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We consider a finite permutation group acting naturally on a vector space V over a
field k. A well-known theorem of Göbel asserts that the corresponding ring of invariants
k[V ]G is generated by the invariants of degree at most

`dimV
2

´
. In this paper, we show

that if the characteristic of k is zero, then the top degree of vector coinvariants k[V m]G
is also bounded above by

`dim V
2

´
, which implies the degree bound

`dim V
2

´
+ 1 for the

ring of vector invariants k[V m]G. So, Göbel’s bound almost holds for vector invariants
in characteristic zero as well.

Keywords: Invariant theory; permutation groups; vector invariants.

Mathematics Subject Classification 2020: 13A50

1. Introduction

Let G be a finite group, k a field and V a finite-dimensional vector space over k on
which G acts. The action of G on V induces an action on the symmetric algebra
k[V ] on V ∗ given by gf(v) = f(g−1v) for g ∈ G, f ∈ k[V ] and v ∈ V . Let k[V ]G

denote the ring of invariant polynomials in k[V ]. This is a finitely generated, graded
subalgebra of k[V ] and a central goal in invariant theory is to determine k[V ]G by
computing the generators and relations. Let β(G, V ) denote the maximal degree of
a polynomial in a minimal homogeneous generating set for k[V ]G. It is well known
by [4, 5, 9] that β(G, V ) ≤ |G| if |G| ∈ k

∗. If the characteristic of k divides |G|,
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then the invariant ring is more complicated and there is no bound on β(G, V )
that applies to all V . It is, however, possible to bound β(G, V ) using both |G| and
dimension of V (see [11]). The Hilbert ideal

I(G, V ) := k[V ]G+ k[V ]

is the ideal in k[V ] generated by all homogeneous invariants of positive degree. The
algebra of coinvariants

k[V ]G := k[V ]/I(G, V )

is the quotient ring by the Hilbert ideal. Both the Hilbert ideal and the algebra of
coinvariants are subjects of interest as it is possible to extract information about the
invariant ring from them. Since G is finite, k[V ]G is finite-dimensional as a vector
space and the highest degree in which k[V ]G is nonzero is called the top degree of
coinvariants. This degree plays an important role in computing the invariant ring
and is closely related to β(G, V ) when |G| ∈ k

∗ (see [8]).
In this paper, we study the case where G is a permutation group acting naturally

on V by permuting a fixed basis of V . By a well-known theorem of Göbel [6],
β(G, V ) ≤ (

n
2

)
, where n is the dimension of V with n ≥ 3. This bound applies

in all characteristics and it is known to be sharp as for the alternating group An

we have β(An, V ) =
(
n
2

)
. We consider the so-called vector invariants of V , which

means we have m direct copies V m = V ⊕ V ⊕ · · · ⊕ V of V with the action of G

extended diagonally. We show that, if k has the characteristic zero, then the top
degree of the coinvariant ring k[V m]G is also bounded above by

(
n
2

)
. Our method

relies on polarizing polynomials in the Hilbert ideal I(G, V ) and obtaining enough
leading monomials in I(G, V m) to bound the top degree of k[V m]G. This implies
that

β(G, V m) ≤
(

n

2

)
+ 1.

If polarization of a generating set for k[V ]G gives a generating set for k[V m]G, then
a generating set for I(G, V m) can be obtained by polarizing any generating set for
I(G, V ). But, in general, one should not expect to get a Gröbner basis of I(G, V m)
from a Gröbner basis of I(G, V ) by polarization.

For more background on invariant theory, we refer the reader to [2] and as a
reference for Gröbner bases and related concepts, we recommend [1].

2. Polarization and the Hilbert Ideal

An important ingredient in the proof of our main result is the computation of lead-
ing monomials of certain polarized polynomials. To that end, we show that in order
to compute the leading monomial of a polarized polynomial it is sufficient to polar-
ize the leading monomial of this polynomial. We identify k[V ] with k[x1, . . . , xn]
and k[V m] with k[x(j)

i | i = 1, . . . , n, j = 1, . . . , m]. We use lexicographic order on
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k[V m] with

x
(1)
1 > x

(2)
1 > · · · > x

(m)
1

> x
(1)
2 > x

(2)
2 > · · · > x

(m)
2

. . .

> x(1)
n > x(2)

n > · · · > x(m)
n ,

(2.1)

and the order on k[V ] is obtained by setting m = 1. For an ideal I, the lead
term ideal of I is denoted by L(I) and the leading monomial of a polynomial f is
denoted by LM(f). We introduce extra variables t1, . . . , tm and define the algebra
homomorphism

Φ : k[V ] → k[V m][t1, . . . , tm], xi �→
m∑

j=1

x
(j)
i tj .

For any f ∈ k[V ], we write

Φ(f) =
∑

(k1,...,km)∈Nm

fk1,...,kmtk1
1 · . . . · tkm

m ,

with the polynomials fk1,...,km ∈ k[V m]. This process is known as polarization and
for an m-tuple k = (k1, . . . , km) ∈ N

m, let Polk(f) denote the coefficient fk1,...,km .
We set

Pol(f) = {Polk(f) | k ∈ N
m}\{0}.

The importance of polarization for invariant theory comes from the fact that f ∈
k[V ]G implies Pol(f) ⊆ k[V m]G. In addition, it was observed in [8] that for every
polynomial f ∈ I(G, V ) we have Pol(f) ⊆ I(G, V m).

Lemma 1. Assume that char(k) = 0. Let M, M ′ be monomials of degree d in k[V ]
with M ′ < M. Then for all k ∈ N

m with
∑m

j=1 kj = d, we have

LM(Polk(M ′)) < LM(Polk(M)).

Proof. Fix k = (k1, . . . , km) ∈ N
m with

∑m
j=1 kj = d and let M = xa1

1 · · ·xan
n ∈

k[V ]. We have

Φ(M) = (x(1)
1 t1 + · · · + x

(m)
1 tm)a1 · · · (x(1)

n t1 + · · · + x(m)
n tm)an . (2.2)

Let h = LM(Polk(M)) and write h =
∏n

i=1

∏m
j=1(x

(j)
i )bi,j . Note that h contains,

counted with multiplicities, exactly k1 variables from the set {x(1)
1 , . . . , x

(1)
n }. Since

x
(1)
1 is the highest ranked variable among them, we have b1,1 = min{k1, a1}. More

generally, h contains, counted with multiplicities, exactly kj variables from the set
{x(j)

1 , . . . , x
(j)
n }. Moreover, out of ai factors (x(1)

i t1 + · · · + x
(m)
i tm)ai , bi,l of them
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contribute x
(l)
i to h for 1 ≤ l < j. Since x

(j)
i is the highest ranked monomial in

{x(j)
i , . . . , x

(j)
n }, we get a recursive relation

bi,j = min

{
kj −

i−1∑
l=1

bl,j, ai −
j−1∑
l=1

bi,l

}
. (2.3)

Equation (2.2) also leads to

Φ(M) =

⎛
⎜⎜⎝ ∑

l1,...,lm∈N

l1+···+lm=a1

a1!
l1! · · · lm!

(x(1)
1 t1)l1 · . . . · (x(m)

1 tm)lm

⎞
⎟⎟⎠

· · ·

⎛
⎜⎜⎝ ∑

l1,...,lm∈N

l1+···+lm=an

an!
l1! · · · lm!

(x(1)
n t1)l1 · . . . · (x(m)

n tm)lm

⎞
⎟⎟⎠

by the multinomial theorem. Note that the coefficient of h in Polk(M) is
n∏

i=1

ai!
bi,1! · · · bi,m!

, (2.4)

which is nonzero because char(k) = 0.
We may take M ′ = xa1

1 · · ·xak−1
k−1 · x

a′
k

k · · ·xa′
n

n with ak′ < ak. Set h′ =

LM(Polk(M ′)) and write h′ =
∏n

i=1

∏m
j=1(x

(j)
i )b′i,j . As in the case for bi,j , the

exponents b′i,j depend only on kl for 1 ≤ l ≤ j and al for 1 ≤ l ≤ i. Since the
multiplicities of the variables x1, . . . , xk−1 in M and M ′ are the same, we get that
bi,j = b′i,j for i < k. On the other hand, since

∑m
l=1 bk,l = ak > ak′ =

∑m
l=1 b′k,l, the

equality bk,l = b′k,l fails for some 1 ≤ l ≤ m. Let j denote the smallest index such
that bk,j 	= b′k,j . Then we have

b′k,j = min

{
kj −

k−1∑
l=1

b′l,j , a′
k −

j−1∑
l=1

b′k,l

}

= min

{
kj −

k−1∑
l=1

bl,j , a′
k −

j−1∑
l=1

bk,l

}

≤ min

{
kj −

k−1∑
l=1

bl,j , ak −
j−1∑
l=1

bk,l

}

= bk,j .

It follows that b′k,j < bk,j . So we have that h′ < h.

Remark 2. The coefficient of the highest ranked monomial h which is given by
Eq. (2.4) is nonzero over all fields k with ai! ∈ k

∗ for all i. So the assertion of

2350111-4
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Lemma 1 is true for all pairs of monomials M ′, M with M = xa1
1 · · ·xan

n satisfying
ai < char(k) for all i.

Remark 3. Consider the lexicographic monomial order with a slightly different
ordering of the variables

x
(1)
1 > x

(1)
2 > · · · > x(1)

n > x
(2)
1 > x

(2)
2 > · · · > x(2)

n > · · · > · · · > x(m)
n .

For the fixed 1 ≤ i ≤ n and 1 ≤ j ≤ m, the sets of variables in {x(j)
1 , . . . , x

(j)
n } and

in {x(1)
i , . . . , x

(m)
i } that are smaller than x

(j)
i remain unchanged. So the recursive

description of the leading monomial LM(Polk(M)) in Eq. (2.3) and consequently
the assertion of Lemma 1 carry over to this ordering as well.

Proposition 4. Let f ∈ I(G, V ) be a homogeneous polynomial in the Hilbert ideal.
Assume that char(k) = 0 or char(k) > deg(f). Then we have

LM(Polk(LM(f))) ∈ L(I(G, V m))

for all k ∈ N
m.

Proof. With M := LM(f), we can write f as

f = c · M +
∑

M ′<M

cM ′ · M,

where the sum runs over all monomials in k[V ] that are smaller than M . Since Polk
is linear, we get

Polk(f) = c · Polk(M) +
∑

M ′<M

cM ′ · Polk(M ′).

By Lemma 1 and Remark 2, we get

LM(Polk(LM(f))) = LM(Polk(f)).

Since Pol(f) ⊆ I(G, V m) for all f ∈ I(G, V ) by [8, Lemma 12], the result follows.

We now prove our main result.

Theorem 5. Let G be a permutation group acting naturally on V = k
n. Assume

that char(k) = 0 or char(k) > n. Then we have

β(G, V m) ≤
(

n

2

)
+ 1.

Proof. A Gröbner basis for I(Sn, V ) has been computed in [12]. From this source,
we get that

L(I(Sn, V )) = (x1, x
2
2, . . . , x

n
n).

Since I(Sn, V ) ⊆ I(G, V ), we get (x1, x
2
2, . . . , x

n
n) ⊆ L(I(G, V )). For 1 ≤ i ≤ n

and the vector k = (k1, . . . , km) ∈ N
m with k1 + k2 + · · · + km = i, we consider

2350111-5
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Polk(xi
i). Since xi

i ∈ L(I(G, V )), Proposition 4 yields LM(Polk(xi
i)) ∈ L(I(G, V m)).

To identify LM(Polk(xi
i)), we write Φ(xi

i) = (x(1)
i t1 + · · · + x

(m)
i tm)i. Then we get

Polk(xi
i) =

i!
k1! · · · km!

m∏
j=1

(x(j)
i )kj .

Note that since i ≤ n, the coefficient is nonzero. It follows that L(I(G, V m)) contains
the set of monomials ⎧⎨

⎩
m∏

j=1

(x(j)
i )kj

∣∣∣∣∣∣ 1 ≤ i ≤ n,

m∑
j=1

kj = i

⎫⎬
⎭.

Therefore, the top degree of the coinvariants k[V m]G is bounded above by
(
n
2

)
.

It follows that every monomial of degree
(
n
2

)
+ 1 in k[V m] is in I(G, V m). So we

get that I(G, V m) is generated by the polynomials of degree at most
(
n
2

)
+ 1.

Now we apply a standard argument to get a bound for β(G, V m) as follows. Let
f1, . . . , fs be homogeneous generators for I(G, V m) of degree at most

(
n
2

)
+ 1. We

may assume these generators lie in k[V m]G. Let f ∈ k[V m]G be homogeneous of
degree >

(
n
2

)
+1. Write f =

∑s
i=1 qifi with qi ∈ k[V m]+. Let Tr : k[V m] → k[V m]G

denote the transfer map defined by Tr(h) =
∑

σ∈G σ(h) for h ∈ k[V m]. Then we
have Tr(f) = |G|f =

∑s
i=1 Tr(qi)fi. Therefore, f is in the algebra generated by

invariants of strictly smaller degree. So we get β(G, V m) ≤ (
n
2

)
+ 1 as desired.

Remark 6. Theorem 5 is no longer true when the characteristic of k divides |G|.
In fact, by establishing a lower bound on the maximal degree of a polynomial in a
minimal generating set, it was proven in [10] that limm→∞ β(G, V m) = ∞, where
G is a nontrivial group acting faithfully on V . This lower bound on β(G, V m) was
later sharpened for the full symmetric group [3] and general permutation groups [7].

A natural question is when the polarization of a generating set for I(G, V )
gives a generating set for I(G, V m). We note that this will be always the case if
polarization of a generating set for k[V ]G gives a generating set for k[V m]G.

Proposition 7. Assume that k[V m]G is generated by polarizations of a homoge-
neous generating set for k[V ]G. Then I(G, V m) is generated by polarizations of any
homogeneous generating set for I(G, V ).

Proof. Assume that k[V ]G = k[g1, . . . , gd] and

k[V m]G = k[Polk(g1), . . . , Polk(gd) | k ∈ N
m].

Let f1, . . . , fr be a homogeneous generating set for I(G, V ). Then there exists qj,i ∈
k[V ] such that gi =

∑
j qj,ifj for 1 ≤ i ≤ d and 1 ≤ j ≤ r. Since Φ is an algebra

2350111-6
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homomorphism, we have

Polk(gi) =
∑

k1+k2=k, j

Polk1(qj,i) Polk2(fj)

for 1 ≤ i ≤ d. Since polarizations of gi for 1 ≤ i ≤ d generate k[V m]G, it then also
follows that polarizations of fj for 1 ≤ j ≤ r generate I(G, V m), as desired.

The hypothesis of Proposition 7 is satisfied for the natural action of the sym-
metric group in characteristic zero (see [13]). But it does not remain true for all
permutation groups as we show in the following example that polarization of a
generating set for the Hilbert ideal of the natural action of the alternating group
does not give a generating set for the Hilbert ideal of two copies of the action. The
symmetric group case also has a flaw: for example, a polarization of a Gröbner basis
for I(S3, V ) does not give a Gröbner basis for I(S3, V

2).

Example 8. We take V = k
3 and m = 2, where k is a field of characteristic

zero. Then we have k[V ] = k[x1, x2, x3] and for simplicity, we identify k[V 2] with
k[x1, x2, x3, y1, y2, y3]. For one copy, Gröbner bases for the Hilbert ideals of the sym-
metric group S3 and the alternating group A3 are given by I(S3, V ) = (h1, h2, h3)
and I(A3, V ) = (h1, h2, h3, f), respectively, where

h1 = x1 + x2 + x3,

h2 = x2
2 + x2x3 + x2

3,

h3 = x3
3,

f = x2
1x2 + x1x

2
3 + x2

2x3

(see [12]). We show that T := x1y2 + x2y3 + x3y1 in I(A3, V
2) does not lie in

the ideal generated by polarizations of the generators of I(A3, V ). Since polar-
izations preserve degrees, it is enough to show that T does not lie in the ideal
J := (Polk(hi) | k ∈ N

2, i = 1, 2) generated by polarizations of h1 and h2. A routine
computation gives that J = (x1 +x2+x3, y1+y2+y3, x

2
2 +x2x3 +x2

3, 2x2y2+x2y3+
y2x3+2x3y3, y

2
2 +y2y3+y2

3). Note that the s-polynomials of any pair of polynomials
with leading monomials which are not relatively prime in the above generating set
are of degree three or more. It follows that J has a Gröbner basis consisting of
the generators of J listed above together with polynomials of degree at least three.
But T has degree two and the normal form T ′ of T with respect to this Gröbner
basis is

T ′ = T − y2(x1 + x2 + x3) − x3(y1 + y2 + y3) +
1
2
(2x2y2 + x2y3 + y2x3 + 2x3y3)

=
3
2
(x2y3 − y2x3),

which does not reduce any further, so we get that T /∈ J .

2350111-7
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Now, we consider I(S3, V
2) which is generated by the polarizations of h1, h2, h3

by Proposition 7. A quick computation yields that the set of leading monomials of
these polarizations is M := {x1, y1, x

2
2, x2y2, y

2
2 , x

3
3, x

2
3y3, x3y

2
3 , y

3
3}. We also have

(4y2 + 2y3) Pol(2,0)(h2) + (−x3 − 2x2) Pol(1,1)(h2) = −3x2x3y3 + 3y2x
2
3.

So x2x3y3 ∈ L(I(S3, V
2)) but x2x3y3 is not divisible by any monomial in M .
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