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Abstract
Mechanically coupled resonators usually require a mechanical coupling element; this introduces
additional complexity to the picture. We propose a novel modeling and design approach,
followed by experimental verification, for mechanically coupled clamped circular plate
resonators in which no additional coupling element is present. In our study, the flexural mode
clamped circular plate resonators overlap to an extent, and their clamps at the overlap region are
removed to generate a freely moving coupling boundary between the resonators. The practical
measure of the overlapping is small enough to preserve the characteristics of each resonator.
This result enables modeling the coupled resonators based on the clamped circular plate
resonator model. A physics-based lumped element equivalent circuit model is developed where
dimensions, bias voltage, and material properties are controllable variables. Each of the model
parameters is expressed as the corresponding single resonator model parameter multiplied by a
function of the amount of overlap. Analytical derivations and finite element method simulations
are used to extract the dependency of the model parameters on the amount of overlap.
Closed-form expressions for center frequency, bandwidth, and termination impedance of the
coupled resonator are derived using the developed model. A design procedure is introduced to
determine dimensional parameters and bias voltage. The proposed coupled-resonator offers up
to 5% fractional bandwidth. For a typical design using a polysilicon plate with 100 nm gap
height, the ratio of the termination impedance to the center frequency is calculated to be
158 Ω MHz−1. This result indicates that on-chip intermediate frequency filters can be
implemented at center frequencies up to several 100 MHz using this type of coupled resonators.
A coupled resonator is designed and realized for a proof of concept demonstration. The
measurement results of the coupled resonator show good agreement with the equivalent circuit
model simulations.
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1. Introduction

Mechanical filters date back to the late 1930s [1]. Taking
advantage of the small form factor and high-Q of mechanical
resonators, these types of filters became the replacement of
the lumped element electronic filters. The operation principle
of a mechanical filter is as follows: electrical input signals
are converted to mechanical energy by a transducer. Mech-
anical resonators coupled via mechanical rods perform filter-
ing in the mechanical domain. A second transducer is used
to transform the filtered mechanical signals into electrical
output. Magnetostrictive materials were employed to be the
transducers of early designs [1–3]. Piezoelectric transducers
emerged later [4–6] due to their superior conversion efficiency
and reliability. Analytical derivations, circuit design meth-
ods, and application examples for common mechanical fil-
ter types were given in [7]. A new era started for mechanical
filters with the emergence of commercially available MEMS
technology more than two decades ago. Small-scale, high-Q,
micro-electromechanical resonators based on CMOS compat-
ible processes enabled on-chip integration of MEMS filter
structures with electronic circuitry [8–11].

Lin et al [12], Wang and Nguyen [13], and Jing et al [14]
introduced mechanically coupled comb-transduced resonator
filters. These resonators move laterally and beam springs
provide mechanical coupling. This type of filter is vulnerable
to fabrication tolerances due to its mechanical complexity.
Also, the highest center frequency achievable is in the order of
1 MHz. On the other hand, Bannon et al [15] and Motiee et al
[16] used beam coupled clamped-clamped beam resonators.
Compared to the mechanically coupled comb-transduced res-
onators, these coupled resonators have relatively lower mech-
anical complexity and offer up to ten times higher center
frequencies.

Pourkamali and Ayazi [17, 18] and Galayko et al [19]
introduced non-mechanical coupling, either capacitive or elec-
trostatic, between clamped-clamped beam resonators. There
are two main advantages of the non-mechanical coupling
approach. The first advantage is lower mechanical complexity.
The second advantage is the post-production tuning capability
of the coupling strength. However, it is important to emphas-
ize that the second advantage requires the necessity to control
the independent bias voltages of the resonators.

Li et al [20, 21] and Shalaby et al [22] reported bulk
acoustic mode resonator-based filters. The bulk acoustic mode
resonators exhibit higher effective stiffness than their flex-
ural mode counterparts, which makes them suitable for higher
frequency applications. Mechanically coupled radial-contour
mode disk arrays were demonstrated for reducing the termina-
tion impedance and suppression of unwanted spurious modes
[20, 21].

In [12–22], the conceptual lumped element electrical circuit
analogies are used to predict the performance of the resonators
and filters. Equivalent circuit model parameters are arbitrar-
ily tuned according to the measurement results. By employing
these adjusted element values, the comparable performance
of equivalent circuits is demonstrated. This kind of modeling
approach is not useful for designing new structures since the

model elements are not represented by the correct functions of
the design variables.

Greywall and Busch [23] presented mechanically coupled
drumhead resonator filters. The input resonator is electrically
driven using a circular ring electrode, and the displacement
amplitude of the output resonator is sensed making use of
optical interference techniques. The cyclic connections of up
to 20 coupled resonators were demonstrated, and a symmet-
ric bandpass filter response was achieved without the need for
post-production tuning.

In this paper, we investigate the properties of mechanically
coupled clamped circular plate resonators. We provide analyt-
ical derivations, which determine the practical limits of these
coupled resonators for on-chip filter applications.

We use a modified version of the small-signal equival-
ent circuit model of the capacitive micromachined ultrasonic
transducer given in [24] that was developed for a single
clamped circular plate resonator. The developed single reson-
ator model is very accurate and comparable to finite element
method (FEM) for any given set of dimensions, bias voltage,
and material properties.

We develop a coupled-resonator model based on the single
resonator model and the capacitive coupling approach. Model
parameters of the coupled resonators are expressed in terms
of the single resonator model parameters and the amount of
overlap between resonators using analytical derivations and
FEM simulation results. Since we do not repeat the FEM sim-
ulations used for the model development, the model imple-
mented in a circuit simulator allows for fast optimization of
design parameters for given specifications, like center fre-
quency, bandwidth, and optimal termination impedance.

In our coupled-resonator approach, the coupling mechan-
ism does not require any additional mechanical element sim-
ilar to the structure used in [23] and unlike the commonly used
coupled MEMS resonator structures. Instead, the clamped cir-
cular plate resonators are deliberately overlapped to form the
mechanical coupling generated at the interface. Compared to
the coupled resonators with a separate mechanical coupling
element, the mechanical complexity is reduced, and the reli-
ability is increased. The resulting structure differs from the
one given in [23] due to the shape of the electrodes and the
type of output. We prefer to use full circular electrodes, rather
than the ring-shaped electrodes used in [23], to achieve higher
excitation efficiency of the fundamental mode resonance and a
higher electromechanical transformation ratio, which reduces
the termination impedance value. In order to allow proper
integration with electronic circuitry, an electrical output is
implemented instead of the optical interference technique-
based output detection method described in [23].

The spatial velocity of the vibrating clamped circular reson-
ator plate decreases as the radial location becomes distant from
the central point and goes to zero at the clamped periphery. The
proposed structure inherently provides low-velocity coupling
[25] between the resonators without the need for a mechanical
coupling element. The low-velocity coupling methodology
allows us to achieve narrower filter bandwidths compared
to coupling the resonators at their maximum velocity
points.
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Figure 1. (a) Top view with geometrical details and I/O electronic
circuitry and (b) unbiased A–A′ cross-sectional view of the proposed
mechanically coupled clamped circular plate resonators.

We implement a coupled-resonator design based on a com-
mercial process. Although the gap height and resonator thick-
ness options provided in this process limit the lowest termina-
tion impedance, this process is used to demonstrate the validity
of our model. Measurement results are in good agreement with
our model predictions.

2. Coupled-resonator structure

We propose a new coupled micromechanical resonator struc-
ture. The clamped circular plate is selected as the resonator
unit. Two resonator plates are overlapped, i.e. overlap ratio (α)
defined in figure 1 is between 0 and 0.1, and the clamps of
each resonator at the overlapped region are removed in order
to form the coupling mechanism. In other words, the reson-
ator plates are mechanically connected and free to move at
the overlapping region. Analytical expression of a practical
parameter called overlap area ratio (∆), i.e. the overlap area
divided by the original circular resonator area, is

∆=
1
π

(
cos−1(1−α)− (1−α)sin(cos−1(1−α))

)
. (1)

When an electrical signal is applied between the input res-
onator plate and the bottom electrode, the resulting electro-
static forces vibrate the input resonator plate. The generated
mechanical energy is transferred to the output resonator plate
through the mechanical coupling interface and converted back
to an electrical signal between the output resonator plate and
the bottom electrode. The overall electrical signal transfer pro-
cess is frequency selective since the coupled-resonator struc-
ture has two fundamental resonances. Cross-sectional views
of these resonance mode shapes are illustrated in figure 2. The
lower frequency resonance corresponds to the out-of-phase
movement of the resonators. On the other hand, the higher fre-
quency resonance happens when the resonators are moving in
phase. Normalized peak displacements and phases of the input

Figure 2. Cross-sectional views of (a) out-of-phase and
(b) in-phase mode shapes of the proposed mechanically coupled
clamped circular plate resonators.

Figure 3. (a) The normalized peak displacements and (b) the phases
of input and output resonators as a function of normalized
frequency, for α = 0.05.

and output resonators as functions of frequency are plotted
in figure 3. The frequency axis is normalized with the fun-
damental resonance frequency of a single and fully clamped
circular plate resonator, which is a reference resonator.

3. Small-signal equivalent circuit model

We introduce a small-signal equivalent circuit model for
the resonators, which is valid for the overlap ratio range
0 < α < 0.1. Altering the overlap ratio adjusts the coup-
ling coefficient between the two resonators and determines
the fractional bandwidth up to 5%. We define each model
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Figure 4. Small-signal equivalent circuit model of a single clamped
circular plate resonator under vacuum.

parameter as a function of the corresponding single resonator
model parameter and the overlap ratio.

3.1. Single resonator model

The small-signal equivalent circuit model of a single clamped
circular plate resonator is shown in figure 4 [24]. We intro-
duce the RMS dynamic compliance (CRmD) parameter into the
existing single resonator model. CRmD is approximately 2.2%
higher than CRm which is the RMS static compliance of the
clamped circular plate. CRm is calculated under uniform static
force distribution assumptionwhich results in a static displace-
ment profile [26–28] given as

X(r) = XP

(
1 −

( r
a

) 2
) 2

for r⩽ a, (2)

where XP is the peak static displacement under VDC bias
voltage. On the other hand, CRmD is determined by the fun-
damental resonance frequency for a clamped circular plate
obtained using plate theory [29, 30], as

f0 =
1

2π
√
LRmCRmD

= 0.469
tm
a 2

√
Y0

(1−σ 2)ρ
, (3)

where Y0 is Young’s modulus, σ is Poisson’s ratio, and ρ is the
mass density of the plate.

3.2. Coupled-resonator model

The equivalent circuit model of the coupled resonator is shown
in figure 5. The mechanical coupling between the resonators
can be represented with a shunt capacitance CR2 between the
equivalent circuit models of the resonators. CR1 is the compli-
ance of each resonator.

The mass of each resonator plate is modified due to the res-
onator area reduction as

L ′
Rm = LRm(1−∆). (4)

Based on the FEM simulations and relative to the single reson-
ator model parameters, extracted small-signal equivalent cir-
cuit model parameters of the electrical input capacitance, RMS
electromechanical turns ratio, and RMS spring softening capa-
citance turn out to be

C ′
0d ≈ C0d, (5)

n ′
R ≈ nR

√
(1−∆), (6)

and

C ′
RS ≈

CRS

(1−∆)
, (7)

having less than 0.5% error for the overlap ratio range
0 < α < 0.1 and VDC/V r ⩽ 0.9

Vr = 8
t3/2m

a 2
t3/2ge

√
Y0

27ε0(1 − σ 2)
, (8)

is the collapse voltage of a single resonator with full electrodes
under vacuum, where tge = tg + ti/εr, ε0 is the permittivity of
free space and εr is the relative permittivity of the insulating
material.

Themechanical compliance parametersCR1 andCR2 can be
approximated by third order polynomial fit to the FEM simu-
lation results for the overlap ratio range 0 < α < 0.1 as

CR1 ≈
CRmD(1−∆)

1 − 1.20α − 0.305α 2 + 14.5α3
(9)

and

CR2 ≈
CRmD(1−∆)

α(0.596 − 2.03α − 13.6α 2)
, (10)

where the CRmD term covers the dependence on the material
properties and the resonator plate parameters. As the over-
lap ratio (α) goes to 0, the coupling between the resonat-
ors becomes negligible and the coupled-resonator model in
figure 5 approaches the model of two uncoupled resonators.

The small-signal equivalent circuit model given in figure 5
is implemented in a circuit simulator and verified for sev-
eral different dimensional parameters by comparing the circuit
simulator results with the FEM simulation results.

4. Coupled-resonator design

4.1. Defining design specifications

The out-of-phase and the in-phase resonance frequencies of
the coupled-resonator structure can be expressed as:

f1 =
1
2π

√
1

L ′
Rm

(
1
CR1

− 1
C ′

RS

)
(11)

and

f2 =
1
2π

√
1

L ′
Rm

(
1
CR1

+
2
CR2

− 1
C ′

RS

)
. (12)

We define the center frequency as f c = 0.5(f 1 + f 2), which
shifts down as the overlap ratio and DC bias voltage increase.
The bandwidth is assumed to be the frequency difference
between in phase and out of phase resonance modes, i.e.
B = f 2 − f 1. Unlike the center frequency, the bandwidth
increases as the DC bias increases. The bias voltage of the
resonators is set to VDC = 0.9V r, considering the trade-off
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Figure 5. Small-signal equivalent circuit model of the coupled resonator structure.

between termination impedance and linearity. We can approx-
imate the center frequency and the bandwidth for the overlap
ratio range 0 < α < 0.1 under a0 = 0.8a and VDC/V r = 0.9
conditions as

fc ≈ f0(0.784 − 0.333α+ 0.812α 2 − 6.39α3) (13)

and

B≈ fcα(0.953 − 1.70α− 31.3α 2). (14)

The fractional bandwidth, B/f c, reaches its maximum value of
5% at α ≈ 0.084.

Mechanical resonator structures suffer from their high
electrical input impedance characteristics. Several studies
were reported on the reduction of the input impedance
[15, 20, 21, 31–38]. We derived a closed form analytical
expression of the electrical termination impedance (Z0) in
order to understand how it is related to the design paramet-
ers. Referring to figure 5, the termination impedance, Z0, is
obtained under the RS = RL = Z0 condition as

Z0 =
2πL ′

Rm

n ′
R
2

√(
f 2c − f 21

) (
f 22 − f 2c

)
fc

. (15)

We can approximate Z0 using (5), (7), (15), and narrowband
filter assumption, i.e. B/f c ≪ 1, as

Z0 ≈
2πLRmB
nR 2

. (16)

For an electrode radius a0 = 0.8a and VDC/V r = 0.9, we can
rearrange (16) as either

Z0 ≈ 1.08
ε0

ρ(1 − σ 2)

Y0

(
a
tm

) 2

tgeB (17)

or

Z0 ≈ 1
2ε0

√
ρ(1 − σ 2)

Y0

tge
tm

B
f0
. (18)

For the specific case of tge = 100 nm, a/tm = 10, α = 0.01,
and the polysilicon resonator plate, the ratio of the termin-
ation impedance to the center frequency, Z0/f c, becomes
158 Ω MHz−1.

4.2. Design procedure

To design a second-order bandpass filter with center fre-
quency, f c, and bandwidth, B, using termination impedances
of Z0, the design procedure is as follows:

(1) Set a0 = 0.8a to avoid the short circuit between the elec-
trodes for the overlap ratio range 0 < α < 0.1.

(2) Set VDC/V r = 0.9 to achieve the lowest practical termina-
tion impedance.

(3) Set a/tm = 10 to achieve as low a termination impedance
as possible considering the model validity.

(4) Find the overlap ratio α using (14).
(5) Determine a and tm using a/tm = 10, (3), (13), and material

properties of the resonator plate.
(6) Calculate tge using (17), B, and material properties of the

resonator plate.
(7) Find VDC using (8) and VDC/V r = 0.9.
(8) Fine-tune the parameters to achieve the desired response

using the circuit simulator, making sure that a/tm ⩾ 10.

For example, a bandpass filter made on polysilicon mater-
ial with f c = 127 MHz, B = 5 MHz, and Z0 = 17 kΩ
has tge = 20 nm, a = 2.4 µm, tm = 240 nm, α = 0.05,
and VDC = 11 V. Another design on the same material with
f c = 107 MHz, B= 1 MHz, and Z0 = 3.4 kΩ has tge = 20 nm,
a = 2.9 µm, tm = 290 nm, α = 0.01, and VDC = 10 V.

5. An example design

We used the PolyMUMPs process of MEMSCAP4 and
designed a coupled-resonator unit for a proof of concept
demonstration. PolyMUMPs is a three-layer polysilicon sur-
face micromachining and bulk micromachining process, with
two sacrificial layers and one metal layer. This process is
based on a silicon substrate and has a minimum feature size
of 2 µm. A 600 nm thick silicon nitride layer is deposited on
the substrate to provide electrical isolation between the poly-
silicon layers and the substrate. The first polysilicon layer,
Poly0, is 500 nm thick and takes place on top of the nitride
layer. Then, a 2 µm phosphosilicate glass (PSG) sacrificial
layer (Oxide1) deposition follows the photolithography pat-
terning of the Poly0 layer. The structural layers of polysilicon
(Poly1 and Poly2) are 2 µm and 1.5 µm thick, respectively.
Table 1 lists the material properties of the structural layers. In
between the two structural layers, a 750 nm PSG sacrificial
layer (Oxide2) is deposited. (This sacrificial layer thickness

4 MEMSCAP, S.A., Cedex, France, www.memscap.com.
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Table 1. Material properties of the polyMUMPs structural layers of
polysilicon (Poly1 and Poly2).

Young’s modulus, Y0 158 ± 10 GPa
Density, ρ 2330 kg m−3

Poisson ratio, σ 0.22 ± 0.01

Figure 6. (a) Top view SEM image and (b) the cross-section
illustration (not drawn to scale) of a coupled-resonator device based
on the PolyMUMPs process.

forms the gap height, tg, of the resonator structure.) The final
layer is 0.5 µm gold, which provides an electrical interface for
probing and bonding.

A top view SEM image and the cross-section illustration of
a sample coupled-resonator structure are shown in figure 6.We
use the Oxide2 layer for gap formation of the resonators since
it provides the lowest possible gap height of 750 nm. Since
the PolyMUMPs process has conductive structural layers, we
cannot have isolated electrodes on mechanically coupled res-
onator plates. Instead, as shown in figure 6(b), we form the
isolated electrodes using the bottom layer (Poly1) on the sub-
strate and connect the moving plate layer (Poly2) to the elec-
trical ground. The resulting structure in figure 6(b) is func-
tionally equivalent to the original proposal shown in figure 1.
The coupled-resonator design does not include the Poly0 and
Oxide1 layers and starts with the Poly1 layer, which is used for
input and output electrodes on top of the nitride isolation layer.
Then, the Oxide2 layer is placed where we require the gap. We
have the Poly2 layer on top as the resonator plate material. As
shown in figure 6(a), this Poly2 layer has holes with a 2 µm
radius and 30 µm interval. These holes serve the removal of

Figure 7. SEM views of FIB-cuts showing the cross-section of
(a) the moving plate anchored to the substrate and (b) the overlap
region including the moving plate and the bottom electrodes.

the sacrificial layer during the HF release process. The metal
layer is used for wire bonding the input, output, and ground
interconnection pads.

Although the coupled resonator unit explained in this
section is valid for the proof of concept demonstration, some
structural properties of the PolyMUMPs process are differ-
ent from the model assumptions. We need to take these into
account when comparing the model performance with the
measurements. First, the Poly2 layer is not strictly clamped at
the resonator periphery. Instead, as shown in figure 7(a), it is
anchored to the substrate through the stack-up of Oxide1 and
Oxide2 layers. The second difference is due to the conformal

6
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Figure 8. Photo of a coupled-resonator unit connected to a test board through a probe station.

Figure 9. Schematic diagram of the test board.

layer deposition of the PolyMUMPs process, i.e. every layer
follows the shape underneath. Therefore, the moving plate
layer is not flat as opposed to the model assumption. The cir-
cular ridges shown in figure 7 have an effect on the elastic
behavior of the moving plate. This effect is not modeled in the
equivalent circuit. Figure 7(b) shows the overlap region of the
resonators and the shape of the Poly2 layer on top of the gap.
The vertical interface at the intersection of the top and the bot-
tom electrodes produces a radial in-plane electrostatic force
which is not covered in the model. Also, the sacrificial layer
release holes are not present in the equivalent circuit.

6. Experimental verification

6.1. Test setup

Fabricated coupled-resonator devices are first subjected to DC
bias tests utilizing the probe station before the network ana-
lyzer measurements under vacuum. We apply a DC bias at
the input and output electrodes through a series 1 MΩ resistor
up to 90% of the expected collapse voltage. Since there is no

isolation layer between the Poly2 and Poly1 layers, collapsing
the plate causes electrical short and should be avoided. This
test verifies the structural integrity of a device and eliminates
the defective devices from further testing.

Following the DC bias tests, we connected the device to a
test board via a probe station, as shown in figure 8. The test
board includes a series resistor at the input to provide matched
source impedance and a two- stage transimpedance amplifier
at the output to drive a 50 Ω. The schematic of the test board
is given in figure 9. The overall test unit is placed inside a
NANOVAK5 NVSS-600 vacuum chamber, which has
10−7 Torr pressure level and several electrical feedthroughs.

6.2. Measurement results

S-parameters of the test unit under vacuum are measured
using a 50 Ω network analyzer. The measured average dimen-
sions of the sample device under test (DUT) are given in

5 NANOVAK, Inc., Ankara, Turkey, www.nanovak.com.tr.
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Table 2. Measured dimensions of the DUT.

Resonator radius, a 98 µm
Electrode radius, a0 80 µm
Plate thickness, tm 1.6 µm
Gap height, tg 700 nm
Overlap ratio, α 0.043

Figure 10. |S21| (solid line) and |S11| (dashed line) simulation results
of the sample coupled-resonator unit for VDC = 16 V up to 22 V in
2 V steps (from right to left) under vacuum.

Figure 11. Measurement results of |S21| transmission characteristics
of the sample coupled-resonator unit for VDC = 16 V up to 22 V in
2 V steps (from right to left) under vacuum.

table 2. S-parameter simulation results under DC bias voltages
between 16 V and 22 V in 2 V steps are plotted in figure 10.
There is a frequency shift to lower frequencies under increas-
ing VDC, as expected. Corresponding measurement results of
the sample DUT are given in figure 11. We carried out the
measurements under a custom-made probe station that fits in
the vacuum chamber. This approach brings the coaxial cable
connection requirement between the probe station and the test
board. The capacitance of this coaxial cable connection deteri-
orates the SNR of the measurements. In addition, the gap
height variations between the resonators cause asymmetry in
the transmission response. We observed a device character-
istic that complies with the simulation results considering the

tolerances of the material properties and the structural differ-
ences between the model assumptions and the PolyMUMPs
process. We have verified that the model outcome matches the
FEM simulations under various dimensional parameters and
DC bias conditions. A dedicated process where a flat vibrat-
ing plate is produced is instrumental for improved precision in
performance predictions.

7. Conclusions

We proposed and experimentally validated modeling and
design approaches for a mechanically coupled clamped cir-
cular plate resonator structure without a separate mechanical
coupling element. Low mechanical complexity and high reli-
ability were the main motivations behind the choice of this
structure.

The usual practice presented in the literature is to analyze
fabricated coupled MEMS resonators using FEM and tune
the model parameters accordingly for a specific set of dimen-
sions, bias voltage, and material parameters. This approach
makes designing a coupled-resonator filter based on electrical
specifications very difficult. We developed a physics-based
lumped element equivalent circuit model, which provides
insight, accurate and fast simulation results. The model
revealed the practical limitations on the center frequency,
bandwidth, and termination impedance. We also derived a for-
mula that relates the ratio of the termination impedance to
the center frequency for polysilicon material under the spe-
cified conditions. Using the provided design procedure, one
can determine whether the required filter specifications are sat-
isfied with this type of coupled-resonator structure.

PolyMUMPs process was used for the experimental veri-
fication of the model. An optimum design could not be imple-
mented due to the process limitations, such as the gap height,
plate thickness, and sacrificial layer release holes. Although
the process enforced some structural differences from the pro-
posed model, the measurement results proved the validity
of the developed model. Dedicated production processes in
which uniform vibration plate can be implemented are useful
to have better performing resonators.

As future work, higher-order bandpass filters based on in-
line or cyclic connections [23, 39] of more than two clamped
circular plate resonators can be designed using the givenmodel
approach. Cross-coupling between the non-neighboring reson-
ators can also be implemented by placing additional mechan-
ical paths made of a series of in-line coupled resonators.
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