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ABSTRACT

OPTIMAL SIGNAL DESIGN FOR VISIBLE LIGHT
POSITIONING UNDER POWER AND ILLUMINATION

CONSTRAINTS

Onurcan Yazar

M.S. in Electrical and Electronics Engineering

Advisor: Sinan Gezici

November 2021

The optimal design of transmit signals for light-emitting diodes (LEDs) in a

visible light positioning (VLP) system is analyzed with the objectives of im-

provements in localization accuracy and power efficiency. Specifically, the lo-

calization performance maximization problem is addressed for asynchronous and

synchronous VLP systems where certain system limitations including power con-

sumption, illumination, and effective bandwidth are considered, and the localiza-

tion performance is quantified using the Cramér-Rao lower bound (CRLB). The

formulated signal design problems are demonstrated to be convex optimization

problems and some properties of the optimal signal design parameters are found.

On the other hand, the signal design problem is also formulated for achieving the

lowest possible power consumption while guaranteeing a certain localization ac-

curacy. Then, the optimal signal design parameters resulted from the solution of

these optimization problems are used to construct the optimal transmit signals in

the LEDs. The advantages of the optimal signal design approach is demonstrated

through the numerical experiments while also presenting a comparison with the

state-of-the-art optimal power allocation method in the literature.

Keywords: Visible light positioning, power efficiency, Cramér-Rao lower bound,

convex optimization, transmit signal design.
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ÖZET

GÜÇ VE AYDINLATMA KISITLARI ALTINDA
GÖRÜNÜR IŞIK KONUMLANDIRMA İÇİN OPTİMAL

SİNYAL TASARIMI

Onurcan Yazar

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Sinan Gezici

Kasım 2021

Görünür ışık ile konumlandırma sistemlerinde ışık yayan diyotlar (LED)

tarafından gönderilen sinyallerin, konumlandırma doğruluğunun ve güç ver-

imliliğinin geliştirilmesi amaçlarıyla optimal tasarımı incelenmektedir. Özellikle,

konumlandırma doğruluğunun maksimizasyonu problemi, asenkronize ve senkro-

nize görünür ışık ile konumlandırma senaryoları için, güç tüketimi, aydınlanma

düzeyi, etkin bant genişliği gibi sistem kısıtlamaları göz önüne alınarak formüle

edilmekte ve konumlandırma doğruluğu Cramér-Rao alt sınırı kullanılarak

nicelenmektedir. Ayrıca, sinyal tasarımı problemi belirli bir konumlandırma

doğruluğu düzeyini garanti edecek biçimde en düşük güç tüketimini sağlamak

amacıyla formüle edilmektedir. Önerilen sinyal tasarımı problemlerinin kon-

veks optimizasyon problemi olduğu gösterilmektedir. Bu optimizasyon prob-

lemlerinin çözümü ile elde edilen sinyal tasarımı parametreleri kullanılarak

LED’lerden gönderilecek optimal sinyaller tasarlanmaktadır. Optimal sinyal

tasarımı yaklaşımının literatürde var olan optimal güç dağıtımı yaklaşımlarına

göre avantajları nümerik deneylerle gösterilmektedir.

Anahtar sözcükler : Görünür ışık konumlandırma, güç verimliliği, Cramér-Rao alt

sınırı, konveks optimizasyon, gönderilen sinyal tasarımı.
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Chapter 1

Introduction

1.1 Visible Light Positioning Systems

The usage of visible light systems with light-emitting diode (LED) transmitters

for communications, particularly in indoor scenarios, is becoming an increasingly

popular topic as visible light systems can provide high data rates and serve the

dual purpose of communication and illumination without requiring additional

infrastructure installation [1, 2]. Short-range applications of visible light commu-

nication (VLC) have benefits in terms of power efficiency, communication security,

cost, and license-free spectrum usage, and VLC is foreseen to become prevalent

in upcoming generations of mobile technologies, e.g., sixth-generation (6G) [3]–

[6]. Likewise, due to having less significant effects of multipath propagation in

comparison with radio frequency (RF) based solutions, the visible light tech-

nology can facilitate realization of low-cost and accurate positioning systems in

indoor environments. Therefore, visible light positioning (VLP) has attracted

notable research interest recently and been investigated from various theoretical

and practical perspectives in the literature [7]–[17].

In a typical VLP system, the main aim is to estimate the location (and ori-

entation if unknown) of a VLC receiver, i.e., target node, by making use of the
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signals transmitted by several LED transmitters with known positions and ori-

entations, which are also called anchor nodes. Numerous techniques available in

the current literature regarding localization via visible light systems can be listed

as received signal strength (RSS) [7, 8], time of arrival (TOA) [9], time difference

of arrival (TDOA) [10], angle of arrival (AOA) [11], phase difference of arrival

(PDOA) [12], and hybrid (e.g., TDOA/RSS [13]) schemes. Recent studies have

focused on various aspects and applications of VLP systems. For example, in

[14], the performance limits of the maximum-likelihood (ML) location estimator

and the Cramér-Rao lower bound (CRLB) on location estimation are considered

for visible light-based passive indoor localization. The effects of exploiting mul-

tipath reflections as an information source in a VLP system are discussed in [15]

through the analysis of the CRLB in various scenarios. Besides, a performance

analysis of non-line-of-sight (NLOS) propagation in RSS-based VLP systems is

carried out in [16], by deriving closed-form CRLB expressions for target location

and orientation estimation.

Optimal resource allocation methods have been thoroughly studied in the vis-

ible light communication and positioning (VLCP) literature. For example, in

[7], the optimal and robust power allocation schemes for LED transmitters are

developed with the objective of maximizing localization performance under il-

lumination constraints, where the localization performance is measured via the

CRLB on location estimation. The study in [17] examines a robust power alloca-

tion problem in VLP systems with the aim of minimum power consumption, in

the presence of stochastic uncertainties in localization parameters, and measures

the localization performance via the CRLB. The works in [18] and [19] focus on

optimal power allocation strategies for LED transmitters in a VLC system with

the aim of maximizing the total transmission rate over subcarriers for orthogonal

frequency-division multiplexing (OFDM) based communications. As an intel-

ligent resource allocation technique for integrated VLCP systems, a model-free

reinforcement learning based method is proposed in [20]. The authors of [21] con-

sider multi-user VLCP configurations and come up with a joint subcarrier and

power allocation approach to be implemented in such systems. Moreover, a coor-

dinated resource allocation strategy that is realizable in indoor Internet-of-Things
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(IoT) scenarios is investigated in [22].

Optimal resource allocation strategies have admitted significant research in-

terest in the design of RF based localization systems, as well. For instance, in

[23], optimal joint allocation of power and bandwidth is performed with the aim

of maximizing target localization accuracy in a multiple-input multiple-output

radar network, where the localization performance is quantified via the CRLB.

The work in [24] investigates the joint power and spectrum allocation optimiza-

tion in a resource-restricted wireless network localization setup by proposing ap-

proximate geometric programming formulations. A robust resource allocation

problem for localization accuracy maximization and power consumption mini-

mization in the presence of measurement uncertainties is examined in [25] for a

wireless localization system. Moreover, in [26], signal and system design for a

multi-frequency localization system for increased energy efficiency is carried out,

and the theoretical limits regarding the ranging accuracy are quantified via the

CRLB.

1.2 Main Contributions of the Thesis

Having the motivation of improvements manifested in recent studies on optimal

power and resource allocation in localization networks, our goal in this thesis is

to design optimal pulse shapes for LED transmitters in asynchronous and syn-

chronous VLP systems under practical constraints [27]. More specifically, we

formulate the optimal transmitted pulse design problem to improve localization

accuracy, specified via the CRLB, under several system constraints regarding

power restrictions in LEDs and illumination requirements over specified regions.

We also perform a theoretical analysis of this problem for both asynchronous

and synchronous VLP systems. In addition, we formulate the problem of op-

timal pulse design for minimum total power consumption in LED transmitters

while guaranteeing a certain level of localization performance under practical

system constraints. Moreover, we describe procedures for specifying the optimal

parameters of pulse shapes based on the solutions of the proposed optimization
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problems. Although the optimal power allocation problem is investigated in [7]

based on similar power and illumination constraints, it employs only a single

parameter, namely, the amplitudes, of pulse shapes for optimization. However,

the localization accuracy not only depends on the amplitude (equivalently, the

electrical power) of pulses but also on their optical power and/or effective band-

widths. Therefore, via the optimal power allocation approach in [7], optimal pulse

shapes may not be attained. In this thesis, we formulate the problem in terms of

generic parameters related to transmitted pulses, which introduces more degrees

of freedom in the design of pulses for each of the LED transmitters. The main

contributions presented in this thesis can be summarized as follows [27]:

• For the first time in the literature, we formulate optimal pulse design prob-

lems for VLP systems under practical power and illumination constraints, where

optical and electrical powers of LED transmitters are jointly optimized for asyn-

chronous VLP systems, and optical and electrical powers of LED transmitters

as well as effective bandwidths are jointly optimized for synchronous VLP sys-

tems. These generic formulations cover the optimal (electrical) power allocation

approaches in [7] as special cases.

• For both asynchronous and synchronous VLP systems, the problems of

CRLB minimization under practical power and illumination constraints are shown

to be convex problems. Also, some of the constraints are proved to hold with

equality, which reduces the search space in the optimization problems.

• The problem of total (electrical) power minimization with a constraint on

the CRLB under practical power and illumination constraints is formulated as a

convex problem for both asynchronous and synchronous VLP systems.

• Explicit formulas are presented to specify the optimal parameters of pulse

shapes based on the solutions of the proposed optimization problems. It is shown

that improved localization accuracy and/or power efficiency can be attained since

the same illumination constraints can be satisfied by consuming lower electrical

power via the proposed approach than that in [7].
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In addition, various numerical examples are provided to evaluate performance

of the proposed approaches in terms of the CRLB, the error of the ML estima-

tor, and the total electrical power consumption considering a typical VLP setup,

system parameters and constraints.

1.3 Organization of the Thesis

The remainder of this thesis is organized as follows: Chapter 2 presents the VLP

system model. In Chapter 3, the optimal pulse design problems are formulated

for the minimization of the CRLB on localization and the minimization of the

total power consumption in the LED transmitters by introducing the relevant

system parameters and constraints. Also, the proposed optimization problems

are analyzed theoretically. In Chapter 4, numerical results are presented and

discussions on the advantages of the proposed optimal pulse design methodology

are given. Finally, in Chapter 5, concluding remarks are made.
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Chapter 2

System Model

We consider a VLP setup in which the aim is to estimate the location of a VLC

receiver by utilizing the signals emitted by NL LED transmitters. In this setup,

only the line-of-sight (LOS) path between each LED transmitter and the VLC

receiver is considered as in [1, 7, 9], and it is assumed that a multiple access

protocol (e.g., code-division multiple access) is employed so as to enable the VLC

receiver to process the signals sent by each of the LED transmitters separately.

Then, the received signal at the VLC receiver corresponding to the signal sent by

the ith LED transmitter can be expressed as [9]

ri(t) = αiRpsi(t− τi) + ηi(t), i = 1, . . . , NL (2.1)

for t ∈ [T1,i, T2,i], where T1,i and T2,i, respectively, represent the starting and

ending time instants for the VLC receiver’s observation of the signal transmitted

by the ith LED transmitter, αi denotes the optical channel attenuation factor

between the ith LED transmitter and the VLC receiver (αi > 0), Rp is the photo

detector responsivity of the VLC receiver, si(t) is the signal transmitted by the

ith LED transmitter, τi stands for the TOA of the signal arriving from the ith

LED transmitter, and ηi(t)’s are independent zero-mean white Gaussian noise

processes having spectral density level of σ2, with the independence stemming

from that a multiple access protocol is followed.

6



The TOA parameter in (2.1) can be modeled as

τi =
‖lr − l it‖

c
+ ∆i , i = 1, . . . , NL (2.2)

where lr = [lr,1, lr,2, lr,3]
T and l it = [lit,1, l

i
t,2, l

i
t,3]

T denote the locations of the VLC

receiver and the ith LED transmitter, respectively, c is the speed of light, ‖ · ‖
denotes the vector length operation, and ∆i specifies the clock offset between

the VLC receiver and the ith LED transmitter. The clock offsets {∆i}NL

i=1 are

modeled as deterministic unknown parameters for asynchronous VLP systems,

whereas ∆i = 0, for i = 1, . . . , NL refers to the synchronous VLP system case.

The channel attenuation factor αi in (2.1) can be expressed through the Lam-

bertian model as [28]

αi =
(mi + 1)S

2π

[(lr − l it )
Tnit]

mi(l it − lr)
Tnr

‖lr − l it‖mi+3
, i = 1, . . . , NL (2.3)

where mi is the Lambertian order for the ith LED transmitter, S is the area

of the photo detector at the VLC receiver, and nr = [nr,1, nr,2, nr,3]
T and nit =

[nit,1, n
i
t,2, n

i
t,3]

T denote the orientations of the VLC receiver and the ith LED

transmitter, respectively.

In this setup, the VLC receiver is assumed to have the knowledge of

some parameters such as nr (which can be measured via a gyroscope), Rp,

S, and si(t), along with the parameters related to the LED transmitters,

which can be gathered by communicating with each of the LED transmitters(
i.e., mi, l

i
t , and nit, for i ∈ {1, . . . , NL}

)
[7].
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Chapter 3

Optimal Signal Design

Approaches

In this chapter, the problems for optimal pulse design for LED transmitters are

proposed with the aim of maximum localization accuracy or minimum total power

consumption in a VLP system. To this aim, we first quantify the localization

accuracy metric used as the objective function, and then specify some practical

constraints related to illumination levels and power consumption. Afterwards,

we formulate and analyze the optimization problems for both asynchronous and

synchronous VLP scenarios. Our main goal is to provide a more general approach

for pulse design in VLP systems than the power allocation approach proposed in

[7].

3.1 Assessment of Localization Accuracy

The localization accuracy of the VLP system can be quantified by the CRLB

on the mean-squared error (MSE) of any unbiased location estimator (̂lr) for the

actual location of the VLC receiver (lr), which is stated as [29, 30]

E
{
‖̂lr − lr‖2

}
≥ trace

{
J−1
}

(3.1)
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In (3.1), J represents the Fisher information matrix (FIM), which is computed

differently for the asynchronous and synchronous VLP scenarios, due to having

additional unknown parameters related to the clock time offsets (i.e., τ1, . . . , τNL
)

in the asynchronous scenario. Namely, the FIM is given by J = Jasy with the defi-

nition in (A.1) for asynchronous VLP systems, and by J = Jsyn with the definition

in (A.2) for synchronous VLP systems (please see Appendix A). Therefore, it is

more convenient to address the problems for the asynchronous and synchronous

VLP schemes differently.

The usage of CRLB as a performance metric can be justified by the fact that

the CRLB can be attained via the ML estimator for the location of the VLC

receiver for high signal-to-noise ratios (SNRs). Besides, the usage of CRLB facil-

itates mathematically tractable derivations.

In addition to other positioning parameters, the FIMs Jasy in (A.1) and Jsyn

in (A.2) depend on three sets of parameters related to the transmitted signals

si(t), namely, E
(i)
1 , E

(i)
2 , and E

(i)
3 , which are defined as

E
(i)
1 ,

∫ Ts,i

0

(
d

dt
si(t)

)2

dt (3.2)

E
(i)
2 ,

∫ Ts,i

0

(
si(t)

)2
dt (3.3)

E
(i)
3 ,

∫ Ts,i

0

si(t)
d

dt
si(t) dt (3.4)

for i ∈ {1, . . . , NL}, where Ts,i stands for the pulse width of si(t). If the trans-

mitted pulses are designed such that si(0) = si(Ts,i) is satisfied, which is a usual

practice, then via (3.4), we have E
(i)
3 = 0, for i ∈ {1, . . . , NL}.

9



3.2 System Constraints

In order to describe the general pulse design problem in a manner that also

addresses practical concerns, several constraints related to LED powers and il-

lumination levels should be considered similarly to [7]. Besides, due to the gen-

erality of the proposed pulse design approach, there exist additional constraints

in the proposed problem formulations on the optical and electrical powers (due

to Jensen’s inequality) and on the effective bandwidths of signals emitted by the

LED transmitters.

3.2.1 Individual Power Limitations

In order to ensure efficient electrical-to-optical power conversion in the LED trans-

mitters by driving the LEDs in the linear region of operation, the electrical power

of each LED transmitter must lie within a certain region [7, 31]. As E
(i)
2 values

in (3.3) are proportional to the electrical power of the ith LED transmitter, the

constraint regarding the individual power limitations can be expressed as

Elb
2 � E2 � Eub

2 (3.5)

with E2 , [E
(1)
2 , . . . , E

(NL)
2 ]T , where Elb

2 and Eub
2 stand for the lower and upper

bounds on E2, respectively.

3.2.2 Total Power Limitation

In many scenarios, the total power consumption in the LED transmitters is lim-

ited due to safety considerations or so as to stick to a power budget [7, 28, 32].

This constraint can be stated as

1TE2 ≤ Etot
2 (3.6)

with Etot
2 specifying the total electrical power limit for the LED transmitters.

10



3.2.3 Individual Illuminance Requirements

The indoor illumination utilization of VLP systems may require that a certain

brightness level must be maintained at particular locations in a room [7, 32]. The

horizontal illuminance generated at location x due to the ith LED is calculated

as [7]

I(x, E
(i)
0 ) = E

(i)
0 φi(x) (3.7)

with

E
(i)
0 ,

∫ Ts,i

0

si(t) dt (3.8)

and

φi(x) ,
(mi + 1)κi

2πTs,i

[(x− lit)
Tnit]

mi(lit,3 − x3)
‖x− lit‖mi+3

(3.9)

where κi denotes the luminous efficacy of the ith LED transmitter, for i =

1, . . . , NL. Then, the total illuminance produced at location x due to all the

LEDs is found as [7, 33]

Itot(x,E0) =

NL∑
i=1

I(x, E
(i)
0 ) =

NL∑
i=1

E
(i)
0 φi(x) = φφφ(x)TE0 (3.10)

with φφφ(x) and E0 being defined as φφφ(x) , [φ1(x), . . . , φNL
(x)]T and E0 ,

[E
(1)
0 , . . . , E

(NL)
0 ]T , respectively. Then, the constraint regarding the individual

illuminance requirements is stated as

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.11)

where Ĩ` denotes the illuminance requirement for location x` and L denotes the

number of locations at which an illuminance requirement is specified.

3.2.4 Average Illuminance Requirement

The fact that VLP systems are utilized for illumination purposes may bring about

an average brightness requirement over a room [7]. Using (3.7), the average

illuminance over a region A is calculated as

Iavg(E0) =
1

|A|

NL∑
i=1

E
(i)
0

∫
A
φi(x) dx (3.12)

11



with |A| denoting the volume of the region for which an average illuminance

requirement is specified. Then, the corresponding constraint is stated as

Iavg(E0) ≥ Ĩavg (3.13)

where Ĩavg specifies the average illuminance requirement.

3.2.5 Jensen’s Inequality

Jensen’s inequality for the transmitted signals si(t) is stated as [29](
1

Ts,i

∫ Ts,i

0

si(t) dt

)2

≤ 1

Ts,i

∫ Ts,i

0

(
si(t)

)2
dt (3.14)

for i = 1, . . . , NL. Via (3.3) and (3.8), this is equivalent to(
E

(i)
0

Ts,i

)2

≤ E
(i)
2

Ts,i
, i = 1, . . . , NL (3.15)

and can be stated as the constraint

diag {E0}E0 � diag {Ts}E2 (3.16)

where diag {·} denotes the diagonalization operator1 and Ts , [Ts,1, . . . , Ts,NL
]T .

3.2.6 Effective Bandwidth Limitation

For a synchronous VLP system, the effective bandwidth for the ith LED trans-

mitter can be calculated as

β(i) =

√∫
f 2|Si(f)|2 df∫
|Si(f)|2 df

=
1

2π

√
E

(i)
1 /E

(i)
2 , i = 1, . . . , NL (3.17)

via Parseval’s relation, where Si(f) denotes the Fourier transform of si(t) [34].

Then, the constraint regarding the LED transmitters’ effective bandwidth limi-

tation can be stated as

E1 � 4π2 diag{β̃ββ
ub
}E2 (3.18)

1The diagonalization operator diag {x} : RN×1 → RN×N returns a diagonal matrixX, whose
diagonal entries Xii are equal to the input vector elements xi, for i = 1, . . . , N.

12



where β̃ββ
ub
,
[(
βub,(1)

)2
, . . . ,

(
βub,(NL)

)2]T
specifies the upper bounds on the

squares of the effective bandwidths for the LED transmitters.

Remark 1. The constraint in (3.16) is not considered in [7] since only the am-

plitudes of pulse shapes are optimized in that work. For the same reason, the

effective bandwidths are fixed in [7], hence, (3.18) does not apply, either.

Remark 2. The following assumptions are made in the remainder of the thesis:

(A1) Regarding the constraints in (3.5) and (3.6), 1TElb
2 ≤ Etot

2 is assumed

for the feasibility of the problems.

(A2) We assume that Etot
2 ≤ 1TEub

2 holds in order to exclude the trivial solu-

tions.

(A3) The FIMs are assumed to be positive definite (invertible) such that the

CRLBs can be calculated.

(A4) It is assumed that α̃i 6= 0 for all i = 1, . . . , NL, where α̃i ,

[∂αi/∂lr,1, ∂αi/∂lr,2, ∂αi/∂lr,3]
T (please see the definition in (A.11)). This is a

reasonable assumption since α̃i = 0 corresponds to an impractical scenario in

which the received signal power (equivalently, RSS measurement) due to the ith

LED does not provide any location information (e.g., please see (A.1)).2

3.3 CRLB Minimization Problems

The problems for maximizing the localization accuracy (i.e., minimizing the

CRLB) are formulated for the asynchronous and synchronous cases separately

since the optimization metrics and the constraints differ for each case.

2Such a scenario can occur only when a VLC receiver and an LED transmitter cannot
communicate, i.e., are not connected. Such an LED transmitter can be excluded from the list
of LED transmitters for localization of the VLC receiver. Hence, this scenario can be omitted
from the theoretical analysis without loss of generality.

13



3.3.1 Asynchronous Case

Based on the constraints in (3.5), (3.6), (3.11), (3.13), and (3.16), the optimal

pulse design problem for the maximization of the localization accuracy can be

formulated in the asynchronous scenario as follows:

minimize
E0,E2

trace
{
J−1asy(E2)

}
(3.19a)

subject to Elb
2 � E2 � Eub

2 (3.19b)

1TE2 ≤ Etot
2 (3.19c)

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.19d)

Iavg(E0) ≥ Ĩavg (3.19e)

diag{E0}E0 � diag{Ts}E2 (3.19f)

Compared to the formulation in [7] where only the electrical powers of LED

transmitters are optimized, the proposed formulation in (3.19) corresponds to

the joint optimization of electrical and optical powers in the presence of the

additional constraint in (3.19f) and achieves the overall optimal pulse design

according to the CRLB metric. The price paid for the improved performance is

the computational complexity since the dimensions of the optimization variables

are NL and 2NL for the problems in [7] and in this thesis, respectively. However,

the dimension increase may not be crucial in most practical systems since the

problems are convex (please see Lemma 1 below) and they do not have to be

solved very frequently (i.e., location updates are not very frequent in indoor

localization systems).

In the following lemma, the convexity of the problem in (3.19) is established.

Lemma 1. The optimization problem in (3.19) is convex.

Proof. The FIM for the asynchronous case is as expressed in (A.3). Using the

same argument as in Lemma 1 in [7], we conclude that trace
{
J−1asy(E2)

}
is a

convex function in E2; hence, the objective function in (3.19a) is convex. Besides,

the constraints in (3.19b)–(3.19e) are linear (see (3.12)). In order to observe the

14



convexity of the constraint in (3.19f), we can compute the Hessian matrix for the

ith entry in the constraint as

2

T 3
s,i

(
E

(i)
2

)3
 T 2

s,i

(
E

(i)
2

)2 −Ts,iE(i)
0 E

(i)
2

−Ts,iE(i)
0 E

(i)
2

(
E

(i)
0

)2
 (3.20)

which is a positive semidefinite matrix. Therefore, the objective function of the

problem in (3.19) is a convex function and its feasible set is a convex set. Thus,

the problem in (3.19) is a convex optimization problem [35]. �

The following lemma states that the optimal pulse design parameters attain

the total electrical power limit for the LED transmitters, i.e., (3.19c) is satisfied

with equality when there exists a solution of (3.19) under the assumptions in

Remark 2.

Lemma 2. When the problem in (3.19) is feasible, its solution satisfies the in-

equality constraint in (3.19c) with equality.

Proof. To prove the claim in the lemma via contradiction, suppose Ê2 is a solution

of (3.19) with 1T Ê2 < Etot
2 (and satisfies all the constraints). Since Etot

2 ≤ 1TEub
2

is assumed to hold (please see (A2) in Remark 2), there exists a vector Ẽ2 =

[Ẽ
(1)
2 , . . . , Ẽ

(NL)
2 ]T such that Ẽ

(i)
2 = Ê

(i)
2 for all i ∈ {1, . . . , NL} \ {j} and Ẽ

(j)
2 −

Ê
(j)
2 = ∆ > 0. Here, ∆ is chosen sufficiently small so as to satisfy both (3.19b)

and (3.19c) for E2 = Ẽ2. (The constraint in (3.19f) is satisfied automatically.)

From (A.1) (with E
(i)
3 = 0 ∀i), the difference between the FIMs corresponding

to Ẽ2 and Ê2 can be computed as

Jasy(Ẽ2)− Jasy(Ê2) =
R2
p∆

σ2
α̃j α̃

T
j (3.21)

where j is the index for which Ẽ
(j)
2 −Ê

(j)
2 = ∆ and α̃j , [∂αj/∂lr,1, ∂αj/∂lr,2, ∂αj/∂lr,3]

T .

By invoking the Woodbury matrix inversion lemma [36], the following relations

15



are obtained:

J−1asy(Ẽ2) =

(
Jasy(Ê2) + α̃j γ α̃

T
j

)−1
= J−1asy(Ê2)− J−1asy(Ê2)α̃j

(
α̃T
j J−1asy(Ê2)α̃j +

1

γ

)−1
α̃T
j J−1asy(Ê2)

= J−1asy(Ê2)−
1

k
J−1asy(Ê2)α̃jα̃

T
j J−1asy(Ê2) (3.22)

where γ , R2
p∆/σ

2 > 0 and k , α̃T
j J−1asy(Ê2)α̃j + 1/γ > 0 due to the positive

definiteness of Jasy(Ê2). Then, we have

trace
{
J−1asy(Ẽ2)

}
= trace

{
J−1asy(Ê2)

}
− 1

k
trace

{
J−1asy(Ê2)α̃jα̃

T
j J−1asy(Ê2)

}
< trace

{
J−1asy(Ê2)

}
(3.23)

since k > 0 and trace
{
J−1asy(Ê2)α̃jα̃

T
j J−1asy(Ê2)

}
> 0 due to the positive definiteness

of MTM with M , α̃T
j J−1asy(Ê2). (Note that α̃j 6= 0 due to assumption (A4) in

Remark 2.) Hence, it is shown that Ê2 cannot be a solution of (3.19) since Ẽ2

achieves a lower objective value and satisfies the constraints in (3.19).3 This

results in a contradiction to the initial assumption and implies that a feasible

vector Ê2 with 1T Ê2 < Etot
2 cannot be a solution of (3.19) under the stated

conditions. Therefore, solutions of (3.19) must satisfy the constraint in (3.19c)

with equality. �

Based on Lemma 2, the problem in (3.19) can be expressed as the following

convex optimization problem:

minimize
E0,E2

trace
{
J−1asy(E2)

}
(3.24a)

subject to Elb
2 � E2 � Eub

2 (3.24b)

1TE2 = Etot
2 (3.24c)

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.24d)

Iavg(E0) ≥ Ĩavg (3.24e)

diag{E0}E0 � diag{Ts}E2. (3.24f)

3More generally, it is shown that the objective function in (3.19a) is a monotone decreasing
function with respect to the elements of E2.
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where the inequality constraint in (3.19c) is replaced with the equality constraint

in (3.24c), leading to a reduction in the search space.

3.3.2 Synchronous Case

Based on the constraints in (3.5), (3.6), (3.11), (3.13), (3.16), and (3.18), the

optimal pulse design problem for the maximization of the localization accuracy

can be formulated in the synchronous scenario as follows:

minimize
E0,E1,E2

trace
{
J−1syn(E1,E2)

}
(3.25a)

subject to Elb
2 � E2 � Eub

2 (3.25b)

1TE2 ≤ Etot
2 (3.25c)

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.25d)

Iavg(E0) ≥ Ĩavg (3.25e)

diag{E0}E0 � diag{Ts}E2 (3.25f)

E1 � 4π2 diag{β̃ββ
ub
}E2 (3.25g)

Compared to the formulation in [7] where only the electrical powers of LED

transmitters are optimized, the joint optimization over all the pulse parameters

(equivalently, electrical powers, optical powers, and effective bandwidths) are

performed in (3.25), leading to the overall optimal pulse design according to the

CRLB metric.

In the following lemma, the convexity of the problem in (3.25) is stated.

Lemma 3. The optimization problem in (3.25) is convex.

Proof. Using a similar reasoning as in the proof of Lemma 1, we can show that the

feasible set of (3.25) corresponds to a convex set. In order to show the convexity of

the objective function, we define the parameter vector as θθθ ,
[
ET

1 , ET
2

]T ∈ R2NL ,

17



and reexpress the objective function in (3.25a) as

f(θθθ) , trace
{
J−1syn(E1,E2)

}
= trace

{[
(I3 ⊗ E2)

TΓ + (I3 ⊗ E1)
T Γ̃
]−1}

. (3.26)

where we employ the FIM expression for the synchronous case in (A.4).

For any θθθ∗ =
[
E∗T1 , E∗T2

]T ∈ R2NL , θ̃θθ = [ẼT
1 , ẼT

2 ]T ∈ R2NL , and λ ∈ [0, 1], we

can obtain the following relations:

f(λθθθ∗ + (1− λ)θ̃θθ) = trace
{[(

I3 ⊗ (λE∗2 + (1− λ)Ẽ2)
)T

Γ

+
(
I3 ⊗ (λE∗1 + (1− λ)Ẽ1)

)T
Γ̃
]−1}

≤ λ trace
{[

(I3 ⊗ E∗2)
TΓ + (I3 ⊗ E∗1)

T Γ̃
]−1}

+ (1− λ) trace
{[

(I3 ⊗ Ẽ2)
TΓ + (I3 ⊗ Ẽ1)

T Γ̃
]−1}

≤ λf(θθθ∗) + (1− λ)f(θ̃θθ) (3.27)

where we use the fact that trace{M−1} is a convex function for M � 0. The

relation in (3.27) proves that the objective function is a convex function of θθθ,

hence, of E1 and E2.

Since the feasible set of the problem in (3.25) is a convex set and the objective

function is a convex function, the problem in (3.25) is a convex optimization

problem. �

The following lemma specifies the monotone decreasing nature of the objec-

tive function in (3.25a), which leads to the fact that the optimal pulse design

parameters satisfy the inequality constraints in (3.25c) and (3.25g) with equality.

Lemma 4. The objective function in (3.25a) is monotone decreasing with respect

to E
(i)
1 and E

(i)
2 , for all i ∈ {1, . . . , NL}, and the solution of the problem in (3.25),

if feasible, satisfies (3.25c) and (3.25g) with equality.

Proof. From (A.4), the objective function of the problem in (3.25) can be ex-

pressed as f(E1,E2) , trace
{[

(I3 ⊗E2)
TΓ + (I3 ⊗E1)

T Γ̃
]−1}

. In order to show

the monotonicity of this function with respect to the elements of E1, we define a

18



new vector Ẽ1 = [Ẽ
(1)
1 , . . . , Ẽ

(NL)
1 ]T , where Ẽ

(i)
1 = E

(i)
1 for all i ∈ {1, . . . , NL}\{j}

and Ẽ
(j)
1 = E

(j)
1 + ∆ for ∆ > 0. Then, the difference between the FIMs corre-

sponding to Ẽ1 and E1 can be found, via (A.2) (with E
(i)
3 = 0 ∀i), as

Jsyn(Ẽ1,E2)− Jsyn(E1,E2) =
R2
pα

2
j∆

σ2
τ̃ττ jτ̃ττ

T
j (3.28)

with j is the index for which Ẽ
(j)
1 −E

(j)
1 = ∆ and τ̃ττ j , [∂τj/∂lr,1, ∂τj/∂lr,2, ∂τj/∂lr,3]

T .

Then, via the Woodbury matrix inversion lemma, we can show that

J−1syn(Ẽ1,E2) =

(
Jsyn(E1,E2) + τ̃ττ j γ τ̃ττ

T
j

)−1
= J−1syn(E1,E2)− J−1syn(E1,E2)τ̃ττ j

(
τ̃ττTj J−1syn(E1,E2)τ̃ττ j +

1

γ

)−1
τ̃ττTj J−1syn(E1,E2)

= J−1syn(E1,E2)−
1

k
J−1syn(E1,E2)τ̃ττ jτ̃ττ

T
j J−1syn(E1,E2) (3.29)

with γ , R2
pα

2
j∆/σ

2 > 0 and k , τ̃ττTj J−1syn(E1,E2)τ̃ττ j + 1/γ > 0, due to the positive

definiteness of Jsyn(E1,E2). Then, we have

trace
{
J−1syn(Ẽ1,E2)

}
= trace

{
J−1syn(E1,E2)

}
− 1

k
trace

{
J−1syn(E1,E2)τ̃ττ jτ̃ττ

T
j J−1syn(E1,E2)

}
< trace

{
J−1syn(E1,E2)

}
(3.30)

since trace
{
J−1syn(E1,E2)τ̃ττ jτ̃ττ

T
j J−1syn(E1,E2)

}
> 0 due to the positive definiteness

of MTM, with M , τ̃ττTj J−1syn(E1,E2).
4 This establishes the monotone decreasing

property of f(E1,E2) with respect to the elements of E1.

Similarly, we can define Ẽ2 = [Ẽ
(1)
2 , . . . , Ẽ

(NL)
2 ]T , where Ẽ

(i)
2 = E

(i)
2 for all

i ∈ {1, . . . , NL} \ {`} and Ẽ
(`)
2 = E

(`)
2 + ∆ for ∆ > 0. Then, the difference

between the FIMs corresponding to Ẽ2 and E2 can be found, via (A.2) (with

E
(i)
3 = 0 ∀i), as

Jsyn(E1, Ẽ2)− Jsyn(E1,E2) =
R2
p∆

σ2
α̃`α̃

T
` (3.31)

with α̃` , [∂α`/∂lr,1, ∂α`/∂lr,2, ∂α`/∂lr,3]
T . Following the same lines as in the

proof of Lemma 2, we observe that f(E1,E2) is a monotone decreasing function

with respect to E2.

4Please note that τ̃ττ j 6= 0 for each j since the VLC receiver cannot be at the same location
as any of the LED transmitters (see (A.12)).
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Overall, the objective function in (3.25a) is monotone decreasing with respect

to the elements of E1 and E2. Therefore, if a vector E2 is feasible for (3.25) with

1TE2 < Etot
2 , then the arguments in the proof of Lemma 2 can be invoked to

show that we can construct another feasible vector that achieves a lower objective

value. Hence, a vector E2 with 1TE2 < Etot
2 cannot be the solution of (3.25);

i.e., (3.25c) must be satisfied with equality. Similarly, if a vector E1 is feasible

for (3.25) with E1 ≺ 4π2 diag{β̃ββ
ub
}E2, then there exists another feasible vector

Ẽ1 = [Ẽ
(1)
1 , . . . , Ẽ

(NL)
1 ]T , where Ẽ

(i)
1 = E

(i)
1 for all i ∈ {1, . . . , NL} \ {j} and

Ẽ
(j)
1 = E

(j)
1 + ∆ with a sufficiently small ∆ > 0. Due to the monotonicity of the

objective function in (3.25a) with respect to the elements of E1, Ẽ1 achieves a

lower objective function; hence, E1 cannot be a solution; i.e., solutions of (3.25c)

must satisfy (3.25g) with equality. �

As Lemma 4 claims, solutions of the optimization problem in (3.25) satisfy

the inequality constraints in (3.25c) and (3.25g) with equality. Hence, the prob-

lem in (3.25) can equivalently be expressed as the following convex optimization

problem:

minimize
E0,E2

trace{J−1syn(4π2 diag{β̃ββ
ub
}E2,E2)} (3.32a)

subject to Elb
2 � E2 � Eub

2 (3.32b)

1TE2 = Etot
2 (3.32c)

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.32d)

Iavg(E0) ≥ Ĩavg (3.32e)

diag{E0}E0 � diag{Ts}E2. (3.32f)

where the equality condition for (3.25g) is used to express E1 in terms of E2, and

(3.25c) is replaced with the equality constraint in (3.32c). Comparing the original

problem in (3.25) and the equivalent problem in (3.32), it can be observed that

the number of optimization variables is reduced by a factor of 2/3, namely, from

[ET
0 , ET

1 , ET
2 ]T ∈ R3NL to [ET

0 , ET
2 ]T ∈ R2NL .
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3.4 Total Power Minimization Problems

The problem of ensuring minimum power consumption in LED transmitters in a

VLP system can be examined in the presence of practical power and illumination

constraints as in the problems presented in Section 3.3, with the addition of a

requirement regarding the localization accuracy [7]. Using the CRLB as a metric

for the localization error performance, the total power minimization problem can

be investigated for asynchronous and synchronous cases as follows.

3.4.1 Asynchronous Case

The total power minimization problem for an asynchronous VLP system can be

formulated as

minimize
E0,E2

1TE2 (3.33a)

subject to Elb
2 � E2 � Eub

2 (3.33b)

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.33c)

Iavg(E0) ≥ Ĩavg (3.33d)

diag{E0}E0 � diag{Ts}E2 (3.33e)

trace
{
J−1asy(E2)

}
≤ εasy (3.33f)

where εasy stands for the maximum tolerable CRLB level for the localization of the

VLC receiver in the asynchronous scenario. Using the fact that trace
{
J−1asy(E2)

}
is a convex function (Lemma 1), it is observed that the problem in (3.33) is a

convex optimization problem.
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3.4.2 Synchronous Case

The total power minimization problem for a synchronous VLP system can be

formulated as

minimize
E0,E1,E2

1TE2 (3.34a)

subject to Elb
2 � E2 � Eub

2 (3.34b)

φφφ(x`)
TE0 ≥ Ĩ`, ` = 1, . . . , L (3.34c)

Iavg(E0) ≥ Ĩavg (3.34d)

diag{E0}E0 � diag{Ts}E2 (3.34e)

E1 � 4π2 diag
{
β̃ββ
ub}

E2 (3.34f)

trace
{
J−1syn(E1,E2)

}
≤ εsyn (3.34g)

where εsyn stands for the maximum tolerable CRLB level for the localization of

the VLC receiver in the synchronous scenario. The problem in (3.34) is a convex

optimization problem as well, since its constraints are linear or convex and its

objective function is linear.

The proposed total power minimization problems in (3.33) and (3.34) pro-

vide a more generic approach than the total power minimization approach in

[7] where only the electrical powers of LED transmitters are optimized. There-

fore, improved power efficiency can be achieved via the proposed formulations,

as investigated in Chapter 4.

Remark 3. In the proposed optimization problems in Sections 3.3 and 3.4, it is

assumed that the localization parameters are perfectly known. If the localization

parameters are known with some uncertainty (i.e., in the presence of imperfect

knowledge), the robust formulations of the proposed problems can be obtained

similarly to those discussed in [7] and [17] in a straightforward manner.
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3.5 Calculation of Optimal Pulse Design Pa-

rameters

In this part, the main aim is to come up with signal shapes that comply with the

optimal values of E0, E1, and E2, namely, E∗0, E∗1, and E∗2, respectively, that are

determined via the solutions of the aforementioned optimization problems. Let

us choose the transmitted pulses as

si(t) =
√
Pi s̃i(t) + bi, t ∈ [0, Ts,i] (3.35)

for i = 1, . . . , NL, where s̃i(t) is a generic base signal, and {Pi}NL

i=1 and {bi}NL

i=1,

respectively, are the scale and bias terms. Here, we remark that our proposed ap-

proach to the problem in terms of more general parameters related to signals (i.e.,

E0, E1, and E2) facilitates design of transmit pulses with two and three degrees

of freedom in the asynchronous and synchronous cases, respectively, contrary to

the power allocation approach in [7] employing only one design parameter for

each pulse, namely, Pi.

Using the definitions in (3.2), (3.3), and (3.8) for the signal model in (3.35),

we obtain the following relations:

E
∗(i)
0 =

√
PiẼ

(i)
0 + biTs,i (3.36)

E
∗(i)
1 = PiẼ

(i)
1 (3.37)

E
∗(i)
2 = PiẼ

(i)
2 + 2bi

√
PiẼ

(i)
0 + b2iTs,i (3.38)

where Ẽ
(i)
0 ,

∫ Ts,i
0

s̃i(t) dt, Ẽ
(i)
1 ,

∫ Ts,i
0

(
ds̃i(t)/dt

)2
dt and Ẽ

(i)
2 ,

∫ Ts,i
0

(
s̃i(t)

)2
dt

for i = 1, . . . , NL.

In the asynchronous scenario, for given optimal values E∗0 and E∗2, the optimal

pulse design parameters can be calculated from (3.36) and (3.38) as

Pi =
E
∗(i)
2 Ts,i −

(
E
∗(i)
0

)2
Ẽ

(i)
2 Ts,i −

(
Ẽ

(i)
0

)2 (3.39)

bi =
1

Ts,i

E∗(i)0 − Ẽ(i)
0

√√√√E
∗(i)
2 Ts,i −

(
E
∗(i)
0

)2
Ẽ

(i)
2 Ts,i −

(
Ẽ

(i)
0

)2
 (3.40)
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for i = 1, . . . , NL, considering any given set of base signals.

In the synchronous scenario, as the optimal values of E∗0, E∗1 and E∗2 are spec-

ified, we require an additional pulse design parameter to adjust the effective

bandwidth B̃i of the ith base signal s̃i(t), which is computed as

B̃i =
1

2π

√
Ẽ

(i)
1 /Ẽ

(i)
2 , i = 1, . . . , NL (3.41)

Then, for given E∗0, E∗1 and E∗2, this pulse design parameter is determined via

(3.37) and (3.41) as

B̃i =
1

2π

√√√√ E
∗(i)
1

(
Ẽ

(i)
2 Ts,i −

(
Ẽ

(i)
0

)2)
Ẽ

(i)
2

(
E
∗(i)
2 Ts,i −

(
E
∗(i)
0

)2) (3.42)

for i = 1, . . . , NL, while the other pulse design parameters Pi and bi are found via

(3.39) and (3.40), respectively.
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Chapter 4

Numerical Results

In this chapter, we present numerical results that illustrate the performance of the

proposed optimal pulse design methodology for the problems of CRLB minimiza-

tion and total power minimization. We simulate a VLP setup with parameters as

given in Table 4.1 and compare the results of the proposed approaches with the

uniform and optimal power allocation strategies specified in [7]. We also consider

the uniform electrical power distribution scheme which refers to E
(i)
2 = Etot

2 /NL,

for i = 1, . . . , NL, subject to (3.19b)–(3.19f) as another baseline to evaluate the

outcomes. This approach is labeled as “Pulse design (uniform)” in the figures.

In order to be in accordance with the work in [7], we choose our base signals

as

s̃i(t) =
2

3

(
1− cos(2πt/Ts,i)

)(
1 + cos(2πfc,it)

)
, t ∈ [0, Ts,i] (4.1)

Then, the parameters of the base signals appearing in (3.36)–(3.38) can be ex-

pressed as

Ẽ
(i)
0 =

2

3

(
Ts,i +

∫ Tc,i

0

cos(2πfc,it) (1− cos(2πt/Ts,i)) dt

)
(4.2)

Ẽ
(i)
1 =

16π2

9

∫ Ts,i

0

(
sin(2πt/Ts,i)

Ts,i
(1− cos(2πfc,it))

− fc,i sin(2πfc,it) (1− cos(2πt/Ts,i))

)2

dt (4.3)
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Parameter Value
Room dimensions 10× 10× 5 m
Number of LED transmitters, NL 4

Location of LED #1, l1t [1 1 5]T m

Location of LED #2, l2t [1 9 5]T m

Location of LED #3, l3t [9 1 5]T m

Location of LED #4, l4t [9 9 5]T m
Orientation of LEDs, nit, i = 1, 2, 3, 4 [0 0 − 1]T

Number of illumination constraints, L 4
Location of illumination constraint #1, x1 [1 1 1]T m
Location of illumination constraint #2, x2 [1 9 1]T m
Location of illumination constraint #3, x3 [9 1 1]T m
Location of illumination constraint #4, x4 [9 9 1]T m
Orientation of VLC receiver, nr [0.5 0 0.866]T

Photo detector responsivity, Rp 0.4 mA/mW
Area of photo detector, S 1 cm2

Noise spectral density level, σ2 1.3381× 10−22 W/Hz
LED Lambertian order, mi, i = 1, 2, 3, 4 1
LED luminous efficacy, κi, i = 1, 2, 3, 4 284 lm/W
Pulse width, Ts,i, i = 1, 2, 3, 4 1 µs
Min. LED optical power 5 W
Max. LED optical power 20 W

Table 4.1: Simulation parameters.

Ẽ
(i)
2 =

4

9

∫ Ts,i

0

(1− cos(2πt/Ts,i))
2 (1 + cos(2πfc,it))

2 dt (4.4)

In the asynchronous scenario, for the obtained optimal values of E0 and E2 (E∗0

and E∗2, respectively), the signal design parameters, Pi and bi, can be determined

from (3.39) and (3.40), respectively, based on the values in (4.2) and (4.4), where

fc,i’s can be set to any desired value without affecting the optimality (as they

can be considered as free parameters in the asynchronous case). For simplicity,

when we set fc,i = k/Ts,i, where k ∈ Z+ \ {1, 2}, the expressions in (4.2) and

(4.4) reduce to Ẽ
(i)
0 = 2Ts,i/3 and Ẽ

(i)
2 = Ts,i, respectively. On the other hand,

for the synchronous scenario, in the light of the discussion made in Section 3.5,

we regard fc,i’s as design parameters, which modify the bandwidths of s̃i(t)’s. In

this case, for the obtained optimal values of E0, E1, and E2 (i.e., E∗0, E∗1, and

E∗2, respectively), the signal design parameters, Pi, bi, and fc,i are determined
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(a) (b)

Figure 4.1: CRLB on the MSE of location estimator versus average power con-
sumption on LEDs in asynchronous scenario for different receiver locations and
different illuminance requirements (Ĩ`, Ĩavg) (a) (Ĩ`, Ĩavg) = (50, 10) lx and (b)

(Ĩ`, Ĩavg) = (30, 30) lx for ` = 1, 2, 3, 4.

from (3.37), (3.39), and (3.40). Namely, once Pi and bi are calculated from

(3.39) and (3.40), the values of fc,i’s are obtained from the relation in (3.37), i.e.,

Ẽ
(i)
1 = E

∗(i)
1 /Pi, by utilizing (4.3) and solving for fc,i’s.

In the numerical experiments, we first investigate the CRLB minimization

problem for both the asynchronous and synchronous VLP scenarios under the

VLP system constraints related to power consumption and ambient illumination

levels. The optimal CRLB levels achieved by the solution of the asynchronous

CRLB minimization problem in (3.24) versus different levels of average electrical

power consumption are illustrated in Fig. 4.1 (labeled as “Pulse design (opti-

mal)”) for various VLC receiver locations and various illumination limits, together

with the other methods; namely, the optimal and uniform power allocation al-

gorithms in [7], and the uniform pulse design approach. (The square-root of

the objective function in (3.19a) achieved by each approach is presented in the

y axes.) It can be observed from the figures that the introduction of a second

degree of freedom on the transmit pulse design leads to improved performance in

terms of the CRLB for relatively low values of total available power. Moreover,

27



0 100 200 300 400 500 600 700 800 900

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

Figure 4.2: CRLB on the MSE of location estimator versus average power con-
sumption on LEDs in synchronous scenario for different effective bandwidths
βub,(i) = 5.77 or 57.73 MHz for i = 1, 2, 3, 4, receiver location lr = [3, 3, 0.5] m,

and illuminance requirement Ĩ` = Ĩavg = 30 lx for ` = 1, 2, 3, 4.

the proposed approach yields a feasible solution even for lower total power limits

where the optimal power allocation approach in [7] is not feasible for given illumi-

nation level requirements. It is also noted that the significance of the performance

improvements provided by the proposed approach depends on the location of the

VLC receiver.

The CRLB performance in the synchronous VLP scenario, which is obtained

through the solution of the synchronous CRLB minimization problem described

in (3.32), is also investigated for two different effective bandwidth limitations, as

illustrated in Fig. 4.2. Related to the statement in Lemma 4 about the attainment

of the upper bound on the effective bandwidth to obtain the optimal CRLB, it

is noted that the usage of a higher bandwidth results in lower CRLB levels.

Besides, the same observations regarding the wider feasibility region and the

lower CRLB values for the proposed approach than those in [7] can be made as

in the asynchronous case. Moreover, it is noted that the algorithms achieve very

close performance for high effective bandwidths.

Next, the total power minimization problem is examined for asynchronous and
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Figure 4.3: Average power consumption on LEDs in asynchronous scenario for
receiver location lr = [3, 3, 0.5] m and illuminance requirement Ĩ` = Ĩavg = 30 lx
for ` = 1, 2, 3, 4.

synchronous VLP configurations. For the asynchronous scenario, the solution

of the minimum power consumption problem in (3.33) is demonstrated as in

Fig. 4.3. It is observed that the optimal pulse design approach achieves a lower

total electrical power consumption than the optimal power allocation approach

and the uniform power allocation approach for a range of desired CRLB levels.

In Fig. 4.4, the minimum power consumption levels for the synchronous scenario,

obtained through the solution of the problem in (3.34), is illustrated. We can

observe that in the proposed approach, the LEDs require lower electrical powers

in order to satisfy the desired CRLB levels than the other approaches, and power

savings can be around 50% when the required CRLB level is not very low.

Finally, to evaluate the benefits of the proposed approach for practical estima-

tors, we implement the ML estimators for lr in the synchronous and asynchronous

scenarios, named l̂
syn

r and l̂
asy

r , respectively, which can be obtained as [30]

l̂
syn

r = arg max
lr

NL∑
i=1

(
αi

∫ T2,i

T1,i

ri(t)si(t− τi) dt− 0.5Rpα
2
iE

(i)
2

)
(4.5)

and

l̂
asy

r = arg max
lr

NL∑
i=1

(
αiC̃

i
rs − 0.5Rpα

2
iE

(i)
2

)
(4.6)
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Figure 4.4: Average power consumption on LEDs in synchronous scenario for
receiver location lr = [3, 3, 0.5] m, illuminance requirement Ĩ` = Ĩavg = 30 lx
for ` = 1, 2, 3, 4, and effective bandwidth limitation βub,(i) = 57.73 MHz for
i = 1, 2, 3, 4.

where C̃i
rs ,

∫ T2,i
T1,i

ri(t)si(t − τ̂i) dt and τ̂i is the ML estimate of τi, namely,

τ̂i = arg maxτi
∫ T2,i
T1,i

ri(t)si(t − τi) dt. Based on the signal parameters obtained

for different approaches, the RMSE values for the ML estimators together with

the CRLB values are presented in Fig. 4.5 for the asynchronous and synchronous

scenarios. The results justify the legitimacy of the CRLB as a performance metric

for the considered problem and indicate that the proposed optimal pulse design

approach can provide lower RMSEs than the alternative methodologies.

30



200 300 400 500 600 700 800 900

0.04

0.06

0.08

0.1

0.12

0.14

0.16

(a) (b)

Figure 4.5: RMSEs of ML estimators and CRLB values (in meters) for different
approaches versus average power consumption on LEDs for receiver location lr =
[3, 3, 0.5] m, and illumination requirements Ĩ` = 50 lx, Ĩavg = 10 lx for ` =
1, 2, 3, 4, (a) for asynchronous scenario and (b) for synchronous scenario with
effective bandwidth limitation βub,(i) = 5.77 MHz for i = 1, 2, 3, 4.
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Chapter 5

Concluding Remarks

In this thesis, we have proposed the approach of optimal pulse shape design

for LED transmitters in asynchronous and synchronous VLP systems with the

objective of improved localization performance under several system constraints

regarding LED powers and illumination levels. In addition, we have formulated

the problem of optimal pulse design for minimum total power consumption in

LEDs under a certain requirement on the localization performance. All the pro-

posed optimization problems have been proved to be convex; hence they can be

solved efficiently via standard convex optimization tools. In addition, some of the

inequality constraints have been shown to hold with equalities, which reduces the

search space in the optimization problems. Via numerical examples, performance

gains in localization performance and/or power saving have been demonstrated,

which are due to increased degree of freedom in the proposed optimization prob-

lems in comparison to that in [7].
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Appendix A

FIMs for the VLP System

The (k1, k2)th element of the FIM for the asynchronous VLP system model can

be expressed as [30]

[Jasy]k1,k2 =
R2
p

σ2

NL∑
i=1

(
E

(i)
2 −

(E
(i)
3 )2

E
(i)
1

)
∂αi
∂lr,k1

∂αi
∂lr,k2

(A.1)

for k1, k2 ∈ {1, 2, 3}, with E
(i)
1 , E

(i)
2 , and E

(i)
3 being as defined in (3.2), (3.3), and

(3.4), respectively.

The (k1, k2)th element of the FIM for the synchronous VLP system model can

be found as [30]

[Jsyn]k1,k2 =
R2
p

σ2

NL∑
i=1

[
E

(i)
2

∂αi
∂lr,k1

∂αi
∂lr,k2

+ E
(i)
1 α2

i

∂τi
∂lr,k1

∂τi
∂lr,k2

− E(i)
3 αi

(
∂αi
∂lr,k1

∂τi
∂lr,k2

+
∂τi
∂lr,k1

∂αi
∂lr,k2

)]
(A.2)

for k1, k2 ∈ {1, 2, 3}.

With the assumption in Section 3.1 induced, i.e., E
(i)
3 = 0, i = 1, . . . , NL, the

FIMs Jasy and Jsyn can be expressed as

Jasy(E2) = (I3 ⊗ E2)
T Γ (A.3)
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and

Jsyn(E1,E2) = (I3 ⊗ E2)
TΓ + (I3 ⊗ E1)

T Γ̃ (A.4)

with

Γ ,


γγγ1,1 γγγ1,2 γγγ1,3

γγγ2,1 γγγ2,2 γγγ2,3

γγγ3,1 γγγ3,2 γγγ3,3

 ∈ R3NL×3 (A.5)

γγγk1,k2 ,
[
γ
(1)
k1,k2

, . . . , γ
(NL)
k1,k2

]T
∈ RNL (A.6)

γ
(i)
k1,k2
,
R2
p

σ2

∂αi
∂lr,k1

∂αi
∂lr,k2

, i = 1, . . . , NL (A.7)

Γ̃ ,


γ̃γγ1,1 γ̃γγ1,2 γ̃γγ1,3

γ̃γγ2,1 γ̃γγ2,2 γ̃γγ2,3

γ̃γγ3,1 γ̃γγ3,2 γ̃γγ3,3

 ∈ R3NL×3 (A.8)

γ̃γγk1,k2 ,
[
γ̃
(1)
k1,k2

, . . . , γ̃
(NL)
k1,k2

]T
∈ RNL (A.9)

γ̃
(i)
k1,k2
,
R2
p

σ2
α2
i

∂τi
∂lr,k1

∂τi
∂lr,k2

, i = 1, . . . , NL (A.10)

for k1, k2 ∈ {1, 2, 3}, where I3 stands for the 3×3 identity matrix and ⊗ denotes

the Kronecker product. To compute the values in (A.7) and (A.10), we note

∂αi
∂lr,k

= −(mi + 1)S

2π

((
(lr − lit)

Tnit
)mi−1

‖lr − lit‖mi+3

(
mi n

i
t,k(lr − lit)

Tnr + nr,k(lr − lit)
Tnit
)

−
(mi + 3)(lr,k − lit,k)
‖lr − lit‖mi+5

(
(lr − lit)

Tnit
)mi(lr − lit)

Tnr

)
(A.11)

and
∂τi
∂lr,k

=
lr,k − lit,k
c‖lr − lit‖

(A.12)

for i = 1, . . . , NL and k = 1, 2, 3 [30].
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