp(22 )exp( —K-'B ),

(B4)
c_=A0_(2B_)" 2 (BS)

\/?'i[;—_) 16 (7 +ay ) D_B(V?ZI[;__)

+b, [(F +a, ) Go(¥) —3a, (P +a,9)2G, () + 3% (F* +a, ) Gy () —a, G5 ()],

(B1)

and where ¢, @, b, and (dB/dx) .. are, respectively,
given by Egs. (A2), (A8), (A10), and (All), the func-
tions G,, r=0,1,2,3 are given by Eqgs. (A3)-(A6) of Ap-
pendix A, D_,, n=1,2,3,4 are Whittaker’s parabolic cyl-
inder functions!”!® and (d?B/dx*) _ is evaluated from

(£2) -(2) () ) o
22 (8 25).

In the limit as ¥— oo, the growth of g becomes cubic in

1} as

(B6)

g(¢)~d-[("i+a+¢)3D_1(J%)+3c (Pt +a,9)*D_ (72-3—)+6c (™ +a, ) D_ (7%)

+6c> D_4(W)

which cannot persist throughout DGZ . Following the pro-
cedure of regime I, the asymptotic solution of the rate
equation for g in DGZ of regime II can be written in the
form

g=Ri+&Ry+eRu+€ (B8)
where Ry; and the scaling variable yy; are defined by

Ry=AgK~*R(x;K), (B9)
yu=ApKk 3 (x—2)>0, (B10)

with

1/3
’ AQ,,  (Bll)

d_D_I(W) +b,

satisfying the relaxation equation

dRH o
={, B12
dX I ( )

subject to Ry=0 at yy;=0, and with R defined by Eq.
(Al14) of Appendix A, 0=0,/Q_, and where
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b [(* +a, )P —3a, (% +a, )2 +6d% (FE +a ) —6d ],

(B7)

—

oo )
+6r"_‘cz_D_3(723_) 6 D““(VZ_—)]

+b+(ﬁ3—3a+r’f‘,_2+6aﬁr‘_"+—6ai),

IR AR E I
+202_D_3(775//§r) ] 4, (AP 2a, %

—~1/3

(B13)

+2d%) d_D_l(V%—-s)MﬂL , (B14)
- Y -
sl o () ()
y —2/3
+by(rh—ay) “(7?)“’*
(B15)

It is essential to mention that the appropriate scaling vari-
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ables Ry and yp given, respectively, by Egs. (B9) and
(B10), are consistently obtained by assuming that
(dB/dx) . =0(1) on measure K, and by ordering the dou-
ble limit as K—0 and A o0, such that (dg/dx) _=0(1),
namely

A=0[K~3%exp(K~'B_)], as K—0. (B16)

This ordering of the double limit is similar to that given in
Clarke and Delale."

APPENDIX C: ASYMPTOTIC SOLUTION OF THE
RATE EQUATION DOWNSTREAM OF THE NORMAL
SHOCK IN REGIME il

In this regime the asymptotic expression for g in NZ
downstream of the normal shock follows from the asymp-
totic solution of the rate equation (6) as

g =b{(HF+ad+a, ¥)’Fo(8) —3a/(rF+adi+a, )’ F1(8) +3a}(rf+adi+a  P)Fo(8) —a;F3(8)}+ b, [ (7%

+a, $)°Go(¥) —3a, (P +a  9)°G1(P) +3d% (7 +-a, )Gy () —a* G () ],

where, as in Paper I, q; and b, are given by

a=A087"2, (C2)
b=2ApB; " exp(—K~'B)), (C3)
with
1 (B
Bi=5K <W), (C4)

the scaling coordinate 9 is defined by Eq. (A2) of Appen-
dix A and §; is defined by

8= Bi(z—x)) >0, (C5)

and where a_ and b__ are, respectively, given by Egs. (A8)
and (A10) and the functions G,, r=0,1,2,3 are given by
Egs. (A3)-(A6) of Appendix A. The functions F,,
r=0,1,2,3, as in Paper I, are defined by

Ere=8de; r=0,1,2,3,
and (d*B/dx*) ; is evaluated from Eq. (B6) of Appendix B
with the subscript (—) replaced by the subscript /. As can
easily be demonstrated when §;—0 (z~ —x; in regime II
and zt —x; in regime III), the structure of NZ and the
asymptotic expressions in NZ (and consequently in all
other zones) of regimes II and III coincide. Also worth
mentioning is that as ¥—0 in the subsonic NZ of this
regime, and as ¢—§; in the supersonic NZ of subcritical
flows, we recover the same expression for g, i.e., the con-
tinuity of g at x=z is guaranteed.

In the limit as ¥— «, Eq. (C1) becomes

g(§) ~b{(r¥+ad+a ) Fo(8) —3arF+ap,
+a, 9)’F1(8) +3a] (¥ +ad+a, P)F(8)
—&F3(8)}+b, [(* +a, ) —3a, (7%
+a ) +6d% (P +a, ) —6a’,].

Similar to the procedure adopted in other regimes, this
cubic growth of g will not persist downstream throughout

F(d)= (Ceé)

(C7)
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(C1)

DGZ, and in the approach to saturated thermodynamic
equilibrium the condensate mass fraction in DGZ of this

regime is governed by
g= R+ o Rbu+ e R+l ()

where Ry; and the scaling variable yy; in DGZ of this
regime are defined by

Ry=ApK~*R(xK), (C9)

yur=AmK *(x—2)30, (C10)
with R given by Eq. (A14) of Appendix A and

Am={[bF(8) +b, 1K} A0, (C11)

and where Ry is to be solved from the relaxation rate
equation

dRHI ~
dym

(C12)

subject to Ry;=0 at y=0 with ﬁ—:—ﬂz/ﬂ + . The coeffi-
cients €5, el and e‘ﬁ in Eq. (C8) are given as follows:
&0 =b/[ (rF+a8)’ Fo(8) —3ay(rF+ad)*F(8)
+3a}(FF+ad)Fy(8) ~aF3(8)]
+b, (30, 21 6d % —6d%), (C13)
e"'=3{b,[ (rF +a8) Fo(8) —2a)(r¥ +aB) F1(8)

+a3F,(8)]+b, (2 —2a,r% 4242 )}

X [6Fo(8)+b,]17173, (C14)
& =3{b,[ (F+ad) Fo(8) —aF1(5)]
+b, (P —a)}[bFo(8) +b, 1723 (C15)

It is essential to mention once again that the scaling vari-
ables Ry;; and yyyp given, respectively, by Egs. (C9) and
(C10) are introduced from order of magnitude estimates
based on the assumptions (dB/dx) , =0(1) on measure K
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and on ordering the double limit as X—0 and A— o as
given in Clarke and Delale,'® such that (dg/dx);=0(1) on
measure K, namely

A3=0[K~*?exp(K~'B))], as K-O0. (C16)
APPENDIX D: ASYMPTOTIC SOLUTION OF THE

RATE EQUATION DOWNSTREAM OF THE NORMAL
SHOCK IN REGIME IV

Similar to the analysis of Appendices A, B, and C, the
asymptotic expression for g downstream of the normal
shock in DGZ of this regime takes the form

g=Riy+& Riy+€ Ry +& (D1)
where Ry satisfies the relaxation rate equation,
de -
(D2)
dXIv

subject to Ryy=0 at y;v==0. Q= 02,/Q. . The scahng vari-
ables Ry and yy are defined by

Ryy=AwnK~3R(x;K), (D3)

XYv=AwK~"*(x—2)30, (D4)
with

A= (JmbK)A0 ., (D5)

and R is given by Eq. (A14) of Appendix A. The coeffi-
cients €', €', and €' of Eq. (D1) are defined as

& = \mbil (7 +ad)’+3a} (F +ad)), (D6)
€' =3({mb) V[ (rF+ad) +iai], (D7)
&V =3( Jmb) (¥ +ap)), (D8)

where q,, b;, and §, are given, respectively, by Eqgs. (C2),
(C3), and (C5) of Appendix C. From Eqs. (D1) and
(D2) and the corresponding equations upstream given in
DGZ of Paper I, one can easily verify that the appropriate
normal shock relation for dg/dx in this regime is that of
the limiting case given by Eq. (8). Finally, we should men-
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tion that a simplified analysis of the rate equation in this
regime is already available from the work of Clarke and
Delale.”
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