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Broadband Analysis of Multiscale Electromagnetic Problems:

Novel Incomplete-Leaf MLFMA for Potential Integral Equations
Bahram Khalichi , Özgür Ergül , Manouchehr Takrimi , and Vakur B. Ertürk

Abstract— Recently introduced incomplete tree structures for the
magnetic-field integral equation are modified and used in conjunction
with the mixed-form multilevel fast multipole algorithm (MLFMA) to
employ a novel broadband incomplete-leaf MLFMA (IL-MLFMA) to
the solution of potential integral equations (PIEs) for scattering/radiation
from multiscale open and closed surfaces. This population-based algo-
rithm deploys a nonuniform clustering that enables to use deep levels
safely and, when necessary, without compromising the accuracy resulting
in an improved efficiency and a significant reduction for the memory
requirements (order of magnitudes), while the error is controllable. The
superiority of the algorithm is demonstrated in several canonical and
real-life multiscale geometries.

Index Terms— Incomplete tree structures, low-frequency breakdown,
multilevel fast multipole algorithm (MLFMA), multiscale electromagnetic
problems, potential integral equations (PIEs).

I. INTRODUCTION

The use of multilevel fast multipole algorithm (MLFMA) for the
solution of surface integral equations (SIEs) has been verified to
be one of the most promising choices for scattering and radiation
problems, due to its O(N logN) complexity for N unknowns [1]–[3].
However, when we consider multiscale structures that can be best
modeled with highly variable meshes, conventional MLFMA either
suffers from inaccuracy or displays a significant inefficiency [4], [5]
due to the fact that it is a level-based algorithm that deploys
fixed-size boxes in its tree structure. Moreover, errors originating
from the breakdown of SIE formulations and MLFMA at low
frequencies (LFs) should be treated carefully in the analysis of these
structures. All these problems worsen as the multiscale factor [4], [5]
increases.

Various studies on SIEs, focusing on the LF breakdown and broad-
band MLFMA implementations for multiscale structures [6]–[23],
are available in the literature. Unfortunately, many of them deploy
fixed-size boxes in their tree structures that may prevent accuracy
and/or efficiency when multiscale structures with high multiscale
factors are of concern.

In this study, incomplete tree structures, originally introduced for
the magnetic-field integral equation [4], are modified and used in
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conjunction with the mixed-form MLFMA [23]–[25] with the objec-
tive to employ a truly novel broadband implementation, referred to as
incomplete-leaf MLFMA (IL-MLFMA), to the solution of potential
integral equations (PIEs), which are shown to be immune to the LF
breakdown [22]–[28]. The resultant IL-MLFMA is population-based
and deploys nonuniform clustering that enables the use of deep levels
safely and only when necessary. Hence, the error is controllable,
efficiency is increased, and memory requirements are significantly
improved (order of magnitude) in the accurate analysis of scatter-
ing/radiation from multiscale conducting open and closed surfaces.

The rest of this communication is organized as follows: Section II
describes the implementation of the proposed novel IL-MLFMA for
PIEs. Demonstration of the algorithm in terms of accuracy, efficiency,
and memory requirements is provided in Section III through several
real-life multiscale geometries. An e−iωt time convention, where ω =
2π f with f being the operating frequency, is assumed and suppressed
throughout this communication.

II. IMPLEMENTATIONS

For a perfect electric conductor (PEC) in free space (ε0, μ0) with
a surface S and a normal unit vector n̂ on its surface, PIEs can
be expressed as relationships between scattered and incident fields
by satisfying the boundary conditions on S for the electric scalar
potential φ and the tangential component of the magnetic vector
potential (n̂ × A) [22]–[28]. The surface electric current density,
J , and the normal component of the magnetic vector potential,
� = n̂ · A, are the unknowns expanded with Rao–Wilton–Glisson
(RWG) [29] and pulse basis functions [22]–[28], respectively. Using
a Galerkin method of moments (MoM) solution for the resulting PIEs,
a matrix equation of the form[

�̄ J ,J �̄ J ,σ

�̄σ,J k2
0 �̄σ,σ

][
ζ/c0
ψ/η0

]
=−

[
ainc/η0

ik0ε0ϕinc

]
(1)

is obtained. In (1), k0, η0, and c0 are the free-space wavenumber,
intrinsic impedance, and wave velocity, respectively, while ζ and ψ
contain the unknown coefficients of RWG and pulse basis functions,
respectively. In addition, ainc contains the discrete tested form of
the known incident magnetic vector potential, whereas ϕϕϕinc contains
that of the electric scalar potential. Finally, the matrix entries of each
submatrix in (1) are given as[


J ,J
]
m,n = 〈

jm , g, jn
〉 ; [


J ,σ
]
m,n = 〈∇ · jm , g, σn

〉
[

σ,J

]
m,n = 〈

σm , g,∇� · jn
〉 ; [


σ,σ
]
m,n = �σm , g, σn� (2)

where
〈

f (r) , g
(
r, r ′) , h

(
r ′)〉=

∫
S
ds f (r) ·

∫
S �

ds�g
(
r, r ′) h

(
r ′) (3)

with g
(
r, r ′) being the free-space Green’s function. In (3), f (r) and

h (r) can be replaced by scalar functions.
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The fast and accurate solution of (1) using the conventional
MLFMA is not feasible for multiscale problems due to the need
of electrically small boxes at deeper levels of the constructed tree
structures giving rise to the well-known LF breakdown. As a remedy,
the mixed-form MLFMA [22]–[24], as a broadband MLFMA solver,
uses nondirective stable plane-wave MLFMA (NSPWMLFMA) at
LFs (i.e., box sizes < λ/8; λ: free-space wavelength). Although stable
computations of near- and far-field interactions can be performed via
PIEs and the broadband MLFMAs, such as the mixed-form MLFMA,
they employ the standard tree structure with fixed-size boxes and
regular division of parent boxes into at most eight subboxes and
thus offer only the following two inaccurate/inefficient options for
multiscale structures modeled with highly nonuniform discretizations:

1) to use an extended number of levels with small leaf-level boxes
that would lead to inaccurate interactions since many of these
boxes cannot enclose relatively larger discretization elements,
especially in the coarsely discretized regions leading to the
violation of addition theorem [2] in many times during the
far-field calculations;

2) to use a limited number of levels and hence larger leaf-level
boxes that would lead to a high computational cost due to
O(N2) complexity in self- and near-field interactions among
these boxes in locally overdiscretized regions.

Therefore, to tackle the abovementioned issues, incomplete
tree structures are used in conjunction with the mixed-form
MLFMA resulting in a population-based and hence, a nonuniform
clustering-based algorithm. Similar to [4] and [5], first a prede-
termined threshold, called the maximum box population (MBP),
is selected to handle such a nonuniform clustering scheme. Then,
three different types of boxes are defined for PIEs. The first two types,
namely the overcrowded boxes (OCBs) with a population equal to
or more than the given threshold and truncated boxes (TBs) with a
population less than the given threshold, have already been introduced
in [4]. However, because PIEs include both RWG and pulse basis
functions, correct organization of near- and far-field interactions
as well as their efficient and accurate computations necessitate a
third type of boxes called pruned boxes (PBs). A PB is a virtual
box, which was supposed to be one of the extensions for a TB.
Note that one can define two separate incomplete tree structures;
one for RWG and one for pulse basis functions, and implement
the algorithm proposed in [4] that does not require PBs. Unfortu-
nately, in such an implementation for PIEs, all near, pseudonear,
and far interactions for the submatrices in (1) should be redefined
and calculated separately (including four QR decompositions for
small boxes), which will significantly increase the complexity of
the algorithm especially for �̄ J ,σ and �̄σ,J submatrices. Hence,
we proceed with a novel single incomplete tree structure by selecting
the threshold over the RWG functions and implement the algorithm
as follows:

1) Identifying the Parent TB of RWG and Pulse (i.e., Triangle)
Functions: The incomplete tree structure is constructed based
on the MBP of RWG functions, and thus, the parent TBs
of RWG functions are identified using the same algorithm
presented in [4]. Very often, however, a triangle may fall into
a different parent TB from its pair and/or the corresponding
RWG function, and its occurrence increases significantly for
multiscale geometries at each and every level. Moreover, these
different parent TBs can even be located at different levels
(usually observed for geometries with large multiscale factors).
A simple example for such a scenario is shown in Fig. 1,
where three leaf-level TBs (solid lines) and the associated
virtual PBs (dashed lines, centers marked with ×) contain
part of an arbitrarily discretized geometry (i.e., RWG and

Fig. 1. Pictorial example to illustrate the parent TBs of RWG and pulse
basis functions and how their interactions are classified (i.e., near- or far-field
interactions).

pulse functions). Consider the RWG k and l together with the
associated pair of triangles (ka , kb) and (la , lb), respectively
(centroids are marked with dots). It can be clearly seen that kb
and lb remain in TB2, while their pair triangles ka and la as
well as the corresponding RWG functions (k and l) remain in
TB1. To identify the parent TB of a given triangle and hence
the total triangle population in a TB in a robust manner, we first
determine its parent PB by finding the minimum of the shortest
distances between the centroid of the triangle and the center of
the PBs containing the three edges (i.e., the associated RWGs)
of that triangle and then find the parent TB of the corresponding
PB. Because this implementation is performed only in the leaf
level, it does not bring any extra computational cost (see the
time (in seconds) “incomplete tree constructions” in numerical
examples).

2) List of Near and Far Boxes: Construction of a list for near
boxes, pseudonear boxes, and far boxes are presented in [4].

3) Near- and Far-Field Interactions: All near- and far-field inter-
actions (based on the one-buffer-box criterion) must be calcu-
lated for each and every submatrix of (1) (i.e., �̄ J ,J = �̄

N
J ,J +

�̄
F
J ,J (the same for �̄ J ,σ , �̄σ,J and �̄σ,σ ); N: near-field

calculation and F: far-field calculation). Yet, the possibility
that the parent TB of a triangle can be different than its pair
triangle and/or the corresponding RWG function, as explained
in step 1, should be considered in these calculations. As an
example, consider the kth and the mth RWG functions in Fig. 1.
They are in the far zone of each other and their interaction,〈

jk , g, jm
〉
, must be in �̄

F
J ,J . On the other hand, when we

consider the interactions between the pulses on the triangles that
form these two RWG functions, ka and mb are in the far zone of
each other and their interaction

〈
σka , g, σmb

〉
must be in �̄

F
σ,σ .

However, ma is in the near zone of both ka and kb, and mb is
in the near zone of kb. Thus, all

〈
σka , g, σma

〉
,
〈
σkb , g, σma

〉
,

and
〈
σkb , g, σmb

〉
must be in �̄

N
σ,σ . Similarly, when we consider

the interactions between these RWG functions and the pulses
on the triangles that form these RWG functions, ka and mb are
in the far zone of m and k, respectively. Hence,

〈∇ · jk , g, σmb

〉
and

〈∇ · jm , g, σka

〉
must be in �̄F

J ,σ (and
〈
σmb , g,∇� · jk

〉
and〈

σka , g,∇� · jm
〉

must be in �̄F
σ,J ). However,

〈∇ · jk , g, σma

〉
and

〈∇ · jm , g, σkb

〉
must be in �̄

N
J ,σ (and

〈
σma , g,∇� · jk

〉
and

〈
σkb , g,∇� · jm

〉
must be in �̄

N
σ,J ). After organizing all

types of interactions, matrices with high degree of sparsity are
calculated for all near-field submatrices in (1).

Regarding the far-field interactions, because NSPWMLFMA is
used at the LF regime, algorithms presented in [4] for aggregation,
translation, and disaggregation operations should be modified accord-
ingly. However, these operations are similar to those presented in [4]
at the high-frequency regime.
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TABLE I

STATISTICS FOR SCATTERING FROM A λ DIAMETER NONUNIFORMLY DISCRETIZED SPHERE WITH A MULTISCALE FACTOR OF 100 ILLUMINATED
BY AN x -POLARIZED UNIFORM PLANE WAVE PROPAGATING ALONG THE z-DIRECTION AT 3 GHz. A DIFFERENT NUMBER OF MBPs

(CORRESPONDING TO THE DIFFERENT SIMULATION LEVELS) ARE CHOSEN (*ALL HYPHENS “–” MEAN THAT THE SOLVER DOES

NOT CONVERGE)

III. NUMERICAL RESULTS

Numerical results are presented to assess the accuracy, efficiency,
and memory requirements of the proposed IL-MLFMA for PIEs
(referred to as PIE/IL-MLFMA) for various multiscale geome-
tries. The analytical Mie series solutions, the mixed-form MLFMA
for PIEs that uses the conventional tree structure (referred to as
PIE/mixed-form MLFMA) [23], the MoM solution for PIEs (referred
to as PIE/MoM), and a commercial software Ansoft high-frequency
structural simulator (HFSS) [30] are used for comparison pur-
poses. In all simulations, both PIE/IL-MLFMA and PIE/mixed-form
MLFMA use the same GMRES iterative solver with an error toler-
ance of 10−4 and the same conventional MLFMA/NSPWMLFMA
parameters as specified in [23] together with a second-order Gaussian
quadrature for the integration over the surfaces of triangles. Moreover,
both MLFMA solvers use left and right preconditioners obtained
via the incomplete lower upper decomposition of the approximate
near-field matrices of their own. However, because the definition of
near-field boxes is significantly different for the conventional and
incomplete tree structures, the sparsity of these preconditioners also
differs for PIE/mixed-form MLFMA and PIE/IL-MLFMA. Finally,
all the results are generated in MATLAB. All MLFMA results are
obtained on a cluster of Intel Xeon X5472 processors with 3.00 GHz
clock rate and 32 GB RAM, whereas the MoM results are obtained on
a cluster of Intel Xeon CLX6230 20-core processors with 2.10 GHz
clock rate and 512 GB RAM.

Scattering from a λ diameter PEC sphere at 3 GHz, illuminated by
an x-polarized uniform plane wave propagating along the z-direction
(approaching the sphere from the south pole), is our first numerical
example. The sphere is meshed nonuniformly in such a way that it
possesses a dense discretization around the south pole (edge size of
triangles varies from λ/2000 at the south pole to λ/20 around the
north pole) leading to a total number of 21 850 unknowns. The results
obtained via the PIE/IL-MLFMA are compared with those of the Mie
series solution and the PIE/mixed-form MLFMA. The relative root-
mean-square (RMS) error defined for the far zone scattered electric
field and given in [4] is used to determine the accuracy.

Table I shows the run times, the relative RMS errors, and the mem-
ory requirements of the PIE/IL-MLFMA for this PEC sphere geom-
etry as a function MBP. Note that MBP automatically determines the

deepest level attained by PIE/IL-MLFMA. The same performance
metrics of PIE/mixed-form MLFMA are also given as a function
of level in the same table for comparison purposes. Similar to [4]
and [5], the optimal MBP value is between 50 and 250 (for different
problems) for the best efficiency, and this value may be changed if the
memory requirement is an issue. The memory requirement decreases
significantly as the MBP decreases (from 7693 to 22 MB) in the
expense of longer run times for very small MBP values. On the other
hand, the error remains almost constant except a slight increase for
very small MBP values that may not be preferred from the efficiency
point of view. Also, note that the incomplete tree construction time
is negligible compared to the total run time.

When we compare the performance of PIE/IL-MLFMA with that
of PIE/mixed-form MLFMA, the following are observed. If we use
a five-level PIE/mixed-form MLFMA, the relative RMS error is
0.55% (comparable to that of PIE/IL-MLFMA), the total run time
is 6045 s and it requires 3414 MB memory. If the number of level
is increased to six, the relative RMS error increases to 2.06% and
the run time increases to 7742 s (run time increases as error grows
due to convergence problems), while the required memory decreases
to 2525 MB. A seven-level PIE/mixed-form MLFMA does not work
for this problem, as shown in Table I. On the other hand, the relative
RMS error of PIE/IL-MLFMA for MBP = 60 is 0.49%, its run time is
4170 s and its memory requirement is only 519 MB demonstrating the
superiority of PIE/IL-MLFMA. Furthermore, if we sacrifice from the
efficiency and reduce MBP to 10, the run time becomes 6470 s, which
is comparable to that of a five-level PIE/mixed-form MLFMA, and
the relative RMS error remains as 0.47%, but the required memory
becomes only 47 MB.

The far zone scattered electric field (defined as the electric field
intensity multiplied by the distance from the object when the distance
goes to infinity) and the normalized near zone electric field of a
nonuniformly discretized PEC circular cone, shown in Fig. 2(a)
with all details, form the second numerical example. It is illumi-
nated by an x-polarized uniform plane wave propagating along the
z-direction at 1 GHz. The circular cone is discretized with 11 880 tri-
angles (resulting in 29 700 unknowns), where the size of triangles
varies from λ/1000 at its apex to λ/15 at its flat base as shown
in Fig. 2(a), where the number of unknowns and the corresponding
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Fig. 2. (a) Nonuniformly discretized PEC circular cone geometry
including the number of unknowns and mesh size for each colored
region. (b) Far zone scattered electric-field results obtained via PIE/MoM,
PIE/mixed-form MLFMA, and PIE/IL-MLFMA.

mesh size at each region are also highlighted. Fig. 2(b) shows the
far zone scattered electric fields as a function of bistatic angle (θ)
on the xz plane (θ = 0◦ and θ = 180◦ represent the forward and
backward scattering directions, respectively) obtained via PIE/MoM
(used as the reference solution), PIE/IL-MLFMA with MBP = 50,
and PIE/mixed-form MLFMAs (five and six levels). The far zone
relative RMS error (with respect to MoM) for PIE/IL-MLFMA is
0.42%. This number is 0.44% for the five-level PIE/mixed-form
MLFMA and it increases to 1.08% if a six-level PIE/mixed-form
MLFMA is used. A seven-level PIE/mixed-form MLFMA does not
converge. As shown in Fig. 2(b), all results agree well with each other
except small discrepancies in the six-level PIE/mixed-form MLFMA
results. If we look at the normalized near zone electric fields for this
geometry, as shown in Fig. 3(a)–(d) [where the magnitudes of the
total electric fields on the xz plane, inside the PEC circular cone as
well its vicinity, are illustrated (apex of the cone is assumed to be at
the origin)], the near zone relative RMS error for PIE/IL-MLFMA is
0.28%, while it is 0.31% for the five-level PIE/mixed-form MLFMA.
However, this error increases to 11.75% if the level is increased
to six. As shown in Fig. 3(d), the six-level PIE/mixed-form MLFMA
suffers from inaccuracies especially at the flat base portion of the
cone, where many of the larger basis functions (both RWGs and
pulses) stick out from their parent boxes as the box size becomes
smaller, especially at the leaf level. On the other hand, regarding the
efficiency, PIE/IL-MLFMA is 3.48 times faster and requires nearly

Fig. 3. Normalized electric-field intensities in dB on the xz plane for the
circular cone geometry. Near-field results are obtained via (a) PIE/MoM,
(b) PIE/IL-MLFMA with MBP of 50 (corresponding to nine active levels),
(c) five-level PIE/mixed-form MLFMA, and (d) six-level PIE/mixed-form
MLFMA.

21 times less memory than those of the five-level PIE/mixed-form
MLFMA, which is impressive. Furthermore, it is 1.4 times faster and
requires 12 times less memory than those of six-level PIE/mixed-form
MLFMA despite the big difference in relative RMS errors (both near
and far zone errors).

A cavity-backed slot antenna taken from [31] (with the same
dimensions except that the dielectric substrate is replaced by air) is
the next numerical example. The antenna is excited via a z-directed
Hertzian dipole, located in the middle of the structure, at 9 GHz. The
metallic vias and the interdigital capacitor slots on the top surface
of the structure are densely meshed (0.04 mm) and the mesh size
is gradually increased (2 mm) for flat parts, as shown in Fig. 4(a),
leading to a total number of 82 040 unknowns. Fig. 4(b) and (c) show
the absolute value of the normalized current distributions on the
top and bottom surfaces, respectively, obtained via PIE/IL-MLFMA
with MBP = 50. The same type results obtained from HFSS are
shown in Fig. 4(d) and (e). Good agreement between these results
demonstrates the accuracy of PIE/IL-MLFMA. The radiation pattern
of this antenna obtained via both PIE/IL-MLFMA and HFSS also
agrees perfectly, as shown in Fig. 4(f).

The analysis of a Helix antenna excited by a voltage source
(modeled as a delta-gap generator [1]–[3], [27]) with a feed strength
of 1v at 500 MHz is our last numerical example. The antenna is
nonuniformly discretized as shown in Fig. 5(a), where the size of
the triangles varies from λ/12 (ground plane) to λ/600 (wire and
junction parts), resulting in 49 676 triangles and 124 163 unknowns.
As shown in Fig. 5(a), in the zoomed bottom view, a series of RWG
functions that create a circular path between the two conductors of
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Fig. 4. (a) Cavity-backed slot antenna excited by a Hertzian dipole located
in the middle of the structure. Absolute value of the normalized current
distributions on (b) top and (c) bottom surfaces obtained via PIE/IL-MLFMA
and the same current distributions on (d) top and (e) bottom surfaces of the
antenna obtained by using HFSS at 9 GHz. (f) Normalized radiation patterns
with respect to θ when ϕ = 0 and π (i.e., over the xz plane) obtained via
PIE/IL-MLFMA and HFSS.

the coaxial cable is considered for applying the delta-gap generators.
Fig. 5(b) and (c) show the absolute value of the normalized current
distributions in dB on the surfaces of the antenna obtained via
PIE/IL-MLFMA (MBP = 50 corresponding to eight levels) and
HFSS, respectively. Normalized radiation pattern of the antenna with
respect to θ when ϕ = 0 and π (i.e., over the xz plane) obtained
via PIE/IL-MLFMA and HFSS are also presented in Fig. 5(d). All
in all, the results perfectly agree with each other demonstrating the
accuracy of PIE/IL-MLFMA.

Fig. 5. (a) 3-D view of a Helix antenna with nonuniform discretization
excited by 1v circular voltage source over the coaxial line at 500 MHz. The
zoomed part presents the bottom view and delta-gap excitation used for the
Helix antenna. Absolute value of the normalized current distributions in dB on
the surfaces of the antenna obtained via (b) PIE/IL-MLFMA and (c) HFSS.
(d) Normalized radiation patterns with respect to θ when ϕ = 0 and π
(i.e., over the xz plane) obtained via PIE/IL-MLFMA and HFSS.

IV. CONCLUSION

Incomplete tree structures are used in conjunction with the
mixed-form MLFMA for the solution of PIEs leading to an algorithm
that can perform an accurate and efficient analysis of electromagnetic
scattering/radiation for multiscale open and closed surfaces. The
presented algorithm is population-based and deploys nonuniform
clustering for multiscale geometries that are often modeled by using
highly variable discretizations. However, it is significantly modified
from its predecessor by introducing PBs and reorganizing box-to-box
as well as near- and far-field interactions in order to be combined
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with PIEs, which includes both RWG and pulse basis functions.
Numerical results obtained from the scattering/radiation analysis of
canonical and real-life multiscale geometries clearly demonstrate
the superiority of the algorithm. It is accurate, where the error is
controllable, and is very efficient in terms of run time and especially
memory requirements, where more than an order of magnitude saving
in memory can be achieved.
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