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Efficient Estimation of Graph Signals With
Adaptive Sampling

Mohammad Javad Ahmadi , Reza Arablouei, and Reza Abdolee

Abstract—We propose two new least mean squares (LMS)-based
algorithms for adaptive estimation of graph signals that improve
the convergence speed of the LMS algorithm while preserving
its low computational complexity. The first algorithm, named ex-
tended least mean squares (ELMS), extends the LMS algorithm by
virtue of reusing the signal vectors of previous iterations alongside
the signal available at the current iteration. Utilizing the previous
signal vectors accelerates the convergence of the ELMS algorithm
at the expense of higher steady-state error compared to the LMS
algorithm. To further improve the performance, we propose the
fast ELMS (FELMS) algorithm in which the influence of the signal
vectors of previous iterations is controlled by optimizing the gradi-
ent of the mean-square deviation (GMSD). The FELMS algorithm
converges faster than the ELMS algorithm and has steady-state
errors comparable to that of the LMS algorithm. We analyze the
mean-square performance of ELMS and FELMS algorithms the-
oretically and derive the respective convergence conditions as well
as the predicted MSD values. In addition, we present an adaptive
sampling strategy in which the sampling probability of each node is
changed according to the GMSD of the node. Computer simulations
using both synthetic and real data validate the theoretical results
and demonstrate the merits of the proposed algorithms.

Index Terms—Adaptive learning, graph signal processing, least
mean squares, mean-square analysis, adaptive sampling.

I. INTRODUCTION

S IGNAL processing over networks has received a great
amount of attention in various areas related to distributed

learning, optimization, and control [1]–[11]. Many involving
applications in social networks, sensor networks, vehicular net-
works or biological networks use graph vertices to model the
signals of interest over networks [12]–[15]. The goal of graph
signal processing (GSP) is to apply different concepts of classi-
cal discrete signal processing to signals defined over an irregular
discrete domain in which different units (vertices) are connected
within a graph. Each element of a graph signal is attributed
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to a node of the graph and the edges of the graph specify
connections between the elements. Two main approaches are
commonly adopted in the GSP framework, which are based on
utilizing either the graph Laplacian matrix [15] or the graph
adjacency matrix [14], [16]. Although these approaches lead
to different processing and analysis of the graph signals due
to dissimilar foundations, both are similarly useful in various
signal processing applications. Spectral analysis is an important
processing tool in graph signal processing, which introduces
the concept of graph Fourier transform (GFT). The GFT can
be realized by projecting the graph signal onto the eigenbasis
of either the adjacency matrix [15], [17], [18] or the Laplacian
matrix [14], [19].

Sampling interpolation is one of the most crucial tasks in
the GSP framework. The theory of sampling on graphs is stud-
ied in [17], which is extended in [20] and, recently, in [19],
[21]–[24]. There are two major categories of reconstruction
methods for graph signals: iterative [22], [25]–[28] and single
shot [19], [21], [29], [30]. Some studies have also presented
frame-based approaches for reconstructing signals from subsets
of samples [17], [21], [22].

Graph signals have a time-varying nature in many appli-
cations such as communication networks, biological neural
networks, and transportation networks. Therefore, the relevant
GSP algorithms should be able to learn and track time-varying
graph signals using a designed sampling set. Recently, the GSP
framework is applied to solve specific learning tasks such as
semi-supervised classification on graphs [31]–[33] and graph
dictionary learning [34], [35]. A least mean squares (LMS) al-
gorithm for estimating graph signals is proposed in [36], which is
applied to the distributed setting in [37]. Reference [38] presents
a kernel-based method for reconstructing time-varying signals
over graphs with changing topologies. A distributed method is
introduced in [26] for tracking of band-limited graph signals.
The work of [39] extends the classical adaptive estimation algo-
rithms, the recursive least squares (RLS) and LMS, to estimate
graph signals. The RLS algorithm has the benefit of high conver-
gence speed but has relatively high computational complexity.
On the contrary, the LMS algorithm for graph signals imposes a
lower computational load at the expense of slower convergence.

In this paper, we propose two new adaptive graph signal
processing algorithms for improving the performance of the
adaptive algorithms presented in [39]. The proposed algorithms
inherit the low computational complexity of the LMS algorithm
while enhancing its convergence speed. The first algorithm,
called extended least mean squares (ELMS), utilizes the signal
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vectors of a few previous iterations as well as that of the current
iteration. Although this algorithm converges faster than the LMS
algorithm, its steady-state error is higher. The second proposed
algorithm, called fast ELMS (FELMS), further improves the
convergence speed of the ELMS algorithm by minimizing the
instantaneous gradient of the mean square deviation (GMSD) at
each iteration. In addition, unlike the ELMS algorithm which
has higher steady-state error than LMS, the steady-state error of
FELMS is on par with that of LMS. We analyze the mean-square
performance of the proposed algorithms and derive theoretical
equations for transient and steady-state mean square deviation
(MSD). Moreover, we propose an adaptive sampling strategy
that minimizes the sampling frequency without incurring any
degradation in performance.

This paper is organized as follows. In Section II, we present
some GSP tools and, in Section III, some background on es-
timation algorithms for graph signals. In Section IV, we de-
scribe our proposed ELMS and FELMS algorithms. We discuss
the computational complexity of the proposed algorithms in
Section IV-C and analyze their performance theoretically in
Section V. In Section VI, we propose an efficient strategy for
adaptive sampling to be used in conjunction with the proposed
algorithms. We provide some simulation results in Section VII
and conclude the paper in Section VIII.

II. GRAPH SIGNAL PROCESSING TOOLS

Let us consider a graph G = (V, E) comprising N nodes in-
dexed inV = {1, 2, . . ., N} and connected to each other accord-
ing to the set of weighted edges E = {aij}i,j∈V where aij > 0
if node j and node i are connected and aij = 0 otherwise. The
adjacency matrix A is the collection of all edge weights such
that aij is its (i, j)th entry. The Laplacian matrix is defined
as L = diag(1TA)−A where 1 denotes the all-ones column
vector and the diagonal matrix diag(1TA) is the degree matrix
with the node degrees on its diagonal. If the graph is undirected,
the Laplacian matrix is symmetric and positive semi-definite and
admits the eigendecomposition L = VΓVH where V has the
eigenvectors of L as its columns and Γ is a diagonal matrix with
the eigenvalues of L being its entries.

In G, the signal x maps the vertex set to the set of complex
numbers, i.e., V → C. The signal s is obtained by applying GFT
to x. It is then projected onto the eigenbasis V, i.e.,

s = VHx. (1)

The support of s is denoted as

F = {i ∈ V|si �= 0} (2)

and the cardinality of F , i.e., |F|, defines the bandwidth of the
graph signal x.

Considering a subset of frequency indices F ⊆ V , an ideal
bandpass filtering operator can be introduced as

Hf = VfV
H
f , (3)

where the columns of Vf are those of V whose positional
indexes are in F .

III. ADAPTIVE ESTIMATION OF GRAPH SIGNALS

The purpose of this section is to review the LMS, RLS, best
linear unbiased estimator (BLUE), and least squares (LS) algo-
rithms proposed in the literature for estimating graph signals.

A. Least Mean Squares Estimation of Graph Signals

Let us consider a signalxo = [xo
1, . . ., x

o
N ]ᵀ ∈ RN×1 over the

graph G = (V, E) modeled as

xo = Vfs
o (4)

where so ∈ R|F|×1 denotes the vector of GFT coefficients of
the frequency support of the graph signal xo. In addition, we
consider a linear model relating an observable perturbed signal
at time instance n, denoted by d(n), to xo as

d(n) = Gs(n)(x
o + v(n)) = Gs(n)(Vfs

o + v(n)) (5)

where Gs(n) = diag{g1(n), . . ., gN (n)} ∈ RN×N . The vari-
able gi(n) is a binary sampling coefficient, which is equal
to 1 if i ∈ S(n) and 0 otherwise where S(n) represents the
random sampling set at time n. In addition, v(n) ∈ RN×1

is the zero-mean spatially and temporally independent obser-
vation noise at time instance n with the covariance matrix
Cv = diag{σ2

1 , . . ., σ
2
N}. As v(n) is a wide-sense stationary

random process, an optimal least-mean-square-error estimate
of so can be obtained by solving the following optimization
problem at any time instance n:

min
s

E{‖Gs(n)(d(n)−Vfs)‖2} (6)

where E{.} denotes the expectation operator. Approximating
the expected value (mean square error) in (6) with its instanta-
neous value at time instance n and using the stochastic gradient-
descent method while taking s(n) as the most recent estimate,
the LMS algorithm calculates an estimate of so in an iterative
manner as

s(n+ 1) = s(n) + μVH
f Gs(n)(d(n)−Vfs(n)) (7)

where μ is the step-size parameter. Since Vf has orthonormal
columns, estimations of so andxo are equivalent from the mean-
square-error perspective. Using (4) and (3), (7) can be rewritten
with respect to the estimation of the graph signal xo as

x(n+ 1) = x(n) + μHfGs(n)(d(n)− x(n)) (8)

where x(n) = Vfs(n) is the estimate of xo at time instance
(iteration) n.

B. Recursive Least Squares Estimation of Graph Signals

In comparison with the LMS algorithm, the RLS algorithm
generally converges faster but at the expense of higher compu-
tational complexity as it exploits the information of all past and
present time instances [40]. To compute the RLS estimate for
graph signals, the following optimization problem is solved:

min
s

n∑

l=1

βn−l‖Gs(l)(d(l)−Vfs)‖2C−1
v

+ βn‖s‖2Π (9)
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where 0 � β ≤ 1 is the exponential forgetting factor and Π =
εI 	 0 is the regularization matrix with ε > 0 being a small
positive number. Considering (4), the solution of (9) yields the
estimate of xo at time instance n as

x̂(n) = Vfs(n) = VfΩ
−1(n)ψ(n) (10)

where

Ω(n) =

n∑

l=1

βn−lVH
f Gs(l)C

−1
v Vf + βnΠ (11)

ψ(n) =

n∑

l=1

βn−lVH
f Gs(l)C

−1
v d(l). (12)

To make the computations more efficient, (11) and (12) can
be rewritten in the following recursive forms

Ω(n) = βΩ(n− 1) +VH
f Gs(n)C

−1
v Vf (13)

ψ(n) = βψ(n− 1) +VH
f Gs(n)C

−1
v d(n) (14)

where Ω(0) = Π and ψ(0) = 0.

C. Least Squares and Best Linear Unbiased Estimators

In the previous subsections, we described two iterative al-
gorithms, which require a number of iterations to reach their
desired estimation accuracy. Here, we describe two non-iterative
algorithms used for graph signal estimation. Considering the
noisy signal model of (5), the LS and BLUE estimators are
obtained by solving the following optimization problem:

min
s

n∑

l=1

‖Gs(l)(d(l)−Vfs)‖2Θ. (15)

Setting Θ = I, gives the LS estimator of graph signal as [29],
[30]:

x̂(n) = Vf

(
n∑

l=1

VH
f Gs(l)Vf

)−1 n∑

l=1

VH
f Gs(l)d(l). (16)

By setting Θ = C−1
v , the BLUE, which is in fact a weighted

LS estimator, is also expressed as [23]

x̂(n)=Vf

(
n∑

l=1

VH
f Gs(l)C

−1
v Vf

)−1 n∑

l=1

VH
f Gs(l)C

−1
v d(l).

(17)

Note that these estimators require to access the entire available
data at once and unlike the LMS and RLS algorithms cannot be
implemented in an online fashion to process the streams of data
becoming available over time.

IV. PROPOSED ADAPTIVE ALGORITHMS FOR ESTIMATING

GRAPH SIGNALS

In this section, we present two algorithms that improve the
performance of the LMS algorithm. Both algorithms use the
signal samples of previous moments as well as the current
sample to enhance the convergence speed of the LMS. The
proposed algorithms are studied in the following sub-sections
in detail.

A. Extended LMS for Graph Signals

Let us recall the noisy observed signald(n) defined in (5) and
express it as

d(n) = Gs(n)Vfs
o +Gs(n)v(n). (18)

where Gs(n) = diag{g1(n), . . ., gN (n)} and gi(n) is a binary
sampling coefficient being 1 if i is in the sampling set S(n)
and 0 otherwise. From (18), we observe that the entries of d(n)
with corresponding zero sampling coefficients are equal to zero.
Thus, we have d(n) = Gs(n)d(n). Consequently, (18) can be
rearranged as

Gs(n)v(n) = Gs(n)(d(n)−Vfs
o). (19)

The above equation is for time instant n. It can also be written
for K − 1 previous time instances as

Gs(n− j)v(n− j) = Gs(n− j)(d(n− j)−Vfs
o)

∀j = 1, . . .,K − 1. (20)

In the same vein as the LMS algorithm, the optimal signal
can be estimated by solving any of the following optimization
problems corresponding to K different instances:

min
s

E{‖Gs(n− j)(d(n− j)−Vfs)‖2} ∀j = 0, . . .,K − 1.

(21)

However, to enhace the estimation performance, we propose to
solve the following optimization problem that is constructed by
summing the cost functions in (21)

min
s

E

⎧
⎨

⎩

K−1∑

j=0

‖Gs(n− j)(d(n− j)−Vfs)‖2
⎫
⎬

⎭. (22)

Our proposed ELMS algorithm solves (22) via the gradient-
descent method, i.e., using the following update equation

x(n+ 1) = x(n)

+ μHf

K−1∑

j=0

Gs(n− j)(d(n− j)− x(n)).

(23)

Although the ELMS algorithm requires more memory to store
the reused past data, it does not need any additional multiplica-
tion compared to the LMS algorithm. This will be discussed in
Section IV-C.

B. Fast ELMS for Graph Signals

The proposed ELMS algorithm suffers from higher values
of steady-state error in comparison with the LMS algorithm
(see Appendix A). To tackle this problem and further increase
the convergence speed, we develop the fast ELMS (FELMS)
algorithm by generalizing (23) as

x(n+ 1) = x(n) + μHfGs(n)(d(n)− x(n))

+ α(n)μHf

K−1∑

j=1

Gs(n− j)(d(n− j)− x(n))

(24)
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where α(n) is a scalar through which we can control the in-
fluence of the previous signal vectors in each update. If α(n)
is set to zero, FELMS reduces to the LMS algorithm. Setting
α(n) to one also converts FELMS to ELMS. Therefore, FELMS
can get the best of both worlds by varying α(n) appropriately.
The parameter α(n) should be tuned according to the occasion.
In the transient state where high convergence speed is needed,
α(n) can take a non-zero value so that the FELMS algorithm
takes advantage of the good convergence speed of the ELMS
algorithm. In the steady state when the algorithm has converged,
α(n) should be set to zero so the FELMS algorithm benefits from
the low steady-state error of the LMS algorithm.

Instead of setting α(n) = 1 in the transient state, we aim at
finding an optimal value to further improve the convergence
speed. For this purpose, we calculate the gradient mean-square
deviation (GMSD) and compute the optimalα(n)by minimizing
the GMSD at time n. The GMSD is defined as

Δα(n) = E‖x̃(n+ 1)‖2Ψ(n) − E‖x̃(n)‖2Ψ(n) (25)

where x̃(n) = xo − x(n) denotes the weight error vector,
‖t‖2A = tHAt, andΨ(n) = GH

s (n)Gs(n) is a diagonal matrix
that eliminates the effect of unselected nodes on the GMSD.
The GMSD can be a good indicator of the convergence status
of the adaptive algorithm at each iteration. If it has a small
negative value, x(n+ 1) is a better estimate of xo than x(n).
Therefore, minimizing GMSD at each iteration can enhance the
convergence speed of the algorithm.

To compute the GMSD defined in (25), we state the update
equation associate with the weight error vector by subtracting
both sides of (24) from xo as

x̃(n+ 1) = x̃(n)−m(n) (26)

where

m(n) = m1(n) + α(n)m2(n) (27)

m1(n) = μHfGs(n)(d(n)− x(n)) (28)

m2(n) = μHf

K−1∑

j=1

Gs(n− j)(d(n− j)− x(n)). (29)

Calculating the Ψ(n)-weighted norm followed by applying
the expectation to both sides of (26) gives

E‖x̃(n+ 1)‖2Ψ(n) = E‖x̃(n)‖2Ψ(n)

+ f2(n)− f1(n)− f ∗
1(n) (30)

where

f1(n) = E{x̃H(n)Ψ(n)m(n)}, (31)

f2(n) = E{mH(n)Ψ(n)m(n)}
= α2(n)f21 + α(n)(f22 + f ∗

22) + f23, (32)

f21 = E{mH
2 (n)Ψ(n)m2(n)}, (33)

f22 = E{mH
1 (n)Ψ(n)m2(n)}, (34)

f23 = E{mH
1 (n)Ψ(n)m1(n)}. (35)

Obviously, the GMSD can be calculated if f1(n) and f2(n)
in (30) are given. However, because the weight error vector x̃ is
unknown and the expected values are not available, f1(n) and
f2(n) cannot be calculated directly. To eliminate x̃ from f1(n),
we use Gs(n)x

o = d(n)−Gs(n)v(n) as in (5) to rewrite (31)
as

f1(n) = E{x̃H(n)Ψ(n)m(n)}
= E{(d(n)−Gs(n)x(n)−Gs(n)v(n))

HGs(n)m(n))}
= E{(d(n)−Gs(n)x(n))

HGs(n)m(n)}
− E{vH(n)GH

s (n)Gs(n)m(n))}. (36)

Considering that the noise, v(n), is independent of all other
stochastic processes, (36) can be expressed as

f1(n) = f11 + α(n)f12 (37)

where

f11 = E{(d(n)−Gs(n)x(n))
HGs(n)m1(n)}

− μE{tr{CvGs(n)HfGs(n)}} (38)

f12 = E{(d(n)−Gs(n)x(n))
HGs(n)m2(n)}. (39)

From (30), (32), and (37), the GMSD is calculated as

Δα(n) = E‖x̃(n+ 1)‖2Ψ(n) − E‖x̃(n)‖2Ψ(n)

= α2(n)f21 + α(n)f3 + f4 (40)

where

f3 = f22 + f ∗
22 − f ∗

12 − f12

f4 = f23 − f11 − f ∗
11.

Although GMSD in (40) does not depend on the unknown
x̃, we cannot calculate it at each iteration as some expected
values are needed for computing f21, f3, and f4. To circumvent
this problem, we use the instantaneous values instead [41],
[42]. Now, since the GMSD in (40) is a function of α(n), the
optimalα(n) can be found by solving the following optimization
problem:

αo(n) = min
α(n)

Δα(n). (41)

To obtain the optimum α(n) in time instance n, we set the
derivative of Δα(n) with respect to α(n) to zero and obtain

αo(n) = − f3
2f21

. (42)

Substituting αo(n) into (40) gives the optimal value of GMSD,
Δαo

(n).
It will be shown in Setion V-A [see (65)] that the MSD

comprises two terms: the variance term that depends on the
noise covariance matrix and the bias term that consists of the
initial MSD. The bias term has a large initial value (depending
on the initial weight vector) and converges to zero when the
algorithm converges to the steady state. However, the variance
term can be nonzero at the steady state. At the transient state
when the bias term still has a large value, using α(n) leads to
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the maximal convergence speed due to the maximum reduction
made in the bias term. At the steady state when the bias term
is zero, using αo(n) may deteriorate the performance as the
algorithm tends to learn the patterns within the noise. Therefore,
not only choosing optimum αo(n) in the steady-state may not
decrease the MSD, but it may even increase it. Therefore, we set
α(n) = 0 at the steady state to reach the low steady-state MSD
of the LMS algorithm, i.e., we set

α(n) =

{
αo(n) Δαo

(n) < θ

0 otherwise
(43)

where θ < 0 is a threshold parameter for which we propose
a suitable value in Section V-B. However, in order to curtail
possible fluctuations in the learning curve due to using the
instantaneous values in place of the expected ones for calculating
αo(n), we propose to update α(n) as

α(n) = γ(n)αo(n) (44)

where γ(n) is updated as

γ(n) =

{
1 Δαo

(n) < θ

ηγ(n− 1) otherwise
(45)

where γ(0) = 1 and η < 1 is a damping coefficient.

C. Computational Complexity

Considering the update equations of the LMS, ELMS, and
FELMS algorithms in (8), (23), and (24), we can write a general
update equation for all these algorithms as

x̃(n+ 1) = x̃(n)− μVfV
H
f (b1(n) + b2(n)) (46)

where

b1(n) = Gs(n)(d(n)− x(n)) (47)

b2(n) = α(n)

K−1∑

j=1

Gs(n− j)(d(n− j)− x(n)) (48)

α(n) =

⎧
⎨

⎩

0 LMS
1 ELMS

α(n) in (44) FELMS
. (49)

In (46), b1(n) + b2(n) ∈ RN×1 and Vf (n) ∈ RN×|F|.
Therefore, the order of complexity for calculating
μVfV

H
f (b1(n) + b2(n)) is O(N |F|). Note that

Gs(n− j)(d(n− j)− x(n)) ∀j = 0, 1, . . .,K − 1 does
not need any multiplications because Gs(n− j) is a diagonal
matrix with elements 0 and 1. Therefore, the LMS and ELMS
algorithms do not need any multiplications for calculating
b1(n) + b2(n). However, the FELMS algorithm needs some
multiplications for calculating α(n) and multiplying it to the
vector

∑K−1
j=1 Gs(n− j)(d(n− j)− x(n)). To calculateα(n),

we need to compute Δαo
(n) and αo(n) through the scalars f21,

f22, f23, f11, and f12 defined in (33)–(35), (38), and (39). Since
the number of multiplications required for all these scalars are
the same, we can count the number of multiplications required
to calculate f23 = mH

1 (n)Ψ(n)m1(n) then generalize the

result. As Ψ(n) = GH
s (n)Gs(n) is a diagonal matrix with 0 or

1 entries, multiplying it tom1(n) andmH
1 (n) does not need any

multiplication operation. Therefore, the order of multiplications
required for computing α(n) in (44) and multiplying it to
the vector

∑K−1
j=1 Gs(n− j)(d(n− j)− x(n)) is O(N).

Consequently, in total, we need O(N |F|) multiplications for
the LMS, ELMS, and FELMS algorithms at each iteration.
Moreover, in view of (10) and (13)-(17), the per-iteration
computational complexity of the RLS, LS, and BLUE
algorithms is O(|F|3 +M |F|2 +N |F|) where M is the
average number of nodes selected at each iteration. We can
conclude that the proposed algorithms have substantially lower
computational complexity than the existing BLUE, LS, and
RLS algorithms.

V. MEAN-SQUARE PERFORMANCE ANALYSIS

In this section, we analyze the performance of the LMS,
ELMS, and FELMS algorithms and derive a theoretical formula
for their mean-square deviation (MSD). Note that the steady-
state performance of the LMS algorithm has been analyzed
in [39]. However, its transient behavior has not been analyzed
before. To compute the MSD at time n, i.e., E‖x̃(n)‖2, we
state the update equation of the weight error vector in (26) in a
different format as

x̃(n+ 1) = (Q1(n) + α(n)Q2(n)) x̃(n)

− v̄1(n)− α(n)v̄2(n) (50)

where

Q3(n) = μHfGs(n) (51a)

Q1(n) = I−Q3(n) (51b)

Q2(n) = −
K−1∑

j=1

Q3(n− j) (51c)

v̄1(n) = Q3(n)v(n) (51d)

v̄2(n) =
K−1∑

j=1

Q3(n− j)v(n− j). (51e)

Given an arbitrary matrix Φ ∈ RN×N , taking Φ-weighted
norm followed by expectation from both sides of (50) results in

E‖x̃(n+ 1)‖2Φ = E‖x̃(n)‖2
Φ́(n)

+ q1(n) (52)

where

Φ́(n) = QH
1 (n)ΦQ1(n) + α2(n)QH

2 (n)ΦQ2(n)

+ α(n)(QH
2 (n)ΦQ1(n) +QH

1 (n)ΦQ2(n)) (53)

q1(n) = v̄H
1 (n)Φv̄1(n) + v̄H

2 (n)Φv̄2(n)α
2(n). (54)

Applying the vectorization operator to both sides of (52),
(53), and (54) and using the property vec(AΣC) = (CT ⊗
A)vec(Σ), we have

E{z(n+ 1)φ} = E{z(n)vec(Φ́(n))}+ E{vec(q1(n))}
(55)
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where ⊗ denotes the Kronecker product, z(n) = x̃T (n)⊗
x̃H(n), and φ = vec(Φ). Assuming that z(n) is independent
of vec(Φ́(n)) and since φ is a deterministic vector, (55) can be
restated as

E{z(n+ 1)}φ = E{z(n)}Fα(n)φ+ fα(n)φ (56)

where

Fα(n) = Q6 + (Q7 +QH
7 )α(n) + α2(n)Q8 (57)

fα(n) = vec(Cv)
T (α2(n)Q10 +Q9) (58)

and

Q6 = E{QT
1 (n)⊗QH

1 (n)} (59a)

Q7 = E{QT
2 (n)⊗QH

1 (n)} (59b)

Q8 = E{QT
2 (n)⊗QH

2 (n)} (59c)

Q9 = E{QT
3 (n)⊗QH

3 (n)} (59d)

Q10 = E

⎧
⎨

⎩

K−1∑

j=1

QT
3 (n− j)⊗QH

3 (n− j)

⎫
⎬

⎭ . (59e)

A. Transient and Steady-State Performance Analysis of LMS
and ELMS

Since α(n) is constant in the LMS and ELMS algorithms
(0 or 1, respectively), Fα(n) and fα(n) in (56) are fixed for
time-invariant sampling strategies and are denoted by Fα and
fα. Therefore, (56) can be unfolded over the iterations resulting
in

E{z(n)}φ = E{z(0)}Fn
αφ+ fα

n−1∑

l=0

Fl
αφ (60)

or equivalently

E‖x̃(n)‖2Φ = E{z(0)}Fn
αφ+ fα

n−1∑

l=0

Fl
αφ. (61)

The theoretical value of the instantaneous MSD can be ob-
tained by setting Φ = I in (61) as

MSD(n) = E‖x̃(n)‖2

= E{z(0)}Fn
αr+ fα

n−1∑

l=0

Fl
αr (62)

where I is the identity matrix and r = vec(I).
Taking the limit n → ∞ in (56) gives the steady-state MSD

of LMS [with α(n) = 0] and ELMS [with α(n) = 1] as

lim
n→∞MSD(n) = fα(I− Fα)

−1r. (63)

B. Transient Performance Analysis of FELMS

In the FELMS algorithm, Fα(n) and fα(n) change over time
since α(n) is time-varying. Thus, (56) can be unfolded as

E{z(n)}φ = E{z(0)}H(n)φ+ h(n)φ (64)

where

H(n) =

n−1∏

l=0

Fα(l)

h(n) =
n−1∑

l=0

{
fα(l)

n−1∏

k=l+1

Fα(k)

}
.

Similar to (62), the theoretical value of MSD for FELMS is
given by

MSD(n) = E‖x̃(n)‖2

= E{z(0)}H(n)r+ h(n)r. (65)

The theoretical value of Δα(n) can be obtained from (56) by
setting Φ = GH

s (n)Gs(n) as

Δα(n) = E{‖x̃(n+ 1)‖2Φ − E‖x̃(n)‖2Φ}
= E{z(n+ 1)}φ− E{z(n)}φ
= E{z(n)}(Fα(n)− I)φ+ fα(n)φ. (66)

To calculate the optimalα(n) based on the theoreticalΔα(n),
we set the derivative of Δα(n) in (66) with respect to α(n) to
zero and attain

αo(n) =
−E{z(n)}(Q7 +Q∗

7)φ

2(E{z(n)}Q8 + vec(Cv)TQ10)φ
. (67)

As in (44), we calculate α(n) using the following equation

α(n) = γ(n)αo(n) (68)

where

γ(n) =

{
1 Δαo

(n) < θ

ηγ(n− 1) otherwise
(69)

where γ(0) = 1. An appropriate value of θ should distinguish
the transient and steady states of Δαo

(n), i.e., Δαo
(n) en-

ters its steady state when Δαo
(n) > θ is satisfied. Hence, a

suitable value of θ can be chosen as a lower bound for the
steady-state Δαo

(n). In Appendix B, we derive one such lower
bound as

lim
n→∞Δαo

(n) ≥ −(2μK + 1)tr{Cv} (70)

assuming that the steady-state αo(n) is 1. Therefore, we have

θ = −(2μK + 1)tr{Cv}. (71)

Since we have limn→∞ α(n) = 0 in FELMS, the steady-state
MSD of this algorithm is equal to that of the LMS algorithm as
in (63).

C. Steady-State Performance

Taking the expectation of both sides of (50) yields

E{x̃(n+ 1)} = (I− μHfPtα)E{x̃(n)} (72)

where

P = E{Gs(n)} = diag{p1, . . ., pN} (73)
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represents the sampling probability matrix and tα = 1 +
α(n)(K − 1). To guarantee the convergence in the mean sense,
the condition ‖I− μHfPtα‖ < 1 should be satisfied, which
implies

μ <
2

tαλmax(HfP)
. (74)

To guarantee the mean-square-sense convergence (stability)
in (60) and (64), Fα(n) [re (57)] should be stable [43]. With
Φ = I and UΦ = I, we can rewrite (57) as

Fα(n) = I− μV + μ2W (75)

where

Z = tα
(
(PHT

f )⊗ I+ I⊗ (PH∗
f )
)

W = (Gt ⊗Gt)(H
T
f ⊗H∗

f )

Gt = E

⎧
⎨

⎩Gs(n) + α(n)
K−1∑

j=1

Gs(n− j)

⎫
⎬

⎭ .

Consequently, the condition on μ that guarantees the conver-
gence in the mean-square sense is [44]

0 < μ < min

{
1

λmax(W−1Z)
,

1

max(λ(O) ∈ �+)

}
(76)

where O =

⎡

⎣
1

2
W −1

2
Z

I 0

⎤

⎦.

VI. SAMPLING

As shown in previous studies [30], [36], [39], the performance
of adaptive algorithms for estimating graph signals strongly
depends on the strategy by which samples are selected. In this
section, we describe several existing sampling strategies as well
as our proposed adaptive sampling strategy. Subsequently, we
compare them to investigate the performance of the proposed
strategy.

A. Background on Sampling Strategies

Greedy sampling strategies select the sampling set by solving
different optimization problems [19], [21], [36], [45], [46]. The
Min-MSD sampling strategy of [36] aims at minimizing the
steady-state MSD. The Min-Pinv strategy selects the columns
of Vf that maximize VH

f DVf where D is a diagonal matrix
with entries 0 or 1 [21]. The Max-SingMin strategy of [19]
selects nodes that maximize the smallest singular value of the
matrix VH

f DVf . These greedy sampling strategies are shown
in Table I in detail where δmin(A) and λi(A) denote the
minimum singular value and the ith eigenvalue of the matrix
A, respectively, and J = min(|S|, |F|).

Unlike the deterministic and time-invariant greedy sampling
strategies that select a certain sampling set, the probabilistic
sampling strategy in [39] assigns a selection probability to each

TABLE I
GREEDY SAMPLING STRATEGIES PROPOSED IN [19], [21], AND [36]

node. This sampling strategy finds the optimal sampling proba-
bility vector p by solving the following optimization problem

p = argmin
p

Tr(VH
f diag(p)CvVf )

Tr(VH
f diag(p)Vf )

. (77)

Although (77) is a convex problem and has a global optimum,
it requires numerical methods for its solution. Solving an opti-
mization problem at each iteration is a significant drawback of
this sampling strategy compared with the greedy ones.

B. Adaptive Sampling Strategy

In this section, we propose a probabilistic sampling strategy
that updates the sampling probability vector adaptively based on
the convergence state of the algorithm at each iteration. Not only
this strategy does not become fixated on a certain deterministic
sampling set [the advantage of the probabilistic strategy of (77)],
but also it does not need the solution of any optimization problem
at every iteration (the advantage of the greedy strategies).

To achieve an efficient sampling strategy, we select the sam-
pling set in each node based on the GMSD of the node. In
each iteration, if the GMSD of a node is negative, the node is
considered worthy of being selected and its sampling probability
is kept unchanged. Otherwise, the sampling probability in a node
with a positive GMSD is decreased.

To calculate the GMSD of the lth node at time n, (26) can be
rewritten as

[x̃(n+ 1)]l = [x̃(n)]l − [m(n)]l, (78)

where [t]l denotes the lth element of vector t. By squaring and
taking the expectation of both sides of (78) and defining GMSD
of the lth node at time n as GMSDl(n), we have

GMSDl(n) = E{([x̃(n+ 1)]l)
2 − ([x̃(n)]l)

2}
= −2E{[x̃(n)]l[m(n)]l}+ E{([m(n)]l)

2}.
(79)

Considering (5), the following equation can be obtained for
the lth node, where l ∈ S(n):

[d(n)]l = [xo]l + [v(n)]l. (80)
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Recalling that the noise at each node is zero-mean and spa-
tially and temporally independent, we have

[x̃(n)]l[m(n)]l} = E{[d(n)− x(n)]l[m(n)]l}
− μ[Hf ]l,lσ

2
l (81)

where [A]l,l is the lth diagonal element of A. Substituting (81)
into (79), we have

GMSDl(n) = ([m(n)]l)
2 + 2μ[Hf ]l,lσ

2
l

− 2[d(n)− x(n)]l[m(n)]l. (82)

Note that since the exact expected values in (82) are not available,
the instantaneous values are used.

To reduce the complexity, especially in large-scale
graphs [47], the sampling probability of the lth node should be
minimized. Now, we can devise a sampling strategy based on the
value of GMSDl(n) as follows. Since any node with a positive
GMSD increases the total MSD of the graph, we can set the
sampling probability of the lth node to 0 when GMSDl(n) > 0
and keep it unchanged otherwise, i.e.,

pl(n) =

{
pl(n− 1) GMSDl(n) < 0

0 GMSDl(n) > 0
. (83)

To prevent pl(n) from having sudden changes, we rewrite (83)
as

p̄l(n) =

⎧
⎪⎨

⎪⎩

1 GMSDl(n) < θ′

pl(n− 1) θ′ < GMSDl(n) < 0

τpl(n− 1) GMSDl(n) > 0

(84)

pl(n) = max(p̄l(n), ζ) (85)

where θ′ is a threshold parameter, τ < 1 is to induce smooth
changes in pl(n), and ζ > 0 is to prevent pl(n) from becoming
very small.

Similar to the threshold parameter θ used for the calculation
of α(n) in (45), the parameter θ′ in (84) ought to be a lower
bound for the steady-state GMSDl(n) to distinguish the steady
state of GMSDl(n) from its transient state. Let Il ∈ RN×N be
an all-zero matrix with only a single 1 in its lth diagonal entry.
Clearly, GMSDl(n) is equal to Δα(n) when Φ = Il. Hence, a
lower bound on GMSDl(n) can be obtained from (101) as

θ′ = −(2μKα(n) + 1)tr{Cv} (86)

where at the steady state, α(n) = 0 for the FELMS and LMS
algorithms and α(n) = 1 for the ELMS algorithm.

C. Comparison Between Sampling Strategies

The probabilistic sampling strategy of [39] has a high com-
putational complexity as it requires to solve an optimization
problem at every iteration. As shown in Table I, the greedy
Min-MSD sampling strategy needs to calculate MSD as in
(63) several times for different sampling sets requiring matrix
inversions or solution of multiple systems of linear equations.
The Min-Pinv and Max-SingMin sampling strategies need to
calculate VH

f Gs(S ∪ {j})Vf and subsequently compute its
determinant and singular value decomposition. The proposed

Fig. 1. Graph topology.

adaptive sampling strategy calculates GMSDl(n) for each node
at each iteration. As m(n) is calculated by the adaptive algo-
rithm, the required number of multiplications in (82) and (84)
corresponding to N nodes at each iteration is O(N). Hence, the
total computational complexity of the proposed adaptive sam-
pling strategy isO(N). The overall computational complexity of
our adaptive sampling strategy depends on the number of itera-
tions of the algorithm. Therefore, it cannot be directly compared
with that of the greedy and the probabilistic strategies, which do
not have any extra computation between the iterations. However,
since the order of computational complexity of the LMS, ELMS,
and FELMS algorithms is linear in N , the proposed sampling
strategy does not at least augment the order of complexity of
these algorithms.

One issue with the greedy sampling strategies is about deter-
mining the proper number of selected samples at each iteration
(denoted by M in Table I). Clearly, larger M leads to better
performance but at the expense of higher computational com-
plexity. Therefore, the greedy sampling strategies have to make
a trade-off between computational complexity and performance
through the choice of the parameter M . Unlike the greedy
sampling strategies, the proposed sampling strategy adaptively
selects the most suitable nodes at each iteration and is not bound
by any preset number of nodes to select.

VII. SIMULATION RESULTS

In this section, we demonstrate the performance of the pro-
posed algorithms via several computer simulations.

A. Performance of the Algorithms

We consider a graph with N = 30 nodes as shown in Fig. 1.
The spectral content of the graph is limited to the first ten eigen-
vectors of its Laplacian matrix, i.e. |F| = 10. The observation
noise in (5) is zero-mean Gaussian with a diagonal covariance
matrix where each entry is drawn from a uniform distribution
between 0 and 0.01. In all simulations, we show the normalized

mean square deviation (NMSD), E{‖x
o − x(n)‖2
‖xo‖2 }, which is
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Fig. 2. Random sampling probabilities.

Fig. 3. The NMSD learning curves of ELMS and FELMS for μ = 0.01 and
different values of K.

evaluated by ensemble averaging over 50 independent trials. For
FELMS algorithm, the parameters θ and η are set to −1 and 0.9,
respectively. Note that in the simulations where the adaptive
sampling strategy is not used, the sampling probability in each
node is set randomly between 0.4 and 1. For example, for the
graph with N = 30 nodes, sampling probabilities of nodes are
shown in Fig. 2.

In Fig. 3, the NMSD learning curves of ELMS and FELMS
are shown for μ = 0.01 and different values of K. It can be
seen that the higher the value of parameter K is, the higher the
convergence speed and steady-state NMSD of ELMS are. Con-
versely, the steady-state NMSD of FELMS is almost the same
for different values of K while its convergence is accelerated by
increasing K.

In Fig. 4, we show the NMSD learning curves of RLS
(β = 0.9, 1) [39], LMS [39], LS [29], [30], BLUE [23], ELMS,
and FELMS for μ = 0.01 and K = 16. As seen, both ELMS
and FELMS converge faster than LMS. Furthermore, FELMS
outperforms ELMS and has a steady-state error comparable
with that of LMS. The RLS algorithm with β = 1, LS, and

Fig. 4. The NMSD learning curves of different algorithms forμ = 0.01,K =
16, and β = 1 and 0.9.

Fig. 5. The NMSD learning curves of LMS, ELMS, and FELMS with different
values of K in the same-steady-state scenario.

BLUE utilize the information available at the current and all past
instances. This leads to their lower steady-state error compared
with the other algorithms. However, the RLS algorithm with
β = 1, LS, and BLUE can experience significant performance
degradation with time-varying graphs. It is also seen in Fig. 4
that the FELMS algorithm has a lower steady-state error than
RLS with β = 0.9 while being computationally less complex.
Considering its low computational complexity and improved
performance compared to the LMS and RLS (β = 0.9) algo-
rithms, the FELMS algorithm is evidently competent.

In Fig. 5, the NMSD learning curves of the LMS, ELMS, and
FELMS algorithms are plotted in a same-steady-state scenario
to compare the convergence speed of the algorithms while their
steady-state errors are the same. Since the FELMS and LMS
algorithms have the same steady-state error, we only tune the
step-size parameter μ for the ELMS algorithm to make its
steady-state error equal to that of others. As seen in Fig. 5, the
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Fig. 6. The NMSD learning curves of different algorithms forμ = 0.01,K =
16, and different sampling strategies.

Fig. 7. Average number of selected nodes in different algorithms with different
sampling strategies.

ELMS and FELMS algorithms converge faster than the LMS
algorithm.

To examine the performance of the proposed adaptive sam-
pling strategy in (84)–(85), the NMSD learning curves of differ-
ent algorithms are shown in Fig. 6 where the proposed adaptive
sampling strategy with τ = 0.995 and θ = 0.01 and random
sampling with the probabilities shown in Fig. 2 are used. In
addition, the average number of selected nodes at each iteration
is plotted in Fig. 7. The results demonstrate that although the pro-
posed adaptive sampling strategy entails fewer selected nodes
compared to random sampling, it does not incur any degradation
in convergence rate or steady-state error.

Fig. 8 shows the NMSD learning curves of the LMS algorithm
when using the considered existing sampling strategies, i.e.,
random, greedy Min-MSD [36], greedy Max-SingMin [19], and
greedy Min-Pinv [21], with μ = 1, N = 20, |F| = 7, and M =
12. To compare our proposed adaptive sampling strategy with
the previous ones without cluttering the figures, we compare
our strategy with the aforementioned strategies with M = 18

Fig. 8. The NMSD learning curves of LMS for random and greedy sampling
strategies with M = 12.

Fig. 9. The NMSD learning curves of LMS for adaptive, random, and greedy
sampling strategies with M = 18.

in Fig. 9. We also show the average number of selected nodes
in each iteration by the considered algorithms in Fig. 10. We
can observe from Figs. 8-10 that the convergence speed when
using the random and greedy strategies degrades substantially
as M decreases from 18 to 12. The proposed adaptive strategy
leads to a higher convergence rate and steady-state accuracy
compared with the random and greedy strategies with M = 12
and 18. This is mainly due to the adaptive selection of the nodes
at each iteration by the proposed strategy. It is also clear from
Fig. 10 that the proposed adaptive sampling strategy selects a
small number of nodes at the steady state.

To compare the time complexity of the proposed sampling
strategy with the greedy sampling strategies, we measured the
associated processing times in the scenario leading to Fig. 9. The
greedy Min-MSD sampling strategy took 4 seconds to run while
the Min-Pinv and Max-SingMin sampling strategies took about
4 milliseconds. The processing time for the proposed adaptive
strategy was 0.1 millisecond per iteration on average. We can
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Fig. 10. The average number of selected nodes in the LMS algorithms for
adaptive, random, and greedy sampling strategies with M = 12 and 18.

conclude from the above runtimes that the time complexity of
the proposed strategy is reasonably low while that of Min-MSD
is significantly higher. We implemented the simulations using
MATLAB R2018b on a PC with a 3.40GHz CPU and 32 GB of
RAM.

B. Parameter Values and Performance

In this section, we examine the impact of the values of the
user-defined parameters in the proposed algorithms on their
performance.

Recall (45) where the threshold parameter θ is used in the
FELMS algorithm. If Δαo

(n) is near zero, the algorithm is in
its steady state. Therefore, α(n) should be decreased until it
converges to zero. The parameter θ is a negative number that
is used as a threshold to determine the convergence state of the
algorithm so that when Δαo

(n) < θ the algorithm is considered
to be in the transient state. Thus, θ can be seen as a lower bound
for the steady-state Δαo

(n). We propose a suitable value for θ
in Section V-B [see (71)]. In Fig. 11, we plot the instantaneous
values of Δαo

(n) and its lower bound θ given by (71) for
different values of μ and K. Note that as the dynamic range
of Δαo

(n) is very high, we plot a limited range of it for clarity.
As seen, for different values of μ and K, the calculated lower
bound is a good value for the threshold θ.

The threshold parameter θ′ is used in the proposed adaptive
sampling strategy [see (84)] to distinguish the steady state of
GMSDl(n) from its transient state. A suitable value for this
parameter is given in Section VI-B, i.e., (86). In Fig. 12, we see
that for different values of μ and K, θ′ is a good distinguisher
of the transient and steady states of GMSDl(n).

Recalling (44) and (45), the parameter η specifies the damping
rate applied to α(n). The effect of η on the performance of
the FELMS algorithm is shown in Figs. 13 and 14. As seen in
these figures, if η = 1, then α(n) = αo(n) ∀n and the FELMS
algorithm does not switch to the LMS algorithm [α(n) = 0] at
the steady state. Hence, it does not achieve the low steady-state
error of the LMS algorithm. Smaller values of η make α(n)

Fig. 11. The evolution of Δαo (n) over iterations and its steady-state lower
bound, θ, for different values of μ and K.

Fig. 12. The evolution ofGMSDl(n)over iterations and its steady-state lower
bound, θ′, for different values of μ and K

Fig. 13. The NMSD learning curves of FELMS with μ = 0.01, K = 16, and
different values of η.
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Fig. 14. The NMSD learning curves of FELMS with μ = 0.5, K = 16, and
different values of η.

Fig. 15. The NMSD learning curves of FELMS with the adaptive sampling
strategy for μ = 0.01, K = 16, and different values of τ .

converge to zero earlier leading to a slower transition to the
steady state. As seen in Fig. 14, for higher values of μ, the
FELMS algorithm’s performance does not change substantially
with variations in η. For smaller values of μ as in Fig. 13, the
algorithm’s performance deteriorates only when η is very small
or very close to one. Evidently, a value around 0.9 is a good
choice for η notwithstanding that, for large values of μ, the
FELMS algorithm has little sensitivity to the value of η.

The damping coefficient τ is used in the proposed adaptive
sampling strategy [recall (84)]. Larger values of this parameter
cause the sampling probabilities decrease slower. The effect of
this parameter on the performance of the FELMS algorithm is
shown in Figs. 15 and 16. It can be seen from Fig. 15 that by
increasing τ , the steady-state error of the algorithm increases.
In the extreme case when τ = 1, the sampling probability of
all nodes is fixed at pl = 1. It means that all nodes are selected
in each iteration. Therefore, the algorithm shows its best per-
formance. Fig. 16 shows that the number of selected nodes
decreases as τ increases. Visibly, there is a trade-off between

Fig. 16. Average number of selected nodes in FELMS with the adaptive
sampling strategy for different values of τ .

Fig. 17. The NMSD learning curves of LMS for different values of μ.

the complexity of the FELMS algorithm (the number of selected
nodes) and its performance that is governed by the value of τ .
We conclude from Figs. 15 and 16 that a value of τ close to 1 (for
example τ = 0.99) is a good choice as the number of selected
nodes is substantially decreased while the performance is nearly
similar to when all nodes are selected (τ = 1).

The step-size parameter μ is used in the gradient descent
iterations. If it is larger than a threshold, the iterations will
diverge. In (74) and (76), we provide the bounds for μ that
guarantee the convergence of the FELMS algorithm. Within the
stable range, larger values of μ lead to higher convergence speed
but also to higher steady-state error, and vice versa. The effect
of the value of μ on the performance of the LMS, ELMS, and
FELMS is shown in Figs. 17–19. Notice that the convergence
speed of the FELMS algorithm does not degrade significantly
when μ decreases. That is because the FELMS algorithm enjoys
fast convergence due to using appropriate values of α(n) in the
transient state.
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Fig. 18. The NMSD learning curves of ELMS for K = 8 and different values
of μ.

Fig. 19. The NMSD learning curves of FELMS for K = 8 and different
values of μ.

Fig. 20. Graph topology.

C. Theoretical Performance

To verify our theoretical results, we compare the simulated
and theoretical NMSD values of LMS, ELMS, and FELMS. To
this aim, we consider a graph topology with 10 nodes as shown in
Fig. 20. The theoretical and simulated learning curves of LMS,

Fig. 21. The simulated and theoretical steady-state NMSD learning curves of
different algorithms for μ = 0.01 and K = 8.

Fig. 22. The simulated and theoretical NMSD of FELMS and ELMS for
different values of μ and K.

ELMS, and FELMS are plotted in Fig. 21 for μ = .01, γ = 0.9,
and K = 8. This figure shows a good agreement between sim-
ulation and theory. In Fig. 22, the theoretical and simulated
steady-state NMSD for FELMS and ELMS with K = 2, 4, and
8 are depicted for different values of μ. A good agreement
between theoretical and simulated steady-state NMSD values
can be seen. We can also infer from this figure that by increasing
K the stability bound of ELMS decreases and its steady-state
NMSD increases. The FELMS outperforms ELMS in terms of
both stability region extent and steady-state NMSD.

D. Application to Real Data

First, we consider mean snowfall measurements at N = 503
National Weather Service (NWS) stations across the United
States for the 1971-2000 period [48]. The graph signal at each
vertex shows mean snowfall at its corresponding station. In
Fig. 23, we show the true and estimated values of the mean
snowfall measured at an unobserved randomly-chosen station.
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Fig. 23. True snowfall and its estimates at a randomly chosen unobserved
station, for different algorithms.

Fig. 24. True snowfall and its estimates versus time at a randomly chosen
unobserved station, for different algorithms.

We estimate the graph signal using different algorithms such
as LMS, ELMS, FELMS, and RLS with μ = 0.01, γ = 0.9,
K = 16, and |F| = 100. The noise covariance matrix is diago-
nal with each element randomly selected in the interval [0, 0.01].
It can be interpreted from Fig. 23 that the proposed ELMS and
FELMS algorithms estimate the true value of snowfall much
faster than LMS. Moreover, in comparison with ELMS, the
FELMS is more accurate and has less fluctuations around the
true value. The FELMS shows comparable performance to RLS
despite its much lower computational complexity.

We also study the tracking performance of the proposed
algorithms in comparison with LMS and RLS. Fig. 24 illustrates
the true behavior of the snowfall measured at a randomly-chosen
unobserved station. The data is collected over the first 120
hours of 2010. As seen, the proposed FELMS estimates the
snowfall faster than ELMS and LMS. Moreover, as graph signal
is not constant over time, RLS performs worse than FELMS
and ELMS. The good performance of FELMS is also evident in

Fig. 25. The NMSD learning curves of different algorithms with μ = 0.01
and K = 16 at a randomly chosen unobserved station.

Fig. 25 where the NMSD learning curves of different algorithms
are plotted for the same unobserved node considered earlier.

VIII. CONCLUSION

We proposed two algorithms for adaptive learning of graph
signals by reusing the past data and sampling the nodes in a smart
and efficient manner. The proposed strategies have a higher con-
vergence speed than the LMS algorithm while preserving its low
computational complexity. The first algorithm is an extension
of the LMS algorithm named ELMS. This algorithm uses signal
vectors of previous iterations as well as the vector at the current
iteration. Employing the previous signal vectors increases the
convergence speed of the ELMS algorithm at the expense of
higher steady-state error compared with the LMS algorithm.
The second algorithm called FELMS improves the convergence
speed of ELMS and decreases its steady-state error. We studied
the mean-square performance of ELMS and FELMS algorithms.
Furthermore, we proposed an adaptive sampling strategy where
the sampling probability of each node is adapted at each iteration
according to the GMSD associated with the node. Using this
strategy, the number of selected nodes decreases over time
as the algorithm converges without incurring any substantial
degradation in the estimation performance. Unlike the existing
greedy sampling strategies, the proposed adaptive sampling
strategy does not trade estimation accuracy for computational
complexity. Rather, it optimizes the estimation accuracy jointly
with the sampling (node selection) performance to yield fast
convergence. More importantly, it achieves this efficiently with
a little extra computational burden for sampling.

APPENDIX

A. Comparing the Steady-State Errors of LMS and ELMS
Algorithms

To compare the steady-state error of the LMS and ELMS
algorithms, we use (63) while setting α(n) = 1 for ELMS and
α(n) = 0 for LMS. To provide a simple example, we consider a
special case when Hf = Gs(n) = I. Using these values in (57)
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and (58), Fα and fα are computed as

LMS :

{
f0 = μ2vec(Cv)

T I
F0 = (1− μ)2I

(87)

ELMS :

{
f1 = Kμ2vec(Cv)

T I
F1 = (1−Kμ)2I

. (88)

Using these values in (63), the steady-state MSD for LMS
and ELMS is computed as

MSDLMS(n) =
μ2tr{Cv}

1− (1− μ)2
(89)

MSDELMS(n) =
Kμ2tr{Cv}

1− (1−Kμ)2
. (90)

Let us consider the ratio of these values as follows

MSDLMS(n)

MSDELMS(n)
=

2−Kμ

2− μ
. (91)

Since K > 1, then 2−Kμ < 2− μ. Therefore,

MSDLMS(n)

MSDELMS(n)
=

2−Kμ

2− μ
< 1. (92)

Therefore, for the special case of Hf = Gs(n) = I, the steady-
state MSD of the ELMS algorithm is always larger than that of
the LMS algorithm.

B. Lower Bound for the Steady-State Δα(n)

Here, we derive a lower bound for Δα(n) = E‖x̃(n+
1)‖2Φ − E‖x̃(n)‖2Φ. From (66), the theoretical value of Δα(n)
is

Δα(n) = E{z(n)}(Fα(n)− I)φ+ fα(n)φ (93)

≥ E{z(n)}(Fα(n)− I)φ (94)

≥ E{z(n)}((Q7 +QH
7 )α(n)− I)φ. (95)

Note that the first and second inequalities are based on the facts
that fα(n) is non-negative and E{z(n)}(Q6 + α2(n)Q8)φ ≥
0, respectively [see (58) and (59)]. Using (59b) and the properties
of the vec(.) operator, (95) can be restated as

Δα(n) ≥ E{x̃H(n) [2α(n)Υ−Φ] x̃(n)} (96)

where Υ = E{QH
1 (n)ΦQ2(n)}. Assuming that, at the steady

state, the signal is recovered exactly, (96) becomes

Δα(n) ≥ 2α(n)E{tr{CvΥ}} − E{tr{CvΦ}}. (97)

In view of (51), (97) can be stated as

Δα(n) ≥ −2μα(n)h1 + 2α(n)μ2h2 − E{tr{CvΦ}}. (98)

where

h1 = E

⎧
⎨

⎩tr

⎧
⎨

⎩CvΦHf

K−1∑

j=1

Gs(n− j)

⎫
⎬

⎭

⎫
⎬

⎭ , (99)

h2 = E

⎧
⎨

⎩tr

⎧
⎨

⎩CvHfGs(n)ΦHf

K−1∑

j=1

Gs(n− j)

⎫
⎬

⎭

⎫
⎬

⎭ .

(100)

It is easy to show that h2 ≥ 0, h1 ≤ Ktr{Cv}, and
tr{CvΦ} ≤ tr{Cv} when Φ = Gs(n). Using these inequal-
ities, (98) leads to

Δα(n) ≥ −(2μKα(n) + 1)tr{Cv}. (101)
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