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Abstract
We study the salience and power of reference points in determining the effective
anchors and aspirations in bargaining problems. Along this line, we enrich the analysis
of the standard bargaining model with two new parameters: the first parameter can be
interpreted as the effectiveness (or salience) of the reference point in determining the
anchor, whereas the second parameter can be interpreted as its effectiveness in shaping
agents’ aspirations. Utilizing these parameters, we provide a unifying framework for
the study of bargaining problems with a reference point. The two-parameter family
of bargaining solutions we obtain encompasses some well-known solutions as special
cases. We offer multiple characterizations for each individual member of this family
as well as two characterizations for the whole solution family in bilateral bargaining
problems.

Keywords Anchors · Aspirations · Axiomatic approach · Bargaining problems ·
Bargaining solutions · Disagreement point · Reference point

JEL Classification C72 · C78 · D63 · D74

1 Introduction

What provides a bargaining advantage? Nash (1950) proposed that what an agent
would get in case of a disagreement may constitute a source of bargaining
power/advantage. On the other hand, Gupta and Livne (1988) argued that reference
points in the form of existing or expired contracts, precedents, negotiation text, or
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norms may also provide bargaining power.1 Most cooperative bargaining models
employ the disagreement point (e.g., Nash 1950; Kalai and Smorodinsky 1975; Kalai
1977; Balakrishnan et al. 2011) or the reference point (e.g., Brito et al. 1977; Gupta
and Livne 1988) as an anchor that influences the negotiated agreements. There is
an important difference between the bargaining advantages provided by these two
sources: the former can be exercised unilaterally (i.e., an agent would not need the
opponent’s permission to disagree) whereas the latter needs to be—at least tacitly—
mutually acknowledged (i.e., a reference point can be employed only if both parties
find it sufficiently salient or reasonable). In that sense, the power provided by the
disagreement point can be labeled as hard power, whereas the power provided by the
reference point can be labeled as soft power (see Bolton and Karagözoğlu 2016). At
first look, it appears that hard power should dominate soft power, when push comes
to shove. But what if there is a well-established norm that implies a salient reference
point? In other words, could it be that the effectiveness of hard power depends on the
salience or the source of soft power?

The way disagreement and reference points are incorporated into most cooperative
bargaining models implies that in addition to their direct effect mentioned above, they
may also have an indirect effect on the negotiated agreement through their influence on
agents’ aspirations. Aspirations can be interpreted as agents’ expectations on the best
case scenario in negotiations. In other words, they provide answers to the question,
“What is the most favorable outcome I can get out of this negotiation?”. Kalai and
Smorodinsky (1975) is among the first to argue that aspirations can influence agree-
ments.2 In that study, agents’ aspirations are directly derived from the disagreement
point and the utility possibility frontier. Accordingly, the ideal point introduced by
Kalai and Smorodinsky (1975) gives, for each agent, the maximum utility level that
can be reached in an individually rational agreement. The Kalai–Smorodinsky solu-
tion employs the disagreement point (as an anchor point) and the ideal point (as an
aspiration point) in proposing a settlement. On the other hand, the solution concept
introduced byGupta andLivne (1988) employs the reference point (as an anchor point)
and the ideal point (as an aspiration point). Their model describes a bargaining situa-
tion where the salience of the reference point “increases the likelihood that no party
exercises its threat to break off ” (see Gupta and Livne 1988, p. 1304). Balakrishnan
et al. (2011) introduced a new salient point into bargaining problems: the tempered
aspirations point. Such aspirations are derived from the reference point instead of the
disagreement point; and their solution—called the tempered aspirations solution—
employs the disagreement point (as an anchor point) and the tempered aspirations
point (as an aspiration point). Their model describes a bargaining situation where “the
salience of the reference point mutes or tempers the negotiators’ aspirations” (see
Balakrishnan et al. 2011, p. 144).

One can argue that anchor points describe what would happen in the worst case
scenario, whereas aspiration points describe what would happen in each agent’s indi-

1 A plethora of experimental studies provided evidence supporting these arguments. Among others, the
reader is referred to Kristensen and Gärling (2000), Gächter and Riedl (2005, 2006), Anbarcı and Feltovich
(2013, 2018), Bartling and Schmidt (2015), Herweg and Schmidt (2013), Bolton and Karagözoğlu (2016),
and Irlenbusch et al. (2017).
2 Some other studies that have similar arguments are Raiffa (1953) and Rosenthal (1976).
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vidual best case scenario; and that there aremultiple candidates for both types of salient
points which may lead to entirely different descriptions. What is common to all three
solution concepts mentioned above is that each proposes a settlement as a feasible
compromise between the worst case and the best case scenarios. A natural question
is: In modeling a simple bargaining situation, why/when should the reference point be
preferred over the disagreement point as an anchor point (as in the Kalai–Smorodinsky
solution or the tempered aspirations solution), or vice versa (as in the Gupta–Livne
solution)? Similarly, why/when should the ideal point be preferred over the tempered
aspirations point as an aspiration point (as in the Kalai–Smorodinsky solution or the
Gupta–Livne solution), or vice versa (as in the tempered aspirations solution)? As
Balakrishnan et al. (2011, p. 149) correctly pointed out: “the context of the bargain
will affect the manner in which the reference point influences the negotiated outcome”.

To put it more concretely, belowwe provide some examples where the presence of a
reference point likely has an impact on agents’ bargaining behavior and the salience of
the reference point (relative to the disagreement point) influences themagnitude of that
impact. These examples are all inspired by the existing experimental research on the
influences of reference/focal points and disagreement points on bargaining behavior
and bargaining outcomes:

Example 1 (inspired by Bazerman 1985): Consider a wage bargaining such that the
only piece of information the bargaining parties have is the payoffs they would receive
if they cannot reach an agreement (Info 1). Now consider a variation where another
piece of information is available, which is the average wage level in the same industry
in the current year (Info 2). In the presence of this new information, which may likely
act as a reference point, it is hard to believe that Info 1 will be as influential as before
on the bargaining agreement. Finally, consider yet another variation where, instead of
Info 2, the bargaining parties know the average wage level in a different industry from
five years ago (Info 2′). It is likely that Info 2′ will be less influential on the bargaining
agreement in the latter variation than Info 2 is in the former variation.

Example 2 (inspired by Gächter and Riedl 2005, 2006; and Karagözoğlu and Riedl
2015): Consider the following scenario borrowed from the experiments in Gächter and
Riedl (2005, 2006). There is a hypothetical company where the top management paid
salaries to two department heads based on their relative performances in the past. Now,
things have changed, and the current department heads will bargain over the distribu-
tion of the total salary budget (after exerting effort in a real-effort task,whichwill deter-
mine their relative performances). They know that they would receive zero payoffs if
they cannot reach an agreement (Info 1). Consider now two variations inwhich another
piece of information is available: in Info 2, they are told that the top management
implemented a 60–40 division in the past (favoring the higher performer); whereas in
Info 2′ they are told that the top management implemented a 90–10 division in the past
(favoring the higher performer). As in Example 1, this new information likely acts as a
reference point influencing the bargaining agreement. Here, Info 2 arguably presents
a more “reasonable” (or legitimate) reference point whereas Info 2′ presents a less
reasonable one due to its extreme asymmetry. One may guess that Info 2 will influ-
ence bargaining behavior and bargaining outcome, and it will do so more than Info 2′
would, which is, in fact, empirically validated by Gächter and Riedl (2005, 2006).
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Example 3 (inspired by Gächter and Riedl 2005; and Karagözoğlu and Riedl 2015):
Consider a bargaining scenario where two individuals bargain over a pie of worth
$100, which is jointly produced by these individuals. The bargaining parties are
aware that if no agreement is reached, they will receive certain disagreement payoffs
(Info 1). Now, consider the following variations. In Info 2, individuals are informed
about the average bargaining outcomes of bargaining instances where the respective
bargaining parties jointly produced a surplus of $50. In Info 2′, they are informed
about the average bargaining outcomes of bargaining instances where a surplus of $50
was exogenously given to the respective bargaining parties, as a result of a random
draw. Arguably, for the bargaining situation at hand, the reference point in Info 2 is
more salient (due to its similarity), hence will have a greater influence on the bargain-
ing outcome compared to the reference point in Info 2′; a statement supported by the
findings in Gächter and Riedl (2005) and Karagözoğlu and Riedl (2015).

Example 4 (inspired byAnbarcı and Feltovich 2013, 2018): Consider another bargain-
ing scenario where two individuals bargain over an exogenously given pie of worth
$100. The bargaining parties are aware that if no agreement is reached, each party
i will receive a payoff of di ≥ 0. These disagreement payoffs can be very differ-
ent from each other. We know that two prominent bargaining solutions, namely the
Nash solution and the Kalai–Smorodinsky solution, propose that the disagreement
payoffs directly and critically influence the bargaining outcome. That said, we also
know that when the bargaining pie is exogenously given (as opposed to being jointly
produced by the bargaining parties), the 50–50 division (i.e., equal division) likely
acts as a reference point. In this particular scenario, its effectiveness may depend on
the source of the disagreement payoffs. More precisely, Anbarcı and Feltovich (2013,
2018) and Feltovich (2019) showed that when the disagreement payoffs are earned (by
exerting effort), then the 50–50 reference point/disagreement point becomes less/more
effective in determining the bargaining outcome compared to the situation where the
disagreement payoffs are randomly and exogenously assigned.

One common message from these examples is that it is very unlikely for a given
axiomatic bargaining solution (e.g., the Nash solution or the Kalai–Smorodinsky solu-
tion) tomake good predictions in rich bargaining contexts, wheremultiple factors (e.g.,
disagreement, ideal, and reference points) influence bargaining outcomes; and their
influence, rather than being constant, can be a function of contextual factors. In fact,
this is an empirically well-documented observation (see Fischer et al. 2007; Anbarcı
and Feltovich 2013, 2018; Bolton and Karagözoğlu 2016; Karagözoğlu and Kocher
2018; Feltovich 2019 among others). More precisely, the influence of a disagree-
ment point on the negotiated outcome may depend on various factors such as how
the disagreement point outcomes are determined, whether a salient reference point is
present or not, and whether the allocation implied by the disagreement point is com-
patible with agents’ fairness concerns or not. Similarly, the influence of a reference
point on the negotiated outcome may depend on various factors such as similarity
(between the current situation and the reference situation), temporality (whether the
reference situation is contemporary or in the past), legitimacy, fairness, and time frame
of negotiations. In a seminal paper, Sebenius (1992) discussed the need to incorporate
contextual factors into negotiation analysis. Crusius et al. (2012) argued, by referring
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to some well-known experimental findings, that the context has an important influ-
ence on behavioral mechanisms and the effects of economic parameters. Along similar
lines, it is argued by Yockey and Kruml (2009) and reported by Holm and Runnemark
(2014) that the salience of a reference point is influenced by various contextual factors.

In this paper we argue that the salience of the reference point and its influence on
agents’ aspirations, respectively, provide new insights on the questionswe posed above
and has the potential to explain some regularities observed in bargaining experiments.
Accordingly, we incorporate these two factors into the analysis of bargaining problems
with a reference point. In particular, we introduce two parameters, α ∈ [0, 1] and
β ∈ [0, 1], which capture the salience of the reference point in determining the anchor
and its influence on agents’ aspirations, respectively. A higher value of α refers to a
higher influence on the anchor whereas a higher value of β refers to a higher influence
on agents’ aspirations. This gives us a rich and unifying framework for the study of
bargaining problems with a reference point. It can be argued that our paper offers at
least a partial answer to the critique by Roemer (1986)—an answer that still relies on
the axiomatic bargaining theory.3

These two parameters also allow us to obtain a new family of bargaining solutions.
This family encompasses some of thewell-known solution concepts as special (corner)
cases. For instance, when α = 0 and β = 0 (i.e., the reference point has no influence
on the anchor point or the aspiration point), this solution coincides with the Kalai–
Smorodinsky solution. When α = 1 and β = 0 (i.e., the reference point completely
determines the anchor point but has no influence on the aspiration point), this solution
coincides with the Gupta–Livne solution. When α = 0 and β = 1 (i.e., the reference
point has no influence on the anchor point but completely determines the aspiration
point), this solution coincides with the tempered aspirations solution. Finally, when
α = 1 and β = 1 (i.e., the reference point completely determines both the anchor
point and the aspiration point), this solution coincides with what Gupta and Livne
(1989) called the local Kalai–Smorodinsky solution. Naturally, in between these four
extreme cases, there are infinitely many intermediate solution concepts that propose
settlements by offering feasible compromises between the worst case and the best case
scenarios described by anchors and aspirations, respectively. In this paper, we offer
multiple characterizations for each individual member of the (α, β)-family as well as
two characterizations for the whole solution family.

Our work shares a similar spirit with Thomson (1981), Anbarcı (1995), Alós-Ferrer
et al. (2018), and Haake and Qin (2018) in that these papers also studied reference
points and/or classes of bargaining solutions. Thomson (1981) introduced the con-
cept of a reference function, which determines a reference point for each bargaining
problem—as a function of the problem. Later, using the reference function concept
of Thomson (1981), Anbarcı (1995) proposed a class of solutions the outcomes of
which lead to balanced concessions. The Kalai–Smorodinsky solution appears to be
a special case of this class. Recently, Alós-Ferrer et al. (2018) introduced the negoti-
ated aspirations solution that proposes the best allocation in the direction of the ideal
point starting at an endogenous reference point. Their reference point is endogenous

3 Roemer (1986) argued that the axiomatic bargaining model is too impoverished and as such it fails to
capture important issues in distributive justice.
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in that it is a function of the ideal point and the bargaining power. Finally, Haake and
Qin (2018) introduced the constant elasticity of substitution (CES) family of bargain-
ing solutions, which admits the Nash solution and the egalitarian solution as special
cases. They also studied a normalized version of this family, which admits the Nash
solution and the Kalai–Smorodinsky solution as special cases. Just as we do in the
current paper, the authors provided unified characterizations of existing as well as new
bargaining solutions.

The roadmap for the rest of this paper is as follows: Sect. 2 introduces the bargaining
problemwith a reference point and the (α, β)-family of bargaining solutions. Section 3
includes an inventory of axioms used in the characterization results that follow. Sec-
tion 4.1 presents characterizations of the individual members of the (α, β)-family,
Sect. 4.2 presents characterizations of the whole (α, β)-family, Sect. 4.3 presents a
comparative statics analysis, and Sect. 4.4 presents discussions and further remarks.
Finally, Sect. 5 concludes with some limitations and possible future research.

2 Themodel

An n-person bargaining problem with a reference point is a triple (S, d, r) where S
denotes the set of feasible outcomes, d is the disagreement point, and r is the reference
point. We assume that (i) S ⊂ R

n is a non-empty, closed, convex, and comprehensive
set; (ii) ∃p ∈ R

n++, ∃q ∈ R such that ∀x ∈ S: ∑
i pi xi ≤ q; (iii) d, r ∈ S; (iv)

∃x ∈ S with x > d; and (v) r ≥ d.4,5 Let a(S, x) denote the aspiration vector such
that for every i ∈ {1, . . . , n} and every x ∈ S: ai (S, x) ≡ max{t ∈ R | (t, x−i ) ∈ S}.
Accordingly, a(S, d) is the ideal point (see Kalai and Smorodinsky 1975) and a(S, r)

is the tempered aspirations point (see Balakrishnan et al. 2011).
Let �n be the class of all bargaining problems with a reference point. A solution

concept for such problems is a function F :�n → R
n that associates each (S, d, r) ∈

�n with a unique point of S. Below, we present the definitions of some solution
concepts we will use in the remainder of the paper.

Definition 1 (Kalai–Smorodinsky Solution) For every (S, d, r) ∈ �n ,

K S(S, d, r) = λ∗a(S, d) + (1 − λ∗)d

where λ∗ = max{λ ∈ [0, 1] | λa(S, d) + (1 − λ)d ∈ S}.6
4 For x, y ∈ R

n , the vector inequalities are given by: x ≥ y, x > y, and x � y.
5 The convexity assumption indicates that agents could agree to take a coin toss between two outcomes and
that each agent’s payoff from the coin toss is the average of his/her payoffs from these outcomes. Closedness
of S means that the set of physical agreements is closed and that agents’ payoff functions are continuous.
Comprehensiveness means that if x ∈ S, then for every y ∈ R

n+ with y ≤ x : y ∈ S, which stipulates that
utility is freely disposable. The assumption d ∈ S indicates that agents are able to agree to disagree, the
assumption r ∈ S indicates that the reference point is feasible, and the assumption r ≥ d indicates that
the reference point is individually rational. By assuming that there exists x ∈ S with x > d, we rule out
degenerate problems in which no agreement can make all agents better-off than the disagreement outcome.
Finally, the condition (ii) implies the boundedness of S from above, which means that the maximum payoff
an agent can achieve out of an agreement is finite.
6 Note that the Kalai–Smorodinsky solution does not depend on the reference point and is usually defined
on (S, d). Nevertheless, it is mathematically not problematic to define it on (S, d, r).
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TheKalai–Smorodinsky solution proposes themaximumpoint of the bargaining set
on the line segment connecting the ideal point, a(S, d), and the disagreement point, d
(see Fig. 2a).

Definition 2 (Gupta–Livne Solution) For every (S, d, r) ∈ �n ,

GL(S, d, r) = λ∗a(S, d) + (1 − λ∗)r

where λ∗ = max{λ ∈ [0, 1] | λa(S, d) + (1 − λ)r ∈ S}.
The Gupta–Livne solution proposes the maximum point of the bargaining set on

the line segment connecting the ideal point, a(S, d), and the reference point, r (see
Fig. 2b).

Definition 3 (Tempered Aspirations Solution) For every (S, d, r) ∈ �n ,

T A(S, d, r) = λ∗a(S, r) + (1 − λ∗)d

where λ∗ = max{λ ∈ [0, 1] | λa(S, r) + (1 − λ)d ∈ S}.
The tempered aspirations solution proposes the maximum point of the bargaining

set on the line segment connecting the tempered aspirations point, a(S, r), and the
disagreement point, d (see Fig. 2c).

Definition 4 (Local Kalai–Smorodinsky Solution) For every (S, d, r) ∈ �n ,

L K S(S, d, r) = λ∗a(S, r) + (1 − λ∗)r

where λ∗ = max{λ ∈ [0, 1] | λa(S, r) + (1 − λ)r ∈ S}.
The local Kalai–Smorodinsky solution proposes the maximum point of the bar-

gaining set on the line segment connecting the tempered aspirations point, a(S, r),
and the reference point, r (see Fig. 2d).

As discussed above, we introduce two new parameters in this paper: α ∈ [0, 1],
which can be interpreted as the influence of the reference point in determining the
anchor (or, simply, its salience); and β ∈ [0, 1], which can be interpreted as the influ-
ence of the reference point in shaping agents’ aspirations/expectations. Accordingly,
for any α, β ∈ [0, 1], we define the (α, β)-solution as follows.

Definition 5 For a given α, β ∈ [0, 1] and for every (S, d, r) ∈ �n ,

Fα,β(S, d, r) = λ∗a(S, βr + (1 − β)d) + (1 − λ∗)(αr + (1 − α)d)

where λ∗ = max{λ ∈ [0, 1] | λa(S, βr + (1− β)d) + (1− λ)(αr + (1− α)d) ∈ S}.
For every α, β ∈ [0, 1], the (α, β)-solution proposes the maximum point of the

bargaining set on the line segment connectinga(S, βr+(1−β)d) andαr+(1−α)d (see
Fig. 1). The collection of all such solutions constitutes the (α, β)-family of bargaining
solutions.
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S

·r

·
d

αr + (1− α)d

βr + (1− β)d

a(S, βr + (1− β)d)

Fα,β(S, d, r)

Fig. 1 The (α, β)-solution

As depicted in Fig. 2, when (α, β) = (0, 0), the (α, β)-solution coincides with
the Kalai–Smorodinsky solution. This indicates that the Kalai–Smorodinsky solu-
tion implicitly assumes that even when there is a reference point in the environment,
it is completely ineffective in determining the anchor or aspiration points. When
(α, β) = (0, 1), the (α, β)-solution coincides with the tempered aspirations solu-
tion, which shows that the tempered aspirations solution assumes that the reference
point is completely effective in shaping the aspiration point, but has no influence
on the anchor point. When (α, β) = (1, 0), it coincides with the Gupta–Livne
solution, which shows that the Gupta–Livne solution assumes that the reference
point is completely effective in determining the anchor point, but has no influence
on the aspiration point. Finally, when (α, β) = (1, 1), it coincides with the local
Kalai–Smorodinsky solution. This indicates that the local Kalai–Smorodinsky solu-
tion assumes that the reference point is completely effective in determining both the
anchor and aspiration points. Between these corner cases, the (α, β)-solution family
encompasses all other solution concepts of similar sort. In other words, our model
introduces a rich apparatus that can allow researchers to incorporate contextual fac-
tors and their influences on anchors and aspirations to the investigation of bargaining
problems.

Note that our model allows α and β to be equal, but simply does not only consider
this very special case. To the extent that anchors and aspirations are salient points of
different nature, this is a natural modeling assumption. Accordingly, we offer a richer
description of the bargaining context compared to the one that restricts attention to
cases where α and β are equal.
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·

S

r

d

a(S, d)

KS

(a) Kalai-Smorodinsky Solution

·

S

r

d

a(S, d)

GL

(b) Gupta-Livne Solution

S

r

·
d

a(S, r)

TA

(c) Tempered Aspirations Solution

S

r

·
d

a(S, r)
LKS

(d) Local Kalai-Smorodinsky Solution

Fig. 2 Four bargaining solutions as members of the (α, β)-family

3 Inventory of axioms

In the following, we present the definitions of the axioms employed in our charac-
terizations. Since the characterization results concern bilateral bargaining problems,
these definitions are also given for bilateral bargaining problems.

First, for every S ⊂ R
2, we define the set of weakly Pareto optimal outcomes as

W P O(S) = {x ∈ S | �y ∈ S\{x} : y � x} and the set of Pareto optimal outcomes
as P O(S) = {x ∈ S | �y ∈ S\{x} : y > x}. The following standard axioms require
the solution to be (weakly) Pareto optimal.

Axiom 1 (Weak Pareto Optimality)(WPO) For every (S, d, r) ∈ �2, F(S, d, r) ∈
W P O(S).

Axiom 2 (Pareto Optimality)(PO) For every (S, d, r) ∈ �2, F(S, d, r) ∈ P O(S).

Let Tsym : R
2 → R

2 be a transformation such that Tsym(x1, x2) = (x2, x1). Also
let Tsym(S) = {Tsym(x) | x ∈ S}. The following is a primitive fairness axiom, which
is standard in the literature on bargaining problems.

Axiom 3 (Symmetry)(SYM) For every (S, d, r) ∈ �2, F(Tsym(S), Tsym(d), Tsym(r))

= Tsym(F(S, d, r)).
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A bargaining problem (S, d, r) ∈ �2 is said to be symmetric if Tsym(S) = S,
Tsym(d) = d, and Tsym(r) = r . For such a problem, if a bargaining solution F :
�2 → R

2 satisfies SYM, then F1(S, d, r) = F2(S, d, r).
For the following axiom, we say that Ta f f ≡ (Ta f f ,1, Ta f f ,2) : R

2 → R
2 is a

positive affine transformation if for each i ∈ {1, 2}, the map Ta f f ,i (x1, x2) is of the
form mi xi + ni for some positive constant mi and another constant ni . We also define
Ta f f (S) = {Ta f f (x) | x ∈ S}. The axiom requires the solution to be invariant under
positive affine transformations of a given problem.

Axiom 4 (Invariance Under Positive Affine Transformations)(IPAT) For every
(S, d, r) ∈ �2, F(Ta f f (S), Ta f f (d), Ta f f (r)) = Ta f f (F(S, d, r)).

In Sect. 4.1, we provide characterization results for the individual members of the
(α, β)-family. In this regard, we must have axiom families rather than single axioms
(e.g., Axioms 5–9). This way, there would be a one-to-one mapping between the
solution family and each axiom family.

To understand the common intuition underlying the following axioms, assume that
there is an arbitrator who wants to resolve a conflict in a given bargaining problem
and has certain normative concerns. Given the bargaining context, the arbitrator also
has an opinion on the (effective) anchor point and the (effective) aspiration point to
be employed: ar + (1− a)d and a(S, br + (1− b)d), respectively. Such an arbitrator
would naturally consider axioms that use these salient points rather than axioms using
the disagreement point and/or the reference point. Moreover, note that Axioms 5–9 are
generalizations of the corresponding monotonicity, sensitivity, and relevance axioms
in earlierwork (seeKalai and Smorodinsky 1975;Gupta andLivne 1988; Balakrishnan
et al. 2011). Naturally, they have identical interpretations and normative appeal with
those axioms.

The following is a monotonicity axiom, which is analogous to individual mono-
tonicity introduced in Kalai and Smorodinsky (1975). It stipulates that an expansion
of the bargaining set, which improves agent i’s aspiration point and keep agent j’s
aspiration point the same, should not make agent i worse off.

Axiom 5 (Individual (a, b)-Monotonicity)(IND (a, b)-MON) Take any (S, d, r),
(S′, d ′, r ′) ∈ �2 such that for some j ∈ {1, 2}: a j (S, br + (1 − b)d) =
a j (S′, br ′ + (1 − b)d ′) and for i = j : ai (S, x) ≤ ai (S′, x) for every x ∈ S. If
ar + (1 − a)d = ar ′ + (1 − a)d ′, then Fi (S, d, r) ≤ Fi (S′, d ′, r ′).

The following axiom stipulates that if the bargaining set expands in such a way
that there is no change in any salient point, then no agent will be worse off. The
intuition is that a bargaining set expansion,which does not influence agents’ bargaining
powers (i.e., anchors or aspirations), is collectively good since a larger set means more
alternatives.

Axiom 6 (b-Restricted (a, b)-Monotonicity)(b-REST (a, b)-MON)Take any (S, d, r),
(S′, d ′, r ′) ∈ �2 such that S ⊂ S′, ar + (1 − a)d = ar ′ + (1 − a)d ′, and
br + (1 − b)d = br ′ + (1 − b)d ′. If a(S, br + (1 − b)d) = a(S′, br ′ + (1 − b)d ′),
then F(S, d, r) ≤ F(S′, d ′, r ′).
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The following axiom indicates that given a, b ∈ [0, 1], if the corresponding point
fromwhich aspirations are derived is trivial (i.e., ineffective), then the situation can be
represented by a reduced problem in which the reference point and the disagreement
point coincide. Simply put, the point from which aspirations are derived does not
have a stand-alone importance: if it does not lead to an aspiration point different from
the one that would be derived using the anchor point, then one can focus on a more
concisely described bargaining problem.

Axiom 7 (Reduction under Trivial (a, b)-Salient Points)(REDT (a, b)-SP)For every
(S, d, r) ∈ �2, if a(S, ar + (1 − a)d) = a(S, br + (1 − b)d), then F(S, d, r) =
F(S, ar + (1 − a)d, ar + (1 − a)d).

The following axiom requires that if the bargaining problem changes in such a
way that the point from which aspirations are derived is the only change, then the
solution will not be affected. The intuition is that the changes in the point from which
aspirations are derived influences the bargaining outcome to the extent that it influences
the aspiration point: if such a change does not affect the aspiration point, then it should
not influence the bargaining outcome.

Axiom 8 (Limited Sensitivity to Changes in the (a, b)-Salient Point)(LSC (a, b)-SP)
For every (S, d, r), (S′, d ′, r ′) ∈ �2, if S = S′, ar + (1− a)d = ar ′ + (1− a)d ′, and
a(S, br + (1 − b)d) = a(S′, br ′ + (1 − b)d ′), then F(S, d, r) = F(S′, d ′, r ′).

The following is another monotonicity axiom, which is weaker than Axiom 5 and
stronger than Axiom 6.

Axiom 9 (Restricted (a, b)-Monotonicity)(REST (a, b)-MON) For every (S, d, r),
(S′, d ′, r ′) ∈ �2, if S ⊂ S′, ar +(1−a)d = ar ′+(1−a)d ′, and a(S, br +(1−b)d) =
a(S′, br ′ + (1 − b)d ′), then F(S, d, r) ≤ F(S′, d ′, r ′).

Finally, we present two additional axioms, which are weaker versions of Axiom 5
and Axiom 9, respectively. These axioms will be employed in Sect. 4.2 when we
present characterizations of the whole (α, β)-family.

Axiom 10 (Weak Individual Monotonicity)(WEAK IND MON) A bargaining solu-
tion F : �2 → R

2 satisfies WEAK IND MON, if it satisfies IND (a, b)-MON for some
(a, b) ∈ [0, 1]2.

Axiom 11 (Weak Restricted Monotonicity)(WEAK REST MON) A bargaining solu-
tion F : �2 → R

2 satisfies WEAK REST MON, if it satisfies REST (a, b)-MON
for some (a, b) ∈ [0, 1]2.

4 The results

In this section, we provide multiple characterizations of the individual members of the
(α, β)-family in bilateral bargaining problems. Stemming from two of these charac-
terizations, we further obtain two independent characterizations of the whole family.
Finally, we present comparative statics results and some further remarks.
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4.1 Characterizations of individual (˛,ˇ)-solutions

We start by analyzing the relations between the axiom families introduced in the
previous section. In the following lemmas, we show that IND (a, b)-MON implies
REST (a, b)-MON; that REST (a, b)-MON implies b-REST (a, b)-MON and LSC
(a, b)-SP; and that LSC (a, b)-SP implies REDT (a, b)-SP. All proofs are relegated
to the Appendix.

Lemma 1 For a given (a, b) ∈ [0, 1]2, any bargaining solution F : �2 → R
2 that

satisfies IND (a, b)-MON also satisfies REST (a, b)-MON.

Lemma 2 For a given (a, b) ∈ [0, 1]2, any bargaining solution F : �2 → R
2 that

satisfies REST (a, b)-MON also satisfies b-REST (a, b)-MON.

Lemma 3 For a given (a, b) ∈ [0, 1]2, any bargaining solution F : �2 → R
2 that

satisfies REST (a, b)-MON also satisfies LSC (a, b)-SP.

Lemma 4 For a given (a, b) ∈ [0, 1]2, any bargaining solution F : �2 → R
2 that

satisfies LSC (a, b)-SP also satisfies REDT (a, b)-SP.

Theorem 1 below presents multiple characterizations of individual members of the
(α, β)-family.

Theorem 1 For a given (a, b) ∈ [0, 1]2, a bargaining solution F :�2 → R
2 is the

(a, b)-solution if and only if F satisfies

(i) WPO, SYM, IPAT, and IND (a, b)-MON;
(ii) WPO, SYM, IPAT, and REST (a, b)-MON;

(iii) WPO, SYM, IPAT, b-REST (a, b)-MON, and LSC (a, b)-SP.

Moreover, if a ≤ b, then F : �2 → R
2 is the (a, b)-solution if and only if F satisfies

(iv) WPO, SYM, IPAT, b-REST (a, b)-MON, and REDT (a, b)-SP.

Proof See the Appendix. ��
By Lemmas 1–4, we see that the characterizations in Theorem 1 are given in an

ascending order of tightness. Therefore, if one compares our characterizations using
tightness as ameasure, one prefers (i i i) to (i i) and (i i) to (i); and also (iv) to all others
if a ≤ b. Yet, we think that each characterization has a value since they allow us to
describe and identify the members of the (α, β)-family with different characteristics.

Furthermore, when (a, b) = (0, 0), parts (i i), (i i i), and (iv) of Theorem 1 become
alternative characterizations for the Kalai–Smorodinsky solution; when (a, b) =
(1, 0), parts (i) and (i i) become alternative characterizations for the Gupta–Livne
solution; and when (a, b) = (0, 1), parts (i), (i i), and (i i i) become alternative char-
acterizations for the tempered aspirations solution.

Finally, Fig. 3 summarizes the relations between the axioms used in our character-
izations and how they characterize the (a, b)-solution.7

7 Assume that the numbers in the sets denote the name of the sets. The figure utilizes the facts that (i)
2 ⊂ 3 by Lemma 1; (i i) 3 ⊂ 4 by Lemma 2; and (i i i) 3 ⊂ 5 ⊂ 6 by Lemmas 3- 4.
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321

4

5

6

1: WPO, SYM, and IPAT
2: IND (a, b)-MON
3: REST (a, b)-MON
4: b-REST (a, b)-MON
5: LSC (a, b)-SP
6: REDT (a, b)-SP

Fig. 3 The summary of the characterization results

4.2 Characterizations of the (˛,ˇ)-family

In the previous subsection, we provided multiple characterizations of individual mem-
bers of the (α, β)-family. Here, we provide two independent characterization results
for the whole (α, β)-family.

Theorem 2 A bargaining solution F :�2 → R
2 is a member of the (α, β)-family if

and only if F satisfies

(i) WPO, SYM, IPAT, and WEAK IND MON;
(ii) WPO, SYM, IPAT, and WEAK REST MON.

Proof See the Appendix. ��
In the light of our characterization results, the arbitrator interpretation for bargaining

solutions leads to a new insight: Given the bargaining context, α and β can be thought
of as describers of the arbitrator’s opinion on themost appropriate monotonicity axiom
from the corresponding axiom family. The arbitratormaybelieve that a “good” solution
should satisfy themonotonicity requirement for some a, b ∈ [0, 1]. Theorem 2 implies
that such an arbitrator would prefer a member of the (α, β)-family. Moreover, if the
arbitrator thinks that the (effective) salient points are a∗r + (1− a∗)d and a(S, b∗r +
(1 − b∗)d), so that “the best” solution should satisfy the monotonicity requirement
for (a∗, b∗), then Theorem 1 suggests that the only solution that could be employed
by such an arbitrator is the (a∗, b∗)-solution.

At this point, we revisit some of the examples mentioned in the Introduction. In
Example 1,what the bargainingpartieswould receive if they cannot reach an agreement
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can be represented by the disagreement point, d. When the arbitrator is informed about
a previouswage agreement, hemight employ that particular agreement as the reference
point, r . In case the previous agreement is from the same industry in the current year, the
arbitrator will likely have the opinion that the reference point should be very influential
in determining the salient points, employing high values of a and b; whereas if the
previous agreement is from a different industry five years ago, the arbitrator will likely
have the opinion that the reference point should not have much effect on the salient
points, employing low values of a and b. Similarly, in Example 3, assuming that there
is an arbitrator, he would make use of the average bargaining outcome information in
reaching a decision, but he would place a higher weight on it in case the data come
from interactions where the surplus was jointly produced (as in the current problem
in his hand).

4.3 Comparative statics

It is important to understand how the bargaining outcome changes in response to
changes in the two parameters, α and β. To answer this question, relying on the IPAT
axiom, we consider a bilateral bargaining problem (S, d, r)where d = 0 and the high-
est achievable utility for each player is 1. Given any reference point r = (r1, r2), for
any (a, b)-solution from the (α, β)-family, the bargaining outcome (x∗

1 , x∗
2 ) is defined

to be on the bargaining frontier as well as on the line segment connecting (ar1, ar2)
and (a1(S, br2), a2(S, br1)). The latter implies that (x∗

1 , x∗
2 ) solves the equation

x∗
2 = a2(S, br1) − ar2

a1(S, br2) − ar1
x∗
1 − a

(
a1(S, br2)r2 − a2(S, br1)r1

)

a1(S, br2) − ar1
. (1)

Now, if there is an increase from a to a′ in the parameter α, the respective change is
illustrated in Fig. 4a.8 Analytically, consider the slope of the line given in equation (1).
Taking the derivative with respect to a yields

a2(S, br1)r1 − a1(S, br2)r2
(a1(S, br2) − ar1)2

This derivative turns out to be negative when its numerator is negative, which happens
if a2(S, br1)r1 < a1(S, br2)r2, i.e., if the reference point and the bargaining frontier
favor agent 2 more than they favor agent 1; and if so, as a increases, we know that
the slope of equation (1) decreases. Assume that this is the case, consider a′ > a; and
write equation (1′) by replacing a with a′ in equation (1). Since both lines pass from
(a1(S, br2), a2(S, br1)) and equation (1) is relatively steeper, and given the shape of
the bargaining frontier, we conclude that the (a′, b)-solution yields a higher share to
agent 2 compared to the (a, b)-solution. If otherwise, the converse result follows.

8 The calligraphic letters, A, A′, B, B′ in Figs. 4a, b refer to the effective anchor points and the effective
points from which aspirations are derived. We refrained from writing them explicitly since those multiple,
long expressions would have congested the graphs.
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S

r

d

a(S,B)

A

A

F a,b(·)

F a ,b(·)

(a) Responses to Changes in α

S

r

d

a(S,B)
a(S,B )

A

F a,b(·)

F a,b (·)

(b) Responses to Changes in β

Fig. 4 The illustration of the comparative statics results

Furthermore, Fig. 4b illustrates an increase from b to b′ in the parameter β. Assum-
ing that a1 and a2 are differentiable in their second arguments,9 taking the derivative
of the same slope with respect to b yields

9 If the function representing the bargaining frontier is not differentiable at some x1 or x2, then these
functions would not be differentiable at that point either.
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∂a2(S, br1)

∂b
(a1(S, br2) − ar1) − ∂a1(S, br2)

∂b
(a2(S, br1) − ar2)

(a1(S, br2) − ar1)2

We know that for every i ∈ {1, 2} and j = i ,
∂ai (S,br j )

∂b is non-positive. Following
an analysis similar to above, one can argue that if the numerator of this derivative is
positive, then the reference point and the bargaining frontier favor agent 2 more than
they favor agent 1; and if so, as b increases, the slope of equation (1) increases as well.
Assume that this is the case, consider b′ > b, and write equation (1′′) by replacing
b with b′ in equation (1). Since both lines pass from (ar1, ar2) and equation (1) is
relatively flatter, and given the shape of the bargaining frontier, we conclude that the
(a, b′)-solution yields a higher share to agent 2 compared to the (a, b)-solution. If
otherwise, the converse result follows.

4.4 Further remarks

In this subsection, we present remarks on (i) some relevant bargaining experiments
and (ii) non-cooperative support for the members of the (α, β)-family

Bargaining Experiments:Hoffman and Spitzer (1982), Fischer et al. (2007), Anbarcı
and Feltovich (2013, 2018), and Bolton and Karagözoğlu (2016) all reported that the
effectiveness of the disagreement point on the negotiated agreements is less than what
the Nash solution or the Kalai–Smorodinsky solution predicts. Moreover, its effec-
tiveness is influenced by the absence/presence of a norm. For instance, Anbarcı and
Feltovich (2018) found that if the 50-50 norm is feasible (i.e., individually rational),
then the disagreement point is less effective on the negotiated agreements. In a more
recent paper, Feltovich (2019) showed, in a laboratory experiment, that the bargaining
agreements are more responsive to changes in the disagreement point if the disagree-
ment point is earned (in a real effort task) rather than randomly assigned. In addition,
Gächter and Riedl (2006) experimentally showed that as the salience/legitimacy of the
reference point declines, its influence on the negotiated outcome and subjects’ fair-
ness judgments becomes weaker. Insights from our model have a great potential for
explaining such experimental findings. Needless to say, the above-mentioned exper-
iments were not designed to test the empirical validity of our theory. Hence, a more
precise empirical test of our model would call for a new experimental design. And we
leave designing and conducting such an experiment for future research.

Strategic Foundation: In the literature on bargaining problems, the so-called Nash
program aims to provide strategic foundations for axiomatic solution concepts. Those
studies that pursue the Nash program with a focus on the Kalai–Smorodinsky solution
extensively used the axiom of IPAT (see Moulin 1984; Miyagawa 2002; Anbarcı and
Boyd 2011). More precisely, the question is studied for any normalized bargaining
problem in which d = (0, . . . , 0) and a(S, d) = (1, . . . , 1) following an argument
that the same results would be valid for any bargaining problem in case the positive
affine transformation is appropriately chosen. Accordingly, any member of the (α, β)-
family can also be supported by any mechanism that supports the Kalai–Smorodinsky
solution (or any particular member of the family), if one utilizes IPAT in such a way
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that the employed positive affine transformation places the (effective) salient points
on (0, . . . , 0) ∈ R

n and (1, . . . , 1) ∈ R
n .

5 Conclusion

We introduce two parameters that measure the influences of soft vs. hard power on
anchor and aspiration formation into analysis of bargaining problems with a reference
point. These parameters can be thought of as descriptors of the specific bargaining
context, which carry information about how influential the reference point (or the
disagreement point) is in shaping the (effective) anchor and the (effective) aspiration
points. Alternatively, they can be interpreted as the parameters describing an arbitra-
tor’s opinion about how effectively the reference point should be utilized in reaching
a settlement. As a result, we obtain a family of bargaining solutions and present char-
acterizations of both individual members of this family as well as the whole family in
bilateral bargaining problems.

Asmentioned before, future workmay experimentally test the validity of our theory
by manipulating the salience of the reference point in simple bargaining games. Both
vignettes and incentivized bargaining experiments can be used for this purpose. From
a theoretical perspective, axiomatic (see Border and Segal 1997) or strategic (see Van
Damme1986) selection of themembers of the (α, β)-familymaybe of interest. Finally,
our model may be used as a natural unifying framework for studying endogenous
emergence of reference points in bargaining problems.
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Appendix

Proof of Lemma 1 Take any (S, d, r), (S′, d ′, r ′) ∈ �2 such that S ⊂ S′, ar + (1 −
a)d = ar ′ + (1 − a)d ′, and a(S, br + (1 − b)d) = a(S′, br ′ + (1 − b)d ′). Then
the conditions of IND (a, b)-MON are satisfied for both agents. It follows for every
i ∈ {1, 2} that Fi (S, d, r) ≤ Fi (S′, d ′, r ′). Hence F(S, d, r) ≤ F(S′, d ′, r ′). ��

Proof of Lemma 2 Take any (S, d, r), (S′, d ′, r ′) ∈ �2 such that S ⊂ S′, ar + (1 −
a)d = ar ′ + (1− a)d ′, br + (1− b)d = br ′ + (1− b)d ′, and a(S, br + (1− b)d) =
a(S′, br ′ + (1− b)d ′). Then the conditions of REST (a, b)-MON are satisfied. Hence
F(S, d, r) ≤ F(S′, d ′, r ′). ��

Proof of Lemma 3 Take any (S, d, r), (S′, d ′, r ′) ∈ �2 such that S = S′, ar + (1 −
a)d = ar ′+(1−a)d ′, and a(S, br +(1−b)d) = a(S, br ′+(1−b)d ′). Then, by REST
(a, b)-MON, it turns out that F(S, d, r) ≤ F(S′, d ′, r ′). And considering that S′ = S,
we also have F(S′, d ′, r ′) ≤ F(S, d, r). Hence F(S, d, r) = F(S′, d ′, r ′). ��
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Proof of Lemma 4 Take any (S, d, r) ∈ �2 such that a(S, ar + (1−a)d) = a(S, br +
(1−b)d). Set (S′, d ′, r ′) = (S, ar +(1−a)d, ar +(1−a)d). Note that ar +(1−a)d =
ar ′ + (1− a)d ′ and a(S, br + (1− b)d) = a(S, br ′ + (1− b)d ′). By LSC (a, b)-SP,
we have F(S, d, r) = F(S′, d ′, r ′). Hence F(S, d, r) = F(S, ar + (1 − a)d, ar +
(1 − a)d). ��
Proof of Theorem 1 Fix any (a, b) ∈ [0, 1]2. It will be enough to prove the “only if”
part of (i) and the “if” parts of (i i i) and (iv) for b < a and a ≤ b, respectively. The
remaining parts follow by Lemmas 1–4.

We first prove the “only if” part of (i), which is that for any given (a, b) ∈ [0, 1]2,
the (a, b)-solution satisfies WPO, SYM, IPAT, and IND (a, b)-MON.

Take any (S, d, r) ∈ �2. For WPO, it is enough to recall that the bargaining set
S is convex, closed, and bounded from above. As a matter of fact, given that n = 2,
Fa,b satisfies PO as well.

For SYM,note that the symmetric transformationTsym : R
2 → R

2 maps the straight
line passing through ar + (1 − a)d and a(S, br + (1 − b)d) into the straight line L
passing through Tsym(ar+(1−a)d) and Tsym(a(S, br+(1−b)d)). Since Fa,b satisfies
PO, there cannot be a point in L ∩ Tsym(S) that is greater than Tsym(Fa,b(S, d, r)),
so it must be that Fa,b(Tsym(S), Tsym(d), Tsym(r)) = Tsym(Fa,b(S, d, r)).

For IPAT, note that an affine transformation Ta f f : R
2 → R

2 (i) preserves the
partial ordering of R

2; (i i) maps straight lines into straight lines; (i i i) maps ar +
(1 − a)d into aTa f f (r) + (1 − a)Ta f f (d); and (iv) maps a(S, br + (1 − b)d) into
a(Ta f f (S), Ta f f (br + (1 − b)d)). According to its definition, Fa,b(S, d, r) is the
maximum point of S on the line segment connecting a(S, br + (1 − b)d) and ar +
(1 − a)d. Similarly, by the observations above, Fa,b(Ta f f (S), Ta f f (d), Ta f f (r)) is
the maximum point of Ta f f (S) on the line segment connecting a(Ta f f (S), Ta f f (br +
(1− b)d)) and aTa f f (r) + (1− a)Ta f f (d). Since Ta f f preserves the partial ordering,
it must be that Fa,b(Ta f f (S), Ta f f (d), Ta f f (r)) = Ta f f (Fa,b(S, d, r)).

For IND (a, b)-MON, without loss of generality, consider i = 1 and j = 2.
Take any (S, d, r), (S′, d ′, r ′) ∈ �2 such that ar + (1 − a)d = ar ′ + (1 − a)d ′
and a2(S, br + (1 − b)d) = a2(S′, br ′ + (1 − b)d ′). Assume that for every x ∈ S:
a1(S, x) ≤ a1(S′, x). For notational convenience, we let

ā =ar + (1 − a)d,

b̄ =br + (1 − b)d, and

b̃ =br ′ + (1 − b)d ′.

Let L be the straight line passing through ā and a(S, b̄). By definition of the (a, b)-
solution, we have

Fa,b(S, d, r) = max{λā + (1 − λ)a(S, b̄) ∈ S | λ ∈ [0, 1]}.

That is, Fa,b(S, d, r) is the maximal element of L ∩ S. Let L ′ be the straight line
passing through ā and a(S′, b̃). Consider L ′ ∩ S, and set

x̄ = max{λā + (1 − λ)a(S′, b̃) ∈ S | λ ∈ [0, 1]}.
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Moreover, since a1(S, b̄) ≤ a1(S′, b̃) and a2(S, b̄) = a2(S′, b̃), we have

Fa,b
1 (S, d, r) ≤ x̄1.

By definition, Fa,b(S′, d ′, r ′) is the maximal element of L ′ ∩ S′. That is,

Fa,b(S′, d ′, r ′) = max{λā + (1 − λ)a(S′, b̃) ∈ S′ | λ ∈ [0, 1]}.

By convexity and comprehensiveness, the fact that a1(S, x̄) ≤ a1(S′, x̄) implies
x̄ ∈ S′. It follows that the maximal element of L ′ ∩ S′ is not less than x̄ ; i.e.,
x̄ ≤ Fa,b(S′, d ′, r ′). Therefore, Fa,b

1 (S, d, r) ≤ Fa,b
1 (S′, d ′, r ′).

Conversely, we first focus on the “if” part of (i i i). Assume that b < a and take any
solution F : �2 → R

2 satisfying all of the axioms in (i i i). Take any (S, d, r) ∈ �2.
By IPAT, there is no generality lost by assuming that

ar + (1 − a)d = (0, 0) and a(S, br + (1 − b)d) = (1, 1).

Notice that Fa,b
1 (S, d, r) = Fa,b

2 (S, d, r). Without loss of generality, assume that r
is below the 45-degree line. Consider the horizontal lines passing through r , d, and
br + (1 − b)d; and take their intersections with the 45-degree line. Respectively, let
these intersections be called r̃ , d̃ , and b̃. Notice that ar̃ + (1 − a)d̃ = ar + (1 − a)d
and br̃ + (1 − b)d̃ = b̃. Then let S′′ be the convex and comprehensive hull of the
points (1, b̃2), (b̃1, 1), and Fa,b(S, d, r). By WPO and SYM, we have

F(S′′, d̃, r̃) = Fa,b(S, d, r).

Also define S′ = {x ∈ S | x ≤ (1, 1)}. Since S′′ ⊂ S′ ⊂ S and a(S′′, b̃) = a(S′, b̃), it
follows by b-REST (a, b)-MON that

F(S′′, d̃, r̃) ≤ F(S′, d̃, r̃).

Since F(S′, d̃, r̃) ∈ S′ and Fa,b(S, d, r) ∈ P O(S′), we conclude that

F(S′′, d̃, r̃) = F(S′, d̃, r̃) = Fa,b(S, d, r).

Byconstruction,we also have a(S′, br+(1−b)d) = a(S′, b̃). Then, byLSC (a, b)-SP,

F(S′, d, r) = F(S′, d̃, r̃) = Fa,b(S, d, r).

And by b-REST (a, b)-MON, we conclude that F(S, d, r) = Fa,b(S, d, r).
Finally, assume that a ≤ b and take any solution F :�2 → R

2 satisfying all of
the axioms in (iv). Take any (S, d, r) ∈ �2. By IPAT, there is no generality lost by
assuming that

ar + (1 − a)d = (0, 0) and a(S, br + (1 − b)d) = (1, 1).
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Notice that Fa,b
1 (S, d, r) = Fa,b

2 (S, d, r). Without loss of generality, assume that r
is below the 45-degree line. Consider the horizontal lines passing through r , d, and
br + (1 − b)d; and take their intersections with the 45-degree line. Respectively, let
these intersections be called r̄ , d̄ , and b̄. Notice that ar + (1 − a)d = ar̄ + (1 − a)d̄
and br̄ + (1 − b)d̄ = b̄. Then let S′′ be the convex and comprehensive hull of the
points (1, b̄2), (b̄1, 1), and Fa,b(S, d, r). By WPO and SYM, we have

F(S′′, d̄, r̄) = Fa,b(S, d, r).

Also define S′ = {x ∈ S | x ≤ (1, 1)}. Since S′′ ⊂ S′ ⊂ S and and a(S′′, b̄) =
a(S′, b̄), it follows by b-REST (a, b)-MON that

F(S′′, d̄, r̄) ≤ F(S′, d̄, r̄).

Since F(S′, d̄, r̄) ∈ S′ and Fa,b(S, d, r) ∈ P O(S′), we conclude that

F(S′′, d̄, r̄) = F(S′, d̄, r̄) = Fa,b(S, d, r).

By construction, we also have a(S′, br +(1−b)d) = a(S′, ar +(1−a)d) = a(S′, b̄).
Then, by REDT (a, b)-SP,

F(S′, d, r) = F(S′, ar + (1 − a)d, ar + (1 − a)d) = F(S′, d̄, r̄) = Fa,b(S, d, r).

And by b-REST (a, b)-MON, we conclude that F(S, d, r) = Fa,b(S, d, r). This
completes the proof. ��
Proof of Theorem 2 For part (i), take any solution F : �2 → R

2 satisfying all four
axioms. Then, there exists some (a∗, b∗) ∈ [0, 1]2 such that F satisfies IND (a∗, b∗)-
MON. From Theorem 1, it is then clear that F is the (a∗, b∗)-solution. The converse
case is trivial since any member of the (α, β)-family satisfies the first three axioms as
well as IND (a, b)-MON for some (a, b) ∈ [0, 1]2. Part (i i) can be proved following
similar arguments. ��
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